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Abstract

We are concerned with the discretization of a solution of a Forward-Backward stochastic
differential equation (FBSDE) with a jump process depending on the Brownian motion. In
this paper, we study the cases of Lipschitz generators and the generators with a quadratic
growth w.r.t. the variable z. We propose a recursive scheme based on a general existence
result given in the companion paper [I5] and we study the error induced by the time
discretization. We prove the convergence of the scheme when the number of time steps n
goes to infinity. Our approach allows to get a convergence rate similar to that of schemes
of Brownian FBSDEs.

Keywords: discrete-time approximation, forward-backward SDE, Lipschitz generator, gener-
ator of quadratic growth, progressive enlargement of filtrations, decomposition in the reference
filtration.
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1 Introduction

In this paper, we study a discrete-time approximation for the solution of a forward-backward
stochastic differential equation (FBSDE) with a jump of the form

¢ ¢ ¢
Xy x—i—/ b(s,XS)ds—i-/ J(S,XS)dWs—i-/ B(s, Xs-)dHs ,
0 0 0

T T T
Y, = g(XT)+/ f(s,Xs,Y;,Zs,Us)ds—/ ZSdWs—/ ULdH, .
t t t
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where H; = 1,<; and 7 is a jump time, which can represent a default time in credit risk
or counterparty risk. Such equations naturally appear in finance, see for example Bielecki and
Jeanblanc [2], Lim and Quenez [I8], Peng and Xu [20], Ankirchner et al. [I] for an application to
exponential utility maximization problem and Kharroubi and Lim [I5] for the hedging problem
in a complete market. The approximation of such equation is therefore of important interest
for practical applications in finance. In this paper, we study the case where the generator f is
Lipschitz or with quadratic growth w.r.t. Z.

In the literature, the problem of discretization of FBSDEs with Lipschitz generator has been
widely studied in the Brownian framework, i.e. no jump, see e.g. [19] [7, B [3, 22, 6]. More
recently, the case of quadratic generators w.r.t. Z has been considered by Imkeller et al. [8] and
Richou [21]. For Lipschitz generators, the discrete-time approximation of FBSDEs with jumps is
studied by Bouchard and Elie [4] in the case of Poissonian jumps independent of the Brownian
motion. Their approach is based on a regularity result for the process Z, which is given by
Malliavin calculus tools. This regularity result for the process Z was first proved by Zhang [22]
in a Brownian framework to provide a convergence rate for the discrete-time approximation of
FBSDEs. The use of Malliavin calculus to prove regularity on Z is possible in [4] since the
authors suppose that the Brownian motion is independent of the jump measure.

In our case, we only assume that the random jump time 7 admits a conditional density given
W, which is assumed to be absolutely continuous w.r.t. the Lebesgue measure. In particular,
we do not specify a particular law for 7 and we do not assume that 7 is independent of W as
for the case of a Poisson random measure.

To the best of our knowledge, no Malliavin calculus theory has been set for such a framework.
Thus, the method used in [4] fails to provide a convergence rate for the approximation in this
context.

We therefore follow another approach, which consists in using the decomposition result given
in the companion paper [I5] to write the solution of a FBSDE with a jump as a combination
of solutions to a recursive system of FBSDEs without jump. We then prove a regularity result
on the Z components of Brownian BSDEs coming from the decomposition of the BSDE with a
jump. This regularity result allows to get a rate for the convergence of the discrete-time schemes
for these BSDEs as in [22] or [] for the Lipschitz case and [21] for the quadratic case.

Finally, we recombine the approximations of the solutions to recursive system of Brownian
FBSDEs to get a discretization of the solution to the FBSDE with a jump.

We notice that our approach also allows to weaken the assumption on the forward jump
coefficient in the Lipschitz case. More precisely, we only assume that ( is Lipschitz continuous,
unlike [4] supposing that § is regular and the matrix I; + V3 is elliptic.

As said above, this kind of FBSDEs with a jump appears in finance. The general assumptions
made on the jump time 7 allow to modelize general phenomena as a firm default or simpler
as a jump of an asset that can be seen as contagion from the default of another firm on the
market, see e.g. [I3] for some examples. In particular, the approximation of these FBSDEs has
its own interest, since it provides approximations of optimal gains and strategies of the studied
investment problems.

We choose to present our results in the case of a single jump and a one-dimensional Brownian
motion for the sake of simplicity. We notice that they can easily be extended to the case of a
d-dimensional Brownian motion and multiple jumps with eventually random marks, as in [15],
taking values in a finite space.

The paper is organized as follows. The next section presents the framework of progressive
enlargement of a Brownian filtration by a random jump, and the well posedness of FBSDEs in
this context. In Section 3, we present the discrete-time schemes for the forward and backward
solutions based on the decomposition given in the previous section. Finally, in Section 4, we
study the convergence rate of the scheme for the forward solution. In Sections 5 and 6, we study



the convergence rate of the scheme for the backward solution for the Lipschitz case respectively
for the quadratic case.

2 Preliminaries

2.1 Notation

Throughout this paper, we let (2,G,P) a complete probability space on which is defined a
standard one dimensional Brownian motion W. We denote I := (F),- the natural filtration
of W augmented by all the P-null sets. We also consider on this spac_e a random time T, i.e.
a nonnegative F-measurable random variable, and we denote classically the associated jump
process by H which is given by

Ht = ]l-,—gt, tZO.

We denote by D := (D,);>¢ the smallest right-continuous filtration for which 7 is a stopping
time. The global information is then defined by the progressive enlargement G := (G;),~ of
the initial filtration where

Gy = ﬂ (]'—t+s \/Dt+s)

e>0

for all ¢ > 0. This kind of enlargement was introduced by Jacod, Jeulin and Yor in the 80s (see
e.g. [I0], [I1] and [9]). We introduce some notations used throughout the paper

— P(F) (resp. P(G)) is the o-algebra of F (resp. G)-predictable measurable subsets of
QO xRy, i.e. the o-algebra generated by the left-continuous F (resp. G)-adapted processes,

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable subsets
of Q x R+.

We shall make, throughout the sequel, the standing assumption in the progressive enlargement
of filtrations known as density assumption (see e.g. [12 [I3| [15]).

(DH) There exists a positive and bounded P(F) @ B(R,)-measurable process v such that

Plredd|F] = w(0)dd, t>0.

Using Proposition 2.1 in [I5] we get that (DH) ensures that the process H admits an
intensity.

Proposition 2.1. The process H admits a compensator of the form A dt, where the process A
is defined by

_ (1) -
A = 7}?[7%’%}11&7, £>0.

We impose the following assumption to the process .

(HBI) The process A is bounded.

We also introduce the martingale invariance assumption known as the (H)-hypothesis.
(H) Any F-martingale remains a G-martingale.

We now introduce the following spaces, where a,b € Ry with a < b, and T' < oo is the terminal
time.



— S8&la,b] (resp. Sg°la,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Yi)te[a,p) essentially bounded

[Y[[soap) = esssup|Vi| < oo.
tea,b]

— Sla,b] (resp. SEla,b]), with p > 2, is the set of PM(G) (resp. PM(F))-measurable
processes (Y} );e[q,5) sSuch that

=

Wl = ([ s i) < oc.

— Hg[a,b] (resp. HE[a,b]), with p > 2, is the set of P(G) (resp. P(F))-measurable processes
(Zt)tela,p) such that

b p_ 1
2
120y = E[( / Zi2dt) "] < oo

~ L?()) is the set of P(G)-measurable processes (Uy).ejo,r) such that

T 1
Ul = (E[/O A[U.Pds]))” < oo

2.2 Forward-Backward SDE with a jump

Given measurable functions b: [0, T] xR =R, 0:[0,T]xR—=>R, 8:[0,T|xR—=R, g: R—=R
and f : [0,T] x Rx R xR x R — R, and an initial condition € R, we study the discrete-
time approximation of the solution (X,Y, Z,U) in SZ[0, 7] x [0, T] x HA[0,T] x L*(\) to the
following forward-backward stochastic differential equation

t t t
Xy = x—l—/b(s,XS)ds—l—/a(s,Xs)dWS—i—/ﬁ(s,XSf)st, 0<t<T, (2.1)
0 0 0
T
Y;E = g(XT)+/f(SuX57§/;7Zsu(1_Hs)Us)dS
t
T T
—/ZSdWS—/USdHS, 0<t<T, (2.2)
t t

when the generator of the BSDE is Lipschitz or has a quadratic growth w.r.t. Z.

Remark 2.1. In the BSDE (Z2]), the jump component U of the unknown (Y, Z,U) appears
in the generator f with the additional multiplicative term 1 — H. This ensures the equation to
be well posed in S[0,7] x HZ[0,T] x L*(\). Indeed, the component U lives in L?()), thus
its value on (7 AT, T] is not defined since the intensity A vanishes on (7 A T,T]. We therefore
introduce the term 1 — H to kill the value of U on (1 AT, T] and hence to avoid making the
equation depending on it.

We first prove that the decoupled system (ZI)-(Z2) admits a solution. To this end, we
introduce several assumptions on the coefficients b, o, 3, g and f. We consider the following
assumption for the forward coefficients.

(HF') There exists a constant K such that the functions b, o and g satisfy

[b(£,0)| + [o(£,0)[ + [5(t,0)] < K,



and
|b(t,$) _b(t7$/)| + |U(taI) —U(t,$/)| + |ﬂ(t,$) _ﬂ(taxlﬂ S K|$—$/| )
for all (t,z,2") € [0,T] x R x R.

For the backward coefficients g and f, we impose the following assumptions for the Lipschitz
case.

(HBL) There exists a constant K such that the functions g and f satisfy
[f(t,2,0,0,0)| +|g(x)] < K,
and
g, 5w) — f gy )| < K(ly =yl + |5 — 2]+ lu—])
for all (t,z,y,y, 2, 2", u,u’) € [0,T] x R x R? x R? x R2.

For the backward coefficients g and f, we consider the following assumptions for the quadratic
case.

(HBQ)
— There exist three constants My, K, and K, such that the functions g and f satisfy

lg(z)| < Mg,
lg(x) —g(a)] < Kylz -],
|ftx,y, 2,u) = f(ty,2,0)] < Koly—y],
[ftz,y,zu)] < Kq(L+ Iyl + |2 + Jul)
for all (t,z,2",y,y,z,u) € [0,T] x R? x R? x R x R.

— For any R > 0 there exists a function mclf% such that lim._,q mcé(e) =0 and

|f(t,x,y,z,u—y)—f(t,:z:,y’,z/,u—y’ﬂ S mc{%(e)

for all (t,z,y,vy,2,2",u) € [0,T] x R x R? x R? x R s.t. |y|, |z], [¥/], |¢'| < R and
ly—yl+lz-7<e

- f(t, . u)= f(t,.,0) for allu e Rand all t € (r AT, T).

— The function f(¢,z,y,.,u) is convexe (or concave) uniformly in (¢,z,y,u) € [0,T] x R x

R x R.

In the sequel K denotes a generic constant appearing in (HBL), (HBQ) and (HF') and which
may vary from line to line.

In the purpose to prove the existence of a solution to the FBSDE (ZI)-(Z2]) we follow the
decomposition approach initiated by [15] and for that we introduce the recursive system of
FBSDEs associated with (Z1])-(2:2]).

o Find (X1(0),Y(6), Z(0)) € S2[0,T] x S°[0, T] x H2[#, T] such that

XH0) =t [ X2@)ds + (s, X)W, + 50,5} @) oz, 01T, (23)

’ T ’ T
9(XHO) + [1(5.X20).¥,0).220).0)ds — [Zi@)aw. o <t<T,  (24)

<

—~
s

~
|



for all 6 € [0, 7.

e Find (X0, V9 Z%) € 82[0,T] x S[0,T] x HZ[0,T] such that

t t
X) = :z:+/ b(s,Xg)ds+/ o(s, X0)dw,, 0<t<T, (2.5)
0 0

T T
Y= g+ [ R XYL 2 - Yds - [ 20w, 0<t<T. (20)
t

t
Then, the link between the FBSDE ([2.1))-[2.2)) and the recursive system of FBSDEs (2.3))-(24)
and (Z3)-(20) is given by the following result.

Theorem 2.1. Assume that (DH), (HBI), (H), (HF) and (HBL) or (HBQ) hold true.
Then, the FBSDE ZI)-Z32) admits a unique solution (X,Y,Z,U) € SZ[0,T] x S[0,T] x
HZ[0,T) x L3(\) given by
X = Xl + X} (D) Lr<t
Y, = YL + Y (Nt
Zy = Ztoﬂtgr + Ztl(T)]lr<t )
U = (Y'(t) =Y )Li<r

where (X1(0),Y'(0), Z*(0)) is the unique solution to the FBSDE Z3)-@4) in S2[0,T] x
82°[0,T) x HE[O,T), for 0 € [0,T], and (X°,Y? Z%) is the unique solution to the FBSDE
E3)-E8) in S200,T] x S°[0,T] x HE[0, T

Proof.

Step 1. Solution to (2I) under (HF).

Under (HF) there exist unique processes X° € S2[0, T satisfying 23], and X*(0) € S2[0,7
satisfying @3)) for all 6 € [0,7] such that X' is PM(F) ® B(R; )-measurable. Then, from the
definition of H, we check that the process X defined by

(2.7)

X = XPer + X () isy (2.8)

satisfies (). We now check that X € S%[0,7]. We first notice that from (HF), there exists a
constant K such that

E[ sup \X?ﬂ < K. (2.9)
t€[0,T)

Then, from the definition of X and X!, we have for all t € [0, T]

sup] |X51(6‘)‘2

t s
< K(|Xg|2+|/3(9,xg)|2+/ |b(u, X (0))*du+ sup ‘/ o(u, X1(0))dW,
selb,t 0 0

s€(0,t]
Using (HF') and BDG-inequality, we get
1 2 ! 1 2
E[ sup | X ()] ] < K(1—|— E[ sup | X, (0)] }du) .
s€[0,t] 0 u€lf,s]

Applying Gronwall’s lemma, we get

< K. (2.10)

sup | ||X1(9)||s§[9,:r]

0c0,T

Combining (Z8), [Z9) and I0), we get that X € S2[0,7]. Moreover still using (HF) we get
the uniqueness of a solution to (1)) in S%[0, 7.

9




Step 2. Solution to ([222)) under (DH), (HBI), (H) and (HBL).
To follow the decomposition approach initiated by the authors in [I5], we need the generator
to be predictable. To this end, we notice that in the BSDE (2.2]), we can replace the generator
(t,y,z,u) — f(t,Xt,y,2,(1 — Hy)u) by the predictable map (¢,y,z,u) — f(t, X;-,y,2, (1 —
H,-)u).

Using the decomposition ([2.8)), we are able to write explicitly the decompositions of the
Gr-measurable random variable g(X7) and the P(G) ® B(R) ® B(R) ® B(R)-measurable map
(w,t,y, z,u) — f(t, X4- (w),y, z,u(l — Hy- (w))) given by Lemma 2.1 in [15]

9(Xr) = g(XP)lr<r + g(Xp(M)r>-
f(taXt*ayvzv(l _Ht*)u) = fo(tvyazau)]ltST+f1(t7yazau77-)]lt>7' )

with fo(tvyuzuu) = f(tuXtouyazvu) and fl(tuyazauue) = f(thtl* (9)7y7270)7 for all (t,y,z,u,@) €
0, T]x RxR xR xR,.

Suppose now that (DH), (HBI), (H) and (HBL) hold true. Then, from Theorem C.1
in [15], the BSDE (Z4) admits a P(F) @ B([0, T])-measurable solution (Y1, Z!) and the BSDE
([Z6) admits a solution (Y, ZY). Using Proposition 2.1 in [I7], we obtain

||Y1(9)Hsoo[9,T] + HZ1(9)||H2[9,T] < K,
for all § € [0,T], and
||YO||soo[o,T] + HZOHH2[0,T] < K.

We can then apply Theorem 3.1 in [I5] and we get the existence of a solution to (Z2)) in
Sg°[0,T] x HZ[0,T] x L3(\).

Let (Y, Z,U) and (Y, Z',U’) be two solutions to [Z2) in S[0,T] x H2[0,T] x L*()\). Since
flt,z,y,z,(1 — H)u) = f(t,x,y,2,0) for all t € (1 AT, T] and X\ vanishes on (7 AT, T], we
can assume w.l.o.g. that U, = U/ =0 for ¢t € (1t AT, T]. Then, from (DH), (HBI), (H) and
(HBL), we can apply Theorem 4.1 in [I5] and we get that ¥ < Y. Since Y and Y’ play the
same role, we obtain Y = Y. Identifying the pure jump parts of Y and Y’ gives U = U’.
Finally, identifying the unbounded variation gives Z = Z’.

Case 3. Solution to ([Z2)) under (DH), (HBI), (H) and (HBQ).

The existence of a solution (Y, Z,U) € S2[0,T] x L&[0,T] x L*()\) is a direct consequence of
Proposition 3.1 in [I5]. We then notice that from the definition of H we have f(t,x,y, z,u(1 —
Hy)) = f(t,z,y,2,0) for all t € (r AT, T]. This property and (DH), (HBI), (H) and (HBQ)
allow to apply Theorem 4.2 in [15], which gives the uniqueness of a solution of [2.2]). |

Throughout the sequel, we give an approximation of the solution to the FBSDE (Z1)-([2:2)
by studying the approximation of the solutions to the recursive system of FBSDEs (Z3))-(Z4)

and (2.5)-(2.0).

3 Discrete-time scheme for the FBSDE

In this section, we introduce a discrete-time approximation of the solution (X,Y, Z,U) to the
FBSDE (2.1))-([22]) based on its decomposition given by Theorem 211

Throughout the sequel, we consider a discretization grid = := {to,...,t,} of [0,T] with
0=ty <ty <...<t,=T. Fort e [0,T], we denote by m(t) the largest element of 7 smaller
than ¢

m(t) = max{t;,i=0,...,n|t<t}.



We also denote by |r| the mesh of 7
|7T| = max{tiﬂ—ti,i=0,...,n—1},

that we suppose satisfying |7| < 1, and by AW (resp. At7) the increment of W (resp. the
difference) between ¢; and t;_1: AW == Wy, — Wy, | (resp. At :=1t; —t;—1), for 1 <i<n.

3.1 Discrete-time scheme for X

We introduce an approximation of the process X based on the discretization of the processes
X% and X

o Euler scheme for X°. We consider the scheme X%™ defined by

XtOO’Tr =z,
X0 = X0 A b1, X7 )AL + oo, XpT)AWT, 1<i<n.

i

o Euler scheme for X'. Since the process X' depends on two parameters ¢ and @, we introduce
a discretization of X! in these two variables. We then consider the following scheme

X" (7(0)) = z+ B(to,x)Lr(p)=0 »
X (w(0)) = Xp7, (w(0)) + b(tio1, X" (R(O))ALT + o (tir, X, (w(0))AWT  (3.1)

i ti—1 ti—1

+ Bt X" (1(0)Lyymmey, 1<i<n, 0<OLT.

ti—1

We are now able to provide an approximation of the process X solution to the FSDE (Z1]). We
consider the scheme X7 defined by

XT = X il + X 5 (7(P)) s, 0<t<T. (3.2)

We shall denote by {F " Yo<icn (resp. {F} ™ (0)}o<i<n) the discrete-time filtration associated
with X%7 (resp. X17)
Fomoo= U(XI?J,’Tr j<1i)

2

(resp. F;"(0) = o(X.7(0), j <))

3.2 Discrete-time scheme for (Y, Z,U)

We introduce an approximation of (Y, Z) based on the discretization of (Y°, Z%) and (Y, Z1).
To this end we introduce the backward implicit schemes on 7 associated with the BSDEs (2.4])

and ([26). Since the system is recursively coupled, we first introduce the scheme associated with
Z4). We then use it to define the scheme associated with (20)).

e Backward Euler scheme for (Y*', Z1'). We consider the implicit scheme (Y17, Z17™) defined by

Y (w(0) = g(Xp"(w(0))) ,
YA ((0) = BT (w(0)] + f(tioa, X (7(0)), Y, (x(0)), 27, (7 (6)), 0) ALT
27 (n(0)) = A%,E?_”f@’ Y (n(@)AWT], 7)<ty 1<i<n,
(3.3)
where E}"® = E[. |F"™(s)] for 0 <4 < n and s € [0, T].

e Backward Euler scheme for (Y°,ZY). Since the generator of (28] involves the process
(v, (t))¢efo,r)> We consider a discretization based on Y™ We therefore consider the scheme



(YO Z0™) defined by

0, 0,
YT’W - g(XTTr)v
YO = BV VO] 4 (e, XL YT 20T AT
1

0, 0, ;
Zt:l = Atﬂ' ]ngl [}/tl ﬂAWiﬂ’} ) 1 S 7 S n.,
Q

(3.4)

where E) = E[ . |F"™] for 0 < i < n, and f is defined by

fﬂ(tu‘ruy?’z) = f(t7x7yuzuy7:()g(ﬂ-(t)) _y) )
for all (t,x,y,2) € [0,T] x R x R x R.
We then consider the following scheme for the solution (Y, Z,U) of the BSDE (2.2))

Y7 = Y Licr + Y (1) Lz
Z7 = Zer + 2,0 (m(r) s (3.5)

Ur = (V5 m() = V) s

for ¢t € [0, T7.

4 Convergence of the forward scheme

We introduce the following assumption, which will be used to control the error between X and
X7,

(HFD) There exists a constant K such that the functions b, o and [ satisfy
Klt—t|?
K|t —t],

[b(t,z) = b(t',z)| + |o(t,z) — o(t', z)|
‘B(t,:v) — B(t’,x)’ + ‘U(t,l’) — o(t’,ac)’

for all (¢,t',x) € [0,T] x [0,T] x R.

<
<

In the following we provide an error estimate of the approximation schemes for X" and X!
which are used to control the error between X and X™.

4.1 Error estimates for X° and X'

Under (HF) and (HFD), the upper bound of the error between X° and its Euler scheme X7
is well understood, see e.g. [16], and we have

E[ sup [ X7 — X0 2} < Kln|, (4.1)
t€[0,T]

for some constant K which does not depend on 7.

The next result provides an upper bound for the error between X' and its Euler scheme X 17
defined by (BI).

Theorem 4.1. Under (HF) and (HFD), we have the following estimate

. 2
sup E| sup [X}(0) - X 5 (x(0)"] < Klnl,
0ec0,7] Ltelo, T

for a constant K which does not depend on .



Proof. Fix 6 € [0,T], we then have

E[ sup [X}(0) - X5 (m@))] < 2E[ suwp |X}(6) - X}(x(0))’]
te[0,T te(0,T

+2E[ sw |X}(r(0) - X5 (@) . (42)
tel0,T]

We study separately the two terms of the right hand side.

Since 7(6) < 6 < t, we have by definition X!(7(0)) = X? for all s € [0,7(0)), and X1(9) = X?

for all s € [0,6), which implies

0 0 t
X)) - X (x(0) = /(e)b(s,Xg)ds—i—/(e)o(s,XS)dWs+B(9,X§)—|—/0 b(s, X1(0))ds

+/9 o(s,X10))dW, — ﬂ(w(@),Xg(e)) - /77(9) b(s, X1 (m(0)))ds

t

—/ o(s, Xi(m(6)))dWs ,
7(0)

for all t € [0, T].

Hence, there exists a constant K such that

2 4 2
b(s, X2(r(6)))ds
R HCON

1x10) - X} =(0)]° < K{‘/Tr(;)b(s,Xg)ds

+/0t \b(saXi(e)) —~ b(s,Xsl(w(H)))‘QdS

2

| ;) o (5, X1 (x(0))) AW,

0
+| / o (s, X0)dW,
w(0)

2

+ ‘/et (U(S,Xi(H)) - a(s,X;(ﬁ(e))))dWS
+18(0.X9) = B(x(0). X0} - (4.3)

From (HF) and (HFD), we have

E|5(0, X9) — B(n(8), X)) " < K(n]> +E|XJ — X2 [") .
We have from (HF) and (2.9)
0 2 0 2
/ b(s,XS)ds‘ n / (s, XO)dW, } < Kl|,
() T

- { (0)

which implies in particular E|X§ — X7, [* < K|r| and hence
E|5(0, Xg) — B(m(0), X76))|* < K|n|.

We have also from (HF) and (210)

9 2
/ﬂ a(s,X;(w(o)))dWS} < Kln|.

]E{ 0)

¢ 2
[ s xtmonas] +
7(0)

Combining these inequalities with (£3), (HF) and BDG-inequality, we get

B[ sup [X36) - i) [] < K / tE[ug[g;] |X2(6) = X3(n(0))]"] ds + I])

10



Applying Gronwall’s lemma, we get

E[ sw [X}(0) - X}(x(0)"] < Klnl. (4.4)
te(6,T]

To find an upper bound for the term E[sup;cg 1 | X1(m(0)) — Xl(w)
scheme X™(7(6)) defined by

{X:(e)(w(e)) = X0 (n(9) ,
X7 (m(0) = X7, (x(8) + b(timr, X7, (x(0))) ALT + 0 (tir, X7, (n(0)) AWT , £ > m(0) .

(m(0))|?] we introduce the

We have the inequality

T 2 o 2
E[tes[gpﬂ!xt ) - X35, 0)]°] < m[tes[l;pﬂ\Xg(w(e»—Xm)(w(e))\}

2 ELES[I;I)T] |X7r(t m(0)) — Xl(:)( (9))‘2} . (4.5)

Since X7 (m(6)) is the Euler scheme of X*(7(8)) on [x(#), T], we have under (HF) and (HFD)
(see e.g. [16])

B sup |X}n(0) = K@) < K(1+E[| X5 ]Il

for some constant K which neither depends on 7 nor on 6. From (ZI0), we get

E[ swp [X}(m(0)) - X7 (m(@)[*] < Klnl, (4.6)
te[0,T)

for all 6 € [0, 7.

We now study the term I[E[s,uptE 0,7] ’Xﬂ(t 7(0)) — X}r(:) (w(@))‘Q] We first notice that we
have the following identity

T 2 T T 2
E[tesgx;% |X (m(0)) — XTIr(t)( (9))” = E[te[i?g,T]|Xﬁ(t)(W(9)) Xl(t)( m(6))| ]

Hence we can work with the second term. From the definition of X™ and X7, we get

sup X7, (7(0) — X1 (=(0))]” <

ue[mw(0),t]
w(t) 5
K (1% ) (7(6)) = X5 (=(0))* + / " b (), K7, (7(0))) — (), X1 (r(6))) | i
m(u) B 2
+uE[S:ilg)7t] w(6) (U(W(S)’ 7o (@) — o (n(s), Xy (9)))>dWS )

Then, using (HF) and BDG-inequality, we get

E[ sup |X7,(m(0) - XET (m(@)]] < K (B[ X2, (x(0)) = X5 (x(0)|”

ue[mw(0),t]

+/:E[ sup | X7, (r(6)) = X177, (x(9)) ] ds)

(0) “uelm(0),s]

From Lipschitz property of 3, we have

E| X1 o) ((0)) ~ X135, (r(®))]

E|[ X0y + B(m(0), X)) — X5 — B(w(0), X5 k
KIE\X}Z((,)

IN

12
Xg"(e)‘

11



This last inequality with ([I) gives
x 2
E| X7 (m(8) = X, (@(0)]” < Klnl.

Applying Gronwall’s lemma, we get

e ™ 2
B[ sup |X7(n(0) - X} @)]°] < Kl (4.7)
te[n(0),T]
Combining ({2)), (@4), (E3), (@0) and (@), we get the result. 0

4.2 Error estimate for the FSDE with a jump

We are now able to provide an estimate of the error approximation of the process X by its
scheme X7 defined by (B2).

Theorem 4.2. Under (HF) and (HFD), we have the following estimate

E[ sup ’Xt ﬂ < Kin|,
te[0,T

for a constant K which does not depend on .

Proof. From the definition of X™, (DH) and (@1l we have

el gy e < ] e 2= X ] b - X o]
T
< ]E[ sup | X9 - X7 }+/E[ sup | X}(0) _X;k’;)(ﬁ(e))|27T(9)}d9
te[0,T7 0 telf,T]
< (|7r|+ sup IE{ sup ‘X X}r(:)( (9))’2})
0e[0,7] Llse[0,T]

From Theorem 1], we get

E[ sup ]Xt—ng}Z} < Klnl.
t€[0,T]

5 Convergence of the backward scheme in the Lipschitz
case

To provide error estimates for the Euler scheme of the BSDE, we need an additional regularity
property for the coefficients g and f. We then introduce the following assumption.

(HBLD) There exists a constant K such that the functions g and f satisfy

‘g(x)_g(x/)‘+’f(taxayvzvu)_f(t/v'rlvyazau)‘ < K(|I—{El|+|t—t/|%) l
for all (¢t,t',x,2',y,2,u) € [0,T]> x R2 x R x R x R.

We are now ready to provide error estimates of the approximation schemes for (Y, Z°) and
(Y1, Z1), and then for (Y, Z).

12



5.1 Regularity results

In this part, we give some results on the regularity of the processes Z! and Z°. We denote
Fi=0{X?, 0<s<t}and FLO) :=c{X1(0), 0 <s <t}

Proposition 5.1. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant K
such that

-

E[/HT\zg(e)—Z;(t)(e)fdt} < K(1+E[|X30)["]")inl . (5.1)

for all 6 € .

Proof. We first suppose that b, o, f and g are in C}. Let us define the processes A and M by

¢
Ay = exp (/ (%f(@i(@))dr) ,
0
and
t
M, = 1 +/ M, 0. f(©5(0))dW, ,
0
where ©1(0) := (r, X}(0),Y,1(0), Z}(0),0). We give classically the link between V?X}(6)(:=
0X}(0)/0X;(0)) and (DsX}(0))o<s<: the Malliavin derivative of X/(#). Recall that X'(6)
satisfies
¢ t
X1o) = X;(e)+/b(r,Xj(e))dH/a(r,Xj(e))dWT, O<t<T.
0 0
Therefore, we get
¢ ¢
vixXio) = 1+/ (%Cb(r,Xﬁ(H))VeXTl(H)dr—i—/ Op0(r, XH0) VX O)dW, , 6<t<T,
0 0
and for 6 < s <t
¢ ¢
DX}O) = ofs.XH0) + [ 0.b(r X} O) DX O + [ 2.0(r X}E) DX O,
Thus, we have
DX} = VXHO)[VXL0)] (s, X1(0)) (5.2)

Using Malliavin calculus we obtain that a version of Z'(0) is given by (D;Y;!(6)),c(g 71 By Ito’s
formula, we get

T
NMZLO) = E[Mr(ArVg(XE0) DiXHO) + / 0.1 (01(6) DX} (O)Adr) | 7L (9)] .

t

for t € [0, T]. Using (5.2), we get

AM,ZHO) = E[MT<ATVg(X}(0))V(’X}(9)+ / TFTATdr)

F O]V X 0)] o (t. X1 0))
with F,. := 9, f(©L(0)) V? X (6). This implies that

AM,ZEO) = (E[G|}'t1(9)]—Mt /etFTArdr)[V(’th(é‘)]_la(t,th(H)),

13



with G = MT(ATVg(X%(G))VGX%(H) + feT FTATdr>. Since b, o, f and g have bounded

derivatives, we have
E[|GP] < oo, p>2. (5.3)
Define m, := E[G|F}(0)] for r € [0, T]. From (5.3)) and Doob’s inequality, we have
|lmlseory < o0, p>2. (5.4)

Hence, there exists a process ¢ such that
m, = E[G|F;(0)] +/ pudW, , r€0,T],
0
and
|l aeo,ry < o0, p>2.

We define Z by

7 -1 ! 6 y1 -1

Z0) = (AM) (mt — M, / FTATdr) VX1 0)] .

0

By Ito’s formula, we can write

t t
Z(0) = Z9(9)+/9 a,l_(o)dr+/9 2(@)aw,, 6<r<T.

Since b, o, f and g have bounded derivatives, we get from (&.4])

sup | Z0)[Bgq < o0, P22, (5.5)
0€[0,T]
and
sup_ (Il @)lmogo,m1 + 02O lmsory) < o0, p22. (5.6)

0€[0,T]
We now write for ¢ € [t;,t;11)
E[Z:(0) = Zo.(O)FF] < K(I;,+1%,),

with

{I = E[|Z:(0) — Zo,(0) |0 (t:, X1 (0)) "],
12, = E[Z0)]?|o(t, X} (0)) — o (t;, XL (0)]7] -

We give an upper bound for each term.

L, = E[E[|Z6) - Zu(0)2|FLO)]]o(t: X 0) ]

IN

tit1
KIE[/ (|ai(9)|2+ |a§(9)|2)dr sup ‘0(t,X§(6‘))|2}
t; tel0,T]

which implies

A

tiv1 tit1
| e < KimB[ [T (k)R + 2 @R)ar suw |o(t. X26)]
t t; telo,T)

7
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therefore we have

n—1

- ’ 17py)2 2(0)(2 1 2
J K|7T|IE[/0 (abO)P +102(0))dr sup |o(t.X}(0)[']

i=0, t;>0 "7t te[,T)

From Holder’s inequality and (HFD) and (HF'), we have

n—1

/t o < K|W|E{/9T(|ai(e>|4+|a§|4(9>)d7"]§(1+”5[ s 1xE0)[']") .

i=0, t;>07t te(6,T)

Using (&.0), we get

[N

K|7r|(1+ { sup | X/ (0 ”
i=0, t;>60 7 ti te(o,T)

Klr|(1+E|[x50)"]

)

) . (5.7)

3
]
:
ol
~+
a
~
AN

=

IN

We get from (B5), (HFD) and (HF)

2, < K(B[1Z- 2. |xLO] +E[| X1 0)Z - XL 0)2,

2} + |7r|2) .

Arguing as above, we obtain

S [

=0, t; >0

1
9)|2}dt < K|7T|1E[925T(1+|X§(9)|4)r.

Moreover, from Ito’s formula, X'(0)Z is a semimartingale of the form
R t t
X[ 0)Z = X4(0)Z +/ ardr +/ azdw,
0 6
where ||| 2,77 + |62 20,1 < K(1+E[| X5 (0 i) Therefore, we have

9 tit1
| = KE[[ (P +1aR)a,

i

E[|X}0)Z - XL(0)Z,

which implies

n—1 i1
> / yX )Zy — X} (0)Z,

=0, t; >0

(S

o< KRE[0sMON] . 69

Using (1) and (B8] we get the result.

When b, o, 3, f and g are not in C}}, we can also prove the result by regularization. We first
suppose that f and g are in C}}. We consider a density ¢ which is C;® on R with a compact
support, and we define an approximation (b, o€, 8) of (b, 0, 3) in C} by

(b, 0%, B (t,x) = %/R(b,a,ﬁ)(t,:v’)q(x_ex/>d:v’, (t,z) € [0,T] xR .

We then use the convergence of (X1¢(6),Y1<(6), Z<(0)) to (X1(0),Y1(), Z1(0)) and we get
the result. Next we assume that f and g are not C} and we consider for that f¢ and g¢ which
are defined as previously and we get the result. ]

Using the link between X° and X (6), we obtain that the bound (5.) is actually uniform
in 6.

15



Corollary 5.1. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant K such
that

T
8 [ 12:0) - 2] < Kinl. (5.9)
0
for all 0 € .
Proof. Since X is a Brownian diffusion, we have for any p > 2, from (HFD) and (HF), that

IE[ sup |X?|p} <00
te[0,T

We notice that from the Lipschitz property of 5 we have

E[|x50)|']

E[|x8 + (6, X39)|]

IN

K(l—i—ELes[l(l)PT]’X?rlD < 0.

Combining this result with (G1I), we get (9] O
We now study the regularity of Z°.

Proposition 5.2. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant K
such that we have

T
E[/ |20 - 2% "at] < Kinl.
0

Proof. The proof is similar to the previous one. The only difference is that the BSDE (Z.6l)
involves Y. We denote ©% = (r, X2, Y,%, Z° Y, (r) — Y,Y). We first suppose that b, o, 3, f and
g are in Cf. We recall that

T T
o= g+ [ peas— [ zaw,.
t t

Therefore, for 0 < r <t < T, we have
T
DY = Vg(X¥)D, X3+ / (aw f(O) DX+ (9, — 8.)f(©)) D, Y,
t
T
+0.£(0°) D, 20 + 8, f(@g)DrYsl(s))dr - / D, Z°dW,
t

where DX?, DY,°, DZ? and DY,}(r) denote the Malliavin derivatives of X2, Y., Z% and Y1 (r)
for 7 € [0, T]. Using Malliavin calculus, we obtain that a version of Z° is given by (DY?)ic(0.17-
By Ito’s formula, we get

T
AMiZy = E[Mr(ArVg(X§)DiX$ + / (0 (O0) DiX? + 0,f (O2) DuY;! () Aydr) | 77 |

t

X}
X0

where A; := exp(fg((?y—au)f(e)g)dr) and My := 1+f0t M,0, f(©2)dW,. Denote by VX} :=

and VX1 (0) := g;égzg for 0 <t <0 <T. We then have for r < s < T
0

D, XNs) = (140,85, XD, X0 = (1+0,8(5,X)VX'0(r, X°)[VX?)!,

thus we can see that D, X!(s) = VX!(s)o(r, X?)[VX?!]7!. Therefore, we get by writing the
SDEs satisfied by (D, X}(0))seqo, 7] for r <6, and (VX1(0))seio,1

D.XL0) = VXNO[VX!] lo(r X)), r<0<s.

16



Writing the BSDEs satisfied by (D, Y. (0))sc(o,r) for r < 6 and (VY] (0))sc(o,r), and using the
previous equality, we get

1

DY} s) = VYMNs)[VXY] o(r,XY), s<@.

This implies

T
NMZi = E[Mr(ArVg(X§) VX + / Fodr) | (V7)o (1, X7)
t

with F,. := 9, f(©2)VX? + 9, f(OL)VY,!(r). We can write
t
MM Z, = (E[G|f,?] - / MtFrArdr) [vx?) ot X0
0

with G := M7y (ArVg(X2)VXY + fOT F,A,dr). Since b, o, f and g have bounded derivatives,
we have

E[IGPP] < oo, p>2. (5.10)
Define m,. := E[G|F?] for r € [0,7]. From (5I0) and Doob’s inequality, we have
[mllsejor) < o0, p>2. (5.11)

Hence, there exists a process ¢ such that
my = ]E[G] +/ ¢uqu ’ re [OvT] ’
0
and

ol mopor) < o0, p>2.

We define Z by

t
Zi = (AM,)! (mt - Mt/ FTATdr) VX0, telo,T).
0
By It6’s formula, we can write
~ ~ t t
Z; = ZO+/ a,l_ds—i—/ aQZdW, , tel0,T].
0 0
Using the fact that b, o, f and g have bounded derivatives and (BIT]), we get
||Z||§P[07T] < oo, p227
and
||O‘1||HP[O,T] + ||042||HP[0,T] < oo, p=2. (5.12)
We now write for ¢ € [t;,ti41)
E[|Z) - Z)P] < K, +1It,),

with

{It{,yt = E[|Z, — Zy,Plo(ti, X2) ],
2, = E[Zo(t X0) —o(ti, X2)|7] -

17



As previously we give an upper bound for each term.

tit1
I, < K E[/ (lak? + |o2)dr sup |o(t.X7)["]
’ t; te[0,T]
From Hélder’s inequality and Lipschitz property of o, we have

2l ptn v : i
Z/ It < K|7T|E[/ (la}* + fa2t)ar|* (1+ B[ swp |x0*]").
i=0 7t 0

t€[0,T]

Using (&12), we get

nol et
Z/ I} dt < Kln|.
i=0 7t

From (HFD) and (HF), we get

2, < K(E[|Z-ZP|X0 ) +E||XPZ - X020, "] + I72) .

Arguing as above, we obtain

n—l ity ~ N
3 / E||Z: - 2.
i=0 Yt

Moreover, X°Z is a semimartingale of the form

1
IX0P e < Kiml(1+E] s |XP]7)
t€[0,T]

t t
X0z, = X820+/ didr+/ a2dw,
0 0
Where ||dl||H2[0,T] —+ ||o~52||H2[O,T] S K and we have

~ B tit1
B[[x02 - X0 2] < KE/ (lan]* +1a7|*)dr ,
y

7

which implies

n—1 tit1 ~ o
Z/ IEUX,?Zt—X,?iZti } < Klq|.
i=0 7t

When b, o, f and g are not C}, we can also prove the result by regularization as for Proposition

BT m]

5.2 Error estimates for the recursive system of BSDEs

We first state an estimate of the approximation error for (Y1, Z1).

Proposition 5.3. Under (HF), (HFD), (HBL) and (HBLD), we have the following esti-

mate

T

sup { sup E[|v}(0) - Y5 ((6))|’] “EUQ

|220) - 227 (@) |ds| | < Klnl,
0€[0,T] * t€[0,T)]

s 7(s)

for some constant K which does not depend on .
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Proof. Fix # € [0,T] and ¢ € [, T]. We then have
B[} 0) - Vo)) < 2E[p0) - v =o))]
+2E[ |V ((0)) - Y5 (x(6))]] - (5.13)

We study separately the two terms of right hand side.
Define 6§ X} (0) := X}(0) — X} (=(0)), §Y,2(0) := Y,1(0) — Y,}(w(0)) and 6Z}(0) := Z}(0) —
Z}H(m(0)). Applying 1to’s formula, we get

OP -l OR = 2 [ 0)[s(elno) - 1(00)]as

T
+2 / SYL(0)521(0)dW, + / 1621(0)2ds |
t

where ©1(0) := (s, X1(0),Y.1(0), Z1(6),0). From (HBL) and (HBLD), we get
B[ 0)F] < K(EU&X}(@)F] vu[ [ o exiol] <] [ o

/|5Y1 N6ZL(o |ds /|5Z |ds .

Using the inequality 2ab < a?/n + nb? for a,b € R and > 0, we can see that
T T
BV OF)+ B [ 6zi0Pas] < K(ElexioR] + [ Blovie)F)ds
¢ ¢
T
+1E[/ |5X;(9)|2dsD . (5.14)
t
From (£4) and Gronwall’s lemma, we get
2
E[|Y,'(0) -V, (x(0))|"] < K|a|. (5.15)

We now study the second term of the right hand side of (L.I3]). Using the same argument
as in the proof of Theorem 3.1 in [3], we get from the regularity of Z* given by Corollary Bl

B[y (=(0) - V5@ < K. (5.16)

This last inequality with (.13) and (G15) gives

1 1,7 2
GSE?T]{Q[L;%]E[M (0) = Y7 (m(9))] H < Klnl.

We now turn to the error on the term Z'(). We first use the inequality

T ) ) T .

E[/ |220) - 25 (o)) < 2 E[/ |2 (r(0)) = 23, (=(0))| "t
9 6
r 2
+2E[/ 67} (0)[at] (5.17)
0

Using (5.14) and (I3 with ¢ = 6, we get

E[/OTMZ;(@)Pds} < K. (5.18)
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The other term in the right hand side of (&I is the classical error in an approximation of
BSDE. Therefore, using Corollary 5] and (5.10]), we have

T
]E[/G ZHw(0)) ~ 25 (r@)de] < Kxl. (5.19)
Combining (517), (EI8) and (EI9), we get

E[/HT‘Z}(G)—Z}r’(’z)(w(e))fdt} < Kin|.

0O

We now turn to the estimation of the error between (Y, Z%) and its Euler scheme (3.4).
Since this scheme involves the approximation Y™ of Y, we first need to introduce an interme-

diary scheme involving the "true” value of the process Y'. We therefore consider the scheme
(YO Z97) defined by

0,7 0,7
Yp' o= g(X7"),
Y0,7r — E? 1[}70,71 +f(z 1,X0ﬂ- Y07r ZOTI' Yl (Eq)—ﬁ?i)At?,

ti—1”

(5.20)
7T = AtﬂE? JY0TAWE], 1<i<n.

Using the regularity result of Proposition[5.2land the same arguments as in the proof of Theorem
3.1 in [3], we get under (HF), (HFD), (HBL) and (HBLD)

T
sup E[\Y -y }+E[/ |20 - 27| dt} < Kinl. (5.21)
te[0,T] 0

With this inequality, we get the following estimate for the error between (Y, Z%) and the Euler

scheme (B4)).

Proposition 5.4. Under (HF), (HFD), (HBL) and (HBLD), we have the following esti-
mate

T
sup E[|v - v }+JE[/ |20 - 2% ] < Kl
te[0,T] 0

for some constant K which does not depend on 7.

Proof. We first remark that

sup B[ —vi*] < 2 sw B[ - ¥ +2 sw B[V - V5]
t€[0,7) te[0,T] te[0,7)

T T
E[/ |20 = 20 Pt < 21@[/ |20 — Z0”|dt}+2E[/ 1220 = 295 Pat]
0 0 0

Using ([B.21)), we only need to study sup,¢ (o 7 E[|Y7TO( -YY ”| and E[ fo |Z0 n Z0 n |2dt]
this end, we need to introduce continuous schemes for all O <i<n-1. Slnce IE[|Y? %] < o0
and E[|17t0”|2] < oo for all 1 < ¢ < n, we deduce, from the martingale representation theorem,

~0,
that there exist square integrable processes Z%™ and Z " such that

i

0,7 0,7 bita 0,7
Ve = ENILIR [z,

K

0,7 T bt 50,7
T = BIIE [ 2w

7
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We then define

t
YOT = YT (= ) (0 X YO 20T Y )~ YE) 4 [ 20maw,

i
ti

t
VT = VT — (= ) (0 XV 2 ) <07 + [ 2w

t;

for t € [t;,tis1). Let i € {0,...,n— 1} be fixed, and set 8Y; := Y,'" — Y™, 67, := Z,"" — Z}'",
A g T T g T T ~v-0,m 0,7
5Zt = Z% _Zt and 5ft = f(tqu’ 7}/:‘,?7 721?; a}/tL (tl)_}/t?7 )_f(ting-’ 7}/:‘,?7 721?; 5}/161(151)_

i

fft?’”) for t € [t;,t;y1). By Ito’s formula, we compute that
tir1 tit1
A, = E|§Y;|? +/ E|0Z,|*ds — E|6Y:,,,|* = 2/ E[6Ys6fs]ds , t; <t <tip.
t t

Let a > 0 be a constant to be chosen later on. From the Lipschitz property of f and the
inequality 2ab < aa? + b?/a, we get

tiv1 K tit1 1
A < a/ E|5y;|2ds+—/ ]E[|5Yti|2+|5Zi|2+|Yé(ti)—Yti’”(ti)|2 ds .
t a Jy

Using Proposition 53], we get

tig1 K K tita K
A, < a/ E|6Y|%ds + — || E|6Yy,|* + —/ E|6Z;?ds + —|x|*.
¢ « a Jy «

We can write

tit1

tit1
E|6Y;|? IE|5Yti+1|2+/ E|0Z,|*ds < a/ E|0Y;|[2ds + B; (5.22)
t t

IN

where

B;

K K K
B0V, [P+ | BI6Zi[? + || BJ3Y;, | + ~[[?

By Gronwall’s lemma, this shows that E|6Y;|? < B;e®!™l for t; <t < t;41, which plugged in the
second inequality of (.22]) provides

tit1
IE|5Yt|2+/ E|0Z,|%ds < Bi(1+a|7r|eo“”|) . (5.23)
t

- 50,7y .
Interpreting Zg_’w (resp. Zg_’”) as the projection of Z%™ (resp. Z ) in HZ[t;, t;+1] on the set of
constant processes, we have

ti+1 ti+1

/ E|0Z;|?ds < / E|6Z,|%ds . (5.24)
ti ti

Applying (523) for ¢t = t; and a = 2K, and using the previous inequality, we get

tit1
E|6Y;,|? + kl(w)/ E|6Z,Pds < ko(m)E|6Ys,,, >+ ks(m)|7]?, 0<i<n-—1,

ti

1 K|x|e2KI7] 142K |r| 251 L4 K|x|e2 K1
— 2 — = 2 V7
where ky(m) = 1- Bl K|r|2e2Kx1” ka(m) = 1-171 K |r[2e2Ki] and ks(m) = 1- Gl K|rx[2e2KIm

Since for small |7r| we have ki (m) > 0, we get ’ ’

ha

2 < kQ(?T)E|5}/ti+l|2+k3(7T)|ﬂ'|2, 0<i<n-—1,

21



for |m| small enough.
Tterating this inequality, we get

E§Y:.[* < ho(m)TTE|SY:, | + [x]*ks(m) Zk2(7r)j—i :
j=i
Since ko(m) > 1 and §Y;, = 0, we get for small |r|
EY,[* < [rlks(mka(m) ™ < Kln|, 0<i<n, (5.25)

which gives

swp E[[v35 - v < Kl
te[0,T

Summing up the inequality (B23]) with ¢t = ¢; and a = 2K and using (524)), we get
n—1
1
(5 —K|w|e2f<lﬂ)/ E|Z00 — 297 [Pds < 2K|mle*KIT ST EISY;, | + (14 2K |n|)E|6Y,, |2
0

m(s)
i=1
2) '

n—1

1
+(5 + Klrle ) (i) + 7| Y Blovs,

=0

Using (&.20)), we get for |7| small enough

/E|Z°” —Z)0Pds < Kln|.
0

m(s)

5.3 Error estimate for the BSDE with a jump

We now give an error estimate of the approximation scheme for the BSDE with a jump.

Theorem 5.1. Under (HF), (HFD), (HBL) and (HBLD), we have the following error

estimate for the approximation scheme

T 12 T 12
tes[lépT]EUYt ol }+1E[/0 |20 27 " dt] +E[/O MU - UFPat] < Klal

for some constant K which does not depend on .

Proof.
Step 1. Error for the variable Y. Fix t € [0,T]. From Theorem 1] and (B3]), we have

B[[vi - V7P| = B[V - Y25 lier| + B[V () - V5 (7 () iz

Using (DH), we get

el

IN

B[y - v [ + / TE[!Y#(&) = Y (0)]Liz0r7(6) | db

(B V5] g B -G OF])

IN

Using Propositions and [0.4] and since ¢ is arbitrary chosen in [0, T, we get

swp E[vi-v7 "] < K.
t€[0,T
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Step 2. Error estimate for the variable Z. From Theorem 2] and [B3), we have

IE[/OT!Zt—ZZ’!?dt} =IE{/OTM]Zt 255 | dt] +1E{/TTM\25( = ZX5 (n(r)|at]

Using (DH), we get
E[/OT’Zt—ZZT}th} /OT/OGE“ZO ZTOF{H VT(H)}dtdO
i /OT /QT E[|2}(60) = 2.5 (x(0))] 2 () | dtdd .

E[/OT\ZO 295 [at] + sup E / |220) - 225, (o)) ] )

0e€l[0,T]

IN

From Propositions 5.3l and (5.4, we get

r 12
E[/O \Zt—Zt]dt} < Kinl.

Step 3. Error estimate for the variable U. From Theorem 2] and [B3]), we have

E[/OT\Ut—U:FAtdt} < KE[/OTOY;() Y@+ 1Y = YI5P ) dee]

Using (HBI), we get
T 2 2
JEV U= U7 [Pade] < K (s sup E[[¥(0) - ViR (@)] + sw B[V - v5)
0 0€[0,T] te[6,T) te[0,7]
Combining this last inequality with Propositions 5.3l and (5.4 we get the result. |

Remark 5.1. Our decomposition approach allows us to suppose that the jump coefficient 3 is
only Lipschitz continuous. We do not need to impose any regularity condition on § and any
ellipticity assumption on I; + V3 as done in [4] in the case of Poissonian jumps independent of
w.

6 Convergence of the backward scheme for the quadratic
case

In this section we assume that (HBQ) holds and that o(t,2) = o(t,0) = o(t) for any ¢t € R4
and =z € R.

Before giving the error of the scheme we give a uniform bound for the processes Z° and Z*
which allows to prove that the BSDE (2.2)) is Lipschitz and thus we can use Theorem 5.1l For
that we introduce the BMO-martingales class, and we also give some bounds for the processes
X% X', Y% and Y.

6.1 BMO property for the solution of the BSDE
To obtain a uniform bound for the processes Z° and Z' we need the following assumption.

(HBQD) There exists a constant Ky such that the function f satisfies

|f(taxayvzvu)_f(t/vxlvy/vzlvu/” < Kj[|x—a:/|+|y—y/|+|u—u/|+|t—t/|%]
+Ls:(1+ |2 + 2]z - 2],
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for all (t,z,2',y,vy',2,2",u,u') € [0,T] x R? x R? x R? x R2.

In the sequel of this section, the space of BMO martingales plays a key role for the a priori
estimates of processes Z° and Z'. We refer to [I4] for the theory of BMO martingales. Here,
we just give the definition of a BMO martingale and recall a property that we use in the sequel.

Definition 6.1. A process M is said to be a BM Og|0, T]-martingale if M is a square integrable
F-martingale s.t.
:| 1/2

2
IMlpsoor =  suwp E[|Mr - M. |7
TETr[0,T]

< o0,

where Tp[0,T] denotes the set of F-stopping times valued in [0, T].
The BMO condition provides a property on the Dolean-Dade exponential of the process M.

Lemma 6.1. Let M be a BMOg|0, T|-martingale. Then the stochastic exponential E(M) de-
fined by

g(M)t = eXp(Mt—%<M,M>)t, 0<t<T,

is a uniformly integrable F-martingale.

We refer to [I4] for the proof of this result.

We first state a BMO property for the processes Z° and Z', which will be used in the sequel
to provide an estimate for these processes.

Lemma 6.2. Under (HF), (HBQ) and (HBQD), the martingales [, Z2dW and [, Z}(0)1s>¢dWs,
0 € [0,T) are BMOg|0, T]-martingales and there exists a constant K which is independent from
0 such that

[ / 204w, < K,
0 BMOx[0,T]
sup H / Z1(0) Lz pdW, < K.
oclo, )" Jo BMOx[0,T]
Proof. Define the function ¢ : R — R by
p(z) = (2" —2Kx—1)/2K;, z€eR. (6.1)

We notice that ¢ satisfies
1
F) = 0 and S6(0) - Ko@) = 1,

for x > 0. Since Y? and Y!(.) are solutions to quadratic BSDEs with bounded terminal
conditions, we get from Proposition 2.1 in [I7] the existence of a constant m such that

HYOHSOO[O)T] < m and sup ||Y1(9)||Soo[07T] < m. (6.2)
0€[0,T)
Applying 1t6’s formula we get

v +m) +8( [ S0 e miZ0as|,) =

T
Bo(vy +m) ) + E( [ 000+ mf(s, X0 Y2, 20,Y1(s) - YO)as|7)
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for any F-stopping time v valued in [0,T]. From the growth assumption on the generator f in

(HBD), (1) and ([6.2), we obtain
T
SV +m) +E(/ |20 2ds| F,) <
: T
E(6(Y£ +m)lF) + E( / SO+ m) K1+ 2V 5o + st 1Y)l s<r0,71)ds| 7 )
v <l0,

This last inequality and (6.2]) imply that there exists a constant K which depends only on m,
T and K, such that for all F-stopping times v € [0, T]

T
IE(/ |Z§|2ds‘]-",,) < K.

For the process Z!, we use the same technics. Let us fix 6 € [0,7]. Applying Itd’s fomula we
get

T

SV L(0) +m) +B( [ 56" V10) + m| 220 Pds|Five) =

vVeo 2

T
BO0) + m)i7) +B( [ 0 020)+ m) (5, XL(0), Y (0).22(6),0)ds

]:1/\/9) )

for any F-stopping time v valued in [0,T]. From the growth assumption on the generator f in

(HBQ), ([©1) and (G.2), we obtain

SV L(0) +m) + 5( [ '

vVve

|ZL(0)ds|F, ) < E(G(YE(0) +m)|F,)

i E(/uie ¢ (YJ(0) +m)Ky(1+ |‘Y1(9)||Soo[9,:r])ds‘fl,) .

This last inequality and (6.2]) imply that there exists a constant K which depends only on m,
T and K, such that for all F-stopping times v valued in [0, 7]

T
IE(/ ZHO) P Lizeds| F)) < K.

6.2 Some bounds about X° and X!

In this part, we give some bounds about the processes X° and X' which are used to get a
uniform bound for the processes Z° and Z'.

Proposition 6.1. Suppose that (HF') holds. Then, we have

0
IVXO| = }aXt’ < T o<t<T, (6.3)

ox

and for any 6 € [0,T] we have
0X}(0)
"x10) = ¢ } < el g<t<T 4
1

IVXLO)] = ‘M’ < (14 LgetaTyelaT | 9g<t<T. (6.5)

ox
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Proof. We first suppose that b and 3 are C} w.r.t. z. By definition we have
t
VX, = 1+/ O:b(s, X)VX%s, 0<t<T.
0
We get from Gronwall’s lemma

VXY < el 0<t<T.

In the same way, we have
t
vixle) = 1 +/ Oub(s, X20)VOXL(0)ds, 6<t<T,
0
and from Gronwall’s lemma we get
VOX!| < e, 6<t<T.

Finally we prove the last inequality. By definition
t
vXie) = 1 +/ D.b(s, X1 (0))VX1(0)ds 4+ 0.6(0, X)) VXY, O<t<T.
0
Using the inequality (63), we get

t
VX[ (0) < 1+La6L“T+/La|VX51(9)|ds, O<t<T,
0

from Gronwall’s lemma we get
IVXLO) < (14 LgetT)elT | 9<t<T.

When b and 3 are not differentiable, we can also prove the result by regularization. We consider
a density ¢ which is Cp° on R with a compact support, and we define an approximation (b¢, 5¢)
of (b,8) in C} by

r—a

e = 2 [Gatan() () € 0T xR

€

We then use the convergence of (X%¢, X1¢(9)) to (X° X1()) and we get the result. |

6.3 Some bounds about Y° and Y

In this part, we give some bounds about the processes Y° and Y' which are used to get a
uniform bound for the processes Z° and Z'.

Lemma 6.3. Suppose that (HF), (HBQ) and (HBQD) hold. Then, for any 6 € [0,T)

oY} (9)

VROl = |55

‘ < THEDT( L TK;), 0<t<T. (6.6)

Proof. We first suppose that b, f and g are C} w.r.t. z, y and 2. In this case (X*(0),Y'(0), Z'(0))
is also differentiable w.r.t. X} (6) and we have

VYHO) = Vg(X7(0) V' X7 (0) - / Tvezw)dws (6.7)

w [ 956,510, ¥10.220.0) (X0, TV 0, T 2 0)ds
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for t € [0, T]. Define the process R(6) by

R(0) = exp (/Ot 0,0 (5, X2(0).Y2(0). Z1(0).0)Liz0ds) . 0<t<T.
Applying It6’s formula, we get
R(O)V'Y () = Rr(8)Vy(X1(9))V’X1(0)
o[ R0, 510)¥)0). 210,09 X1 0)ds
tT
—/t ROV ZLO)dW (), 6<t<T, (6.8)
where the process W1(6) is defined by
W) = Wi~ [ 0005, 10).3, 0).22(0). 01 s ©9)
for t € [0,7T]. From (HBQD), there exists a constant K > 0 such that we have

. 2
H/ 8Zf(s7Xsl(9),Ysl(9),Z;(@),O)]lszgdWS B
0

IN

MO5[0,T]

IN

T
K1+ sup B [ 122015005 7])
YETE[0,T] 9 -
2
) < 00,

K(1+ H / ZH(0)1,5dW,
0 = BMOg[0,T)

where the last inequality comes from Lemma [6.2
Hence by LemmalBT] the process £( [, 0-.f (s, X1(0), Y] (0), Z1(0),0)Ls>6dWy) is a uniformly
integrable martingale. Therefore, under the probability measure Q'(#) defined by
dQ' ()
dP

- g(/'azf(s,X;(e),Y;(o),zg(o),())ns>9dws) , 0<t<T,
Fi 0 - t

we can apply Girsanov’s theorem and W1 () is a Brownian motion under the probability measure
Q'(#). We then get from (G.5)

T
R(OVIY}! = E@l(g)[RT(e)vg(X})vex}Jr / Rs(e)awf(s,xg,ysl,Z;,o)vexjds‘ft].
t

This last equality, (HBQD) and (64)) give
IVOYE(0)] < eLetEIT(K, +TK;), 0<t<T. (6.10)

When b, f and g are not Cl}, we can also prove the result by regularization as for Proposition
0. 1] O

Lemma 6.4. Suppose that (HF), (HBQ) and (HBQD) hold. Then,
IVYA(H)] < (14 LaePeT)eFat K0T (K, + TKf), 0<t<T. (6.11)
Proof. Firstly, we suppose that b, 3, g and f are C} w.r.t. , y and z. Then, for any ¢ € [0, T

v = 20 - wydmvxio (6.12)

+/T Vs, Xg (1), Y (8), Z5 (£), 0) (VX (1), VYL (1), VZ; (1))ds
- / ' VZEHt)dWy .
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Applying 1t6’s formula, we get
Ri(O)VY[ (t) = Rr(t)Ve(X7(t)VX1(t)

T
+ / Ry(£)0, (s, X1(), Y2 (£), Z1(1), 0)V X1 (¢)ds

T
—/ R,()VZ ) dWr(t), 0<t<T,
t

where the process W!(.) is defined in ([6.9). We have proved previously that W (¢) is a Brownian
motion under the probability measure Q!(¢). We then get

T
ROV = Equy [Re(VaXhOXHO + [ Ro(00.5(,X1(0.¥. (). 2}(0).0)V X! ()] 7
This last inequality, (HBQD) and (G.4]) give

VY1) < (14 LgeteT)eLet BT (K 4 TKy), 0<t<T.

When b, f and g are not Cl}, we can also prove the result by regularization as for Proposition
0. 1] O

Lemma 6.5. Suppose that (HF), (HBQ) and (HBQD) hold. Then,
VYL < @RI (K + KpT)(1+ TK e/ (14 Loe™T)), 0<t<T.

Proof. We first suppose that b, 8, g and f are C} w.r.t. z, y, z and u, then (X% Y?, Z°) is
differentiable w.r.t. = and we have

VYY = Vg(Xp)VX7

T
[ (TH X0V 20 ) - YOTXD, OV 2L VY ()~ VY 2)ds
t

—/TVZSdWS, 0<t<T.
t
Define the process R° by
RY = exp (/t(ay —0u) (5, X2, Y2, 20 v} (s) — Yo)ds) , 0<t<T.
0
Applying 1t6’s fomula we have
RIVY? = RYVg(XP)VXY

T
+/ Rgazf(S’Xg’Yso’ng}/sl(S) _YSO)VXSdS
t
T
+/ R0, f(s,X0,Y2, 20, Y] (s) = YO)VY] (s)ds
t

T
- / ROV Zaw?

t
where dW? := dWs -0, f(s, X0, Y9, Z%, Y1 (s) - Y?)ds. From (HBQD), there exists a constant
K > 0 such that we have

. 2
| [ ortsxove 22wk~ v2yaw.
o BMOx[0,T]

7))

2
BMOF[O,T])

IN

T
K(1+ sup ]E{/ 12°|2ds
9€Tr[0,T] 9

K(1+ H/O Z0aw,
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where the last inequality comes from Lemma [6.2
Hence by Lemma the process E(f; 9. f(s, X0, YL, ZJ, Y} (s) — Y)dW,) is a uniformly
integrable martingale. Therefore, under the probability measure Q¥ defined by
dQ°
dpP

— ' 0 v0 0 1/ _ 10
oo E([f ot Xty 2 i) — v,

we can apply Girsanov’s theorem and W9 is a Brownian motion under the probability measure
QY. Then, we get

ROVY? = Eg {R%vg(xg)vxg}
T
+/ R0, f(s, X0, Y2, 20 v} (s) - YO)VXds
t

T
b [ B0, X0 Y2, 22,1 (5) - YUY s)as| 7]

t
Using inequalities ([6.3) and (6.11]) we get
VYL < @GRt (K )+ KpT)(1+ KyTe® T (1 + Loe™ ")), 0<t<T.

When b, 3, f and g are not C}, we can also prove the result by regularization as for Proposition
0. 1] O

6.4 A uniform bound for Z° and 7!
Using the previous bounds, we obtain a uniform bound for the processes Z° and Z'.

Proposition 6.2. Suppose that (HF), (HBQ) and (HBQD) hold. Then, for any 6 € [0,T],

there exists a version of Z*(0) such that
1ZH0)] < ePLAEIT(K, + TK))K,, 0<t<T.

Proof. Using Malliavin calculus, we have the classical representation of the process Z*(6) given
by VOY(0)(VOX1(0)) to(.) (see Section ). In the case where b, f and g are C} w.r.t. z, y
and z, we obtain from (G.10)

< e\tHe + o @.S.
|1Z;(0)] CLAKOT(K, + TKy)K,

since |(V?X1(0))~!| < eFaT (the proof of this inequality is similar to the one of (64])).
When b, f and g are not differentiable, we can also prove the result by a standard approximation
and stability results for BSDEs with linear growth. o

Proposition 6.3. Suppose that (HF), (HBQ) and (HBQD) hold. Then, there exists a
version of Z° such that
|20 < I (K 4 KpT)(1+ TKpe™ /T (1 4 Loe™ ") K, , 0<t<T.

Proof. Thanks to the Malliavin calculus, it is classical to show that a version of ZY is given by
VYO (VX% ~1o(.) (see SectionH]). So, in the case where b, 3, g and f are C} w.r.t. z, y, z and
u, we obtain from (63 and Lemma [6.5]

1z < PUESHEIT(K 4+ KyT)(1+ TK T (14 LoelT)) M, a.s.

since [(VX})7!| < eleT (the proof of this inequality is similar to the one of (6.3))).
When b, 8, g and f are not differentiable, we can also prove the result by a standard
approximation and stability results for BSDEs with linear growth. O
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6.5 Convergence of the scheme for the BSDE

Theorem 6.1. Under (HF), (HFD), (HBQ) and (HBQD) we have the following estimate
2 T 2 r 2

sup E[[vi - v7[’] +1E[/ 20— 27| dt] +E[/ MU - Urfat) < Klal
t€[0,7] 0 0
for a constant K which does not depend on .
Proof. Fix M € R such that
M= max{e@E KT (K, + TR K, |

LT (K 4+ ] T (1 + TR e (1 + LaeLaT))Ka} ,

and define the function f by

ftay,zu) = ftoyemz)u), (Ea,y,z5u) 0T xRxRxRxR,
where

E]

- z if |z|<M R
Pm() =0 are i s a0 FER:

We notice that ¢p/ is Lipschitz continuous and bounded. Therefore we obtain from (HBQD)
that f is Lipschitz continuous.

Moreover, using Propositions [6.2] and [6.3] we get that under (HF), (HBQ) and (HBQD),
(X,Y, Z) is also solution to the Lipschitz FBSDE

t t t
X, = x—i—/ b(s,Xs)ds—i—/ U(S,Xs)dWS-i-/ B(s,Xs-)dHs, 0<t<T,
0 0 0
T ~
Y, = g(XT)+/ f(s,Xs,Ys,Z,,Us(1 — Hy))ds
t

T T
—/ stWS—/ UsdHs,, 0<t<T.
t t

Applying Theorem [B.1] we get the result. ]
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