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In this appendix, we study in detail the notion of pushforward measure, more precisely the
properties useful to our study which follows in the framework of the optimal transport and the
interpolation of McCann. The aims of this appendix is to give a proof for Propositions 2.1 and
2.2, which ones are respectively state in the associate main paper [2] under the numbers 5.1 and
5.2.

Before beginning our study, we shall begin by recalling the statements of some classical theorems
of the Measure Theory (section 1). The main part of this document, where are stated and proved
Propositions 2.1 and 2.2, follows in the section 2.

1 Elements of Measure Theory

1.1 Some useful properties of sub-gradients of Lipschitzian functions

Lemma 1.1. Let f : RY - R a L-Lipschitz function on an open set w. Then

sup|0f ()] (— sup sup \y[) < L.

TEW TEWYEDf(x)
We recall that if f is convex, and differentiable at a point x, we have df(x) = {V f(z)}.

Lemma 1.2. Let f : R* — R be a proper lower semicontinuous convex function, and let ()
and (&)1 be two sequences of R which converge in R respectively to x and &, and such that

VkEN, & €0f(ap).
Then Of(z) is non-empty and £ € Of(x).
1.2 Elements of Measure Theory
Lemma 1.3 ([1]). Let f be a Lipschitz function RE. Then, for all A C R?,
LM(A)=0 = L(f(A)=0

where L is the measure of Lebesque on R.
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For all subset A C R?, we define, for all z € R?, the function 14 by 14(z) = 1if x € A, and
1 4(x) = 0 otherwise.

Theorem 1.1 (Urysohn’s theorem, restricted to RY, [3] and [4]). 1. Let V be an open set of
R?, and K be a compact set of R? such that K C V. Then, there exists f € CSO(]Rd) such
that:

I < f<1y.

2. Let V be an open set R, and K be a compact set of R such that K C V. Then there
exists an open set U with compact closure, such that

KcUcUCcCUV.

We will write that a measure p (positive or not) verifies the properties (I) if it satisfies the
following properties:

Properties (I). Let Q be an open set of R?, and p be a measure on the tribe of Lebesque of Q.
1. w(K) < +o0o for all compact set K C Q.

2. For all Lebesgue-measurable set E of §2, we have
w(E) =inf{u(V), ECV, V open}.

3. For all open set E and for all Lebesque-measurable E of Q such that p(F) < +o0,

w(E) =sup{u(K), K C E, K compact}.

Theorem 1.2 (Riesz Representation Theorem [3]). Let Q an open set of R, and let A a positive
linear form on C.(2). Then we can build a positive measure p1 on the tribe of Lebesgue of §)
which represents A, i.e.

VfeC. A= [ fd (1)
This measure is defined as follows:
1. For all'V open set of Q, (V) = sup{A(f), f € C(R), f <1y}
2. For all Lebesgue-measurable set E of Q, p(E) = inf{u(V), E CV, V ouvert}.
This measure v satisfies the properties (I).

Theorem 1.3 ([3]). Let (X,.A) and (Y, B) two measurables spaces (i.e. A and B are respectively
some o-algebras on X and'Y ). We associate X x 'Y with the o-algebra A x B (i.e. the smallest
o-algebra containing all the sets of the form A x B, with A € A and B € B).

For all E € A x B, we define for allx € X andy € Y the sets
E,={yeY, (z,y) e E} et EY={zxe€X, (z,y) € E}.

Then for allz € X andy €Y, E, € B and EY € A.



Theorem 1.4 ([3]). Let (X, A, u) and (Y, B,v) two o-finished measured spaces (countable coun-
cils of finite measure subsets). Let Q € Ax B (defined in Theorem 1.3). We define for all x € X
and anyy €Y,

®(x) =v(Qz), and ¥(y)=pu(Q).

Then the function ® is measurable relative to A and the function ¥ is measurable relative to B.

Furthermore
/@du:/ U dv. (1-2)
X Y

This last Theorem is a special case of the Fubini Theorem which follows (but in fact goes into
its proof). We will very often use the Fubini Theorem (most of the time implicitly) in the case
of a classical and unambiguous inversion of integrals. On the other hand, we will explicitly use
this Theorem in the more complex cases where classical notions of measurement theory can lead
to ambiguities.

Theorem 1.5 (Fubini’s Theorem [3|). Let (X, A, u) and (Y, B,v) two o-finished measured spaces.
Let f a function with real values defined on X XY, and measurable relative to A x B.

e forall x € X, we define on'Y the function y — f.(y) = f(z,y).

e forally €Y, we define on X the function x — fY(x) = f(z,y).

The following assertions are satisfied:

1. For all x € X, f, is measurable relative to B and, for all x € X, fY is measurable relative

to A.

2. If 0 < f < 400, then, by defining for allx € X and y €Y,

®(a) = [ fedv and W)= [ (1-3)

the function ® is measurable relative to A and the function W is measurable relative to B.

Moreover,
/ @du:/ f(du@dv):/ U dv. (1-4)
X XxY Y

8. If f is a function with complex values and if we have
/X<I>* dpu < +oo  with &% (z) = /Y |fz| dv  for all x € X,
or else
/Y\Il* dv < 400 with U*(y) = /X |fY|dp  for all y €Y,
then f € LY(p®v).

4. If f € LY(u®v), then f, € L' (v) for almost allx € X and fY € L*(u) for almost ally € Y.
Moreover, if we define ® and ¥ as in relations (1-3) (defined here only for, respectively,
almost all x € X and almost all y € Y ), then ® and ¥ belong respectively to L'(u) and
LY(v). Moreover, the relation (1-4) is always satisfied by ® and V.



Theorem 1.6 (Radon-Nikodym Theorem [3]). Let Q be an open set of R and A be a o-algebra
on Q. Let pu and \ be two measures on A, such that p is a bounded positive measure and A\ any
measure (positive or complex). If X is absolutely continuous with respect to p (denoted A\ < )
then there exists a unique h € L'(pn) such that A\ =h-p on A, i.e.

VE € A, A(E):/hdu.
E

Theorem 1.7 (Radon-Nikodym Theorem, specific variant, [3] and [I1]). Let X\ be a positive
measure on the tribe of Lebesque, finite on every compact subset of R%, and absolutely continuous
with respect to the Lebesque measure L%, Then we introduce the function DX of R® in R, denoted
"upper derivative” of X with respect to £, and defined by

vz € RY, (DA)(x) = limsupfy (z), with f,(2) !

15t — W)\ (B(z,r)), r >0,

where B(x,r) denotes the open ball with center x and radius v, and Vg(B1) the unit ball volume
in dimensions d. We have the following properties:

1. For L%-almost all x € RY, the family (fr(z)),~, converges when r tends to 0 (and we have
lim Ofr(w) = (DX)(x)). We then write that X is differentiable in x with respect to L.

r—0,r>
2. D) is Lebesque-measurable on R? and DX € L' (R%).

3. For all Lebesgue-measurable set F,
ME) = / (DA)(z) dL ().
E

Proposition 1.1 ([3]). Let Q be an open set R, and let p be a measure on a o-algebra A of Q.
Then there exists a measurable function f such that |f(z)| =1 for all x € Q, and such that

dp = hd|pl, (1-5)
where |u| refers to the total variation of the measure p.

Theorem 1.8 (Generalized Riesz Representation Theorem [3]). Let  be an open set of RY, and
let T be a continuous linear form on C(Q2). Then, there exists a unique measure defined on the
tribe of Lebesgue (not necessarily positive), satisfying the properties (1), and which represents T,
1.e.

vfe @), T(f) = /Q fdu, (1-6)
with [T = [1]().

Theorem 1.9 (Lusin Theorem [3]). Let Q be an open set of R, and let p be a positive measure
satisfying the properties (I).
Let A C Q be a measurable set such that u(A) < 400, and let f be a measurable function on

(for the tribe of Lebesque ) which vanishes outside of A. So, for all € > 0, there exits g € C(2)
such that

n({z, f(z)#g(x)}) <e and Suglg(x)\ < Sug\f(x)!- (1-7)

S xe



Corollary 1.1 ([3]). With the assumptions of Theorem 1.9, if in addition there exists a constant
M > 0 such that |f| < M, then there exists a sequence (gn)n € Co(Q)N, with |g,| < M for all
n € N, such that

f(x)= lim g,(z), p—a.e.

n—-+00

Corollary 1.2. With the assumptions of Theorem 1.9, if in addition f € L (Q, i), then

loc

Vg € C.(Q), /fgduzO = [f=0, u—ae.
Q

2 The pushforward measure

Let us begin by defining more precisely the notion of measurement push (Proposition 2.1 below).
For this we will need the following two Lemmas 2.1 and 2.2.

Lemma 2.1. Let V be an open set R®. There exists a sequence (Kpn)nen of open sets in R? such
that for alln € N, K,, C K11, and
V=K

neN

Proof: Let us first assume that V is bounded. Its adherence V is therefore a compact subset of
R?. Thus, according to the Borel-Lebesgue property, for every n € N, there exists k, € N and
zg, ..,y €V such that

_ (1
i=0..kn,

where B(x,7) denotes the closed ball with center  and radius 7. For all n € N, we define

, (1 1B
An_{ze[[o,kn]],BG:iam)CV} and K"_L.JB<xi’n+1>CV7

€A,

K, being a compact set because A, is finite. Let us show that V is the union of K,. First of
all, it is clear that

UKn cV.
neN

Let x € V and r > 0 such that B(z,r) C V (B(z,r) is an open ball with center z and radius
r), and let n € N be such that 1/(n + 1) < r/2. According to (2-8), there exists z}' such that
x € B(2}',1/(n+1)). Therefore, for all y € B (z},1/(n+ 1)), we have

1
n—|—1+n+1

lz—y| <z —af|+ 2] —y| < <,

then

— 1
B <x?,n+1> C B(z,r) CV,

so that i € A, and B (27, 1/(n+1)) C K,. It follows that x € K,,, and we can thus conclude
that
Ve K.
neN
Finally, if we no longer suppose that V' is bounded, we can always use the fact that V can
be written as a countable union of bounded open sets (for example, the union of B(0,n) N V).



Therefore, as a countable union of compact countable union, V' is the union of a countable family
(Kpn)nen of compact sets of R?.

With the possible need to define for all n € N,

n
K, =|]J K,
=0
we can consider that this family is increasing in the sense of inclusion. O

Lemma 2.2. Let K be a compact set of R%. There exists a sequence (Vy)nen of open sets in R?
such that for allmn € N, V41 C V,, and

K = ﬂVn.

neN
Moreover, there exists a bounded open set V' of R® such that for alln € N, V,, C V',
Proof: By the Borel-Lebesgue property, for all n € N, there exists k, € N et af, .., 2} € K such

that )
KC.LOJkB<x?,n+1), (2-9)
1=U..kn

where B(z,r) denotes the open ball with center = and radius r. We thus define, for all n € N

n 1
Vo = U B<mi,n+l>.

1=0..kn,

It is clear that
K C ﬂVn.

neN

1
Let z € ﬂ V... For all n € N, there exits i,, € [0, k] such that z € B (:L‘fn, n 1) .
n
neN

The sequence (2! )pen (elements of K) then converges towards z, and therefore 2z € K. Thus

in

ﬂVn C K.
neN

With the possible need to define for all n € N

we can consider that the family (V},)nen is decreasing in the sense of inclusion.

It will further be noted that for any n € N, we have V,, C V', V'’ being the open bounded set
defined by
V' = B(,1).
zeK
L]

Proposition 2.1. We associate R with the tribe of Lebesque. Let pu be a positive measure o-
finite on the tribe of Lebesque, and let T : R — R?% measurable. It is assumed that one of the
following two hypotheses is satisfied:



1. The measure p is finite,

2. The application T is coercive with respect to p, i.e. T—1(A) is bounded p-almost everywhere
for any bounded Lebesque-measurable set A in RY.

Then there exists a positive measure on the Lebesgue tribe v on RY, satisfying the properties (1),
such that

Vf € CORY), / fdv= | §(rz)du (2-10)
R4 Rd

Moreover, for every Lebesque-measurable set A C R, we have v(A) = u (T71(A)).
We then say that v is the pushforward of u by the operator T, denoted as

v ="TH#pu.

Proof: The existence of a positive measure on the tribe of Lebesgue v on 2, satisfying the
properties (I), and relation (2-10) comes from the application of Theorem 1.2 to the positive
linear form on CO(R?) defined by

f»—>/Rdfdl/= IRdf(Tx)alu.

This linear form is well defined if one of the two hypotheses of the statement is verified (p is
finite or T is coercive).

The less trivial part of this proof will therefore concern the last point of the statement. We
shall first show the property for the bounded open sets and the compact sets of R%, and then
generalize it to all Lebesgue-measurable sets.

1. Let V an bounded open set of R% According to Lemma 2.1, there exists a sequence
(K )nen of compact sets, increasig in the meaning of inclusion, such that V' is the union
of the K,. For all n € N, Theorem 1.1 gives us the existence of f, € C%(Q) such that
1k, < fn < 1y. The sequences of indicator functions (1g, ), simply converges towards
1y, the same holds for the sequence (fy,)n, and then for the sequence (f, o T, towards
1y oT.

According to the first points of the properties (I), we have v(V) < v(V) < +oo. Let V'
be an open bounded set R? such that V' C V’. According to Theorem 1.1, there exists a
function g € C2(Q) such that 1 < g < 1ys. Hence we have

JnoT <1y oT <1 oT <goT

for all n € N, and

[ o@ayau= [ gav<v?) <+
R4 Rd

Thus by dominated convergence, we have

V(V):/ lydv= lim fondv = lim fn(Tz) dp
R4

n—-+oo Rd n—-+oo Rd

(2-11)
N /Rd Ly (Tz)du = p(T7H(V)) -



2. Let K be a compact set of R, We argue like above: Lemma 2.2 gives us the existence of
a sequence (V;,)nen of openings, decreasing in the sense of inclusion, such that K is the
intersection of the V,, and of a bounded open set V' such that for every n € N, we have
V,, C V'. Moreover, for any n € N, Theorem 1.1 gives us the existence of a f,, € C(Q)
such that 1x < f,, < 1y, < 1ys. The sequence of (1y; ), converges simply towards 1,
and then the sequence (f, ), converges to the same limit. Therefore, the sequence (f, 0Ty,
converges simply towards 1x o7, with the upper bound f, o T < 1y o T, with according
to the previous point

/]lV/(Ta:)d,u:/ Ty dv <w(V') <w(V') < +oo.
R R4

We can then deduce by dominated convergence that v(K) = p (T1(K)).

3. Let A be a bounded Lebesgue-measurable set of R?. The measure v satisfies the properties
(I), thus especially by the points 2 and 3:

v(A) =inf{v(V), ACV, V bounded open set}
and
v(A) =sup{v(K), K C A, K compact set}. (2-12)

Notice that we can consider that we minimize on bounded open sets since A is assumed to
be bounded. For all compact set K and all open set V' such that K C A C V, we have

V(K) = p (T7HK)) < p (T7H(A) < p (T7HV)) = w(V),
so that
v(A) =sup{v(K), K C A, K compact set}
= sup{u (T_l(K)) , K C A, K compact set} < (T_I(A))
inf{y (T'(V))), ACV, V bounded open set}
= inf{v(V), A CV, V bounded open set} = v(A)

(2-13)

IN

and v(A) = u (T_I(A)). Finally, considering that A is any Lebesgue-measurable set, it can
be written as a countable union (A,), of bounded Lebesgue-measurable sets (for example
the union of the 4,, = B(0,n) N A). Thus

YA = i v (U Ak) =l (T‘l (U A)) =R (UT <Ak>>
= (UT_l (Ak)> ( (U Ak)) = u(T71(4)).
keN keN

Let us now turn to McCann'’s interpolation: Proposition 2.2 below. We recall that the McCann’s
interpolations measures py, between a measure p and the measure T'#pu, are definded for all
t € [0,1] by pr = [(1 — t)id +tT|#u.

As we have shown in our main paper [2], we can consider that ¢ satisfy the property (I'y), that
is to say ¢ and ¢* are convex, continuous and achieve a minimum on R¢,

(2-14)

O

As we will often treat about the interpolated functions of the transport potential ¢, we first need
to state the following small Lemma:



Lemma 2.3. Let ¢ : R? — R satisfying the property (I'1). Then, for allt € [0, 1], the interpolated
function té + (1 —t)| - |2/2 also satisfies the property (T'1).

Proof: This is a direct consequence of the fact that (t¢ + (1 — t)| - |?/2)* = 7H(t¢) for all
te0,1). O

We recall the definition and the properties of the operator p (see [2]):

Definition 2.1 (Operator p). Let ¢ : R? s R satisfying the property (T'1) (especially ¢ is
convex and continuous at every point of R, and admiting in each of these point a non-empty
and compact sub-differential). The operator p is defined as

py,: [0,1)xRY — RY
(t,z) — Proxid) (%)
P, satisfies the following properties:
1. for allt €10,1), py(t,-) is 1/(1 — t)-Lipschitz,
2. ift € (0,1), by setting ¢y = (1 —1)|-|?/2+tp, then (¢;)* is of class C* on R? and we have:
Py(t,) = Va(ér)", (2-15)
3. for allt € [0,1), py(t,-) is surjective on R? and for all z,y € R?,

Y= p¢(t, x) & x e (1—1t)y+tdo(y). (2-16)
4. for allt € (0,1) and x € R?, the velocity v introduced in [2] can be defined from Py by:

; (2-17)

vg(t,x) =
Before coming to Proposition 2.2, let us state the necessary following Lemma. For f and g two
measurable functions, we will often denote f = T#g¢ instead of fL£% = T#(gL%).

Lemma 2.4. Let ¢ : R* — R satisfying the property (T'1), and p definded per ¢ according to
Definition 2.1, that is to say:

v
1—t

B(t:) =Pyt = Prox,. (12 ) = Valon)

where (¢3)* refers to the Legendre transform of ¢y = (1 —t)| - |?/2 + t¢.

For all r > 0, the function
g: (tv xvy) = ]lp(t,B(x,r))(y)

is Lebesgue-measurable on [0,1) x R? x RZ.

Proof: Let r > 0. Let us first note that G = 1 with

F = {(t,x,y) €[0,1) xRIx RY, y e p(t,m)}.

Thus, to prove that G is Lebesgue-measurable, it is sufficient to show that F' is an element of
the Lebesgue tribe. We will prove more precisely that F' is a closed set into [0,1) x R? x R,



Let (tn, Tpn, Yn)n a sequence of elements of F' converging to (t*,z*,y*) € [0,1) x R? x RY. Let us
show that (t*,z*,y*) € F. For all n € N,

(tn,Tn,yn) € F < y, €EP (tn,B(ZL'n,T)>
= 3z, € B(xn,7), Yn = P(tn, 2n)
& Jzp, € B(an, 1), 2n € t,00(yn) + (1 — tn)yn
& 3z, € B(xp, 1), 3, € 00(yn), 2n = tnbn + (1 —t0)yn.

(2-18)

We therefore consider the sequences (zp)n, and (&), as defined in the relation (2-18). The
sequence (yp)n is convergent, therefore bounded. Let w be a bounded open containing all the y,,
for n € N. Potential ¢ satisfies the property (I'1), so in particular ¢ is locally Lipschitz on RY,
so it is Lipschitz on w. According to Lemma 1.1, d¢(w) is bounded in R%: the sequence (&,)n
is therefore bounded in R?, so it is the same for the sequence (zn)n. With the possible need to
have to extract a subsequence, we can then consider that (&), and (z,), converge in RZ. We
write £* and z* their respective limits. According to Lemma 1.2, we have £* € 0¢(y*), and then

2=t + (1 -ty €t 0oy )+ (1 —t")y* = y* =p(t",2%).

Moreover, for all n € N, we have ||z, — z,|| < r. At the limit, we then have ||z* — 2*|| < r, i.e.
z* € B(z*,r). Thus, y* € p (t*,B(a:*,r)), ie. (t*,2%,y*) € F. O
Proposition 2.2. Let pg € L'(RY,dL%) with compact support, such that pg > 0 and ¢ : R? - R
verify the Property (I'1). Let po € LY(R?) be a compact support, such that pg > 0, and ¢ : R — R
satisfying the property (I'y). Then, for all t € [0,1) there exists a positive measure vy on the

Lebesgue of RY, with bounded support in (tVé + (1 — t)id) (supp(po)), satisfying the properties
(1), and such that v; = (tVé + (1 — t)id)#(poL?), i.e

vf e CO(RY), /R v = /R V() + (1~ 1)) poler) AL ). (2-19)

Moreover, there exists p; € L*(R?) such that v, = p L% (vy < L2). It is also possible, for any

t € 10,1), to choose a representative of p; in such a way that (t,z) — pi(x) is measurable on
[0,1) x RY,

Finally, the following properties are satisfied:

1. For all h € LY (R, L£%) and t € [0,1), we have

o ho(tVe+ (1 —t)id) € Lo (R, £%),

loc

o / hdyy = / h(z)pe(x) dL(x) = / h(tVé(z) + (1 — t)x)po(z) dL(x).
Rd Rd Rd
2. For all h € L§2.([0,1) x R, £3+1) | we have

o (t,z) > h(t,tVo(x)+ (1 —t)z) € L2 ([0,1] x RY),

//Rd (t,x)py () dL(x) dL(t //Rd (t, V() + (1 — t)z) polx) ALY () dL(2).

10



8. For all h € CO([0,1) x RY), t — [pah(t,")dvy = [gahprdL? is continuous on [0,1), in
other words t v+ v; is continuous from [0,1) to D'(R%).

Proof: For all t € [0,1), we apply Proposition 2.1 for u = poL£? and T = tV¢ + (1 — t) id. Here,
since pg € L'(R%,dL%), poL? is a finite measure. Proposition 2.1 therefore gives the existence for
t € [0,1) of a positive measure 4 on the tribe of Lebesgue of R? as in Theorem 1.2, satisfying
the properties (I), and the relation (2-19):

vf e CO(RY), /R pdv = /R J(V9(@) + (1~ t)z)pofe) AL ).

Thus, for all ¢ € [0,1) and for all f € CO(R?) such that:

supp(f) C RN\ (tV + (1 — t)id) (supp(po)) ,

we have

[ padn= [ #6960 + (1 = o)) det(z) =0,
R4 Rd

Then supp(r;) C (tVe¢ + (1 — t)id) (supp(po)) and, supp(pp) being bounded, it is the same for
(tV¢ + (1 —t)id) (supp(po)) according to Lemma 1.1.

Moreover, for all Lebesgue-measurable set A from R, we have
() = (poc) (90 + (1= i) (4)) = (pot”) oLt A) = [ podtia) (220
p(t,A)

Indeed, recall that for every x € R? where ¢ is differentiable, we have from Definition 2.1,

z=p(ty) & y=(1—-t)x+tVe(x).
For all t € [0, 1), p(t,-) is Lipschitz (according to Definition 2.1), therefore, according to Lemma
1.3, if £LY(A) = 0, then L¥(p(t, A)) = 0 and v;(A) = fp(t A) PO dL(z) = 0. The measure v; is

therefore absolutely continuous with respect to the Lebesgue measure £

For any t € [0,1) and all z € R?, we define

pi(z) = (Dvy)(z) = lim sup (B(z,r)), >0, (2-21)

r—0 Vi(By)rd vt

as described in Theorem 1.7. Here, according to (2-20), for all » > 0 and (t,2) € [0,1) x R?,

v (B(z,1)) _/

(t.B(z)) podL? = /]Rd Lot B (¥)Po(y) dci(y).
P, b(x,r

Note that for all (¢,z) € [0,1) x R,
L4p (1, Ba,m))) < £ (p (¢, B@.1) ) ) < L (¢ B, ) + £ (p (. S(a.1))).

with S(z,r) = B(x,r)\B(z,r). We have £ (S(x,7)) = 0, and p(t,-) is Lipschitz on R%, then
according to Lemma 1.3, £ (p (t, S(x,7))) = 0. Thus

ﬁd(p (t, B(ZE, 7“))) = [,d (p (@m)) , and then ]lp(t,B(ac,r))(y) = ]lp(t,B(x,r))(y)

11



for £%-almost all y € R?. Hence we have

w (Bar) = [

g LBz (¥)po(y) ALY (y) = /

n L. W)poy) dL(y).

According to Lemma 2.4, the function (¢,z,y) — ]lp(t B (y) is Lebesgue-measurable on

[0,1) x R? x R, According to Theorem 1.5, the function

(ta) = (Blar) = [ 1) )ml) 420

is then measurable on [0,1) x R% Therefore, the function (t,x) ~ p;(z) is measurable on
[0,1) x R%: it is a simple limit-sup of a countable sequence of measurable functions. Finally,
according to Fubini Theorem 1.5, for all ¢ € [0,1) the function = +— p;(x) is measurable on R?
and, according to Theorem 1.7, vy = p; L%, i.e.

vt € [0,1), Vt(E)—/Ept(x)dEd(x),

for all Lebesgue-mesurable E subset of R%. Furthermore, we have

1 1
/ pr(z)(dxr @ dt) = / / pe(z) dx dt = / v (RY) dt = / podL? < +o0.
[0,1) x R4 0 Jrd 0 R4

Indeed, according to Definition 2.1, for all ¢ € [0,1), p(t,-) is surjective from R? onto R?. Then

from (2-20):
v (RY) :/ PodﬁdZ/ podL”.
p(t,R4) R4

Thus (t,7) + pi(x) € L'([0,1) x RY). The uniqueness of such a function (¢,z) +— p;(z) comes
from Corollary 1.2.

To conclude the proof of Proposition 2.2, we finally have to verify the three properties defined
in the statement.

1. Let h € L2 (RY, £%),

loc

e Let V be a bounded open set of R? and ¢ € [0,1). The image set (tV¢+ (1—1t)id)(V)
is always bounded according to Lemma 1.1, since ¢ verifies the property (I'y). There
exists therefore a constant M > 0 such that, by defining

A={ye(tVe+(1—1)id)(V), |hly)| > M},

we have £4(A) = 0. For all z € V such that ¢ is differentiable in 2 (remind that the
set of points for which it is not the case is a zero measure set),

|h(tVo(x)+ (1 —t)x)| > M < tVo(x)+ (1 —t)x e A & z € p(tA).

Here £%(p(t, A)) = 0 (according to Lemma 1.3, since p(t, -) is Lipschitz on R?). Then,
for any £%almost all (t,x) € V, whence ho (tV¢ + (1 —t)id) € L (R, £9).

loc

12



e Let V be a bounded open set into R? and let ¢ € [0,1). The density po is assumed
to have a compact support, therefore, if we additionally assume that supp(pg) C V,
according to Corollary 1.1, there exists a sequence (hy,), € Co(RON with |h,| < M
for all n € N, converging £%almost everywhere to h - Livpr(1—t)id)(v)-

The set B of the points of (tV¢+ (1 —t)id)(V) such that the sequence (hy,(x)), does
not converge to h(z) or which is not bounded in Euclidean norm by M is therefore a
zero measure set for £9.

We now consider the set of points x of V' where ¢ is differentiable, and such that the
sequence (h,(tVeé(x) + (1 —t)z)), does not converge to h(tVe(z) + (1 —t)z) or is
not bounded in Euclidean norm by M. By reasoning as in the previous point, we
can show that this last set is included in p(¢, B), which is a zero measure set for L4
according to Lemma 1.3: indeed, p(t,-) is Lipschitz on RY. From the relation (2-19),
we have for all n € N,

/ o vy = / () po() AL () = / I (Y 6(2) + (1 — £)2)po(x) dLY).
R4 R4 R4

By dominated convergence, we obtain
/ hdy; = / h(z)ps(z) ALY (z) = / h(tVo(x) + (1 — t)z)po(z) dL(z),
Rd R4 R4
which holds for all h € L (R%, £4) et t € (0,1).

loc

2. Let h € L° ([0,1) x RY, £aH1),

e We assume that is V' a bounded open set in [0,1) x R%.
As before, we can deduce that (t — (¢,tV¢+ (1 —1t)id))(V) is bounded. There exists

therefore a constant M > 0 such that, by defining
A={(ty) et =t EtIVo+ (1 -1)id)(V), |h(t,y)| > M},
we have £3*1(A) = 0. For any ¢ € [0,1], we define the set A; by
Ay ={z e RY, (t,) € A}.

It is a Lebesgue-measurable set of R? according to Theorem 1.3 (note that we have
1a(t,z) = 14,(z) for all (t,z) € [0,1] x RY). For all (t,2) € V such that ¢ is
differentiable in x (let us recall that the set of points for which this is not the case is
a zero measure set),

|h(t,tVp(x) + (1 —t)x)| > M < (1, tVe(z)+ (1 —t)z) € A
< TE p(t7At)
& (t,x)e B={(',a") eV, 2’ e pt', Ay)}.
With the same definition, we can also define B; = {x € R?, (t,z) € B} = p(t, A;) for

all t € [0,1), which is also a Lebesgue-measurable set. Finally, according to Fubini
Theorem, t +— £%(A;) and t — £%(B;) are measurable.

If £9T1(A) = 0, then
1 1
_ pd _ d _ d
0 =LA —/0 /Rd T4(t,x)dl (w)dt—/o /Rd T4, (z)dL%x)dt o)
) N
:/ LA dt.
0
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Thus £%(A;) = 0 for almost all ¢ € [0,1]. For all ¢ € [0,1), p(¢t,-) is Lipschitz:
therefore, from Lemma 1.3, if £L4(A;) = 0, we have LI(p(t, A;)) = 0.

Thus, £4(B;) = L4(p(t, A;)) = 0 for almost all ¢ € [0, 1]. Consequently, according to
Fubini Theorem,

LYYB) = / 1 LYBy)dt =0, (2-23)
0

so that |h(t,tVe(z) + (1 —t)z)| < M for LT -almost all (t,x) € V. We can therefore
conclude that (¢,z) + h(t,tVé(x) + (1 — t)z) € L ([0,1) x R, £9+1).

loc

e For the second point of the property 2, we reason as in the second point of the property
1, via Lusin Theorem (the property being valid for h € C?2([0,1) x R%)).

3. By continuity under integral sign, it is clear that for all A € C2(][0,1) x R%), the function
t— h(t, ) dv; = / h(t,tVe(z) + (1 — t)x) po(z) dL(x)
R4 R4

is continuous on [0, 1).
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