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On the Expected Likelihood Approach for
Assessment of Regularization Covariance Matrix

Yuri I. Abramovich, Fellow, IEEE, and Olivier Besson, Senior Member, IEEE

Abstract—Regularization, which consists in shrinkage of the
sample covariance matrix to a target matrix, is a commonly used
and effective technique in low sample support covariance matrix
estimation. Usually, a target matrix is chosen and optimization of
the shrinkage factor is carried out, based on some relevant metric.
In this letter, we rather address the choice of the target matrix.
More precisely, we aim at evaluating, from observation of the
data matrix, whether a given target matrix is a good regularizer.
Towards this end, the expected likelihood (EL) approach is inves-
tigated. At a first step, we re-interpret the regularized covariance
matrix estimate as the minimum mean-square error estimate in
a Bayesian model where the target matrix serves as a prior. The
likelihood function of the data is then derived, and the EL prin-
ciple is subsequently applied. Over-sampled and under-sampled
scenarios are considered.

Index Terms—Covariance matrix estimation, expected likeli-
hood, regularization.

I. PROBLEM STATEMENT AND MOTIVATION

STIMATION of the covariance matrix R = &{zz"}
of a random vector z € C from a finite number 7'
of independent observations X = [z; %2 ... z7] is a fun-
damental problem in many engineering applications. For in-
stance, in adaptive radar detection where it is desired to detect
a target buried in Gaussian noise, the optimal filter depends on
the noise covariance matrix, and the latter is usually estimated
from training samples which contains noise only noise only [1],
[2]. However, substituting the sample covariance matrix (SCM)
T-'XX" for R in the optimal filter results in a significant loss
in terms of output signal to noise ratio (SNR) [3], [4]. Indeed, the
corresponding SNR loss is beta distributed and approximately
T = 2M samples are required to achieve an average SNR loss
less than 3 dB. In cases where Mg large’ this number can be
prohibitive and it is more customary to have to operate in low
sample support. To cope with such situations, a widely used
technique consists in regularization, or shrinkage of the SCM
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towards a given matrix R, i.e., estimate R as, see e.g., [5], [6],
(71, [8]
H

() = (- 325+ BR (1)
where 3 € [0,1] and R is some matrix, which is deemed to be
close to IR [6] or is meant at regularizing the problem. The par-
ticular case of R = I (often referred to as diagonal loading) has
proven to be particularly effective, especially when the noise
has a high-power low-rank component plus a white noise com-
ponent [9], [10], [11]. However, other possible choices are pos-
sible, including colored loading [12], [13]. Most often, R is
fixed and its choice is not questioned: rather, the focus is on op-
timization of (3, so as, for instance, to achieve minimum mean-
square error of the estimate in (1). Even if 3 is adequately se-
lected, the choice of I may also be very influential. For instance,
diagonal loading is known to perform better when the eigen-
spectrum of the covariance matrix consists of a few dominant
eigenvalues plus a fixed floor: it may not be as effective when
the eigenspectrum has a smoothly decreasing profile.

In this paper, we address the selection of R. More specifically,
we wish to examine whether R is a good choice as a regularizer,
from observation of X . Towards this end, we propose to use the
expected likelihood (EL) approach [14], [15], [16] to assess the
plausibility of . The EL was introduced as a tool to assess the
quality of a covariance matrix estimate, say for example R( B).
It relies on some invariance properties of the likelihood ratio
(LR) for testing if E{X X7} = R(3). In [14], [15], [16], it
was proved that the LR, evaluated at the true covariance matrix
of X, has a distribution that only depends on M and 7". This
property led the authors of [14], [15], [16] to select 3 such that
the value of LR(R(3)|X) is commensurate with that taken at
the true covariance matrix. In this paper, we investigate using
the EL approach not for selection of 3, rather for that of R.

II. ASSESSMENT OF R THROUGH EXPECTED LIKELIHOOD

In this section, we use the EL approach to evaluate the
plausibility of the regularization covariance matrix . First, the
estimate in (1) is re-interpreted as the minimum mean-square
error (MMSE) estimate of R in a Bayesian framework where
R serves as a prior covariance. Then, the likelihood p(X|R)
corresponding to this model is derived and shown to be of a
multivariate Student distribution type. Finally, the EL approach
is applied to this Student distribution. Let us assume that the
columns of X are independent and identically distributed
random vectors drawn from a zero-mean complex multivariate



Gaussian distribution, which we denote as X ~ CN (o, R, I').
Then, the probability density function (p.d.f.) of X is given by

p(X|R) =7 MT|R| Tetr {~-X"R'X} (2)

where etr{.} stands for the exponential of the trace. Suppose
now that R is drawn from an inverse Wishart distribution with
v degrees of freedom and mean R, i.e., its p.d.f. is given by

m(RIR) « |(v — M)R)"|R|~“*etr { (v — M)RR™'}
)
where o< means proportional to. We denote this distribution as
R|R ~ CW,/ (v,(v — M)R). Then, the posterior distribution
of R|X is

P(RIX) o |[R|” U+ 0otr (R[S + (v = M)R]} ()
with S = XX Therefore, R|X ~
CWy'(v+T,8+(@w—-M)R) and the MMSE of
R is the mean of (4), i.e., [17]

1 _
gy e — _ M
Rypnse = - ST [S+ (v )R]
xx7 v—M
(I=P)——+8R; 8 v )

which is exactly of the form (1). It follows that the regularizing
matrix R in (1) is equivalent to a prior covariance matrix in the
Bayesian model (2)-(3). Choosing R thus amounts to choosing
a prior covariance matrix.

Next, this interpretation paves the way to using the EL ap-
proach. At first glance, it is not obvious why and how the EL
approach could be used in the purpose of testing the plausibility
of R in the Bayesian hierarchical model described by (2)-(3), as
the latter is quite different from the framework the EL approach
was originally based upon. However, one should observe that
E{XXH} = £{e{XX7|R\} = £{R} = R, and hence R is
the “average” covariance matrix of X. Additionally, the p.d.f.
of X can be written as [18]

P(X|R) o |(v — M)R|"
X / |R|~ v+ T+Mgtr {-R™"[S+(v—M)R]}dR

Iy +(v— M)y"'\RXXH"|~(+7)
(6)

x (v~ M)R|"

which is recognized as a multivariate Student distribution with
v+T — M degrees of freedom and parameter matrix (v — M)R
[19], [20]. Before pursuing our derivations, we would like to
offer the following comments. Let G denote a square-root of R,
ie, GG" = R. In the Bayesian model (2)(3), one has [18],
[19] RE(v — M)GW ;] G where £ means “is distributed
as”. In the previous equaﬁon, W s, follows a Wishart distri-
bution with v degrees of freedom and parameter matrix I s,
ie, p(Wir,) o [War,|" Metr{—W,,}. We denote the
Wishart distribution as Ways , ~ CWys(vIr). It ensues that

1/2

XL - M)V QG[W ;ﬁy} Ny (7)

with Nas 7 ~ CN(o,1, IT) independent of Wy ,,. In con-
trast, (6) yields the representation [19], [20]

XL — MYV2GN y oW yr ] ? (8)
where WT,1/+T7ZW ~ C T(V +T - M, IT). Albeit the two
mechanisms for generating X are different, from a likelihood
point of view the two representations are equivalent, as far as
only assessment of I2 from p(X|RR) is involved. Of course, in
the Bayesian model (2)-(3), R serves as a prior, and interest is on
estimating R, while in (6), R is viewed as the covariance matrix
in a Student distribution. Nevertheless, from our perspective of
evaluating the plausibility of R, we will be using (6) and there-
fore the EL approach can be advocated. Observe that the differ-
ence compared to the original Gaussian frequentist framework
of [14], [15], [16], is that one needs to deal with a Bayesian hier-
archical framework which results in a non Gaussian likelihood
p(X|R). This being so, the EL approach was recently extended
to the class of elliptically contoured distributions (ECD) [21],
[22], [23] in [24], [25], [26]. Herein, we build upon the results
of [26] with a few differences due to the fact that R is the av-
erage covariance in a Bayesian framework. We first investigate
the over-sampled case (I > M), then the under-sampled case
(T' < M) which deserves a specific treatment.

A. Over-Sampled Case
When T' > M, the (generalized) likelihood ratio for a candi-
date R, is given by

noy L PX|R) p(X|R.)

LR(R.) = __ = . 9
(£) maXRp(X|R) p(X|Ryr) ©)

where Ryp, is the MLE of R, given by [21]
(v — M)Ry, = %XXH. (10)

Therefore, the LR for the candidate R,. can be rewritten as

1&\?(” |~ (1)

_ v— MR T |Iy +
LR(R,) = I( MR g

T Rt J7;
(v = M) Ry |~ [ar + %\—(wm
=Clw, M, T)|(v — M)_lelXXHlT

X |Ta + (v — M) 'R XXH |- 04D

an
where C(v, M, T) = (1 + v 1T)YME+D(LYMT L et us now
evaluate this LR at the true matrix R. From (7)-(8), it ensues

that

LR(R)ZC(v, M. T)|W 1, W s r|"

X Tar + W Wag | =0T (12a)

d —

=Cl, M, T) |NM7TWT.,1V+T—MNM,TH *

x [Iar + N‘M’TW;}V—FTfijAM,TH |7(V+T)
(12b)



where Wy r ~ CWu(T,In). Hence, the likelihood
ratio, when evaluated at the true matrix R (i.e., when
X ~ CN(o,R,Ip) and R ~ CW./'(v,(v — M)R)) has
a distribution that only depends on v, M and 7'. This p.d.f.
can thus be computed in advance and the LR for a candidate
regularization matrix R,., as given by (11), can be compared to,
say, the median value of LR(R), to decide if R, is a “good”
regularization matrix.

B. Under-Sampled Case

When the number of observations 7" is less than the size of
the observation space, the above theory does no longer hold
since, with probability one, the data matrix X belongs to a sub-
space of dimension 7'. More precisely, ifwe let X = UrYr V?
be the thin singular value decomposition of X, inference about
the covariance matrix of X can be made only in the subspace
R(Ur) spanned by the columns of Uz [27]: in other words,
only U 1;[ RU 1 is identifiable. As argued in [27] for Gaussian
settings, if one wants to assess R, as the covariance matrix of
X, atbest one can test the “closest” matrix to 12, in R(Ur). The
latter is given by UTDC,TUg with D, 7 = [UQI{R;lUT]’l,
and can be interpreted as a singular covariance matrix [27].
Therefore, the under-sampled scenario is closely related to dis-
tributions with singular covariance matrices: this is indeed the
starting point of the EL approach when 7" < M, see e.g., [27],
[25] for details.

Thus, let us start with the Student distribution (8) in the case
where R has rank R, i.e., R = UrDUL where URUR = I
and D is an arbitrary full-rank positive definite Hermitian ma-
trix. We assume temporarily that U g is known (it will be re-
placed by U when coming back to our original problem). Also,
let Uﬁ be an orthonormal basis for the complement of Uy, i.e.,
(Ux)®U% = Iy pand (Ug)7UR = o. Then, one can define
a singular density on the set S = {X € CM*T; (Uf,:)HX = o}
as [28], [29]

p(X|D) x |(v = M)D|™"
% |IR + (I/ _ M)—lDflUgXxHUR|—(V+T—AM+R).
(13)

The MLE of (v— M)D is given by, (10),
(v=M+RTUEXX"UR. It follows
that  the likelihood  ratio, for  the candidate
D, is given by (14) with C"(y,M,R,T) =
(vfﬂj'{—i-R)RT(l + (I/ - M+ R)—IT)R(V+T_]\J+R)' (See

(14)—(15), shown at the bottom of the page.)

S€C

Distribution of log,, LR(R|X)"YT

14 - T T
—T7=
e =t
....... r=39
12}
1k o
0.8f
06
04 'y
N\
' 1
' 1
0.2 ! 1
’ \
R \
’
0 -} L 1 1 et L T .
-20 -18 -16 -14 -12 -10 -8 -6

logyy LR(RIX)""

Fig. 1. Probability density function of log,,, LI?(I_Z|X)1/T for various 7.
M =16andv = M + 1.

Let us now come back to assessing a candidate matrix
R.: as argued before, one can only assess the closest ma-
trix to R, in R(Ur), namely UTDC,TU%’ with D.p =
[UQI{R:lUT]’l. The MLE of (v — M)D.r is now given
by v+ T —MT WEXX"U; = (v+T - M)T 'Ar.
From (14), the likelihood ratio is thus given by (15) where we
used the fact that U-U ¥ X = X. When evaluated at the true
R, the stochastic representations in (7)-(8) yield

LR (R)2C" (v, M,T. )Wz, Wrar
x I+ W;,1u+T—MWT,M|—(V+2T—M) (16a)
d -
=C(v, M, T)|N 3 7 W Ny r|"
x It + Nﬁ’TW;I{VNJxJ,T\_("+2T_M).

A (16b)

T

III. NUMERICAL ILLUSTRATIONS

We now illustrate how the above procedure can be helpful in
assessing the validity of a given prior (or regularization) ma-
trix .. We consider a uniform linear array with M = 16 el-
ements spaced a half wavelength apart. The data are generated
according to the Bayesian model (2)—(3). In Fig. 1 we display
the distribution of the log likelihood ratio for different values of

LR*(D,) =

v—MD.|"T|Ip+(v— M) "D 'UHXXHU |~ w+T-M+R)
c R

=Cuv, M,T,T)|(v — M) * X" R, " X|" I+ + (v — M) *XHR, x| (2T -5)

- |”_Z¥+RU§XXHUR|*T\(1 + (v — M + R)"'TI |- AT -M+R)
= C%(, MR, T)|(v = M) "D, ' UEXXTUR|" |15 + (v — M)
LRYD.z) = C*(v. M. T,T)|(v = M) *D_pUR X XU |7 I + (v — M)

IUII%XXHUR‘—(VJ’_T—A/IJ’_R) (14)
1 —(v —M
TUII——‘IXXHUT| ( +2T \[)

(15)



Log likelihood ratio and SNR loss for Re(i) = (1 — p)R + I
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T. Similarly to what was observed in [16], [25], the log likeli-
hood ratio, when evaluated at the true I2 takes very small values,
and hence a candidate R,. should be retained if its corresponding
LR matches that of the true R. Let us now investigate if this
procedure results in a “good” choice for R,.. We consider three
types of covariance matrix R: '

1) R(m,n) = P 3Cmos ) m=m)® 4 &(m,n) with oy =
0.01 and . = 100.

2) R(m,n) = plm " with p = 0.9.

DR = Y Pa(t;af(9;) + I with a(h) =
[1 ptwsing eliﬂ'(i\lfl) sin H]T’ ‘9] = —20°, 20°, 40°
and 10log,, P; = 20,20,30 dB

For each type, we consider as a candidate R.(p) = (1 —

)R + pI with i € [0,1] and we evaluate the mean value
of log,, LR(R.(11)|X)"/" . Note that, a priori, the best choice
is R.(0) = R.. In order to assess R.(y), we consider the
adaptive filter w o [S + (v — M)R.(11)] s where s = a(5°)
is the signature of the signal of interest. The SNR loss, eval-
uated at the output of this adaptive filter, will serve as a
figure of merit for assessment of R.(z). In Fig. 2-4, we
display the mean value of log,q LR(R.(1)| X)Y/T (the solid
line represents the target value, namely the median value of
log,, LR(R|X)Y/T), as well as the SNR loss. These figures
confirm two facts. Firstly, there is a good consistency between
LR(R(1)|X) ~ med[LR(R|X)""] and the fact that the
filter based on R.(j:) is effective. In other words, selecting
R (1) from the EL principle helps finding a good regular-
ization matrix and, subsequently, a performant adaptive filter.
Secondly, diagonal loading is seen to be more effective in the
case of a low-rank plus white noise type of covariance ma-
trix: indeed, the LR remains close to med[LR(R|X )1/T] for
a large range of values of i, and so is for the SNR loss. In
fact, choosing the identity matrix as a regularizer is as good
as selecting the true R. In contrast, diagonal loading is less ef-
fective for the two other types of covariance matrix: when

Log likelihood ratio and SNR loss for Re(p) = (1 — p)R 4 pul
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v=M+1.R=37_ Pa®;)a";)+1I.

=1

increases, the LR departs from its target value and SNR loss is
worst.

IV. CONCLUSIONS

In this letter, we addressed the problem of selecting the reg-
ularization matrix R in estimation schemes which consist of
shrinkage of the sample covariance matrix to a given regular-
ization matrix. We interpreted the latter as a prior covariance
matrix in a Bayesian model. The likelihood function p(X |R) of
the latter was derived as a function of R, and the expected likeli-
hood approach was advocated to assess the validity of R. It was
shown that this approach is instrumental in providing a reliable
measure of the quality of R. As a by-product, we showed that
diagonal loading is effective only in special cases of covariance
matrices, and the EL approach proposed was helpful in identi-
fying these cases.
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