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High magnetic field equilibria for the Fokker-Planck-Landau

equation

Mihai Bostan *

(March 8, 2015)

Abstract
The subject matter of this paper concerns the equilibria of the Fokker-Planck-Landau equa-
tion under the action of strong magnetic fields. Averaging with respect to the fast cyclotronic
motion when the Larmor radius is supposed finite, leads to a integro-differential version of the
Fokker-Planck-Landau collision kernel, combining perpendicular space coordinates (with respect
to the magnetic lines) and velocity. We determine the equilibria of this gyroaveraged Fokker-
Planck-Landau kernel and derive the macroscopic equations describing the evolution around these

equilibria, in the parallel direction.
Keywords: Finite Larmor radius approximation, Fokker-Planck-Landau equation, H-theorem.

AMS classification: 35Q75, 78A35, 82D10.

1 Introduction

We investigate the transport of charged particles under the action of strong magnetic fields, which is
motivated by the magnetic confinement for tokamak plasmas. We neglect the self-consistent electro-
magnetic field, but we take into account the interactions between particles. The external electric field

E = —-V,® is fixed, and the external magnetic field writes
B(z)
€

B = d(z), |d =1

where € > 0 is a small parameter, destinated to converge to 0, in order to describe strong magnetic
fields. The scalar function ¢ stands for the electric potential, B(x) > 0 is the rescaled magnitude of
the magnetic field and d(x) denotes its direction.

The presence density f¢ = f(¢,z,v) > 0 of a population of charged particles with mass m and

charge ¢ satisfies

E)tf5+v~vgcfa+%(EJFUABE)-Vﬂf‘E = Q(f%, f9), (t,z,v) Ry xR3 x R3 (1)
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20, z,v) = f(z,v), (x,v) € R®xR3. (2)
Here ) denotes the Fokker-Planck-Landau collision kernel cf. [21, 13, 14]

Q. D) =div, { [ o= /)S0 =I5 0) = ST 0] a0’}

1“’1?'12” is the orthogonal projection

where o > 0 stands for the scattering cross section and S(w) =1 —
on the plane of normal w # 0. The interpretation of the density f¢ is straightforward : the number of
charged particles contained at time ¢ inside the infinitesimal volume dzdv around the point (z,v) of
the position-velocity phase space is given by f¢(t,z,v)dzdv. The equation (1) describes the evolution
of the density f¢ due to the transport and to the particle interactions.

The behavior of (1), (2) without collisions, when & N\, 0, is now well understood [20, 24, 15, 3, 4, 5,
6]. It reduces to homogenization analysis and can be solved using the concept of two-scale convergence
[17, 18, 16].

Gyroaveraged collision operators have been proposed in [25, 11, 12, 19]. The main difficulty lies on
the relaxation of the distribution function towards a equilibrium. Many of these gyroaveraged collision
operators fail to relax to equilibria, in particular those obtained by linearization around Maxwellians
(which are not gyrokinetic equilibria, at least in the finite Larmor radius regime). Very recently,
the averaging techniques developped in [3, 4, 5] have been extended to the collisional framework.
Gyroaveraged collision kernels have been proposed for the relaxation Boltzmann operator, the Fokker-
Planck and Fokker-Planck-Landau operators [7, 8, 9, 10].

There are mainly two asymptotic regimes describing the transport of charged particles under
strong magnetic fields : the guiding center, and the finite Larmor radius approximations. In the
guiding center approximation, the ratio between the perpendicular and parallel spatial lengths is
much smaller (and thus neglected) with respect to the ratio between the cyclotronic period and the
observation time unit. In this case, any Larmor circle reduces to its center. Therefore, the particle
positions are left invariant at the cyclotronic time scale, the magnetic field becomes locally uniform,
and the gyroaverage plays only in the perpendicular velocity space. For these reasons, the derivation
of the guiding center approximation is relatively simple, and explicit models are available for general
tridimensional magnetic geometry [5, 6, 10]. The situation is quite different for the finite Larmor
radius approximation. In this case, we assume that the ratio between the perpendicular and parallel
spatial lengths is small, remaining of the same order as the ratio between the cyclotronic period and

the observation time unit
LJ_ o Tc
Ly Tobs

The particles move on small Larmor circles, the position is not anymore left invariant at the cyclotronic

=e << 1.

scale, the magnetic field is no more locally uniform, and the gyroaverage combines now position and
velocity. Think that the average of a particle position, which is the Larmor center, depends not only
on the initial position, but also on the initial perpendicular velocity. This fact will impact a lot the
structure of the Fokker-Planck-Landau kernel. Indeed, after average, the collision kernel will be not

anymore local in space and the equilibria will be given by profile in velocity and perpendicular position.



The computations require much effort, and most of the times, the limit models are not completely
explicit. Generally we start analyzing the case of uniform magnetic fields, eventually we generalize
these results by linearization around the Larmor center (since the magnetic field does not change a
lot along a Larmor radius). The finite Larmor radius regime provides a more realistic description for
the tokamak plasmas.

In this paper we concentrate on the finite Larmor radius approximation. Assuming that the

magnetic field is homogeneous and stationary

B
b= (00.2)
13

for some constant B > 0, the equation (1) becomes

1 w
Ocf® + 2 (0100, + 0200, ) + 0300, f* + %E Vo + f(waulfs =010, f°) = Q(f, f)  (3)
where w. = ¢B/m stands for the rescaled cyclotronic frequency. When ¢ is small, the density f*©

writes as a combination between a dominant density f and corrections of orders ¢, €2, ...

fe=ftefl+272+ . (4)

Plugging (4) into (3) and using the notations T = (z1,72),0 = (v1,v2), 10 = (vq, —v1) yield
Tf=7 Vaf +w. 7 Vsf =0 (5)
Ouf +v3dusf + B -Vof +Tf' = QUf, ) (6)

where T is the linear operator defined in L?(R? x R?) by
Tu=div,,(ub), b= (7,0,w."7,0), w.=-——
for any function v in the domain
D(T) = {u(z,v) € L*(R® x R®) : div,,(ub) € L*(R3 x R?)}.

At any time ¢ the density f(¢,-,-) remains constant along the flow (X, V)(s;z,v) associated to the
transport operator T - Vg + we *7 - Vg
dX dXs dv

@ _ v

(), D=0, i
ds T ods 7 ds

= We J_V(s)v E =0, (Xv V)(O;(E,’U) = (:L’,U) (7)

and therefore, at any time ¢, the density f(¢,-,-) depends only on the invariants of (7)

V2 (%} _
f(t,$,U)g(t,I1+ y L2 — ,$3,T|U|,U3>.
w, w

The time evolution for f comes by (6), after eliminating f'. The antisymmetry of 7 ensures that the
range of T is orthogonal to its kernel, which allows us to get rid of f* in (6) by taking the orthogonal

projection onto ker T

Projie 7 {0nf +v30esf + B - Vof | = Proje - {Q(F. N} (B,0) € By xR R (8)



Actually taking the orthogonal projection on ker 7 reduces to averaging along the characteristic flow
of T in (7) cf. [3, 4, 5]. This flow is T, = 2 periodic and writes

1 Ly
()

We We

V(s) = R(—w.s)v, X(s)= , Xa(s) =3, Va(s) =3

where R(a) stands for the rotation of angle o

cosa —sina
R(e)= |
sin a cos

For any function u € L?(R? x R?), the average operator is defined by

(u) (x,v) —/ (s;z,v),V(s;x,v)) ds

" (e 22 - HRa)

We We

27r , 23, R(a)v, Ug) da. 9)

We introduce the notation e for the R? vector (cos p,sin ). If the vector © writes v = []e¥, then

R(a)v = [v]e’(®+¥) and the expression for (u) becomes

1 2m 1= L [ |55] ot () )
(uy (z,v) = — ul| T+ v_ 7{|v|e },xg” |§|ez(o‘+¢),vg da
27T 0 We We
1 27 1= L[zt .
= — u(x—l— Y —{|U|e}7$3,|vem,v3> dov.
27T 0 We We

The properties of the average operator (9) are summarized below (see Propositions 2.1, 2.2 in [5] for

proof details). We denote by || - || the standard norm of L?(R? x R?).

Proposition 1.1 The average operator is linear and continuous. Moreover it coincides with the

orthogonal projection on the kernel of T i.e.,
(u) € ker T and / /(u —(w)pdvder =0, V¢ ckerT. (10)
3.JR3

Remark 1.1 Notice that (X, V) depends only on s and (T,v) and thus the variational characterization
in (10) holds true at any fized (x3,v3) € R%. Indeed, for any ¢ € ker T, (w3,v3) € R? we have

//ugp z,v)dodz = —/ // u(z,v) (—s;,v), 23,V (—8;1,0),v3) dodzds
R2JR? R2JR?
= —/ / / (s;2,v), 23,V (s;2,v),v3)p(x,v) dodzds
R2JR2

_ /R 2 /]R () (@, 0)p(a, v) AT

We have the orthogonal decomposition of L?(R3 x R?) into invariant functions along the characteristics

(7) and zero average functions
u = (u) + //u— ) dvdx = 0.
R3JR3
Notice that 7* = —7 and thus the equality (-) = Proj,, s implies
ker (-) = (ker 7)* = (ker 7*)* = Range 7.

In particular Range T C ker (-). Actually we show that Range T is closed, which will give a solvability
condition for Tu = w (cf. [5], Propositions 2.2).



Proposition 1.2 The restriction of T to ker (-) is one to one map onto ker (-). Its inverse belongs to

L(ker (-) ,ker (-)) and we have the Poincaré inequality

qB
Jull < 25 Tul, we =12 %0

jwel
for any w € D(T) Nker (-).

A very useful result when averaging transport operators is given by the folowing commutation formula

between divergence and average (cf. Proposition 3.3 [8]).

Proposition 1.3 For any smooth field £ = (£,,&,) € R we have the equality

. L L& v\ T v
(divent) = dwx{<£x We > < Y ol > we[7] <§v- v> we[v] } + O les)
i\ 1w
dng O v 6113 v3/
T (e e e DT

In particular we have for any smooth field &, € R>

<divx§x> = div, <£ac>

divele) = divx{(% +<l ) o (& ) )
- diw{<§v |v|> o <€v'|v|> |}+8v3<£v3>-

Coming back to (8), on the one hand, averaging 0; + v30,, + ;- E - V, leads to another transport

and for any smooth field £, € R3

< \

e\‘ 4
=

operator. This is a straightforward consequence of the commutation formula between the divergence
and average in Proposition 1.3. For the presentation clarity, the proof of this result is sketched in

Appendix A.

Proposition 1.4 Assume that the electric field derives from a smooth potential i.e., E = —V .
Then for any f € CL(R® x R®*) Nker T we have

-
(0 + 30+ L85, 8) =00 + 2L a0+ L () 0. (1)

On the other hand, the average of the Fokker-Planck-Landau kernel i.e., (Q) (f, f) := (Q(f, f))
writes cf. Proposition 4.10 in [9]

S2HQ) (f, la,v) = (12)
di WeT,w , U i77 77/7 ! WeT,v ,v)d 'da’
Vi, {/Rz/RSZfzxg zvxv)@f(zvxv)vc7f(a:v)vx}

—divwcz,v {/ / Z f((];‘7 v)é‘i(f, ’U7?, 1}') ® Eifi(?7 ’U/’f, v)VWCI/’U,f(?7 xs3, v/) d’[}/dw/} .
R2JR3

Up to our knowledge, the above averaged Fokker-Planck-Landau kernel has never been reported in the

plasma physics literature, before [9]. Its calculation relies on gyroaveraging differential operators and



velocity convolutions. Some results regarding the behavior of the gyroaverage with respect to velocity
convolutions have been obtained in [10] (in the framework of the guiding center approximation).

The operator in (12) is completely explicit. We indicate below the expressions for the vector fields
entering it. Notice that their derivation is not of all trivial. The reader may refer to [9] for details.
Nevertheless, we are using these expressions in order to determine the equilibria of the averaged
Fokker-Planck-Landau kernel.

The notation div,,, ., stands for the divergence with respect to the variables w.z and v (like that
all variables entering the divergence are homogeneous). Here ¢; = e¢9 = —1,e3 = ¢4 = 1 and the

explicit formulae of the fields (£%);<;<4 are given by

(7,0, 7,0') = {ox}V? [r—r’cosg@ ((v,o)’ (LU,O)) N (w,oﬂ

2| I 2|

R e (CURLLY

o] ]

— (2,0)
ﬁmufwﬁ_h%%w—ﬂ@vww<0w® (u@) (03 = 05) G~ zles
{ox}/? VTP + (s —v5)2 \ ol 7 [ [2[2 + (v3 — v3)?
where v3,v5 € R,7 = [0,7" = |[V/|, 2 = (W + 170) — (wer’ + 10),0 = 04/]2]2 + (v3 — v})2, the angle

v € (0, 7) satisfies
|22 =r2 + ()2 = 2rr' cosp, |r—7'| < |z| <7+

and
1{\r7r’|<|z|<r+r’}

R E e G G A F

For every r,7’ € Ry, x(r,7’, z)dz is a probability measure on R?

X(rv 7'/72:) = r, ’f'/ S RJr, z € RQ.

/ x(r,r',z)dz=1, r,r' e Ry.
RZ

L7

. . . . . — 1z —
This measure characterizes the interaction between the Larmor circles of centers 7+ —*, ’ + and
c

v
We

radii %, %, and charges only the circle pairs having non empty intersection i.e.,
c c
v — o v (= o] + v
B=Fl foy 20 (74 27| B
|wel We We |we |

More exactly, the measure y appears when averaging integrals with respect to v (see Proposition 4.2

in [8]) for details)

/ / 2 / 7 / )
< Raf(:c,v)dv>(x,v)wC/RQ/Rsx(r,r,z)f(x,wg,v)dvdx

for any f = f(z,v) € ker T.
Clearly, the kernel (@) in (12) is a integro-differential operator in (Z,v) (observe that there is no
derivative with respect to x3 since f;g =0, 1 <4 < 4) and therefore will satisfy the mass, momentum

and kinetic energy balances only globally in (Z,v). Indeed, the averaged kernel writes as a divergence



with respect to (T, v) and therefore there is no reason why its integral with respect to v vanishes. Only
the integral with respect to (Z,v) balances, assuming that the integrand has nice decay at infinity.
Similarly, the averaged Fokker-Planck-Landau kernel will decrease the entropy fIn f globally in (Z, v).
Finally, combining (8), (11), (12) leads to the following model for the dominant density f = lim.\ o f©
in (4)

+E
with
@) (f, )=
4
21 7 23,0 )T, v, 7, V) Q EN T, v, 7, v 'da’
widive, 2.0 {/]1§2/]R3;f(x ,23,0)E (T, 0, 27,0") @ §(T, 0,2, 0" )V o0 f (2, 0) dv'dz }
4
20 1 (= oy N 1Y x ! "da’ .
wcdwwcx,v{/Rz/RS;f(x,v)ﬁ (@, v, 2",0") @ " (2", 0", 7, 0) Viear o f (2, 43, 07) dv dx}

We concentrate on the equilibria of (@), which are local in x3, but global in (Z,v). For doing that
we establish a H-theorem. Thanks to the H theorem satisfied by (Q) (see Theorem 2.1 for precise

statements and notations), the positive equilibria of (@Q)) are determined by the constraints
E-Vinf—g(€) - Vnf =0, 1<i<4

It happens that the densities above are parametrized by six quantities p > 0,u = (u1,us,u3) €

R3,3K>0K+G>0

/ f(@,v) dvdz, puf/ /(wcf+ L9) f(z,v) dvdZ, pus :/ /vgf(f, v) dodT
R2.JR3 R3 Rr2.JR3

/2 )2 = lm =2 =12
pK = /Q/SWJC(EW) dvdz, pG = /2/3|w6x+ v2 ol” — ol f(@,v) dvdz
R2JR r2.JR

which are linear combinations of the moments of f with respect to the average collision invariants (cf.

Proposition 2.1)

2 7 112 7312
v WeT + v
1, WeT + J"U, Vs, 7|2| s | < 2| | |

Clearly p represents the total number of particles in the phase space (Z,v) and us is the mean parallel
velocity in (Z,v). The mean perpendicular velocity do not enter the numbers parametrizing these

equilibria. Indeed, any density f satisfying the constraint 7 f = 0 has zero mean perpendicular

//vfxv dvdx—// v) dvdz = (0, 0).
RrR2JR3 R2JR3

The role of the mean perpendicular velocity is played by the displacement of the mean Larmor center

velocity

over one cyclotronic period

27 fn@fw(f + j) f(@,v) dvdz
?C f]R2f]R3 d’l)d.’E

u =




=l

The moment in the definition of pu is associated to the Larmor center T + —* which is balanced by

the kernel (@) -
L /R<x + w”) (Q) (£, f) dvdz = 0.

The parameter K is related to the kinetic energy |v|2/2 which remains balanced by (Q). The parameter

G corresponds to a new collision invariant (|w.Z + +o|> — [9]?)/2 i.e.,

[ ] 0 ) awar =0
R2JR3

and characterizes the gyrokinetic framework. Indeed, in the absence of the magnetic field, that is if
we = 0, then @ = (0,0) and G vanishes.

The equilibria appear as Maxwellians of the form

2 512 2 =4 s =2 )2

pwe vl°+ (vs —u We + ~v—u|*— v

f= 2 )5/2 1263/2 exp <_ | (22 ) ) exp <_| 2 | il ) (14)
T e

n—o

where 6 and p are uniquely determined by imposing the moment equalities defining K and G

1o 0 uo
M—9+2 , M =0 G, u>60>0

At a first glance, these equilibria may appear very complicated. The point is that the average operator
combine position and velocity in such a way that, at equilibrium, the particle density satisfy given
profiles in velocity and perpendicular position.

Determining the equilibria of (@) is a crucial issue for understanding the behavior of the tokamak
plasmas, in the gyrokinetic approximation. The complete characterization of these equilibria is far to
be obvious since they are no more local in space and depend on a larger set of parameters, including
several new moments associated to new collision invariants. In particular we focus on the dissipation
mechanisms, the main goal being the derivation of fluid models, much easier to understand and to
simulate numerically. Once we have determined the equilibria of (@), we can search for the dynamics
in (13) near local (in (¢,z3)) equilibria. In other words we concentrate on strongly collisional regimes
of (13) and we obtain a Euler type system of six equations and six unknowns in the parallel direction.
Up to our knowledge, this result has not been reported yet and represents a first research work in this
direction. This Euler system represents a new hyperbolic model, enjoying new features, coming from
the averaging process with respect to the fast cyclotronic motion. Its study could be very important for
a better comprehension of classical fluid mechanics, combined with fast rotations or, more generally,
when fast oscillations play an important role. For simplicity we discard here all technical difficulties
related to the smoothness of the solution of (13), the validity of the Hilbert expansion we are using,
etc. We restrict ourselves to formal computations and write down the expected macroscopic limit

model in the parallel direction.

Theorem 1.1 Assume that the electric field is parallel and depends only on the time and the parallel
space coordinate E = (0,0, E3(t,z3)) and let f™ € ker T be a positive smooth density with rapid decay



at infinity. For any T > 0 the density f7 stands for the solution (assumed smooth and having nice

decay at infinity) of the problem
1
Oef™ 4 v304, fT + %E3(t,x3)av3ff = —(Q U7 F7), (tz,0) €Ry x R3 x R? (15)
frt=0,2,v) = f*(z,v) >0, (z,v) € R>xR3.

Therefore the leading order term in the expansion [T = f+7f' + ... (i.e., f =lim;~o f7) is a local
equilibrium (see (14)) parametrized by the functions p = p(t,x3) > 0,u = u(t,x3),0 = 0(¢,x3) >
0, = u(t,z3) > 0(t, x3) > 0, which satisfy the system of conservation laws

Oup -+ Duy(pus) = 0, 0y(puw) + Oy (pluzu + (0,0,0))) = p=-(0,0, B3) = 0, (t,s) € Ry x B

0 0 2 0 30 2
O [p (M + -+ (us) )] + Oq, [ugp (H + =+ (us) )] - gEgpug,
w— uw—=0 2 m

0 2 2 2
1o 0 uo 0
=0y [/) (H@ + 2)] + O, [pug (M + 3 + pB0,us =0, (t,z3) € Ry xR

(o )] oo 2] - o enenn

and the initial conditions
p0.20) = [ [ fw) dodz, p(Oaa)u0,0) = [ [ (it Lo,0) 5 w,0) dods
R2JR3 R2.JR3
1(0,23)0(0, z3) 9(07563)) / [0]* + (v3 —u3(0,23))* _
0,z + = "z, v) dvdz
p(0,23) (,u(O,:Eg) —6(0,z3) 2 r2 JRs 2 F(@,v)

(0, 23)0(0, z3) / |weT + - H(O’CE3)I2 - WP in =
0.25) ( (0, 25) — - dvdz.
P( :’Ed) (lu( 1’3) ,u(O,zg) - 9(0,1‘3) R2JR3 2 f var

The solution (p,u,0, p) also verifies

—0 —0
o (pln W) + Oy (p'LL3 In p;(j;ed/2)> =0, (t,z3) € Ry xR,

For numerical simulations it is useful to write simplified versions of the averaged Fokker-Planck-
Landau kernel which preserve the equilibria and the relaxation property towards these equilibria.
The key point is to consider first order approximation near the equilibria, by neglecting all second
order fluctuation terms around these equilibria. The averaged collision kernel (@) being quadratic,
the computation of the first order approximation L follows in a natural way, leading to a complete

explicit formula. In particular we check that L has exactly the same equilibria as (Q).

Theorem 1.2 For any positive density f = f(T,v) we denote by E; the equilibrium of (Q) having the

same moments as f

[ = ene@o) dodz =0, ¢ € {Lumt o loP/2, (e + o - [o)/2),
R2JR

The linearized of (Q) (f, f) around the equilibrium &y writes

4
-2 _ : ! i, i ERPSYI=AVAR v/ 7/ ) ! 37
w; L(f)_iz_;dww,v/W/Rgsfef {g v<gf) Y <g}>}g dv'dz’.

Moreover, the following statements hold



1. For any two functions f = f(T,v), p = p(T,v) we have

[ frosaie=552f [ [ feefsw(L)-eerv (L))

x {& -V —e,(£) - V'¢'} dv'da’ dvdz. (16)

2. For any positive density f we have the inequality

/ / ) dvdz <0 (17)
r2JRr3 €

i f =AY v L/ _ .
g.v(g)—ez(é) v (5}>_0, 1<i<4

3. The positive equilibria of L are the positive equilibria of (Q)

with equality iff

F>0, L(f) =0 f =&

As usual, it is possible to further simplify the average Fokker-Planck-Landau operator, using its BGK
approximation Lgak = —(f — &£f), whose behavior regarding the equilibria is very similar to that of
(Q) (see Theorem 5.1).

Our paper is organized as follows. In Section 2 we investigate the main properties of the average
Fokker-Planck-Landau collision operator. In particular we characterize its equilibria, thanks to a H
type theorem. These equilibria are computed in Section 3. They are special Maxwellians depending
on six parameters, which correspond to six moments. Section 4 is devoted to the fluid model near
gyrokinetic equilibria, when the collisions dominate the transport. Simplified versions of the averaged
Fokker-Planck-Landau collision operator are studied in the last section (the linearized around equi-
libria and the BGK approximation). Some technical proofs and computations have been postponed

to the Appendix.

2 The averaged Fokker-Planck-Landau collision operator

In this section we present the main properties of the operator (Q) (f, f) := (Q(f, f)), whose expression
(12) has been obtained in [9] for any density f = f(z,v) satisfying the constraint 7 f = 0. The main
goal is how to determine the equilibria of (@Q). These equilibria are local in x5 (since (Q) is local in
x3) and we expect that they are special Maxwellians depending on the velocity v, but also on the
perpendicular spatial coordinates 1, 5. We will see that the set of these equilibria is parametrized

by six numbers

plas) = [ [ fa0) duaz (18)

u = WeT L@ x,v) dvdT
plesVi(zs) = / 2 / (6 + D) f(2,0) dud (19)
ples)us(as) = /R 2 /R 3 (@, v) dodz (20)

10



plas)K(en) = [ Rng(w,v) dvdz (21)

= Ll 2 _ |52
p(z3)G(x3) = /RQ/RS.%?C-F 02 l [ f(z,v) dvdz. (22)

Clearly us represents the mean parallel velocity, @/w,. is the mean Larmor circle center and K repre-
sents the temperature. Notice that the mean perpendicular velocity vanishes for any density satisfying

the constraint T f since

//vfxv dvdxf// v) dvdZ = (0, 0).
Rr2.JR3 R2.JR3

Therefore the mean perpendicular velocity will not enter the parameter family characterizing the
equilibria. The interpretation of the quantity in (22) comes by observing that the Larmor circle power

with respect to the mean Larmor center u/w, is

AT}

[

el

T+

We We

and thus 2G/w? is the mean Larmor circle power with respect to the mean Larmor center. The

quantities in (18), (19), (20), (21), (22) are the moments of f with respect to the functions in the set

52 + (v3 —u3)?  |wT + 1T —7|? — [v)? }

= 1 Ci Li? b) )
C {,wx+ v, U3 5 5

All the functions in C are balanced by (@). This is a consequence of the balances satisfied by @ and
the definition of (@), as the average of Q.

Proposition 2.1 For any function f = f(x,v) € ker T we have

L f@unaam=o [ [ a0, @00 dir= 000

/ w«W(ﬂf)dvdf:o

2 2
//|wcx+ Lkl et (@) (f, f) dvdz = 0.
R2JR3

Proof. Observe that any function ¢ € C belongs to ker T, since it depends only on the invariants

of T, that is only on w.Z + *7, 3, [v],v3. Therefore, for any such function we can write, thanks to

Remark 1.1
// Y(f, f dvdx*// QUf, f dvd:z:*/ /gpQ £ f) dvdz. (23)
R2 R3 R2 R3 R3

Notice also that any function ¢ € C writes as a linear combination of 1, v, |v|?/2, with coefficients
depending only on x. Therefore the mass, momentum and kinetic energy balances of the Fokker-

Planck-Landau kernel guarantee that

[ e aunan=o s er® (24)

Our conclusion follows from (23) and (24). O

11



We are looking now for the equilibria of (). The crucial point is to establish a H type theorem for
the kernel (@). Most of the results in the sequel are valid for all densities f, not necessarily in the
kernel of 7, but with respect to some particular extension of (@) to the space of all densities f. It
happens that the good choice is to define (Q) (f, f) by the same formula as in (12). The particular
structure of the fields (£%)1<;<4 allows us to obtain the following characterization of the kernel (Q) in

the distribution sense cf. Proposition 4.11 [9)].

Theorem 2.1 Consider two functions f = f(x,v) > 0, = p(x,v) (not necessarily in the kernel of
T).

1. For any z3 € R we have

2
L@ e duaz =5 (25)
4
S L e g =€V e V- € V) dv'd dudz

where
f = f(l’,’U), f/ = f/(ZE/l,IIQ,I’g,’U/)
Vo = VMCIVUQD(IL‘,’U), V¢ = vwcx’,v’@(xllaxlzvf& ”/)

Ei = gi(xlvx%vaxll’xéavl)v (gz)/ = gi(zllaxéavlvxl,x%v)'

2. For any positive density f we have the inequality
/ / In f(Q ) dvdz <0
R2.JR3

€ .Vinf—g(€) -Vinf =0 1<i<4. (26)

with equality iff

3. The positive equilibria of the averaged Fokker-Planck-Landau kernel i.e., f > 0,(Q) (f, f) =

are the positive functions verifying (26).

Proof. 1. Notice that for any 1 < i < 4 we have £* - (e3,0) = 0 and therefore the operator div,, s v

acts only in (z1,x2,v). Thus, for any fixed z3 € R we can perform integration by parts with respect

/}Rz/RS(Qﬂfadewa:—gwf/ﬂp/m/ﬂy/mff’ @)

x {(& V)& - VInf) =& Vo) (&) - V'Inf)} dv'de’ dvdz.

to (z1,z2,v).

Performing the change of variables (z),z},v") ¢ (z1,x2,v) yields

/W/R3 Y (f, fle dvdT = — Zw//w/w/ﬂ@ff/ (28)

) (€Y V'O (E) -V Inf) —e((€) - V') (€ -VInf)} dvdz dv'dz’.

12



Combining (27), (28) one gets by Fubini theorem
w? o ‘
/ / Q) (f, ) dvdz = —== 2/ / / FFT dv'da’ dvdz

T' = (¢ -Vo—e() V') (€ -Vinf—g(&) Vnf), 1<i<4

2. Applying (25) with ¢ = In f yields

/W/Rdlnf dudxfffZ/Rz/Rd/W/Rd

x (&-VInf —e(&) - V'Inf)? dv'de’ dvdz < 0, w5 € R

where

with equality iff £ - Vin f —&;(¢)) -V Inf' =0, 1<i<4.
3. Consider f a positive equilibrium of (Q). Therefore we have the equality

/11@2/Rslnf (f,f)dvdz =0

and by the previous assertion we deduce (26). Conversely, let f be a positive density satisfying (26).
Then, for any function ¢ we have, thanks to (25)

/ / ) dvdZ =0
R2 R3

implying that (@) (f, f) = 0. O

Remark 2.1 It is remarkable that the extension we have considered for (Q) (to the space of all positive
densities) still satisfies the balances stated in Proposition 2.1. This can be checked directly, thanks to
(25), verifying that for any ¢ € C

€ Vo —gi(&) -V =0, 1<i<4.

Actually, as £ - Vaz = €' - (e3,0)/w. = 0,1 < i < 4, it is enough to do it for the functions
v JweT + 9 [
2 2

_ 1
17 weZ + U, U3,

For example, let us verify that

ol
2

/‘2

ey v e

&V 5 =0, 1<i<d4.

The above condition is trivially satisfied for i € {1,2}. For i =3 we have

|’U| '|2 sin

sing |,

-
r+ {ox 2=~ ] r =0.

R N

Finally, when i = 4 we obtain
4 w _ 4 /|U ?
&V ea(€h) -V 5
{0y }1/? {_ (r'cosp — ) (vz — V4)r + |z[?v3  (rcosg — ') (vh — v3)r' + |z|?v} }

[21V/[2[% + (v3 = v3)? [21V/[2[% + (v3 = v3)?

vy — V4 [

,
l2lV/12]? + (vs — v3)?

= {ox}'/? 24 (1) =2rr cosp — |2|°] = 0.

13



Remark 2.2 The previous balances follow also by the argument below. Any local (in x) Mazwellian

flx,v) = exp(a(z)v]?> + B(z) - v+ y(x)) which belongs to ker T is a equilibrium for (Q), since
Q) (f, f) =(Q(f, f)) = (0) =0.
We deduce by the third statement of Theorem 2.1 that
€. Vo —ei(&) V¢ =0, 1<i<4

for any function p(z,v) = a(x)|v|* + B(z) - v+ y(z) in the kernel of T, and in particular for the

functions
WP weE + o) = [o)? _ w2 7% — 2w.(+7 - D)
2 2 2

_ 1
17 weX + U, U3,

We conclude by the first statement in Theorem 2.1.

3 The equilibria of the averaged Fokker-Planck-Landau col-
lision operator

We determine now the positive equilibria of (@) by solving (26) for any 1 <i < 4. We recall that

() (%% _
Y =x14+ —, Yo=x2— —, P3=1x3, Yy =0, 5 =103
We We

is a family of independent invariants for 7 = @ - Vz + w. 17 - V. We start solving the equation
(26) which corresponds to i = 1. Then we restrict this set of solutions by imposing successively the
equation (26) with ¢ = 2,4 = 3 and ¢ = 4. Tt is the only place where we use the explicit form of the
vector fields (£")1<;<4, entering the expression of (). These computations are a little bit tedious, but
finally they will provide the product of Maxwellians realizing the equilibria of (@), parametrized by
the moments p,u, K, G. Moreover, we should pay attention to the fact that the probability measure
X enters as a factor any vector field (£);<;<4 and therefore each equality in (26) is non trivial only
on the support of x, that is, only for pairs of Larmor circles having non empty intersection. All these
proofs are postponed to Appendix A. For another proof, which avoid the explicit computation of the
vector fields (£%)1<;<4, we refer to Proposition 3.5. For simplicity we do not care about the regularity
of the solutions. All the derivatives are understood in the classical sense and we are looking for smooth

solutions.

Proposition 3.1 The positive densities satisfying

Vinf+ (Y -Vinf =0 (29)
are those in the kernel of T .
Proposition 3.2 The positive densities satisfying (29) and

€. Vinf+ (€2 -V'Inf =0 (30)

14



are those of the form

2
o

a(z3)
2

x+

f(z,v) =exp (

+ Blas) (x—f— L”) + A, |v|,v3)>

c We

for some functions a : R — R, 8= (B1,82) :R—=RZA:R xRy xR — R.

Solving for ¢ = 3 in (26), we will determine the particular form of the function A(zs, [7], vs).

Proposition 3.3 The positive densities satisfying (29), (30) and

E.Vinf— () -Vinf =0 (31)
are of the form
1412 i =2
f(z,v) =exp (a(;:&) ‘x—!— o + B(x3) - (a:+ wj) +’y($3)% + u(xg,v3)>

for some functions a,7: R = R, 8:R = R?, i:R? - R.
7

It remains to determine the function p(zs,vs). This will be done by solving (26) with ¢ = 4, and we

deduce that p is a quadratic function of v, with coefficients depending on z3.

Proposition 3.4 The positive densities satisfying (29), (30), (31) and
¢Vinf — (€Y -V'inf =0 (32)

are of the form

L*Q

o

c

- (v(xg) + a(;;)) @ + 6(z3)vs + 77(953)}

L@ T 2
) sl

c

B a(xs)
fz,v) = eXp{ 23

+ B(x3) - (m +

for some functions o,7,0,n: R = R, 5:R — R2.

We present now an alternative proof of the results stated in Propositions 3.1, 3.2, 3.3, 3.4. This
approach does not require neither the exact computation of the averaged Fokker-Planck-Landau

collision kernel, nor the resolution of (26).

Proposition 3.5 The positive densities f in the kernel of T satisfying (Q) (f, f) = 0 are of the form

o(z3) T

2

In f(z,v) = T+

? 13 e
# ) (747 ) o) - (33)

We

We

+ (stog + 222 L

(&

+ 0(x3)vs + n(zs)
for some functions a,v,0,n: R = R, 3: R — R2.

Proof. Clearly any positive density f in (33) is a Maxwellian satisfying the constraint 7 f = 0 and

@) (f, ) = Q. f)) = (0) = 0.

15



Conversely, let us consider a positive density f satistying 7f = 0,(Q) (f, f) = 0 and observe that for

any z3 € R we can write

o= [ [mr@u.naa= [ [wr @) aa
— [ m(.0) QUG ), )(e) dodz < 0
R2 R3
since for any x = (T, x3) we have the inequality
/}RS In f(z,v) Q(f(z,-), f(z,-))(v) dv < 0. (34)

We deduce that for any @ = (Z,x3) we have equality in (34), which implies that f(x,-) is a local

Maxwellian i.e.,

) |v|? — 13
in £, w) = 2D T By T 4 sy + O

for some functions A, By, B,6,C : R?> — R. We have to determine the structure of the previous

functions, such that the constraint 7 f = 0 holds true. Observe that

B % 200 B.5+7 -Viduy +7- VO

Clearly, the third (higher) order term in velocity vanishes, saying that VzA = 0, or equivalently
A= A(z3) and

Similarly 6 = d(x3) and the second order term in ¥ vanishes
1B v@u=0
implying that 0z + B is antisymmetric
Oy, By = 0,,B1 =0, 0,,B1 = 0,,B2, VzC = B.
We obtain immediately that there is a function o = a(z3) such that
Oz, B1(x1,23) = a(x3) = Oy, Ba(2, x3)

and thus B = B(x3) + a(x3)T for some functions 8 = (31(z3), B2(x3)). The function C writes

z?

and finally
A(zs) o] = = z|?
i fo,0) = 2L 4 B (74 20 b atenm 4 dlaayen + aen) G+ atea)
2
_afws) | 17 —_ ] A(zz) — alxs) 0> A(zs) (v3)?
= 5 T+ - —‘rﬁ(!Eg) (!L‘+ c +w—37+ wg D)
+ 0(z3)vs + n(x3).
We have obtained for In f the form in (33), taking v(z3) = (A(x3) — a(z3))/w?. O
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It is easily seen that any equilibrium of the averaged Fokker-Planck-Landau kernel can be written

(weT + ) + (v(x:s) + O‘S?) @

c

a(z3) |w.z + 192 —[9)2  B(x3)
3 +
w 2 We

In f(z,v) =
+ 6(ws)vs +n(w3)

and appears as a linear combination (with coefficients depending on x3) of functions which are balanced

by (Q), globally in (T, v)
_ o o
[ @ az=o [ [wa+ 5@ dur=0.00)

2 T )
//ﬂ@ dvdz = 0, //W“r O =11 1y quaz = o.
R2JR3 2 Rr2.JR3 2

Clearly, up to a factor depending on 3, the equilibrium f writes

o 225

for some functions u(xs) = (u1, us, us)(xs3), 8(xs), u(xs), or equivalently as a product of three Maxwellians

[~ ! exp —7@2 _ exp —7(1)3_”3)2 LeXp _—|wcf+ v
2”% 2% (270)1/2 20 27 24 '

Motivated by the above considerations, we parametrize the equilibria of (Q) by six functions p,u =
(u1,ug,us3),0, u, as announced by (14). It will be very useful, for the moment computations, to
introduce the following representation for such equilibria. These decomposition will be the starting

point for many development involving the moments, the entropy, ...

plrs)ws ( [o” + (vs — u3($3))2) < |weT + 17— T(s)[* — |v|2>
z,0) = ———————exp | — exp | — 35
Jiwv) (2m)>/2 Lpﬁg P 20(x3) P 201(x3) (35)
_ plzs) _ 92 1 (v — uz(x3))?
- e (-5 ) e (-
o W2 (e + 4T ()
2 P 2u '

For integrability reasons we assume that p > 6 > 0. The functions p, u, 8, u are uniquely determined
by the moments of f with respect to

[ |weT 4+ Lo = [o)?
27 2

_ 1
17 WeT + U, U3,

Proposition 3.6 For any (p,u1,us,u3, K,G) €R®, p>0,K > 0,K +G > 0 there is a unique local

(in x3) equilibrium f = f(T,v) for (Q) satisfying

/ /fdvdfzp7 / /(wci—i— 13, v3) f dvdT = pu
R2JR3 R2JR3

= 112 =2 |2
We v — |V u
wez + o — [7] fdvdf:p%wLpG.

v 2 Uu 2
/ ufdvdfzp%erK, 5
R2JR3 R2JR3
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Proof. We are searching for a positive local equilibrium f = f(Z,v) parametrized by p, 4, 6, u. For any

dimension d and real number T > 0, the notation M%(w) stands for the Maxwellian of temperature
T in R?

|w|? d

— —— ], weR%

@rTyirz P ( or )0 "

For simplicity we drop the index d, but the reader should keep in mind that the Maxwellian dimension

MG (w) =

is that of the variable taken as argument. The equilibrium f writes, cf. (35)
f(@,v) = ﬁMLeg(@) Mo (vs — i3) WM, (w.T + 10— 7).
=

Clearly, integrating first with respect to T for any fixed v and performing the change of variable
w2dz = d(w.Z + 1o —u) yield

/ f(@,v) dvdz = p
R JR3

and thus p = p. Similarly
/ /(wcf—i- 1o)f dvdf:/ /(wcf—i— o —u+a)f dvdz = / /ﬁf dvdz = pu
R2JR3 R2JR3 R2.JR3

/ / vy f dodT = / /(Ug —uz + ﬂg)f dodZ = / / us f dvdT = pus.
R2JR3 R2JR3 R2.JR3

(t1,%2)

)
c

Therefore 4 = u and the parameters u3 appear as the mean Larmor center and the mean
parallel velocity of the local equilibrium f(Z,v). It remains to determine 6 and p. On the one hand

notice that

-2 2 2 2
/ / wf@,v) dodz — / @f dodT — / / (us) f dvdz = pK
R2JR3 2 r2JR3 2 r2JR3 2

and

= Lo 2 =2 = L2 (2
/ lw.Z + T —Tl* — |7 F@0) dvdf:/ lweT + ~0]° — |7] I dvdz
r2JR3 2 r2JRs 2

[al? -
— » R37f dvdz = pG.

On the other hand, using several times the formula

/ w2 Mo (w) dw = T/ w2 M () duw = —T/ w- Vo My (w) dw = Td (36)
R4 R4 R4
yields
—12 RY
1 / Pl + (s — ) 4 gz an
P Jr2JR3 2

=12
= / P M o (8) Mo (s — us) w2 My (e + 5 — ) dodz
R

2 JR3 2 n—0

2
+/ M;ﬁeg(f) MM@(’U:ﬁ —u3) WM, (w.T + T —7) dvdT
rR2JRs AT
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and

1 Ci 1= _ =12 _ |72
f/ wer + "o =T = O gz (38)

p 2

w.T + 1T —1l?
/Rz R3M ,49 M@(’Ug —’LL3) g

5 WiM,(wT + 7 —7) dvdT
e

2
- / @M o (@) Mo (vs — uz) WM, (w.T + 7 —7) dvdz
RrR2JR3 =0

M
lu’ //6_9.

We are done if we prove that there is a unique solution 6, p satisfying p > 6 > 0, for the system

o 0 0
“—9+7 K u-"* —q
" "

We solve with respect to v := 4 > 1 which can be expressed in terms of S := % Indeed, v satisfies

0
v—2 M_%g G
2 — H :—:S —1
V| :%4_% K ~

or equivalently

20v—1)2=3S(r—1)—2(S+1) =0.

The above equation of the unknown (v — 1) has one positive and one negative root, since their product

is —(S+1) = —“£E < 0. Then the ratio v = & > 1 is given by

44354 /952 +16(S +1)

Combining with the equation g + p = K 4+ G we obtain

_K+G o K+G
BT S A

Remark 3.1 Any positive density f(T,v) satisfies

=2 RY: — L= =12 =2
/ / [T]* + (v3 — us) fdvdf+/ / |weT + T —T 7] f dvdz
RrR2JR3 2 RrR2JR3 2

By RY
:/ we + 7o =T+ (U3 = us)” ¢ gz s
R2JR3

2
which justifies the hypothesis K + G > 0.

4 The fluid model near gyrokinetic equilibria

In this section we investigate the fluid approximation of the model (13) when the collision mechanism
dominates the transport. Clearly we are interested on regimes close to gyrokinetic equilibria. For
simplicity we neglect the perpendicular electric field and we assume that the parallel electric field

depends only on (¢,z3) and thus (FE5) = E5. The equation (13) becomes

O™ + v, 7+ L By(t,25)0,, f7 = ! QTS (ha,0) €Ry xRS xRS (39)
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and we intend to analyse the asymptotic behavior for small 7. Formally we have
fr=f+rf'+727+... (40)

Following the standard arguments which allow us to derive the Euler equations starting from the
kinetic description when the collisions dominate the transport [1, 2, 22, 23|, we determine the leading

order term in the expansion (40) by the conditions

@UD =0 [ [ 10f + 00 + L B0, h(@0) dudz =0, (t23) € Ry xR

for any average collision invariant ¢ of the family

2 7 112 7312
v WeT + v
1, WeT + J"U, V3, 7|2| s | < 2| | |

For any (t,z3) € Ry x R, the density (Z,v) — f(t,Z,zs,v) is a local gyrokinetic equilibrium and

writes, cf. (35)

ft,x,v) = p(t,xg)/\/l%(ﬁ) Mg (vz — us(t, z3)) wf./\/lu(wcf—i— Lo — u(t,x3)) (41)

I

for some functions p,u = (u1,u2,us3), 0, u depending on (¢,x3). The microscopic density f is deter-
mined by its moments whose evolution comes by imposing the balances corresponding to each collision

invariant. Using the collision invariant ¢ = 1 leads to the continuity equation
Oup + Oy, (pus) =0, (t,z3) € Ry xR. (42)

In order to obtain the other conservation laws in Theorem 1.1 we need essentially to compute the first

and second order moments, together with their fluxes (see Appendix A for details).

Lemma 4.1 For any local gyrokinetic equilibria cf. (35)

F(a,v) = plas) M s (8) Mo(vs — us(e3)) w2 M (wE + 0 — (a3))

we have
[ [ vtz + 507 ,0) dvdw = plua, (ua)? + )
R2 RS

and

/ _/3(wCT+ L@V 1)3)81)3]0 dUdT = (0,0, _p)
R2JR

Lemma 4.2 For any local gyrokinetic equilibria cf. (35)

F(@,v) = plas) M _uo (7) Mo(vs — uz(x3)) wiMpu(weT + 0 —u(z3))

=

B + (v3 — u3)? _ w0
—_ dvdz = —_ =
/R?/RSUS 5 f(z,v) dvdT = pus M—9+2

W I+ 7 —1l? — |7)? _ 0
//Us‘ 5 iUl f(z,v) dvdZ = pus (u—”)
R2JR3 =

20

we have




/ / vgwamf(x,v) dvdT = 9, | pus AN A P00, us
R2JR3 2 =0 2
lweZ + 17 —ul2 — |v)2 B 9

>+ (e = = 2 (2
//|v\ U,g ug)? O, £, 0) dvdx—/ / lw.T + 11— 72 — 9| By, f dvdz = 0.
Rr2 JR3 R 2

We will also need to compute the macroscopic entropy [po [ps fIn f dvdZ and its parallel flux

fw fR3 v3fIn f dvdT associated to any local gyrokinetic equilibrium f (see Appendix A for details).

Lemma 4.3 For any local gyrokinetic equilibrium cf. (35)

fl@,v) = plws) M uo (7) Mo(vs = uz(x3)) WM (weT + 0 —u(w3))

uf

we have

2
. p Ui D
/]Rz R3f In f dvdz = pln ((271-)5/2 u2939/2 ) 5P
T

2
7= _pwe ) _3
/W/Rgvgflnf dvdz = pugln <(27r)5/2 u2939/2 ) 5 PUs-
=

We are ready to derive the macroscopic limit model stated in Theorem 1.1 for strong collisional

and

regimes in the gyrokinetic framework.

Proof. (of Theorem 1.1)
We have already deduced the continuity equation (42), appealing to the collision invariant ¢ = 1.

Using the collision invariants w.Z + 17, v yields

O / / (w.T + *7)f dvdT + / / 03(WT + 0)0y, f dvdT
R2JR3 R2JR3

L g, / / (WeT + 10)8y, f dvdz = 0
m R2JR3

8t/ /vgfdvdf—&—/ / v3) &Csfdvdm—i— E3/ /v38v3fdvdf:0.
RrR2.JR3 R3 3

Thanks to Lemma 4.1 one gets

O (p) + Oxy (pusu) =0 (43)

Or(pus) + Dy [p((u3)? + 6)] = - Egp = 0. (44)

(Us ug)?

Appealing now to the collision invariant [+ yields

—12 o 2 2
[ e (45)
R2JR3 2 R?

|U|2 + (vs — ug)?

+ L,
m R2.JR3 2

Oy, f dvdZ = 0.
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Notice that (37) allows us to write

—12 . 2 —12 _ 2
/ [+ (s — us)” dvdfz(‘)t/ PP+ (s —u)” ¢ 447
R2JR3

2 R2JR3 2

o fisomnssr=a (22

and therefore, thanks to Lemma 4.2, (45) reduces to

w9 w9 _
Oy [p <ﬂ9+2>] + Ous [pug <M9+2 + p0 O us = 0. (46)

—12 . 2
The previous equation can be written in conservative form, replacing the collision invariant M

2
by % In this case we have

’ o + (v — us)’ o 0 2
/ ||fd d7 = / wfdvdf+// fdvdac— (/‘+_~_(u3)>
R2.JR3 2 R2.JR3 2 R3 ,u—6‘ 2 2
Els - |v]? _ ) _
vg—— f dodT = ug —— f dvdz + us(vs — ug)“ f dodz
]RQ R'S 2 R2 ]R'S 2 R2 ]R3
(3 ()
= usp (u—@ + 5 + 5

2
/ %81,3]” dvdz = 7/ / vy f dvdT = —pug.
R2JR3 R2JR3

|2 . [v]? __
— f dvdz + 8353 3—f dvdz E3 — 0Oy, fdodz =0
R2JR3 R3 R2JR3 2
or equivalently
po 0 (u3)® po 30 (us)® q
4+ = . -4 — - —=F =
8,5{,0(“_94—2—!- 5 + Oy, |usp = Tt - Espus

— Ll 2 2
Finally, the last collision invariant w

We obtain

gives

lweZ + 7 —1l? — [7)? _ lweZ + 7 —1l? — [7)? _
/]1@2/]1@3 3 O f dvdx + . R31)3 5 Oz, [ dvdz (47)

— L= =2 =2
+1E3/ wer + O =T = O ¢ udz = 0.
m R2.JR3 2

Using (38) we deduce that

= L 2 2 = L 2 )2
/ wez + "o =Tl — [o] 8fdvdT78t/ wet + 7o =T = O 4 iz
r2JR? 2 RS 2

//u—wcx— v).atufdvdx:at{p(u_ﬂe)]
R2JR3 w—=0

and Lemma 4.2 applied to the other terms in (47) implies

o] oo 24))
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We write the balance of the microscopic entropy fln f and we deduce a new conservation law (in
other words we construct a macroscopic entropy). Indeed, multiplying (39) by 1 + In f7 yields after

integration with respect to (Z,v)

&s/w RszlnfT dvdT + 0y, /R?./RsvnglnfT dvdf:%/Rz/Rs(l—’_lnfT) (@) (f7,f7) dvdz  (49)
1 T T T —
L[ [ @ av

But thanks to Theorem 2.1 we know that for any (¢,25) € Ry x Rand 7 >0

/Rz/RglnfT (@) (f7, f7) dvdz <0

and therefore, passing formally to the limit when 7\, 0 in (49) implies

325/ fIn f dvdZ 4 0, / / vgfIn f dvdZ < 0. (50)
R2JR3 R2JR3

By Lemma 4.3 we know that

2
_ P We 5
/]RZ R3f Inf dvdz = pln ((27‘-)5/2 ;t2939/2 > 2/)
i

2
7= _pwe )5
/Rz /R3U3flnf dvdZ = pugIn ((27r)5/2 M293‘;2 ) 5 PUs
T

and (50) reduces to

2 2
pwz 5 p W )
Oy lpln (W) 5P pus In <(27r)5/2”203/2> - 2pU3‘| <0.
n—o n—o

Combining with the continuity equation (42), we obtain the entropy inequality

p p
n—0 n—0

When the solution (p,u, 8, ) is smooth, the reader can check by standard computations, similar to

+ O,

+ Oy,

those used when dealing with the Euler equations, that the inequality in (51) becomes equality, being
a consequence of the previous conservation laws (42), (43), (44), (46), (48). O

5 Linearization of the averaged Fokker-Planck-Landau oper-

ator

Another important issue is the derivation of a simplified averaged Fokker-Planck-Landau operator,
when the density is close to the equilibrium. The natural way to do it is to neglect the second
order fluctuations around the equilibrium, which makes sense for example in the strongly collisional

regime. The key point is that the resulting simplified kernel still keeps the main features of the original
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averaged Fokker-Planck-Landau kernel. For any positive density f = f(Z,v) we denote by &; the

equilibrium of (@) having the same moments as f

/Rz/Rs(gf_f) dvdz = 0, /R:»/Ra(wcf+ 15, 0)(Ef — f) dvdz = 0

2 = 1= 2
/ PP e, — ¢ dvdz — o, / e + 701 = [0 (o ) qudz =0,
RQ Rs 2 ]R2 R3 2

Proof. (of Theorem 1.2)

We assume that f is close to £ and by neglecting the terms of order (f — &)? one gets the first order
approximation, denoted by L(f)

Q) (f ) =w Q) (f, f) — w2 (Q) (€, &p) (52)
4
== di WeT,v 7/7 ! iia 37/3 ! i77 77/3 ,vwz.v 7&
;1Vc7[R2ij(xv)§(xvxv)®§(xv:pv) e f (T, )
- gf (?7 U,)fi (jv ’07?7 U/) ® 51 (Ea v, ?7 ’Ul)vwcm,vgf (f7 U)} dvldg
4 .
- di WX,V 77 Ziv 77/7 ! iiilv /777 vw x/ v’ 7/3 !
;1VC7/RQ/RS{f(xv)§(xvxv)®6£(wiv) oo [z, 0")

— E4(T,0)E (T, v, 2, 0") @ ;6 (2,0, Ty 0) Vigpwr o E (27, 0") } dv'da’

4
~ Zdincm,v /2/3{5}51’ QEV(f—E)+ (f — g})gi ®EVE} dv'da’

- Z divis,z,0 / /R {E8 @ei() V(' =€) + (f = Ep)E @ei(€)'V'EL} dv'da
= w; 2 L(f).
We have used the notations
f=f@w), f'=f ), & =& @), & =& (V)

gi = gi(f,v,?, U/)a (51)/ = Ez(?7 ’U/,f, ”U), V= vwc$,07 V' = vwcm/,v“

Since &; is an equlibrium, we know by Theorem 2.1 that
€-VIinE —g(¢') - V'In& =0, 1<i<4

and therefore

EQEV(f = &) = (f-Ep)E @ei(€)V'Es = (53)
(f gf) f_gf i (NI /
= Ep€} {5 ®¢ Ef ; eV lnﬁf}
f f

! ¢ % f_g ! ¢ % f
= EpE}¢ ®§v< gff)zsfsfg ®gv<5f>.
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Similarly one gets

(f' = EpE @ EVE = £, @ ey(§) V(' - &f) = (54)

r_g _ . - V(f =&
sfe}{f & f§’®£ZV1n5f§Z®si(fl)’(fg}f)}

I g _ . V(=&
= &E;&} {f g Teig (") V'In&} - ¢ ®€z‘(§l)/(f5}f)}

! #i Navii f/_g} /¢ / f/
= —gfc‘:ff ®ei(§)'V I3 = _gfgfg ® (&' ) Vv g/ :
f

Combining (52), (53), (54) leads to the following expression for the first order approximation of (Q)

near equilibrium

W 2L(f) Zdlvwczv/ /5f5f {§ ® &'V (g) ' ®ei(EN)V (g;)} dv'da”  (55)

_ . , i f/ A
= ;lea}cx,ﬂ A2/ﬂg3gfgf {f -V < ) . <g}> } 5 do'da’.

We justify now the properties of L.
1. Integrating by parts with respect to (Z,v) we obtain

[ [ e avaz = z [ ] e
X {(éi-w) [gi-v (gfﬂ (€ Vo) [(5) v <§>H dv'dz’ dvdz.

Performing the change of variables (z/,v") <+ (T, v) yields

/RZ/RSL(J")Mvdf: §w3424342435f5}
&y v @)] —ei((€) - V'y') {5 -V (EJ;)]} dvdz dv'd7’.

Combining the above equalities gives

/R2/RSL(f)30 dvdz = —“fg/ﬂ{z/ﬂgg@/ﬂ@@s}si dv'dz’ dvdz
&V (g,ff) ei(€') -V <§;)1 1<i<4

2. It comes immediately by taking ¢ = f/&¢ in (16).

X {((5"’)’ -V'y)

where

= (& Vo—¢i(&") - V'Y)

3. If f is a positive equilibrium of (@), we have f = &, and therefore L(f) = 0. Conversely, assume
that f is a positive equilibrium of L. Then we have equality in (17), saying that

% f i\/ / f/ _ .
& - (5f> g (&) -V <5}>—0, 1<i<4. (56)
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We consider the Hilbert space L3, = {g(T,v) : [go [gs 9°/E dvdT < 400} endowed with the scalar
product

h
(g,h) 2 = / 9% qudz, g,h e L2
Ef R2JR3 Ef !

and the linear operator I given by

We 2lf Zdlvw T v/ ASEfgf {52 < ) —e(&) -V (g},() }52 dv'da’.

Obviously f — &£ belongs to the kernel of [;. By the first statement we deduce that

(st :‘*Z/R?/Rs/w/w‘ffgf (&” (Z) -ty (gf))
X <§Z -V <6};> — (€Y -V (g)) dv'da’ dvdz

saying that {; is symmetric with respect to the scalar product (-, -) L2 - Moreover, it is easily seen that
§

- Vin <exp <5 )) — (¢ -V'In (eXp <§:>) =0, 1<i<4 (57)
f f

Thanks to Proposition 3.4, (57) implies that g € kerly iff g/€; = Inexp(g/Ey) is a linear combination

g € kerly iff

of the collision invariants

2 = L2 2
_ _ v WeT + 0|7 — v
1, wZT+ J‘v, V3, —|2| , e 2| 7]

In particular, since f and £y have the same moments with respect to the above collision invariants,

for any g € kerl; one gets
g _
(F=&r9i, = [ [(-en L duam o
f R2JR3 f
saying that f — & € (kerls)t. Finally f — & € kerly N (kerls)t = {0} and thus f = &;. 7

The first order approximation of (@) near equilibria (see (55)) inherits all the properties of (@),
nevertheless its structure remains complex. Using L instead of (@) requires almost the same compu-
tational effort. A classical way to circumvent these efforts relies on the BGK approximation of (@),

which writes
Lpck = —(f = &)

The properties of the BGK operator associated to (@) are summarized below.

Theorem 5.1 1. For any f = f(ZT,v) and p = o(T,v) > 0 we have

//LBGK(f)lncpdvdf:—/ (f —&p)(Inp —1né&,) dvdz.
R2JR3 R2JR3

2. For any positive density f we have the inequality

/ / LBGK(f) In f dodz <0
R2.JR3
with equality iff f = E¢.
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3. The positive equilibria of Legk are the positive equilibria of (Q)
[>0, Lpck(f) =0 & f=¢&;.

Proof.

1. For any ¢ > 0,In &, is a linear combination of the collision invariants

[ |weT + Lo = [o]?
27 2

_ 11—
1, w.x+ v, wvs,

By the definition of £¢ we have

//(f—é'f)lné'wdvdfzo
Rr2JR3

implying that

/ / Lpck(f)Ingp dvdz = —/ /(f —&r)Ine dodz = —/ /(f —&)(Inp —Iné&,) dvdz.
R2JR3 R2JR3 R2JR3
2. Taking ¢ = f > 0 in the previous statement, we obtain
/ / Lpck(f)In f dodZ = —/ /(f —&)(Inf—In&) dvdz <0
R2JR3 RrR2JR3

with equality iff f = &;.
3. Clearly LBGK(f) =0 iff f - gf =0. [

A Proofs of Propositions 1.4, 3.1, 3.2, 3.3, 3.4 and Lemmas
A.l1, 4.1, 4.2, 4.3

Proof. (of Proposition 1.4)

By the linearity of the average operator we obtain
q _ q
<atf + UBaxsf + EE : vvf> - <atf> + <038m3f> + E <E ! va> :

It is easily seen that 0, and 0., commute with the average operator and thus, taking into account

that f € ker T one gets

(Ouf) = 0c (f) = Ocf, (v30usf) = v3 (O f) = 30, (f) = 0300, [-

Observe that T(f¢) = f U-Vz¢ = —f U+ E and thus (f v- E) = 0. Thanks to Proposition 1.3 one

gets

17 1= T
(B-9.1) = (@ivi{SBY) = divs (£ )+ T (F50 ) 400, ()

= divz{f< :E>} + Ous {f (E3)}

C
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implying that

=

Using again Proposition 1.3 we deduce that 0,, and divz commute with the average operator, implying
that
Ovs (E3) = (0u, B3) =0, divg( 'E) = (divg "E) =0

and our statement follows. O

Proof. (of Proposition 3.1) Observe that

((v,())7 (Lv,0)> Vs = T

ol

and

(C0 L0, - T

we|

T v’
where 77 = v’ - V=7 + w, 10" - V. Therefore (29) writes

r'sing (v —vy) Tlnf rsing (vy—wv3)  T'Inf"

1/2 1/2
ox — + 10X — =
toxt |21\/12[7 + (v — v3)? wel] toxt |2[/[2]2 + (v — v5)? welv']
which reduces to
1 "In f’
Thf T'nf if [r—r'|<lz|<r+7, vs#s. (58)

r2 (7“')2 ’

We claim that 7 In f depends only on the invariants of T i.e.,
Tln f(z,v) =T In f(y, w)
for any (z,v), (y,w) € R® such that
L 1 _ =l — |75 _
WeT + "V =Wy + ~W, T3 =1Ys3, |U| = |w|7 U3 = ws. (59)
Take (z,v), (y,w) verifying (59) and (z2/,v") € R® such that
I R A 0 | ||
<|F+——(7+ <t
We We we|  fwel

meaning that the Larmor circles of centers 2/ + v/ /w., T + +7/w. and radii |[v'|/|w.|, |[0]/|we| have

ol _ v

/
v v _—
3705 6] T

non empty intersection. We also have
@ V]

|we| - |we|

w3 7é ’Uéa

_tw Y [w| ||
<|y+ — |2+ < +

c We |we| |we|

and (58) implies
Thnf(z,v)  T'Inf  Tlnf(y,w)
o R

As [7] = |[w|, we deduce that Tln f(xz,v) = Tln f(y,w) for any (x,v),(y,w) verifying (59), and

therefore 7 In f remains constant along the characteristic flow of 7. Thus
Thnf=(Tlhf)=Proj,+TInf=0

and finally In f and f belongs to the kernel of 7. O
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In the sequel we will need the following easy lemma.
Lemma A.1 Let F = F(y,p) : R2 x R™ — R? be a smooth field satisfying
[F(/\0") = Fly.p)]- *( —y) =0, y,y €R? pp €R™ (60)
Then there is a € R, 8 € R? such that F(y,p) = ay + B, (y,p) € R? x R™,

Proof.
Observe that F does not depend on p. Indeed, taking ' = y + hz,p’ = p + hq we have

[F(y +hz,p+hq) — F(y,p) | —0
h T Z = U.

Letting h — 0 we obtain
[0,F(y,p)z + 0pF(y,p)q] -2 =0, y,z2 € R?, p,qecR™.
Replacing z by tu with t € R*,u € R2, one gets
(t Oy F(y, p)u+ 0,F (y,p)g) - “u = 0.
Passing to the limit when ¢ — 0, we deduce that
O F(y,p)q - tu=0, ueR? geR™

and thus 8,F = 0, saying that F(y,p) = F°(y), with F°(y) = F(y,0).
Taking ¢/ = y + hz,h € R*, 2z € R? in (60) we obtain

[F(y + hz) = FOy) |

5 z=0.

Passing to the limit when h — 0 yields
(0,F°(y) z)- T2 =0, y,z € R?

which is equivalent to

R(m/2)0,F°(y) : 2@ 2 =0, y,z € R%
Therefore R(m/2)0,F°(y) is antisymmetric, saying that
aylFlo(y) = 8yzF§(y) = q, ay2F{)(y) = 6y1F20(y) = 07 Y € RQ-

Notice that
ay10‘ = aylayzFQO = ayzaylF‘QO = O’ ayza = 6y28y1F10 = aylayzFlo =0

saying that «a is constant. Finally we have
V{F —ay} = (0,0) = V, {F} — ay:}
and thus there is 8 = (81, 82) € R? such that

FO(y) =ay+ 8, yeR%.
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Proof. (of Proposition 3.2)

We have
£.Vinf= {Ux}l/QT CT |C|C)b|<pTlnf+{ax}1/2 ol -Vz lnf—{ax}1/2 C| | -Vzln f
and
(€T f = (o 2T 0 Vo = o)V
Thus (30) becomes
2 (Velnf = V=Inf) =0, |[5] — [V]| < |weZ + 17 — (wer + 07)| < [3] + [v7]. (61)

Since the positive density f satisfies (29), In f belongs to ker 7 and thus there is a function g such

that
J_f

Inf(z,v) =g <x+ wv

y X3, |U|,U3> , (z,0) € R? x R3.

c

Observe that
Vzln f(z,v) = Vi g(1 (2, v), ¢o(z,v), 23, [0],v3), (z,0) € R3 x R3
and therefore (61) reduces
W =) - (Vg g(§, 3, 7,03) — Vg g(§7, 3,7/, 05) = 0 (62)

for any (¢, 3,7, v3), (¥, 23,7, v4) satisfying |r —r'|/|we| < [t — 9’| < (r +7")/|we|. We can not apply
directly Lemma A.1, since (62) holds only for pairs of Larmor circles with non empty intersection.
Nevertheless we can proceed as in the proof of Lemma A.1, taking h € R* small enough, s,us € R,
ueR2\ (0,0)

7' =71+ hs, vy=uv3+hus, ¥ =1+ hu

such that
[s] . _2r+hs

|we |

Therefore (62) holds true, implying that

Al

|wel

G(J—i_ hﬂ? xr3,T + h87’U3 + hu?)) - G(@a xs,T, U3)
h

—0 (63)
where G(1, x3,7,v3) = \%n g(¢, 23, 7,v3). Letting h — 0 we deduce that G' depends only on v and z3

VE g(@7 3, T, /03) = G(Ea 3, T, US) = GO(@; ‘rd)
Coming back to (63) we obtain

1y, GO+ W, wg) = GO, )

=0
h

and we deduce by Lemma A.1 that

%7 (b, x3,7,v3) = GO(4, x3) = a3) + B(xw3) = Vw{ (1‘3)% + B(z3) .qp} .
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Finally one gets

12
J"U

+ Blas) - (er :“) + As, 9], 113)) .

c

Proof. (of Proposition 3.3)
We introduce the field b* - Vaw = wcllg -Vz+ % Vz. We have

& .Vinf=—{oy }1/2T ‘Slr‘pb‘* Vooln f

and
(53)/ . V/ lnfl {O_ }I/ZT Sln‘P (b4)l X vx/ﬂ)/ hlf’.

Thanks to Proposition 3.1 we have

v v
In f(x,v) _9<1/11 =@+ 2y =Ty — —, x5, 7 = U|7113)
w We

C

and by direct computations one gets

— Vo9 v
Vzln f(z,v) = Va g(¢, x3,|0|,v3), Vzlnf=— 5 + —0g.

Therefore b* - V. , is the derivative with respect to r = [7]

11— — lV*g _
b Ve Inf= - Vogt [ 22 Dag | =09
we|v 7] [7]

[7l

and (31) reduces to

aTg(Ev Z3,T, U3) _ 87“'9%@? 133,7’/,’(}%) |T —-r
r’ T wel

r

Replacing (¢, r’, v}) by small perturbations of (¥, r, v3) such that |r—7/|/|w.| < | —'| < (r+7")/|we]
8;9 depends only on z3 and thus

hold true, we deduce immediately that
0rg(Y, 3,1, v3) = ry(23).

By Proposition 3.2 we know that

g =17 = e+ 8e0) - T+ A ron)

implying that 9.\ = ry(x3). Finally A a3, r,v3) = 7(333)% + p(zs, v3) saying that

J_@ 62
+ e (7420 2t - +u(x3,v3)> .

12

B alzs) |_ j
flx,v) =exp S T+ "
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Proof. (of Proposition 3.4)

The formula of the vector field &4 allows us to write

54_v1nf:_{o_x}l/2(’r/cos<p )(U3 /) b4 v$v f

21121 + (v — v3)?

V3 —1)3

[21V/12[% + (v3 = v3)?

{ox}!/?]2|

\/‘Z|2 (v3 —v3)? Oea !

+ {ox}1/? -Vzln f —

and

(54)/ .V 1n f/ _ 7{0)(}1/2 (7” COS  — ’)(Ulg 'U3) (b4)/ Vo ln f,
E wm

1/2
T S RS (0% st

cIn f’.
2lV/1217 + U3—U32wc vz + (03 —v3)? %%

+ {ox}!/?

By Proposition 3.1 we have
In f(z,v) = g(v(z,v), z3,[7], v3)
and by Proposition 3.3 we know that

bt Ve In f _ Org _
0]

Therefore (32) reduces to

_ !
v(z3)(v3 — v3)[r(r — r' cos @) + ' (r' — rcos )] + B0, (Vzln f = VIn f')

c
— |22 (0, In f — Dy In f') =
when |r — 7’| < |z| < r 4 /. Taking into account that
r(r — 1" cosp) + ' (1" —rcosg) =% + (r')? — 2r cos p = |2|?
we obtain for any |r — /| < |z| <r 4+
vz — vy Z

/

Y(z3)(vs — v3) +

(Vzlnf = VIn f') = 9y, In f — 0y In f'. (64)

welz] ||
But Vzln f = V59 = a(z3)(z,v) + B(z3), implying that

z

(Vzlnf —VInf) = alzs)

we| 22 wi

and therefore (64) is equivalent to

— — a(x r— r+r
Doz g(, 3,7, 03) — Dy g (', 3,77, 03) = (v3 — v3) [’y(ﬂcg) + 5}23)} | ol ul <|p—9'| < T
c c We
We introduce the function G(v,x3,7,v3) = 0y,9(¥,z3,7,v3) and let us consider h,s € R*, u €

R2\{(0,0)}, us eR
W =1+ hu, v =r+hs, vy=uv3+huz

such that

h 2 h
sl ) ) < 22EDs.

|wel jwel
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We deduce that

G(¢ + hu, w3, 7 + hs,v3 + huz) — G(, z3,7,v3) s (7(%3) N a(xg))

h

which implies

VG- uto,Gs+ (ave,G—y(x?,) - 0‘(923)) ws=0, L g
w w

C

saying that

a\T
Vi G= (0.0, 0,6 =0, 0,6 =r(a5) +

and

Ousalf. . 2) = Gl o) = (2(00) + 22 ) 0y 4 6(00)

c

The previous equality allows us to determine the function p = pu(xs,vs) in the expression of g = In f

. ik . T2
9@, 7,05) = 0(as) E 4 8(as) B+ 9(ws) D+ s, vs).
Taking the derivative with respect to vs yields

(7(333) + a((j;g)) vg + 0(x3) = Oy g = Opy i

C

and therefore

0(333)) (U3)2 + 5(1‘3)113 + 77($3)'

2 2
]
Proof. (of Lemma 4.1)
We have
v3(WeT + LE)f = uz(wW.T + lE)f + p/\/l%(ﬁ) (v3 — ug)Mpg(vs — us)
X WM, (w.T + 17 —7)
and thus
/ / v3(weT + 10) f(z,v) dvdZT = pusl.
Rr2JR3
It is easily seen, thanks to (36), that
/ /(v3)2f dvdz = / /(1)3 —uz +uz)’f dvdz = / /(vs —u3)? f dvdT + p(u3)?
r2JRS R2.JR3 R2.JR3
= p((u3)* +90).
Clearly we have, integrating by parts
/ / (WeT + 100y, f dvdT = (0,0), / / 030y, f dvdT = —p.
R2JR3 R2JR3
]

33



Proof. (of Lemma 4.2)
Clearly

=12 2
/ /(Us - Us)—m + (Vs = ug) f(z,v) dvdz =0
R2.JR3 2
and thus (37) yields

2 4 _ 2 4 _
// [oI” + (b5 = ug)” u3) flz,v dvdx*/ / [0 + (05 — u3)” — f(z,v) dvdT
R2JR3 R2JR3

+ 9
= pus 0
Similarly, thanks to (38) we obtain
= 1= =12 =2 = L= =12 |52
/ / 1)3 |UJc-'L' + v u| ‘U| f(x,/U) d’UdE — / / ug |UJCZL' + v U‘ |U‘ f(l',U) d'l)df
R2JR3 2 R2JR3 2

N
= pug n_0)
It is easily seen that

=12 2 2y
/ /vgwamf(x,v) dvdi—am/ / [ol” + us)” ——— f dvdz
R JR3 RS

/ / v3(uz — v3)0g,usf dvdZ = / /(Ug —u3)?f(x,v) dvdT 0,,us3
R2JR3 RS
= pb Oy us

= e =2 =2 = L= =2 =2
/ /U3|wcx—|— U2 ul* — |7 amsfdvdf—ﬁxs/ / |weT + v2 ul* — |7| I dvdz
r2JR3 r2JR3

—/ /vg(ﬂ—wci— %) - 0,,1 f dvdz

R2JR3

:/ /(Ug —u3)(WeZ 4+ 1T —T) - gy f dvdT = 0.
R2JR3

and

Therefore we obtain

24
/ / vg—————— [ + uz)* Oz, [ dvdT = 0y, [pu;), <M0 + 0)] + pB Oy, us
R2JR3 uw—=0 2

= L= =2 (2
/ / U3 |wcx + U2 U| |'U| awgf dvdf — awg |:pu3 (/’l/ _ ’uee):|
R2JR3 -

Proof. (of Lemma 4.3)

and

By direct computation one gets

/ finf dvdz

w? 72 + (v3 —u3)?  |wT+ T —1al? — |7]? _
// — PP+ (vs —ug)® | * — vl f dvdz
r2JR3 (2m) 5/2" — 20 2p
— oln 44ﬂk%ﬁ p(u9+9>_pok_u9>
(27)5/2 Mu—e 0 0 2 I w—0

_pm<pw3>_5p
- 293/2
(2m)5/2 Muj 2

34



and

/ﬂgz/Rg”?’flnfd”df: /Rz/RB(vs —ug)fIn f dvdf—l—/Rz/RBug,flnf dvdz

= U3/ fIn f dvdZ
R2JR3

el pwe 5
= puzin (27‘(‘)5/2 1203/2 B pus.
n—o
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