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HOLDERIAN WEAK INVARIANCE PRINCIPLE UNDER A
HANNAN TYPE CONDITION

DAVIDE GIRAUDO

ABsTRACT. We investigate the invariance principle in Holder spaces for strictly
stationary martingale difference sequences. In particular, we show that the suffi-
cient condition on the tail in the i.i.d. case does not extend to stationary ergodic
martingale differences. We provide a sufficient condition on the conditional vari-
ance which guarantee the invariance principle in Holder spaces. We then deduce
a condition in the spirit of Hannan one.

1. INTRODUCTION

One of the main problems in probability theory is the understanding of the
asymptotic behavior of Birkhoff sums S, (f) := Z?:_& foTt where (Q,F,u,T) is
a dynamical system and f a map from €2 to the real line.

One can consider random functions contructed from the Birkhoff sums

(1.1) SPU(f,t) == Sy (f) + (nt — [nt]) f o TMITL ¢ € [0, 1].

and investigate the asymptotic behaviour of the sequence (SEI( 1, t)) | seen as
nz

an element of a function space. Donsker showed (cf. [Donb1]) that the sequence
(n_1/2(E(fQ))_l/QSgl(f))n>1 converges in distribution in the space of continuous
functions on the unit interval to a standard Brownian motion W when the sequence
(f o T";>0 is ii.d. and zero mean. Then an intensive research has then been
performed to extend this result to stationary weakly dependent sequences. We
refer the reader to [MPUQG] for the main theorems in this direction.

Our purpose is to investigate the weak convergence of the sequence (n =1/ 2551( )nz1
in Hélder spaces when (f o T%);>o is a strictly stationary sequence. A classical
method for showing a limit theorem is to use a martingale approximation, which
allows to deduce the corresponding result if it holds for martingale differences
sequences provided that the approximation is good enough. To the best of our
knowledge, no result about the invariance principle in Holder space for stationary
martingale difference sequences is known.

1.1. The Ho6lder spaces. It is well known that standard Brownian motion’s paths
are almost surely Holder regular of exponent a for each a € (0,1/2), hence it is
natural to consider the random function defined in (II]) as an element of H,[0,1]
and try to establish its weak convergence to a standard Brownian motion in this
function space.

Before stating the results in this direction, let us define for o € (0,1) the Holder
space Hqo[0,1] of functions z: [0, 1] — R such that supy; |x(s) —z(t)| /|s —t|* is
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finite. The analogue of the continuity modulus in C10, 1] is w,, defined by

(1.2) We(z,0) = sup M
0<|t—s|<6b |t — s
We then define H2 [0, 1] by H2[0, 1] := {z € H4[0, 1], lims 0 wa(z,) = 0}. We shall
essentially work with the space H2[0, 1] which, endowed with |z, := wa(x,1) +
|z(0)], is a separable Banach space (while #,[0,1] is not separable). Since the
canonical embedding ¢: H2[0,1] — H[0, 1] is continuous, each convergence in dis-
tribution in HZ[0,1] also takes place in H,[0, 1].
Let us denote by D, the set of dyadic numbers in [0,1] of level j, that is,

(1.3) Do:={0,1}, Dj:={(21-1)277;1<1<2 '} j>1

If r € D; for some j > 0, we define r™ :=r+277 and r~ :=r — 279, For r € Dy,
j =1, let A, be the function whose graph is the polygonal path joining the points
(0,0), (r—,0), (r,1), (r*,0) and (1,0). We can decompose each x € C[0,1] as

+oo
(1.4) 2= M@A =D > M(2)A,

reD j=0reD;
and the convergence is uniform on [0,1]. The coefficients A, (x) are given by
+ —
(1.5) A(z) = 2(r) — w7
and \o(z) = z(0), A1 (z) = z(1).
Ciesielski proved (cf. [Cie60]) that {A,;r € D} is a Schauder basis of H2][0, 1]
and the norms |[|-||,, and the sequential norm defined by

(1.6) |2]|%°% := sup 27% max |\, (z)],
j=0  TED;

TGDj,j}l,

are equivalent.

Considering the sequential norm, we can show (see Theorem 3 in [Suq99]) that
a sequence (&,)p>1 of random elements of HZ vanishing at 0 is tight if and only if
for each positive ¢,

(1.7) lim lim sup p {sup 29% max |\ (€,)] > 8} = 0.

—00 np—00 j=J reD;
Notation 1.1. In the sequel, we will denote ry ; := k277 and uy j := [nry ;] (or
r, and wuy, for short). Notice that upi1; — ug; = [nre; + n277] — up,j < 2n277 if
j < logn, where logn denotes the binary logarithm of n and for a real number x,
[x] is the unique integer for which [z] < x < [z] 4+ 1.

Remark 1.2. Since for each x € Hy/5_1/,[0,1], each j > 1 and each r € Dj;,
+ _ _ —
08 ] < 2D =50 e~ (7

2 2
< max {|z(r") — (r)

<

Ja(r) = 2(r7)|},
for a function f, the sequential norm of n=1/ 2551( f) does not exceed

(1.9) sup 209 ~1/2 max S}zl(f7 Thtl,j) — Sgl(f, Tk,j)‘ .

j>1 0<k<2d

Now, we state the result obtained by Rackauskas and Suquet in [RS03].
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Theorem 1.3. Let p > 2 and let (f o T7);>0 be an i.i.d. centered sequence with
unit variance. Then the condition

(1.10) lim Pu{|f| >t} =0

t—ro0
is equivalent to the weak convergence of the sequence (n™ 2S5 (f))n>1 to a standard
Brownian motion in the space 7—[‘1’/271/1) [0,1].

1.2. Some facts about the LP*° spaces. In the rest of the paper, x denotes
the indicator function. Let p > 2. We define the LLP*° space as the collection of
functions f: €2 — R such that the quantity

(L11) 171 e 2= sup {1 f] > 1} < .
>

This quantity is denoted like a norm, while it is not a norm (the triangle inequality
may fail, for example if X = [0,1] endowed with the Lebesgue measure, f(x) :=
217 and g(x) = f(1—2); in this case |f + gl o0 > 2517 bt 1], o0 + 1], 00 =
2). However, there exists a constant x, such that for each f,

(1.12) 1 £llpoo < sup p(A) " FVPE[ fl xa] < Fp 11100
A:p(A)>0

and Np(f) 1= sup 4.(4y>0 w(A)"UPE[| f| x 4] defines a norm. The first inequality
in (LI2) can be seen from the estimate tu{|f| >t} < E|[|f|x{|f] > t}]; for the
second one, we write

+oo

+oo
(1.13) E[\f\xA]=/ u({!f!>t}ﬂA)dt</ min {pA{|f] > t}, p(A)} dt,
0 0

and we bound the integrand by min {t_p 1 £115 0 ,,u(A)}.

A function f satisfies (IL.I0) if and only if it belongs to the closure of bounded
functions with respect to N,. Indeed, if f satisfies (LI0), then the sequence
(fx|f <n|)n>1 converges to f in LP. If N,(f — g) < & with g bounded, then

(1.14) limsup tPu{|f| >t} < limsupt?u{|f — g| > t/2} < 2Pe.
t—00 t—o00

We now provide two technical lemmas about ILP*° spaces. The first one will be
used in the proof of the weak invariance principle for martingales, since we will have
to control the tail function of the random variables involved in the construction of
the truncated martingale (cf.(3I11])). The second one will provides an estimation of
the ILP**° norm of a simple function, which will be used in the proof of Theorem 2.1],
since the function m is contructed as a series of simple functions.

Lemma 1.4. If limyoo tPu{|f| > t} = 0, then for each sub-o-algebra A, we have
limy, oo Pu{E[|f| | A] >t} =0.

Proof. For simplicity, we assume that f is non-negative. For a fixed ¢, the set

{E[f | A] > t} belongs to the o-algebra .A, hence

(1.15)  tu{E[f | A] >t} <E[E[f | AIXA{E[f | A] > t}] = E[fXx {E[f | A] > t}].
By definition of N,

(1.16)  E[fx{E[f | Al > t}] < N, (fx {E[f | A] > t}) p{E[f | A] > }' 7177,

hence

(1.17) Pu{ELf | Al >t} < N, (fxA{E[S | A] > 2})".
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Notice that
(1.18) Vs >0, N, (fx{E[f | Al > t}) <su{E[f | A > t}'P+N, (fx{f > s}),

hence

(1.19) lifgscng[fx {E[IfI T A] > t}] < Np(fx{f > s} < mpsupaPu{f >a}.

r>s

By the assumption on the function f, the right hand side goes to 0 as s goes to
infinity, which concludes the proof of the lemma. O

Lemma 1.5. Let f := Z@']\Lo aix(A;), where the family (A;)Y.q is pairwise disjoint
and 0 <any < ---<ag. Then

(1.20) 71 e < max @ > (A,

J<N

Proof. We have the equality

N
(1.21) p{F >t = Xagpaa ) D p(Ad),
=0 ‘

where ay41 := 0, therefore
J
p p .
(1.22) u{f >t} < [Rax af > (A

=J= .
=0

2. MAIN RESULTS

The goal of the paper is to give a sharp sufficient condition on the moments
of a strictly stationary martingale difference sequence which guarantees the weak
invariance principle in H2[0, 1] for a fixed a.

We first show that Theorem [[.3] does not extend to strictly stationary ergodic
martingale difference sequences, that is, sequences of the form (m o T%);>¢ such
that m is M measurable and E[m | TM] = 0 for some sub-c-algebra M satisfying
TMC M.

An application of Kolmogorov’s continuity criterion shows that if (m o T%);>¢
is a martingale difference sequence such that m € LPT? for some positive § and
p > 2, then the partial sum process (n=Y/2S5 (m))n>1 is tight in HY o1/ [0,1] (see
IKRI1]).

We provide a condition on the quadratic variance which improves the previous
approach (since the previous condition can be replaced by m € LP). Then using
martingale approximation we can provide a Hannan type condition which guaran-
tees the weak invariance principle in Hg [0, 1].

Theorem 2.1. Let p > 2 and (Q,F,u,T) be a dynamical system with positive
entropy. There exists a function m: £ — R and a o-algebra M for which TM C M
such that:

e the sequence (m QTi)i>0 1s a martingale difference sequence with respect to
the filtration (T~'M);>0;
o the convergence limy_, oo tPp{|m| > t} = 0 takes place;
o the sequence (n~ /288 (m))ps1 is not tight in H‘l’/Q_l/p[O, 1].
4



Theorem 2.2. Let (2, F,u,T) be a dynamical system, M a sub-o-algebra of F
such that TM C M and T the collection of sets A € F such that T~' = A.

Let p > 2 and let (m o T7, T~ M) be a strictly stationary martingale difference
sequence. Assume that tPp{|m| >t} — 0 and E[m? | TM] € LP/2. Then

(2.1) n~ Y28 (m) — n- W in distribution, in HY jo—1/00,1],
where the random variable n is given by
(2.2) n= lim E[S? | Z]/n in L

n—o0

and 7 is independent of the process (Wi)ieo,1)-

In particular, (Z1)) takes place if m belongs to LP.

The key point of the proof of Theorem is an inequality in the spirit of Doob’s
one, which gives n™'E [max;<j<n Sj(m)?| < 2E[m?]. It is used in order to establish
tightness of the sequence (n~Y25P (m)),>1 in the space C[0, 1].

Proposition 2.3. Let p > 2. There exists a constant C), depending only on p such

that if (m o T%);>1 is a martingale difference sequence, then the following inequality
holds:

(2.3) sup

n=1

s

< Gy (Iml} oo +E (E[m? | TM])"?).
p,o0
Remark 2.4. As Theorem 2.1l shows, the condition lim; o P {|m| >t} = 0 alone
for martingale difference sequences is not sufficient to obtain the weak convergence
of n_l/zsgl(m) in #2[0, 1] for &« = 1/2—1/p. For the constructed m in Theorem 2.1]
the quadratic variance is km? for some constant x and m does not belong to the
IL? space.

H?/Q*l/p

By Lemma A.2 in [MRS12|, the Holder norm of a polygonal line is reached at
two vertices, hence, for a function g,

T9 —goTi|
2.4 “1260lg _goT H — U g
(2.4) Hn Sh(g—goT) o n (nax G
(2.5) < 207 VP max |g o Tj‘ .

1<y<n

As a consequence, if g belongs to IL?, then the sequence (Hn_l/zs,gl(g —goT) HHO

converges to 0 in probability . Therefore, we can exploit a martingale-coboundary
decomposition in ILP.

Corollary 2.5. Let p > 2 and let f be an M-measurable function which can be
written as

(2.6) f=m+g—goT,
where m, g € LP and (moT*%) ;=0 is a martingale difference sequence for the filtration
(T~"M)iso. Then n=Y2SEN(f) — nW in distribution in 7—[?/2_1/1)[0, 1], where 1 is
given by ([22) and independent of W .

We define for a function h the operators E(h) := E[h | T*M] and P;(h) :=
E;(h)—E;t+1(h). The condition Y ;2 || P(f)|l5 was introduced by Hannan in [Han73]
in order to deduce a central limit theorem. It actually implies the weak invariance

principle (see Corollary 2 in [DMV07]).
5
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Theorem 2.6. Let p > 2 and let f be an M-measurable function such that

(2.7) E|f|()T'M| =0 and

€L

(23) SSIR), < oe.

120

Then n= /2P (m) — nW in distribution in HY o1 [0, 1], where n is given by (2.2)
and independent of W.

3. PROOFS

3.1. Proof of Theorem[2.1l We need a result about dynamical systems of positive
entropy for the construction of a counter-example.

Lemma 3.1. Let (Q, A, u,T) be an ergodic probability measure preserving system
of positive entropy. There exists two T-invariant sub-o-algebras B and C of A and
a function g: Q@ — R such that:

e the o-algebras B and C are independent;

e the function g is B-measurable, takes the values —1, 0 and 1, has zero mean
and the process (g o T™)nez is independent;

e the dynamical system (Q,C,u,T) is aperiodic.

This is Lemma 3.8 from [LVO0I].
We consider the following four increasing sequences of positive integers (I;);>1,
(J))i>1, (n)1=1 and (L;);=1. We define k; := 20+ and impose the conditions:

(3.1) Z% < 00;

l

=1
. 1/ Ll
(3.2) lim J; - p < |(N| > 477 =1;
o0 g1l
(3.3) lim J;271/2 = 0;
l—o0
. ki .
(3.4) Jim Z = 0;
1>
-1 1/p
ki rmi\YP
(3.5) for each I, Z_;fz <2Ii) <=5

Here N denotes a random variable whose distribution is standard normal. Such
sequences can be constructed as follows: first pick a sequence (L;);>; satisfying
(30), for example L; = [?>. Then construct (J;);>1 such that ([3.2) holds. Once
the sequence (.J;);>1 is constructed, define (I;);,, satisfying (B.3). Now the se-
quence (k;);>1 is completely determined. Noticing that (3.4 is satisfied if the se-
ries ), kyny—1/my converges, we construct the sequence (n;);>1 by induction; once
ni,i <1 — 1 are defined, we choose n; such that n; > [?kyn;_; and (335) holds.
Using Rokhlin’s lemma, we can find for any integer [ > 1 a measurable set
C; € C such that the sets T7'C}, i = 0,...,n; — 1 are pairwise disjoint and

(U Tic) > 172



For a fixed [, we define

(3.6) kpjo= 20T 0 <G <,

(3.7) k=219 0<j < Jand

1 J—1 n 1/p ki —j—1—1
. -
fl:=—2< > x| U 17a)+
Ly = \kig—j e
Jj= 1=k, 5,—j
k:l(] 71
| <nl>1/p gl
+ x| U 17a,
Ly \ ki, Pt
+oo
(3.8) F=> f. m=g-f
=1

where g is the function obtained by Lemma [3.11

Proposition 3.2. We have the estimate || fi|p.oo < K;Ll_l for some constant k;,
depending only on p. As a consequence, limy_,oo tPu{|m| >t} = 0.

Proof. Notice that

kg, — p

1
1/ >1/p » 1 1
3.9 — X l T ZC[ =——Uk i ) € =.

s

p7m

1/p
Next, using Lemma with N := J; — 1, a; = L% <kzzll ) and A; :=
sJ1 =7

ki g —j—1—1 . .
U777 710y, we obtain

i=ki g, —;

(3.10)
=l B g 1/p\ P i
Lil; (kzzll_]) " m%_j T-C) N S oI (Lil ( k‘zZl_j> p) ;M(Aj)
. < Lifoé’%‘h—l klzlj —0 kl;t]llZ
(3.12) = L%)Oggg%,fl Z_j ;j;
(3.13) < L%)



hence by (LI2), (3.9) and B.13)),

1 n 1/p kg, —1
. .
. < — !
B9 il <N |2 () x| U ma) )+
1 J—1 n 1/p ki g, —j—1 A

(3.15) +N, —Z( L > x| U 17

Ly <= \Ki,g—; - v

Jj= 1=k, g, —;
kg, —1

1 n 1/p 1l .
3.16 < — TC
( ) " L (kl,Jl> X L_J : -

=0 P,00

1 J—1 n 1/p kg —j—1
3.17 — T 'C
(3.17) + i le<k”lj> (U !

) szl“]l,j P00
1
(3.18) < = ry (1 n 21/7’)
1

We thus define #j, := x, (1 + 21/p).
We fix ¢ > 0; using (B.I), we can find an integer [y such that Zl>l0 1/L; < e.

Since the function 250:1 gf1 is bounded, we have,

(3.19) hmsuptpu{]m\>t} hmsuptp {

}+2p ngl

>lp

p7m

(3.20) =22(> " gf,
>lp p,00
p
(3.21) <2 M)
1>lg
p
1
/
(3.22) <y (D I
1>lg
(3.23) < rpel,

where the second inequality comes from inequalities (I.I2]). Since ¢ is arbitrary, the
proof of Lemma is complete. O

We denote by M the o-algebra generated by C and the random variables g o T*,
k < 0. It satisfies M Cc T~ M.

Proposition 3.3. The sequence (moTi)i>0 is a (stationary) martingale difference
sequence with respect to the filtration (T7'M);>o.

Proof. We have to show that E[m | TM] = 0. Since the o-algebra C is T-invariant,
we have TM = o(CUo(go Tk k < —1)). This implies

(3.24) E[m | TM] =Elgf | TM] = f-Elg | TM].

Since g is centered and independent of T'M, Proposition [3.3]is proved. O
8



It remains to prove that the process (n~/258 (1m)),>1 is not tight in Hjom1)p [0,1].

Proposition 3.4. Under conditions [B.2), B3) and (B4, there exists an integer
lop such that forl >l

1 |Su+v(gfl)_su(gfl)| 1
. = —_— > > —.
(3.25) Pri=p 1/p 1@52?2?—@ vl/2-1/p 10> 16
l 1<v<k;

Proof. Let us fix an integer [ > 1. Assume that w € T75C}, where k; < s <n; — 1.
Since TUw belongs to T~ we have for s —n; < u < s

(3.26)
1/p .
Uy (1) — 1/p
(fioT%)(w) = L%(%) . ifs—k o <u<s—ky, and 1 <j < Jj;
0, fs—m<u<s—Fk.
As a consequence,
1 Ss—ki, — Sst,
(3.27) T=*Cin { 7p 128 Secoovni(of) Sl/fﬁjlggfl)‘ - 1}
ny/Prsisd (ko — 1= ki) P

=T7°CyN{ max ‘Ss_kl’j‘lﬂ(g) — Sk (9)‘

; 7 > L
ISIST - (fyj — 1)1/2-1/p, j’jl

Since for kj +1 < s <my—kjand 1 < j < Jj, we have 1 <5 —Fk;; <n; — k; and
1<k j—1—1—k; < ki, the inequality

Sty 4+1(91) = Ssery, (91))
3.28) x(T™°Cy)- — -
( ) X( l) 12;?2{& (kl,jfl —1— kl,j)1/271/p

_s |Su+v(gfl) - Su(gfl)|
<x(T (Cl))lgfgf_kl o1/2—1/p
1<v<ky

takes place and since the sets (T5C))2* 61 are pairwise disjoint, we obtain the lower

bound
(3.29)

n;—2k; g S
P> Z ) <T_(S+’”)(Cl) R { e |Sstki—ty,_1+1(9f1) = Sski—k,,; (911)] > 1}) .
s=1

NS (]{317]',1 —1- ]{317]')1/2_1/1’7

Using the fact that T is measure-preserving, this becomes

(3.30)
P> (- 2k) (T’”(Cn n { s, [ttt 01 2 S 010 1}> |

1<h (ko — 1= k)2l

and plugging ([3.27) in the previous estimate, we get
(3.31)

Sk k. — — Sk —k
P> (ng—2k)p | T7R(C) N { max ‘ bk -1(9) kll/];l’] (g)|
1<, (ki; — 1)1/271/171%_1

> L



‘Skl—kld-_lJrl(g)*Skl—kl’j (g)‘

_k .
(kz,rl)l/Q‘l/”k%’il > L; » and T~"(Cj belong to the in-

The sets ¢ maxi<j<,

dependent sub-o-algebras B and C respectively, hence using the fact that the se-
quences (goT");>0 and (g o T~ ");>0 are identically distributed, we obtain

Sk — — S,
(3.32) P> (g = 2k)p (Cy) p § max St,01-1(9) kli]/(g)‘ > Ly
1$ISh (ky; — 1)Y2-1/rk, ]31

By construction, we have n; - u(Cy) = p <U:igl T"C'l) > 1/2, hence

3.33 P>2-(1-2— max >
( ) ! 2 ng 1<5<J; (k?l,j _ 1)1/2—1/pk11§;il l

1 < k:l> } Sk, -1 -1(9) = Sk, (9)]

It remains to find a lower bound for

Sk, — Sk, .
(334) Pl/ p— ,U/ 1I<nax | kl,]fl 1(9) kl,lj/(g)‘ 2 Ll
SISh (kg y — D)V2=1rk jlil

Let us define the set

Sk 1(9) = Sk,
(3.35) Ej = [S,0119) = S, @]

1
(kyj — 1)2- k)P |

Since the sequence (g o T%);ez is independent, the family (E;)1<;<y, is indepen-
dent, hence

(3.36) P 2110 - u(E)).

We define the quantity

Ly [ ko \Y7
(3.37) ¢ = pd N = =L (—
! llglly \ ki ; —1

(we recall that N denotes a standard normally distributed random variable). By
the Berry-Esseen theorem, we have for each j € {1,...,J;},

L 1 < V2 9~ 1/2,

(3.39) 0(EBy) - 5] < <
T g3 (g = DY T gl

Plugging the estimate ([B.38) into (3.36]) and noticing that for an integer N and
(an)N_1, (bn)N_, two families of numbers in the unit interval,

N N N
Han_an <Z|an_bn|,
n=1 n=1

n=1

(3.39)

10



we obtain

Jl Jl J
(3.40) Pz1-T[0-wE)+ [0 -¢) Hl—Ca
j=1 i=1 i=1
Jl Jl
(3.41) >1- [0 =) = Iu(E)) — ¢
j=1 i=1
Jy
(3.42) >1-[Ja-¢)- Jl—\/_ 2~ h/2,
bl g5
Notice that
Ji
Jp
(3.43) 1—1_[1(1—c]) 1 max (1—¢)
ks

and since (I;)s is increasing and I; > 1, we have
kijo1 2 2

3.44 = <
( ) kl,j—l 1—]{;;.1 1—2-1

<4

it follows by ([B.37) that ¢; > {]./\/\ 41/7’”L|l| } for 1 < j < J;. We thus have

Jy
2
I N RGN JlﬁQ .
2 AP
Using the elementary inequality
—1
(3.46) 1—(1—t)">nt— %z@

valid for a positive integer n and t € [0, 1], we obtain
J? L\ 2
@) £ > a3 2 A (L f s e ZULY B g
lglly ) 2 g1l lgll3
By conditions (3.3)) and (B:2)), there exists an integer [, such that if [ > [, then

Ski;1-1(9) = Sk,
(3.48) 14 max Sty 1-1(9) kl,lj(g)\ -
1$ISI (ky j — 1)1/2—1/% ézil

Ly >

]

Combining (3.33)) with ([B:48), we obtain for [ > [,

(3.49) P> ; (1 - 2k1>

n

By condition (34), we thus get that P, > 1/16 for | > ly, where lp > [ and
ki/my <1/4if1 > 1.
This concludes the proof of Proposition 3.4 O

Proposition 3.5. Under conditions (31), B2), B3), B4) and B3), we have

for 1 large enough

1 |Sutv(m) — Su(m)| _ 1

. —_— > = > —.

(3:50) B\ T T T 2 (73
l 1<v<k;

11



Since the Holder modulus of continuity of a piecewise linear function is reached
at vertices, we derive the following corollary.

Corollary 3.6. Ifl > Iy, then

1 ! ky 1 1
(3.51) K {w1/21/p (WSgl(m), n_z> Z 5} = 39"

Therefore, for each positive §, we have

1 1 1
.52 li _—_gpl > -V > —
(3.52) 17rln_>solcl>pu {wl/Ql/p <\/55n (m),5> }

and the process (n=Y28% (m))p=1 is not tight in 7-[‘1’/271/17[0, 1].
Proof of Proposition[3.3. Let Iy be the integer given by Proposition B.4] and let

[ > lp. We define mj := Zi; gfi and m] = Z;;OfH qfi.
We define for ¢ > 1,

R 1 ‘Su—l—v(gfi) B Su(gfz)’
(3.53) My; = nl/p 1@{2%{& wl/2—1/p
l 1<v<ky

Let i be an integer such that ¢ < [. Notice that for 1 < u < n; — k; and v < k;, we
have

(3'54) |Su+v(gfi) - Su(gfl)| = Uu(|Sv(gfz)|),
where U(h)(w) = h (T (w)) and since
ki /ng\1/p
(3.55) Sugfl <vllafille < 7 (37) -
Li 24
the estimate
/{?l n; 1/p
(3.56) M < — ( ,.)
Llnll/p 2 7
holds. Since
-1
1 ‘Su-i-v(m;) — Su(m;)’
. - < 2
(3.57) /P 1<£3ﬁkl v1/2-1/p . My
1<v<ky i=1
we have by (3.56]),
-1
1 |Sutv(my) — Su(my)] ki n;\1/p
(3.58) - - gzi( 1.> .
nll/p ngzl;kl v1/2-1/p —~ I, ll/p 91;
By (3.3)), the following bound takes place:
nl/p 1<usn;—k; 01/2_1/]7 2
l 1<v<ky;
The following set inclusions hold
1 |Suto(my) = Su(m))]
(860)  § —; max =l #0 ¢ {0, # 0}
n 1<v<k; >l
ny
(361) cJU s # 0.
i>lu=1

12



We thus have

1 ‘Su—i—v (m;/) B Su(mfl)]

(862)  p§ g, max —m s #£00 <> n-pfgfi #0}
ny 1<v<k; >l
(3.63) <m Y p{fi # 0}
i>l
(3.64) = > (ki + )u(Ci)
i>1
k;
(3.65) < 2ny Z o
(>
and by (3.4), it follows that
1 |[Suto(m)) — Su(my)] 1
_— < —
(366) H nl/p 1<usn;—k; ’[)1/271/1) ?é 0 = 32
l 1<v<k;

Accounting (3.59), we thus have

1 ‘Su-l—v(m) — Su(m)‘ 1
. > _
(3:67) 1§ 7 X .
lgvgkl
> 1 max |Su+v(9fl + m;/) - Su(gfl + m;’)| 51
o nl/p 1<usn;—k; ’(}1/271/17 =
l 1<v<ky
1 |Suro(gfi) — Sulgfi)
Z 1S 17, >
ZH nl/p 1<11;I<1%l*kl ’01/2_1/17 = 1
l 1<v<ky
L S = Sl
s nl/p 1<usn;—k; pl/2—1/p ’
l 1<v<ky

hence combining Proposition B4 with (B:66]), we obtain the conclusion of Proposi-
tion 0]

Theorem 2] follows from Corollary and Propositions and
3.2. Proof of Theorem and Proposition 2.3l

Proof of Proposition[2.3. Let us fix a positive t. Recall the equivalence between
|z|, and |lz|5 and Notation [Tl By Remark [[L2] we have to show that for some
constant C' depending only on p and each integer n > 1,

(3.68) P(n,t) :=tPu {sup 299,12 max
j>1 0<k<2i

SEH(m, ) — Sﬁl(m,rm)‘ > t} <

<C (\|m||§700 +E (E[m? | TM])p/2)

In the proof, we shall denote by C), a constant depending only on p which may
change from line to line.
13



We define
(3.69)

Pi(n,t) == p sup 2990712 max
1<j<logn 0<k<2)

S};l(m,rkﬂ,j) — S};l(m,rk,j)‘ > t} , and

(3.70) Py(n,t) ::u{ sup 290712 max

Sgl(m,rkﬂ,j) — Sgl(m,rk,j)‘ > t} ,

j>logn 0<k<29
hence
(3.71) P(n,t) < tPPi(n,t/2) + tPPy(n,t/2).
We estimate Ps(n,t). For j > logn, we have the inequality
(3.72) Thity — Tk = (k+1)277 — k277 =277 < 1/n,

hence if ry, ; belongs to the interval [I/n, (I+1)/n) for some I € {0,...,n — 1}, then
e cither 741 ; € [I/n, (Il +1)/n), and in this case,

(3.73)

SPY(m, 711 5) — SP(m, 7, ])‘ = ‘m o THI‘ 277n < 27n max
b2 2 < <n

Ul(m)‘;

e or riq1,; belongs to the interval [(I 4+1)/n, (I +2)/n). The estimates

(3.74) | S (m, 1 ,g) — Sﬁl(mﬂ“k,j)‘ < | S (m, i) = SE (m, (1 + 1)/?1)‘ +
| S8, 1+ 1)/m) = S8, k)| < 21 ma U7 (m)|
hold.

Considering these two cases, we obtain
(3.75) Py(n,t) < ,u{ sup 29n2'7n 12 max Ul(m)‘ > t}

j>logn I<i<n

. < a—1/2 1 ‘
(3.76) < {Qn max Ul(m)| >t
(3.77) < np {2n*1/p |m| > t}
op

(3.78) < - supzPpu{|lm| > z}.

x>0

Therefore, establishing inequality (B.68) reduces to find a constant C' depending
only on p such that

(3.79) supsupt’ Py (n,t) < C (HmHZ oo +E(E[m? | TM])p/z)
n ot ’

We define uy, j := [nry ;] for k < 29 and j > 1 (see Notation [LT)).
Notice that the inequalities

(3.80) Sy (m) = B, g )| < [U5 ()| and

(3.81)

Sgl(m, Tk—i-l,j) — S“kﬂ,j (m)‘ < ‘Uuk+1,j+1(m)‘
take place because if j < logn, then

(3.82) Uk S M S Ugj+ 1 < upyrj S nrggnj < Uggry + 1
14



Therefore, Py(n,t) < P11(n,t) + Pi2(n,t), where

)

1<j<logn 0<k<27

—1/2 max
1<j<logn 1<I<n

<
(3.83) Pri(n,t):= ,u{ max 297712 max {SukH’j(m) - Sukyj(m){ > t/Q} ,

(3.84) Pia(n,t):=p

U’(m)( > t/4}.

Notice that

(3.85) Pya(n,t) < p {nal/z max Ul(m)‘ > t/4}
(3.86) < np {\m\ >n1/pt/4}
(3.87) < 4Pt psupxp,u{|m| >z},

hence [B.79) will follow from the existence of a constant C' depending only on p
such that

(3.88) supsupt’P; 1(n,t) < C <HmH§OO +E (E[m2 \ T./\/l])p/z) )
n t ’

We estimate P 1(n,t) in the following way:

logn

1/29—1—aj
(3.89)  Pii(n,t) Z 27 Og};gj i {‘Suk“d (m) — Su,; (m)| > tn /29 O‘]}

We define for 1 < j <logn and 0 < k < 27 the quantity
BI)  Plgik0) = 1 {Supss, 00) = Su ()] > tn1/221707)

If (f o T7) j>0 is a strictly stationary sequence, we define

n 1/2
(3.91) Qn(u) —M{max \foTﬂ{>u}+u (ZU@E[F!TM]) >u

1<j<n
J i=1

The following inequality is Theorem 1 of [Nag03]. It allows us to express the tail
function of a martingale by that of the increments and the quadratic variance.

Theorem 3.7. Let m be an M-measurable function such that Ejm | TM] = 0.
Then for each positive y and each integer n,

1
(3.92) u{1Sn(m)] > v} < elg,) /0 Qun(equ - y)ut~ du,

where ¢ >0, n >0, e, :=n/q and c(q,n) := gexp(3ne"™t —n —1)/n.

We shall use (392) with ¢ := p+ 1, = 1 and y := n/?271=%¢ in order to
estimate P(n,j,k,t):

1
(3.93) P(n,j,k,t) < Cp/ ,u{ max ‘Ul(m)| > n1/221ajtu€p+1} uPdu
0

ISISUR41,5— Uk, 5

1/2
uk+1] /

+C) / U'(E[m? | TM]) > n1/227170‘jut6p+1 uPdu.

1= ukj—l—l

15



Exploiting the inequality w1 ; — ug j < 2n277 we get from the previous bound

1
(3.94) P(n,j, k,t) < Cp/ ,u{ max ‘Uz(m)‘ > n1/2210‘]tu<€p+1} uPdu
0

1<i<2n2—3

2n2~7 1/2

1 . .
—i—Cp/O i Z U'(E[m? | TM]) > nt/227 1" ye b uPdu.
i=1

We define for j <logn, t > 0 and u € (0,1),

(3.95) P'(n,j,t,u) :== ,u{ max |Uz(m)‘ > n1/221°‘jtuep+1} , and

1<i<2n277

. 1/2
2n277
(3.96) P'(n,j.t,u)=pl [ Y U(Em? | TM]) > /2971 ye

=1

Using the fact that the random variables U'(m),1 < i < 2n277 are identically
distributed, we derive the bound

(3.97) P'(n,j,t,u) < 20277 {]m\ > n1/22_1_0‘jtu€p+1} ,
hence

(3.98) P'(n,j.t,u) < 20279 (n'/2271 " tue, 1) 7P Imlff

= oPtle P pl P29 (C 1Pl by =P ||y P

Since v and p are linked by the relationship 1/2 — 1/p = «, we have paa = p/2 — 1
hence

1
(3.99) /0 Pl(n,j,t7u)updu < Cpt*pnlfp/22](p/2f2) Hme,oo'

Notice the following set equalities:

2n2~J 1/2
(3.100) Z U'(E[m? | TM]) > €p+1un1/22—1—ajt
i=1
1 o2n2—J |
") 2n277 Z U'E[m* | TM]) > 2_3&712;+1u2223/17t2
i=1

and that n277 > 1 (because j < logn), hence
w27 1/2 ‘
(3.101) > UYEm? | TM)) > gpqunt/?27179 § C

16



from which it follows

2n2=71 1/2

(3.102) us [ Y- U'EM® | TM]) > gy qunt/?27179 4
i=1

{sup — ZUZ m? | TM]) > 23512,+1u222j/pt2} .

N2 IV

Combining (3.99) and (3.102)), we obtain

(3.103) OI<I]1€a<)§J P(n,j,k,t) < Cpfpnl—p/mj(p/zfz) Iml?

1
+ Cp/ ,u {sup I ZU’ m? | TM]) > 2_3612,+1u222j/pt2} uPdu,
0 N>2

hence by ([3.89) and (390,

logn
(3.104)  Pra(n,t) < Cpt ™ [mlp S 2120/2 2102
j=1
1logn |
—i—Cp/ ZQJM sup —ZUZ( [m? | TM]) >273 2 L u?2PE 5 P du,
0 j=1 nz2 N i=1

From the elementary bounds

logn
(3.105) ZQJ (P/2-1)p1=p/2 (1 — 91-P/2)~1

(3.106) Z 27 1 {\g[ > 22j/p} < 2E|g[P’?,  for any non-negative function g,

j=1
with
1 Y
3.107 g:=2% 2 u"2sup — UYE[m? | TM 0,1
(3.107) prl N>2N; (E[m” | TM]),u € (0,1)
we obtain
1 N p/2

(3.108)  Pry(n,t) < Cypt P lm|? o + Cpt P sup > UNE[m® | TM])

As the Koopman operator U is an L'-L> contraction, Theorem 1 of [Ste61] gives
the existence of a constant A, such that for each h € LP/2,

(3.109) sup Z V()| < Ap bl
p/2

Applying (3.109) with h := E[m? | TM], we get by (3.10])
(3.110) Pyi(n,t) < Cpt P [mlfE . + Cpt PE (E[m? | TM])"'?,

which establishes (3.79). This concludes the proof of Proposition 2.3l O
17



Proof of Theorem[2.2. The convergence of finite dimensional distributions can be
proved using Theorem of [Bil68]. Its proof works for filtrations of the form (T~¢M);>¢
where T’M C M and also in the non-ergodic setting by considering the ergodic
components.

We deduce tightness in Theorem from Proposition 2.3l by a truncation argu-
ment. For a fixed R, we define

(3.111) mpg :=mx{|m| < R} —E[mx{|m| < R} | TM] and

(3.112) m'y :==mx {|m| > R} — E[mx {|m| > R} | TM].

In this way, the sequences (mpgoT");>¢ and (m’y 0 T");>( are martingale differences
sequences and m = mpg + m/y.

Since |mp| < 2R and (mp o T");>0 is a martingale difference sequence, the se-
quence (n~ Y285 (mg))n>1 is tight in HYo—1)p [0,1]. Consequently, for each positive
e, the following convergence takes place:

—00 n—00 32‘] T’EDJ'

(3.113) lim lim sup p {sup 2% max | Ay (S};l(mR))‘ > Enl/z} =0.

Using Proposition 23] we derive the following bound, valid for each ¢ and each R,

(3.114)  lim limsup p {sup 2% max

J—o0 n—o0 j?J T'EDJ'

Ar (sgl(m))‘ > 6n1/2} <

< Cpe? (suptpu{rm\ x{lml > R} > t} + supt?p {E[|m| x {|m| > R} | TM] > t}) +
t>0 120

+ePC,R <(E[mzx{\m] >R} | TM])W) .

The first term is sup,s g P {|m| > t}, which goes to 0 as R goes to infinity.

The second term can be bounded by sup g tPu {E[|m| | TM] > t}. Indeed, if
t > R, we use the inclusion
(3.115) {E[lm[x {lm| > R} | TM] >t} C{E[|m[ | TM] > t},
and if t < R, then accounting the fact that the random variable E[|m/| x {|m| > R} |
T M] is greater than R, we get

Eljm|x{lm| > R} | TM] = E[lm[x {[m| > R} | TM]x{E[|m| | TM] > R}

(3.116) < E[lm| | TM]x {E[|m| | TM] > R},
from which it follows that
(3.117) P u{E[lm|x {|lm| > R} | TM] > t} < RPp{E[/m| | TM] > R}.

By Lemma [[.4] the convergence

(3.118) lim sup?u{E[|m|| TM] >t} =0
R—ooy>pR
takes place.

The third term of (3II4]) converges to 0 as R goes to infinity by monotone
convergence.

This concludes the proof of tightness in Theorem

U
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3.3. Proof of Theorem By 1), the equality f = >, P;(f) holds almost

surely. For a fixed integer K, we define fx := Zfio P;(f). Then fx satisfies the
conditions of Corollary
Indeed, we have the equalities

(3.119)
P(f) = RU'f)=E[f | T°"M] —E[U'f | M] —E[f | T""" M|+ E[Uf | TM]
(3.120) = (I =UYE[f | T°M] — (I = UHE[f | T M|

and the later term can be expressed as a coboundary noticing that (I —U?) = (I —
U) Z;;lo U*. Since P;(f) belongs to the L? space, we may write fr — Zfio Py(Uf)
as (I —U)gx where gx belongs to the IL? space. Defining my := Z@'Iio Py(U(f)),
the sequence (mgoT");>0 is a martingale difference sequence hence for each positive
5.7

(3.121) lim limsup u {sup 299 max

J—=00 nosoo j=J reD;

Ar <S£1(fK))‘ > €n1/2} =0.

Now, we have to show that the convergence in ([B.I2I]) holds if fg is replaced by
f — fx. To this aim, we use the inclusion

3.122 sup 2% max
( ) {J’)Ij reD;

A (S = 1)) > n/} c

C < sup 2% max
=1 reD;

A (8B = 10))] > en1/2} ,

hence
(3.123)
P

j=J reD; Ho

1/2-1/p [

’ {sup 2 max [, (S 110)| > mm} <o || st - s

1
(3.124) =7l =S > R
i2K+1 o

from which it follows that

(3.125) p {sup 2% max |\, <S£1(f - fK))‘ > 6n1/2}

j=J  T€D;
P
1
<o s )|
Z \/ﬁ 240

12K+1 1/2-1/p | oo

Notice that for a fixed 4, the sequence (U HP(f)))i>1 is a martingale difference se-
quence (with respect to the filtration (T~"!M);5q). Therefore, by Proposition 23]
we obtain

(3.126) Al f))HH <GP,

o
1/2-1/p || p oo
19
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Plugging this estimate into (8125]), we obtain that for some constant C' depending
only on p,

(3.127)
p
90j < Pl f_ )‘ 120 < oep P
s 2 mmasc [ (S = i) )| > en cer | X IR,
Z i>K+1

Combining (BI21]) and (B127), we obtain for each K:
(3.128)  lim limsup p { sup 2%/ max |\, <Sgl(f))‘ >nt/%e b <

—00  n—00 j=J reD;

P

<ce | Y Il

i2K+1

Since K is arbitrary, we conclude the proof of Theorem thanks to assumption

@3).
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