N
N

N

HAL

open science

Annealed and Quenched Limit Theorems for Random
Expanding Dynamical Systems

Romain Aimino, Matthew Nicol, Sandro Vaienti

» To cite this version:

Romain Aimino, Matthew Nicol, Sandro Vaienti. Annealed and Quenched Limit Theorems for Ran-
dom Expanding Dynamical Systems. Probability Theory and Related Fields, 2015, 162 (1), pp.233-

274. 10.1007/s00440-014-0571-y . hal-01126718

HAL Id: hal-01126718
https://hal.science/hal-01126718
Submitted on 6 Mar 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01126718
https://hal.archives-ouvertes.fr

arXiv:1310.4359v2 [math.DS] 17 Jul 2014

ANNEALED AND QUENCHED LIMIT THEOREMS FOR RANDOM
EXPANDING DYNAMICAL SYSTEMS

ROMAIN AIMINO, MATTHEW NICOL, AND SANDRO VAIENTI

ABSTRACT. In this paper, we investigate annealed and quenched limit theorems for random
expanding dynamical systems. Making use of functional analytic techniques and more prob-
abilistic arguments with martingales, we prove annealed versions of a central limit theorem,
a large deviation principle, a local limit theorem, and an almost sure invariance princi-
ple. We also discuss the quenched central limit theorem, dynamical Borel-Cantelli lemmas,
Erdos-Rényi laws and concentration inequalities.

Appeared online on Probability Theory and Related Fields. The final publication is available at
Springer via http://dx.doi.org/10.1007/s00440-014-0571-y.

1. INTRODUCTION

1.1. Limit theorems for Random Dynamical Systems: a brief survey. Statistical
properties for deterministic uniformly expanding dynamical systems are by now pretty well
understood, starting from the existence of an absolutely continuous invariant probability
[52, 14], [64], to exponential decay of correlations and limit theorems [39] 63, B3], and more
refined properties, such as Erdos-Rényi laws [19,27], dynamical Borel-Cantelli lemmas [22] [49]
and concentration inequalities [23] 21]. Most of these results are derived from the existence of
a spectral gap of the transfer operator of the system, when acting on a appropriately chosen
Banach space. The books [15] and [12] contain a nice overview and historical perspectives
on the subject.

For random dynamical systems, the understanding of the situation is still unsatisfactory. A
random dynamical system can be seen as a random composition of maps acting on the same
space X, where maps are chosen according to a stationary process. When the process is a
sequence of independent random maps, this gives rise to a Markov chain with state space X.
The iid setting has been extensively studied in the book of Kifer [45], while the general case
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is treated in the book of Arnold [5]. The relevance of random dynamical systems is obvious
from the fact that in most physical applications, it is very unlikely that the same map is
iterated all along the time, and it is rather the case that different maps, very close to a fixed
one, are iterated randomly. This topic of stochastic perturbations is very well covered in [46].
Random dynamical systems also arise naturally in the field of particle systems on lattices,
where on a single site, the particle is subject to a local deterministic dynamic, but can jump
from one site to another randomly, see [50], [68].

The existence of stationary measures absolutely continuous with respect to Lebesgue measure
was first studied by Pelikan [62] and Morita [59] in the case where X is the unit interval,
and in the thesis of Hsieh [40] for the multidimensional case. This question has also been
investigated for one-dimensional and multidimensional systems in the case of position depen-
dent probabilities, see [§] and references therein. For limit theorems, the available literature
is much more sparse. It should be first stressed that for random systems, limit theorems
are of two kind : annealed results concern properties related to the skew-product dynamics,
while quenched results describe properties for almost every realization. Annealed results fol-
low from the spectral analysis of an annealed transfer operator, generalizing the successful
approach for deterministic systems. In this line of spirit, we can cite the papers of Baladi
[11], Baladi-Young [9] or Ishitani [42] and the thesis [68]. Quenched results are usually more
difficult to prove. Exponential decay of correlation in a quenched regime has been proved
using Birkhoff cones technique in [10] (18, 48], while a quenched central limit theorem and a
law of iterated logarithm are studied by Kifer [47], using a martingale approximation. These
results deal with more general stationary process, where absolutely continuous stationary
measure can fail to exist and are replaced by a family of sample measures. Closer to our
setting are the papers [0 [7] which are concerned with random toral automorphisms, and a
very recent work of M. Stenlund and H. Sulky (A coupling approach to random circle maps
expanding on the average, preprint, 2013), where quenched exponential decay of correlations
together with an annealed almost sure invariance principle are shown for iid expanding circle
maps, using the coupling method.

1.2. Limit theorems: our new results. When the random dynamical system is contract-
ing on average, the transition operator of the Markov chain admits a spectral gap on a space
of Holder functions, from which one can deduce a large span of limit theorems following the
Nagaév’s method, see for instance [38] and references therein. Nevertheless, for the appli-
cations we have in mind, the maps will instead be expanding on average. In this situation,
the transition operator generally fails to admit a spectral gap and we will preferably rely
on the quasi-compactness of an associated annealed transfer operator on an appropriate Ba-
nach space. In this paper, we provide an abstract functional framework, valid for several
one dimensional and multidimensional systems, under which annealed limit theorems hold
for smooth enough observables. More precisely, under a spectral gap assumption for the
annealed transfer operator, we apply Nagaév’s perturbative method to obtain a central limit
theorem with rate of convergence and a large deviation principle. A Borel-Cantelli argument
allows us to derive immediately a quenched upper bound for the large deviation principle, but
the question of whether a quenched lower bound holds remains open. We also show a local
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limit theorem under an abstract aperiodicity condition, and relate in most practical cases
this condition to the usual one for individual maps. We apply Gouézel’s spectral method
to prove an annealed almost sure invariance principle for vector valued observables : this is
a strong reinforcement of the central limit theorem which has many consequences, such as
the law of the iterated logarithm, the functional central limit theorem, and the almost sure
central limit theorem [51].

Changing slightly our approach, we then adapt the martingale approximation method, which
goes back to Gordin [31], and give an alternative proof of the annealed central limit theorem.
This requires the introduction of a symbolic deterministic system on which the standard
martingale procedure can be pursued. Decay of annealed correlations is the key ingredient
here and allows us to show that the Birkhoff’s sums can be written as the sum of a backwards
martingale and a coboundary, from which the central limit theorem follows from the analogous
result for martingales.

We next investigate dynamical Borel-Cantelli lemmas : if (f,,) is a bounded sequences of
positive functions lying in the functional space, such as Y [ f,du = oo, where p is the
stationary measure, we prove that

Soito fu(Th) o
Sio fudp

for almost every realization w and almost every point x € X, a property usually called
strong Borel-Cantelli lemma in the literature. Of particular interest is the case where f,, are
the characteristic functions of a sequence of decreasing sets, since this relates to recurrence
properties of the system. The proof builds upon annealed decay of correlations, and is a
consequence of the work of Kim [49]. This result can be seen as a generalization of the
strong law of large numbers, and it is hence natural to study the nature of the fluctuations in
this convergence. Provided we have precise enough estimates on the measure of the sets, we
prove a central limit theorem. For this purpose, we employ the martingale technique already
used before for Birkhoff sums, and make use of a central limit theorem for non stationary
martingales from Hall and Heyde [34], mimicking the proof from [35] for the deterministic
case.

We then turn to Erdés-Rényi laws : these limit laws give information on the maximal average
gain in the case where the length of the time window ensures there is a non-degenerate limit.
This result was first formulated by Erdos and Rényi [30], and brought in dynamical context
in [19] 27, [44] among others. Making use of the large deviation principle, we adapt the proof
of [27] to show that an annealed Erdés-Rényi law holds true in the random situation, for
one-dimensional transformations.

Importing a technique from the field of random walks in random environments, Ayyer, Liv-
erani and Stenlund [7] proved a quenched central limit theorem for random toral hyperbolic
automorphisms. Their approach consists in proving a spectral gap for the original system
and for a ”doubled” system acting on X2, where maps are given by T,,(z,y) = (To,z, T,y),
and driven by the same iid process. This allows to prove a quenched central limit theorem
for subsequences of the Birkhoff sums by a Borel-Cantelli argument, and the large deviation
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principle helps to estimate the error occurring in the gaps. Unfortunately, this method needs
a precise relation between the asymptotic variance of the observable on the original system,
and the asymptotic variance of a deduced observable on the doubled system. This relation is
easily shown when all maps preserve the same measure, as it is the case in [7], but is harder
to prove, and possibly false, in full generality. Hence, in this paper, we restrict our attention
to the case where all maps preserve the Lebesgue measure on the unit interval. Apart the
trivial case where all maps are piecewise onto and linear, we show that we can include in the
random compositions a class of maps introduced in [25], which have a neutral fixed point
and a point where the derivative blows up. The general case remains open.

Concentration inequalities are a well known subject in probability theory, and have numerous
and deep consequences in statistics. They concern deviations from the mean for non additive
functionals and hence generalize large deviations estimates for ergodic sums. Furthermore,
these inequalities are non-asymptotic. The price to pay is that they do not give precise
asymptotics for the deviation function, in contrast to the large deviations principle. They
were introduced in dynamical systems by Collet, Martinez and Schmitt [23] who prove an
exponential inequality for uniformly piecewise expanding maps of the interval. The paper
[21] covers a wide range of uniformly and non-uniformly expanding/hyperbolic dynamical
systems which are modeled by a Young tower. For random dynamical systems, concentration
inequalities were not previously studied. As far as the authors know, the only result available
is [55], which covers the case of the observational noise. We attempt to fill this gap and
prove an annealed exponential concentration inequality for randomly expanding systems on
the interval, generalizing the approach of [23]. We then give an application to the rate of
convergence of the empirical measure to the stationary measure.

1.3. Plan of the paper. The paper is outlined as follows. In section 2l we described our
abstract functional framework, and give several classes of one dimensional and multidimen-
sional examples which fit the assumptions. In section [3] we apply Nagaév method to prove
annealed limit theorems. In section M we explain how the central limit theorem follows from
a martingale approximation. In section B we prove dynamical Borel-Cantelli lemmas and
a central limit theorem for the shrinking target problem. In section [l we prove an Erdos-
Rényi law for random one-dimensional systems. In section [{, we consider the quenched
central limit theorem for specific one dimensional random systems. Finally, in section & we
prove an exponential concentration inequality and discuss its applications.

The letter C' denotes a positive constant whose precise value has no particular importance
and can change from one line to another.

2. ABSTRACT FRAMEWORK AND EXAMPLES

Let (Q, T, If”) be a probability space, and 6 : @ — Q be a measure preserving transforma-
tion. Let now (X,.A) be a measurable space. Suppose that to each w € Q is associated a
transformation 7, : X — X such that the map (w, z) — T, (z) is measurable. We are then
considering random orbits Tyn, o ... o T,.
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One can now define a skew-product transformation F : Q x X — Q x X by F(w,z) =
(Bw, T,xz). We will say that a probability measure p on (X, .A) is a stationary measure if
P ® 4 is invariant under F. .

The simplest situation possible is the i.i.d. case : (Q,7~‘, P) is a countable product space,
namely Q = QN T = T&N, P = PN and 6 is the full shift. If to each w € § is associated
a map T, on X such that (w,z) — T, (z) is measurable, then we define T,, = T,,, for each
w e Q, with w = (w1,ws, . ..). This ﬁts the framework described previously. It is easily seen
that y is a stationary measure iff u(A) = [, u(T,;'(A)) dP(w) for each A € A. Moreover, if
we set X, (w,x) = Tpny0...0T,x, this deﬁnes a homogeneous Markov chain with state space
(X, .A) and transition operator given by U(x, A) = P({w : T,z € A}) for any x € X and any
set A e A.

From now, we will always consider this i.i.d. situation. Suppose now that (X, .A4) is endowed
with a probability measure m such that each transformation 7}, is non-singular w.r.t. m.
We will investigate existence and statistical properties of stationary measures absolutely
continuous w.r.t. m. To this end, we introduce averaged transfer and Koopman operators.
Since every transformation 7;, is non-singular, the transfer operator P, and the Koopman
operator U, of T,, are well defined, and act respectively on L'(m) and L>(m). We recall their
definitions for the convenience of the reader, and refer to [15] and [12] for more properties.
The Koopman operator of T, is acting on L>*(m) by U, f = f o T,,. Its action on conjugacy
classes of functions is well defined since T, is non-singular w.r.t. m. The transfer operator,
or Perron-Frobenius operator is acting on L!'(m) in the following way : for f € L'(m),
define the complex measure my by dmy = fdm. Then P,f is defined to be the Radon-
Nykodim derivative of the push-forward measure T,m; w.r.t. m, which is well defined by
non-singularity. The main relation between these two operators is given by the duality

formula [, P,f(x)g(z) = [ f( x)dm(z), which holds for all f € L'(m) and
g € L>*(m).

We can now defined the averaged versions of these operators. For f € L'(m), we define Pf
by the formula Pf(z) = [, Pof(x)dP(w), and for g € L>(m), we define Ug by Ug(z) =
fQ wg(z) dP(w). The operator U JU.St defined coincides with the transition operator U of
the Markov chain (Xn), When acting on functions. Notice that for all n > 0 and g € L>®(m),
one has Ug(z) = [y 9(To, - .. Toyx) AP (w1, . .. wy) = [ 9(T., - - . Tuyx) dP(w), because P
is a product measure. It 1s then stralghtforward to check that U is the dual operator of P,
that is [ Pf(x)g(x) = [ f( z)dm(z) for all f € L'(m) and g € L=(m). An

absolutely continuous probablhty rneasure is stationary iff its density is a fixed point of P.
We will assume that P has good spectral properties on some Banach space of functions. More
precisely, we assume that there exists a Banach space (B, |.||) such that :

(1) B is compactly embedded in L!(m);

(2) Constant functions lie in B;

(3) B is a complex Banach lattice : for all f € B, |f| and f belong to B;

(4) B is stable under P : P(B) C B, and P acts continuously on B;

(5) P satisfies a Lasota-Yorke inequality : there exist N > 1, p < 1 and K > 0 such that
IPYFIF< pll I + K[ £y, for all f € B.
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The LY inequality implies in particular that the spectral radius of P acting on B is less or
equal than 1, and since m belongs to the topological dual of B by the first assertion, and is
fixed by P* the adjoint of P, we have that the spectral radius is 1. Hence, by Ionescu-Tulcea
and Marinescu’s theorem [41] (see also [36]), we have that the essential spectral radius of P is
less or equal than p < 1, implying that P is quasi-compact on B, since it has spectral radius
1. A standard argument using compactness proves that P" and hence P has a positive fixed
point : there is an element h € B with Ph = h, h > 0 and fX hdm = 1. As a consequence 1 is
an eigenvalue of P. Another consequence of quasi-compactness is the fact that the spectrum
of P is constituted of a finite set of eigenvalues with modulus 1 of finite multiplicity and the
remaining spectrum is contained in a disk of radius strictly less than 1. We will make the
following assumption, that prevents the possibility of peripheral spectrum :

6. 1 is a simple (isolated) eigenvalue of P, and there is no other eigenvalue on the unit
circle.

This assumption implies in particular that the absolutely continuous stationary measure is
unique. We will denote it by i, and its density by h, throughout the paper.

Usually, assertions Ml and [B] can be deduced from corresponding assertions for the operators
P, if the constants appearing in the Lasota-Yorke inequality are uniform. Nevertheless, they
can be established even if one of the maps T, is not uniformly expanding, as showed by the
following class of examples :

Example 2.1 (Piecewise expanding one-dimensional maps).

A Lasota-Yorke map is a piecewise C? map T : [0, 1] — [0, 1] for which A\(T) := inf [T”| > 0.
We denote by Pr the transfer operator (with respect to Lebesgue measure) associated to 7.
One has

Prf(z) = Z

Ty=x

f(y)
T (y)]

for all f € L'(m). We will analyze the spectral properties of Pr acting on the space of
functions of bounded variation. We recall the definition. A function f : [0,1] — C is of
bounded variation if its total variation defined as

Var(f) = supi |f(@ig1) — f(z4)],

where the supremum is taken over all the finite partitions 0 = z¢ < ... < x,, = 1, is finite.
For a class of equivalence f € L'(m), we then define

Var(f) = inf{Var(g) / f = g m—ae}.

The space BV = {f € L'(m) / Var(f) < oo} is endowed with the norm || f|| = || f|| .2 +Var(f),
which turns it into a Banach space satisfying assumptions [I 2 and Bl above. Furthermore,
this is a Banach algebra which embeds continuously into L (m).

If T is a Lasota-Yorke map, the following inequality holds :
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Proposition 2.2 (Lasota-Yorke inequality [52]). For any f € BV, we have
Var(f) + A(T)|| f]l Ly,
>\( )

where A(T) is a finite constant depending only on T .

Var(PTf) S

Let © be a finite set, together with a probability vector P = {p,},cq and a finite number
of Lasota-Yorke maps T' = {7, },cq. We assume that p, > 0 for all w € Q. The system
(Q,P,T) is called a random Lasota-Yorke system.

The random Lasota-Yorke system (€2, [P, T") is expanding in mean if

_Z Y= <1

wEQ

The annealed transfer operator associated to (Q, P, T)is P = Y cobuPr,. It satisfies
P =73 con PhPrn, where w = (w1,...,Wn), Pl = Doy - - Du, and T =T, o...0T,,.

Proposition 2.3. If (2, P, T) is expanding in mean, then some iterate of the annealed trans-
fer operator satisfies a Lasota-Yorke inequality on BV.

Proof. By the classical LY inequality and subadditivity of the total variation, one has
Var(P"f) < 26,Var(f) + Adl| ]l s,

for all n > 1 and all f € BV, where 6, = ) 2 and A4, = > wean PLA(TY). Since

wen™ (1)
ATD) = MT,,) ... MT,), one obtains 6, < > _qn % = A". Hence, 260, < 1 for n
w w o1 )M Toon
large enough, while the corresponding A,, is finite. This concludes the proof. O O

This implies assumptions 4 and [l
Remark 2.4. (1) Pelikan [62] showed that the previous Lasota-Yorke inequality still
holds under the weaker assumption sup, > .o 7 e (x” < 1.
(2) The result is still valid if the set €2 is infinite, assuming an integrability condition for
the distortion. See Remark 5.1 in Morita [59].

From Ionescu-Tulcea and Marinescu theorem, it follows that the annealed transfer operator
has the following spectral decomposition :

P:Z)\ini_i_Qv

where all \; are eigenvalues of P of modulus 1, II; are finite-rank projectors onto the associated
eigenspaces, () is a bounded operator with a spectral radius strictly less than 1. They satisfy

This implies existence of an absolutely continuous stationary measure, with density belonging
to BV. Standard techniques show that 1 is an eigenvalue and that the peripheral spectrum
is completely cyclic. We'll give a concrete criterion ensuring that 1 is a simple eigenvalue of
P, and that there is no other peripheral eigenvalue, hence implying assumption 6. In this
case, we will say that (Q, P, T") is mixing.
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Definition 2.5. The random LY system (2, P, T) is said to have the Random Covering (RC)
property if for any non-trivial subinterval I C [0,1], there exist n > 1 and w € Q" such that
T5(1) = [0, 1].

Proposition 2.6. If (2, P, T) is expanding in mean and has the (RC) property, then (Q,P,T')
1s mixzing and the density of the unique a.c. stationary measure is bounded away from 0.

Proof. Since the peripheral spectrum of P consists of a finite union of finite cyclic groups,
there exists £ > 1 such that 1 is the unique peripheral eigenvalue of P*. It suffices then to
show that the corresponding eigenspace is one-dimensional. Standard arguments show there
exists a basis of positive eigenvectors for this subspace, with disjoint supports. Let then
h € BV non-zero satisfying h > 0 and P*h = h. There exist a non-trivial interval I C [0, 1]
and o > 0 such that h > al;. Choose n > 1 and w* € Q" such that T"F(I) = [0, 1]. For all
x € [0, 1], we have

h(z) = P™h(z) > aP™1;(z) = o Z Py Z % > apwlf Z

ﬂEan Tfky:l‘ 2% Tnfy T w
nk
This shows that h(z) > QW > 0, since there is always a y € I with TFy = 2. This
w up
implies that A has full support, and concludes the proof. O O

Some statistical properties of random one-dimensional systems, using the space BV, were
studied in the thesis of Tiimel [68].

Example 2.7 (Piecewise expanding multidimensional maps).
We describe a class of piecewise expanding multi-dimensional maps introduced by Saussol
[64]. Denote by my the d-dimensional Lebesgue measure, by d(.,.) the euclidean distance
and by -4 the mg-volume of the unit ball of R?. Let M a compact regular subset of R? and
let T': M — M be a map such that there exists a finite family of disjoint open sets U; C M
and V; with U; C V; and maps T} : V; — R? satisfying for some 0 < a < 1 and some small
enough €y > 0 :
(2) for all 4, the restriction to U; of T" and T; coincide, and B, (T'U;) C T;(V;);
(3) for all i, T; is a C'-diffeomorphism from V; onto T;V;, and for all z,y € V; with
d(Tiz, Tiy) < €0, we have
|det DT;(x) — det DT;(y)| < c¢|det DT;(x)| d(Tiz, Tiy)<,
for some constant ¢ > 0 independant of ¢, z and y;
(4) there exists s < 1 such that for all z,y € V; with d(T;x, Tyy) < €y, we have d(z,y) <
sd(Tiz, Tiy);
(5) Assume that the boundaries of the U; are included in piecewise C! codimension one
embedded compact submanifolds. Define

Y = sup Z #{smooth pieces intersecting OU; containing x},
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and

4s _
o = Sa -+ Y—Vd ! .
1—s Yd

Then 7y < 1.

The above conditions can be weakened in order to allow infinitely many domains of injectivity
and also the possibility of fractal boundaries. We refer the interested reader to [64] for more
details.

We will call such maps piecewise expanding maps in the sense of Saussol. The analysis of
the transfer operators of these maps requires the introduction of the functional space called
Quasi-Holder. This space was first defined and studied by Keller [43] for one-dimensional
transformations, and then extended to multidimensional systems by Saussol [64].

We give the definition of this space. Let f : R? — C be a measurable function. For
a Borel subset A C RY, define osc(f, A) = esssup|f(z) — f(y)|. For any ¢ > 0, the

T, yeA
map = +— osc(f, B(x)) is a positive lower semi-continuous function, so that the integral

Jga0sc(f, Be(z))dz makes sense. For f € L'(R?) and 0 < a < 1, define

| fla = sup ia osc(f, Be(z))dx.

0<e<eg € Rd
For a regular compact subset M C R?, define
Va(M) = {f € L'(R?) /supp(f) C M, | f|a < o0},

endowed with the norm || f|lo = || f|lzy, + |fla, Where m is the Lebesgue measure normalized
so that m(M) = 1. Note that while the norm depends on ¢y, the space V,, does not, and two
choices of ¢y give rise to two equivalent norms.

If T is a piecewise expanding map in the sense of Saussol and Py is the transfer operator of

T, a Lasota-Yorke type inequality holds :

Proposition 2.8. ([64, Lemma 4.1]) Provided €y is small enough, there exists n < 1 and
D < oo such that for any f € V,,

1Prflo < nlfla+ DIy,

Suppose now that €2 is a finite set, P = {p,},ecq a probability vector, and {7}, }.cq a finite
collection of piecewise expanding maps on M C R?. This will be referred to as a random
piecewise expanding multidimensional system. Take ¢y small enough so that the inequalities
|Pr,la < nwlfla + Dol fllzy, for all f € V,. Defining n = maxmn,, and D = max D,, so that
n < 1land D < co. Since P = Y Pr,, we immediately get |Pflo < n|fla + ||f]lzy,, for
all f € V,. This shows that our abstract assumptions [I] to [l are all satisfied. To prove
that P is mixing, and hence check assumption 6, we can proceed as in the one-dimensional
situation, introducing the same notion of random-covering.. Indeed, any positive non-zero
element h € V,, is bounded uniformly away from zero on some ball by Lemma 3.1 in [64], so
we can mimic the proof of Proposition and get :
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Proposition 2.9. If (Q,P,T) is a random piecewise expanding multidimensional system
which has the random covering property in the sense that for all ball B C M, there exists
n>1andw € Q" such that T (B) = M, then (2, P,T) is mizing and the density of the
unique a.c. stationary measure is bounded away from 0.

There are alternative functional spaces to study multidimensional expanding maps. One of
them is the space of functions of bounded variations in higher dimension. Applications of this
space to dynamical systems have been widely studied, see [14] [54] among many others. We
also mention the thesis of Hsieh [40] who investigates the application of this space to random
multidimensional maps, using the same setting as us. Notice that maps studied there are the
so-called Jabtonski maps, for which the dynamical partition is made of rectangles. This kind
of maps will appear later in this paper, when we will derive a quenched CLT. Nevertheless,
the space BV in higher dimensions presents some drawbacks : it is not included in L*° and
there exist some positive functions which are not bounded below on any ball, making the
application of random covering difficult, in contrast to the the Quasi-Holder space. Apart
multidimensional BV, another possibility is to use fractional Sobolev spaces, as done in a
deterministic setting by Thomine [66].

Example 2.10 (Random expanding piecewise linear maps).
Building on a work by Tsujii [67], we considerer random compositions of piecewise linear
maps. First recall a definition :

Definition 2.11. Let U be a bounded polyhedron in R? with non-empty interior. An expand-
ing piecewise linear map on U is a combination (T ,U) of a map T : U — U and a family
U = {U}_, of polyhedra Uy C U, k= 1,...,1, satisfying the conditions

(1) the interiors of polyhedra Uy are mutually disjoint,

(2) Ugc:lUk =U,

(8) the restriction of the map T to the interior of each Uy is an affine map and

(4) there exists a constant p > 1 such that | DT, (v)|| > pl|v|| for all x € Ut _,int(Uy), and

all v € R4,

We will drop U, writing merely 7, when the partition ¢/ is understood. A basic consequence
of Tsujii [67], using the Quasi-Holder space, is the following :

Proposition 2.12. For any expanding piecewise linear map T on U, there exists constant
€ >0,0<1,C, K >0 such that, for anyn >0 and f € V; :

|Prfli < CO"[fl1 + K|l fllzy,,
where Pr is the transfer operator of T .

Let T = {(7.,U,) }weq be a finite collection of expanding piecewise linear map on U, and
P = {p, }wea a probability vector.

Choosing €y > 0, # < 1, C, D < oo adequately, we get |Pif]; < C0™|f|1 + K||f]|r:, for all
f € Vi, where P is the annealed transfer operator. If we assume furthermore that the system
has the random covering property, then the Proposition also holds true.
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3. SPECTRAL RESULTS

We assume here that there exists a Banach space By C L'(m), with norm ||.||o, and a constant
C' > 0 such that ||fg| < C|/fllo]lg|l for all f € By and g € B. This assumption is clearly
satisfied with B = By if B is a Banach algebra, as it is the case for the space of functions of
bounded variation in one dimension, or the Quasi-Holder space. If B is the space of functions
of bounded variation in R%, then we can take By = Lip, see lemma 6.4 in [66]. Elements of
By will play the role of observables in the following.

The spectral decomposition of P yields P = I1 4+ @) where II is the projection given by Il f =
( | <[ dm) h and ) has spectral radius on B strictly less than 1 and satisfies I[1Q) = QII = 0.
It follows that P" = IT + Q", where ||Q"|| < C\", for some C' > 0 and A\ < 1. This implies
exponential decay of correlations :

Proposition 3.1. We have :
(1) For all f € By and g € L>®(m)

LOO

m

/fwmm /fw/gw<ovwwm

(2) If B is continuously embedded in L>(m), then for all f € By and g € L*(m),

/JU%@—/f@/mmscvwww%,
X X X

(8) If B is continuously embedded in L>°(m) and if the density of p is bounded uniformly
away from 0, then for all f € By and g € L* ()

/fvww—/fw/mwsowwwm%
X X X

The proof is classical, see appendix C.4 in [4] for the deterministic analogue.

We will now investigate limit theorems, namely a Central Limit Theorem (CLT) and a Large
Deviation Principle (LDP), following Nagaev’s perturbative approach. We refer to [37] for a
full account of the theory. Let ¢ € By be a bounded real observable with [ ¢ du = 0. Define

X, on Q x X by Xi(w,z) = (T, ...T,,z) and S, = Z;é Xj.. The first step is to prove
the existence of the asymptotic variance.

Proposition 3.2. The limit 0* = lim,,_o = Epg,(S3) evists, and is equal to

+00
o? :/ <p2d,u—|—22/ eU"pdpu.
X —~Jx
Proof. We expand the term S} and get Egg,(S7) = > 4 Egg, (XrX1).

Lemma 3.3. For all integers k and [, one has Epg, (X3 X)) = [x e U o dpu.
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Proof of the lemma. By symmetry, we can assume k > . We have
oo (50X0) = [ (o) [ X1(e0.0)Xife0) dB() ()
_ /X h(z) /Q (90T o...0Tu, NTor .. Ton2) (T ... Ty ) dB(w)dm(x)
—/ h(x )/U’( (poTy 0...0T, ))(x)dP(wyi,...)dm(z)
/ / Ph(2)p(2)(Te, ... Top, ) dmi(@)dB(wisn, . . ) = /X () U o () da()

0

Applying this lemma, we get

Egg,( (S%) = Z/gon lgod,u—n/<p2du+22(n—k)/gongodu.
k=1 X

k=0

Since [ xpU ko du decays exponentially fast, we see immediately that %E% M(S,QL) goes to the
desired quantity. ([
O

Let us mention that we have the following criteria to determine whether the asymptotic
variance is 0. The proof follows along the same lines as Lemma 4.1 in [7].

Proposition 3.4. The asymptotic variance satisfies o = 0 if and only if there exists ¢ €
L*(p) such that, for P-a.e. w, p = —1oT, p-a.e.

Denote by M the set of all probability measures on (X, .A) which are absolutely continuous
w.r.t. m, and whose density lies in B. For a measure v € Mg, we will denote by ||v| the
B-norm of the den51ty . Now, we are able to state the main theorems of this section :

Theorem 3.5 (Central Limit Theorem). For every probability measure v € Mg, the process
(\‘j’i)n converges in law to N(0,0?) under the probability P & v.

Theorem 3.6 (Large Deviation Principle). Suppose that 0 > 0. Then there exists a non-
negative rate function c, continuous, strictly convex, vanishing only at 0, such that for every
v € Mg and every sufficiently small € > 0, we have

lim 1 logP ® (S, > ne) = —c(e)

n—oo 1
In particular, these theorems are valid for both the reference measure m and the stationary
one u, with the same asymptotic variance and the same rate function.
We introduce Laplace operators, which will encode the moment-generating function of the
process. For every z € C, we define P, by P,(f) = P(e*?f). Thanks to our assumption on By,
this a well defined and continuous operator on B, and the map z — P, is complex-analytic on
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C: indeed, if we define C,,(f) = P(¢"f), then P, = >~ ¢ ~C,,, and this series is convergent
on the whole complex plane since ||Cy|| < (C|l¢|lo)"||P]]-
We have the following fundamental relation :

Lemma 3.7. For every n > 0 and every f € B, we have

/Q /X 5@ f () dm(x) dP(w) = /X Pr(f)dm

Proof. We proceed by induction on n. The case n = 0 is trivial. Assume that the relation is
valid for some n > 0, and all f € B. Let f be a member of B. Since P,(f) belongs to B, the
induction hypothesis gives

| Pryan = [ Predpydm= [ | e @p (1)@ dmiEw)
/ / 50 P(e2¢ f) (2) dim () dP(w)
= /Q /X U (5@ )Y (2)e*@ f () dm(z)dP(w)
= [ [ e et ey aBo) f(a)m(a)

But ¢(z) + Sp(w, T,x) = Syt (ww, ), where ww stands for the concatenation (w,wy,ws, .. .)

if w= (wi,ws,...). As [y [, e 1w dP(w)dP(w) = [, e+ @) dP(w) because of the
product structure of P, we obtain the formula for n —|— 1 and f. O
O

If f is the density w.r.t. m of a probability measure v € Mp, by the previous lemma, we
know that the moment-generating function of S,, under the probability measure P®Qv is given
by [ « PZ(f)dm This leads us to understand the asymptotic behavior of the iterates of the
Laplace operators P,. Since they are smooth perturbations of the quasi-compact operator P,
one can apply here the standard theory of perturbations for linear operators (see for instance
theorem II1.8 in [37]), and get the following :

Lemma 3.8. There exists e, > 0, 11 > 0, no > 0, and complez-analytic functions X(.), h(.),
m(.), Q(.), all defined on D, = {z € C/ |z| < &}, which take values respectively in C, B,
B*, L(B) and satisfying for all z € D, :

(1) A(0) = 1, 1(0) = h,m(0) = m,Q(0) = Q;
(2) P(f) = Az){m(2), /() + Q(2) f for all | € B;
(3) (m(2), h(z)) = 1;
(4) Q(2)h(2) = 0 and m(2)Q(z) = 0;
(5) |A(2)| > 1 =
(6) 1Q()" < C(1 —m —1m2)"
Furthermore, |(m, Q(2)"f)| < C|z|(1 —n1 — n2)"|| f|| for all f € B and z € Dy, .
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For all n > 0, we hence have PI'(f) = A(2)"(m(z), f)h(z) + Q(2)"f. The asymptotic be-

havior of P! is clearly intimately related to the behavior of the leading eigenvalue A(z) in a

neighborhood of 0. We have the following :
Lemma 3.9. The leading eigenvalue X(.) satisfies N'(0) = [ @du =0 and X"(0) = o2 > 0.

Proof. By corollary II1.11 in [37], A'(0) = (m(0), P’(0)h(0)). As m(0) = m, h(0) = h = 5—1‘;

and P'(0)f = C1(f) = P(pf) for any f € B, since P(z) Zn>0 fl,C' with C,,(f) = P(¢"f),
the formula for \'(0) reads as

N(0) = (. P(eh)) = (m.oh) = [ =0,
Using again corollary III.11 in [37], we have
N'(0) = (m(0), P"(0)A(0)) + 2(m(0), P'(0)h),

where h is the unique element of B satisfying (m(0), h) = 0 and (A(0) — P(0)) h = (P'(0) — N(0)) h(0).
This implies that % is the unique element of B satisfying (m,h) = 0 and (I — P)h =

P(ph). By corollary II1.6 in [37], h is given by h = > ,Q(0)"(¢h). But Q(0)"(ph) =

Pn(SOh') o <m7 SOh'>h = Pn(wh)v since <m7 (Ph) = f@d:u = 0. Hence }NL = ano Pn( ( ))

anl P"(ph).

On one hand, we have (m(0), P"(0)h(0)) = (m,Cs(h)) = (m, P(¢*h)) = [ ¢?du. On the

other hand,

(m(0), P'(0)h) = (m, P(gh)) = (m, ph) = > (m, oP"(ph)) = > / PP (ph)dm =) / U™ pdy.

n>1 n>1 n>1
Summing these two parts, we recognize the formula for 0% given by proposition o O

o2¢2

Then, )\(ZTtn)" = (1— %= +0(2))" goes to e~ s , from which it follows that Eml,(eiﬁsn) =

. . . 02
M) m( ), f(m, h(%» (m,Q(J5)f) goes alsoto e™ "2, for each t € R, when n — oo,
which it implies the CLT by Lévy’s continuity theorem. Remark that the previous identity
holds for any measure v € Mp and their associated density f.

We can furthermore prove a rate of convergence in the CLT, when 02 > 0 :

Lemma 3.10. There exists C' > 0 and p < 1 such that for allt € R and n > 0 with %
sufficiently small, and all v € Mg, we have

Proof. This follows from the third order differentiability of A(.) at 0 : for % small enough,

)\(ZTtn)” = (1 - i +0 (%))n — ( ﬁ) Recalling that f = 42 and

[Epe, (17757 — 73
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lvll = |If]l = C, where the constant C' comes from the continuous embedding B C L'(m)
and is independent of v, we have
ot ot

Eso, (€975) = A(&—’%mm(ﬁ) £y m, h ﬁ>>+<m,@<%>"f>

- (o) (o () o).

where the first line follows from lemma [B.7 applied to f and z = \Z/—% and item 2 of lemma

[B.8 This implies the result. 0J 0J

From this lemma, we deduce that ‘Emy(e fS") — e = O (1%3), which will be useful

latter, when proving a quenched CLT. The precise estimate of the lemma also implies a rate
of convergence of order % in the CLT, using the Berry-Esséen inequality. We refer to [37]
or [28] for a scheme of proof :

Theorem 3.11. If 02 > 0, there exists C > 0 such that for allv € Mg :
~ Sn 1 ¢ u? CHV“
Puv|l—<t]-— e 22du| < ——.
(\/ﬁ ) V21 J 0o vn
We turn now to the proof of the LDP. For this, we will show the convergence of % log Emy(e@s’l)

for small enough 0 € R and then apply Gartner-Ellis theorem [26], 29]. Proofs are a verbatim
copy of those from [3].

242

sup
teR

Lemma 3.12. There exists 0 < €3 < €1 such that for every 0 € R with |0] < ey, we have
A(0) > 0. Furthermore, the functions h(.) and m(.) can be redefined in such a way that they
still satisfy conclusions of lemma (3.8, while they also verify h(0) > 0, m(0) > 0 for 6 € R.

Proof. As Py is a real operator, we have Pyf = Pyf for all f € B. So, we have Pgw =
Pyh(0) = A(0) h(0). Since (@) is the unique eigenvalue of Py with maximal modulus, we
get \(6) = A\(#), and hence A(6) € R. Since A\(0) = 1, by a continuity argument, we obtain
A(6) > 0 for small 6. For z € C small enough, (m(z), 1) # 0. We define h(z) = (m(z), 1)h(z)
and m(z) = (m(z),1)"'m(z). Those new eigenfunctions satisfy obviously the conclusions of
the previous proposition. We have just to prove that fz(@) and m(#) are positive for § € R
small enough. By the spectral decomposition of Py, we see that A() P11 goes to h(f) in
B, and hence in L'(m). We then get h(#) > 0 because Py is a positive operator and A(6) is

)-
positive too. Now, let ¢)(6) € B* positive such that (¢(6), h(8)) = 1[l. Then, A(6)~ "(By)™(0)
goes to ((0), h(0 )> (0) = m(#), which proves that m(0) is a positive linear form. O O

We denote A(0) = log A(6). We then have

Proposition 3.13. For every v € Mg, there exists 0 < ez < €3 such that for every 6 € R
with 0] < e, we have

lim — 1 logEs,, (e?") = A(6)

n—o00 N, PV

1Choose 1(0) = a(#)~'m, where a(f) = (m, h()) is positive, since h(0) is a positive element of L'(m).
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Proof. Let f € B be the densn:y . We have the identity

Epg, (") = (m, P (f)) = A(0)"(m(6), f) (m, h(0)) + (m, Q(6)" f)
= A(O)" ((m(0), f) (m, h(0)) + A(0) " (m, Q(0)" f))

All involved quantities are positive, hence we can write

108 Es (757) = log A(6) + - log (m(6), f) (m. h(0)) + X(O) " m, Q(0)" )

Since limg_,o(m(0), f) (m, h(0)) = 1 and since the spectral radius of Q(6) is strictly less than
A(0), it’s easy to see that for 6 small enough, we have

lim 1log(<m(9),f> (m, h(6)) + A(0) " (m, Q)" f)) = 0.

n—oo N,

U UJ

To complete the proof, it suffices to prove that A is a differentiable function, strictly convex
in a neighborhood of 0, which is indeed the case since A(.) is complex-analytic and we have
supposed A”(0) = \’'(0) = 0% > 0. A local version of the Gartner-Ellis theorem (a precise
statement can be found e.g. in lemma XIII.2 in [37]) finishes the proof.
It is interesting to notice that the annealed LDP implies almost immediately a quenched
upper bound, with the same rate function for almost every realization :

Proposition 3.14. For every v € Mg, for every small enough € > 0 and for P-almost every
w, we have

lim sup % logv({z € X/ Sp(w, ) > ne}) < —c(e)

n—o0

Proof. Let € > 0 small enough such that the annealed LDP holds. Let 0 < v < 1 and define
={weQ/v({zx e X /S, (w,z) > ne}) > eI

By the annealed LDP, we have P ® (S, > ne) < Ce 172 for some C' = C(v,¢), and
hence Markov inequality yields

P(A,) < e"1OP @ 1(S, > ne) < Ce 20,

By the Borel-Cantelli lemma, we have that P-almost every w lies in finitely many A,, whence
limsup,_,. 2logr({z € X / Sy(w,z) > ne}) < —(1 —7)c(e) for P-almost every w. As v can
be a rational number arbitrarily close to 0, we get limsup,_,., 1 logv({z € X /S, (w,z) >
ne}) < —c(e) for P-almost every w. O O

We can also prove a local limit theorem.

Definition 3.15. We will say that @ is aperiodic if for all t # 0, the spectral radius of Py is
strictly less than 1.
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Theorem 3.16 (Local Limit Theorem). If 0 > 0 and ¢ is aperiodic, then, for all v € Mg
and all bounded interval I C R,

lim sup
n—oo seR

1
U\/_P®V(S+S GI)—\/?Q 27“7 |I“—0

Proof. We follow the proof given by Breiman [I6] in the iid case. See also Rousseau-Egele
[63] for a proof in a dynamical context. By a density argument it is sufficient to prove that,

ovnEpg, (g(Sn+5)) — —e Wf g(u)du

all g € LY(R) for which the Fourier transform ¢ is continuous with compact support. Using
Fourier’s inversion formula, we first write

uniformly in s € R, goes to 0 as n — oo, for

VB 005, 9) = S [ eate) ([ ety ) o

R

Let 6 > 0 be such that the support of g is included in [—0d,+d], and, remembering that
2t2

Ait) =1 — ZE + o(t?) and (m(it), f)(m, h(it)) = 1+ O(|t|), choose 0 < 6 < § small enough
in such a way that INit)] < 128 < e 5 and |[(m(it), f)(m, h(it)) — 1| < C|t| for [t| < 4.
Using
1 _ 2 f](O)O’ dts o242
[ 2no2 = N 2
me /Rg(u)du o /Re e dt

and
/Xﬂ?(f) dm = A(it)"(m, h(it))(m(it), f) + (m, Q(it)" )

for |t| < &, we can write

TViBro, 6(5,+5) — e [ gl
([ g sor#)e
e[ e () Pl —1) d
b [ m
o[ e pina—g© [ e tar)

= % (AL (s) + AP (s) + A (s) + AW (s) + AD)(s)) .
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One has ’AS)(S)‘ <

‘A ’ — 0 by domi-

(LAY — §(0)e
e

, 02 2 5242 o2
nated convergence, since g(%))\(l—tn) —g(0 < ||g||Sup ( +e Tt) is integrable
. RSN 7
on R and g(ﬁ))\(\/—%) — §(0)e™ 2. y
For the second term, we can bound it by C”\g/%“p Ju<sm ltle="1dt = O (ﬁ) and 80 Sup,cp ’Af)(s)‘ —

0
The third term is bounded by C'v/n||§|supp™, and so sup,cg ’Ag’)(s)‘ — 0.

By dominated convergence, we have clearly sup g ’A@(s)‘ — 0, so it remains to deal with

the fourth term. This is where the aperiodicity assumption plays a role. Denoting by r(FPy)
the spectral radius of the operator Py, we know that the u.s.c. function t — r(P;;) reaches
its maximum on the compact set {4 < [t| < 8}, which is then < 1 by assumption. Since the
set { Pt }5<)y<s 15 bounded, there exists C' and ¢ < 1 such that || P;|| < C9" for all d<|t| <6

and all n > 0. Then one has sup,p ‘A ’ < CVnb™|§|supllm|||| f]| = 0, which concludes
the proof. O O

We give a concrete criterion to check the aperiodicity assumption :

Proposition 3.17. Assume that the stationary measure p is equivalent to m, and that the
spectral radius (resp. the essential spectral radius) of Py is less (resp. strictly less) than 1 for
all t € R. If ¢ is not aperiodic, then there exists t # 0, A € C with |A\| = 1 and a measurable
function g : X — C such that gh € B and \g(T,,x) = @ g(z) for m-ae x and P-ae w.

Proof. Suppose that the spectral radius of P is greater or equal than 1 for some t # 0.
By the assumptions on the spectral radius, this implies that there is an eigenvalue \ of P
satisfying |A\| = 1. Let f € B a corresponding eigenvector, and define g = % This definition
makes sense m-ae, by the assumption on p. We then have P(¢gh) = gh, where ¢ = \e'*?.
We then lift this relation to the skew-product : by Lemma .3l we have Ps(¢rgrhr) = grhxr,
where Pg is the transfer operator for the skew-product system, defined w.r.t. the measure
P ® m. See Section M for the notations. By Proposition 1.1 in Morita [61], we deduce that
Gr0S = ¢ngr, P®m- ae. We conclude the proof by writing explicitly this relation. O O

Remark 3.18. (1) The assumptions on the spectral radius of P, are usually proved by
mean of a Lasota-Yorke inequality for each P, which usually follow in the same way
we prove a Lasota-Yorke inequality for the transfer operator P. See the works of
Rousseau-Egele [63], Morita [61], Broise [17] or Aaronson-Denker-Sarig-Zweimuller
[2] for one-dimensional deterministic examples.

(2) The previous Proposition shows that if ¢ is not aperiodic for the random system,
then it is not aperiodic for almost each deterministic system 7, in the usual sense,
and that almost all aperiodicity equations share a common regular solution g. For
instance, if the set € is finite and if we know that ¢ is aperiodic for one map T,,, then
it is aperiodic for the random system. This can be checked using known techniques,
see [1, 2, I7] among many others for more details.
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We conclude this section with an annealed vector-valued almost sure invariance principle.
First recall the definition.

Definition 3.19. For X € (0, 3], and % a (possibly degenerate) symmetric semi-positive-
definite d x d matriz, we say that an R%-valued process (X,), satisfies an almost sure in-
variance principle (ASIP) with error exponent X and limiting covariance X% if there exist, on
another probability space, two processes (Yy), and (Z,), such that :

(1) the processes (X,), and (Yy,), have the same distribution,

(2) the random variables Z, are independent and distributed as N (0,%?);

(3) almost surely, ‘ZZ;& Vi, =S, Zi| = o(n*).

The ASIP has a lot of consequences, such as a functional central limit theorem, a law of
the iterated logarithm, etc ... See Melbourne and Nicol [58] and references therein for more
details.

Let ¢ : X — R? be a bounded vector-valued observable such that each component ¢; : X —
R, j =1,...,d, belongs to By, with [, ¢;du = 0. Define as before Xy, (w,z) = p(TFz).

Theorem 3.20. The covariance matrix %cov (Zz;é Xk) converges to a matriz ¥* and the

process (X,,)n, defined on the probability space (2 x X, I@@u), satisfies an ASIP with limiting
covariance Y2, for any error exponent \ > i.

Proof. We will apply results from Gouézel [32]. Namely, we construct a family of operators
(L4)iere acting on B which codes the characteristic function of the process (X,,), and we check
assumptions (I1) and (I2) from [32]. For & > 0 and j1,...,7x € {1,...,d}, define Cj,
by Cj,..;.(f) = P(ej, ...¢j.f). The assumptions on By and B show that C}, _; acts
continuously on B, with a norm bounded by C*||¢j, [lo- - - [|@;.llo- Now, for t = (t1,...,t4) €

R¢, define
Z Z le Ik

.717 Jk 1
This defines on R? a real-analytic famlly of bounded operators on B, since

’L
Z|_' Z Gl < Z Z G| < € Zimoltilllesllo < oo,

J1yeJk=1 Cdtende=1

For t € R? and f € B, we have £,(f) = P(e'*#) ), and so the family {£;},cpa codes the
characteristic function of the process (X,,), in the sense of [32], as easily seen using lemma
B Since Lo = P has a spectral gap on B, this implies (I1). To check (12), we only need,
by proposition 2.3 in [32], the continuity of the map ¢ — L, at ¢ = 0, but this follows

immediately from the real-analyticity of this map. OJ
O

4. ANNEALED CENTRAL LIMIT THEOREM VIA A MARTINGALE APPROXIMATION

The main goal of this section is to show that the classical martingale approach to the CLT,
see Gordin [31] and Liverani [53], can be easily adapted to the random setting, leading to a
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new proof of Theorem for the stationary measure u, together with a generalization, in
the next section, where a sequence of observables is considered, rather than a single one.

In this section, the annealed transfer operator P and Koopman operator U are defined by
duality with respect to the stationary measure p, instead of the measure m. We assume
moreover that we have decay of correlations for observables in B against L(u), in the sense

that
/fU”gdu—/ fdu/gdu
X X X

for all f € B and g € L'(u). This is the case for instance if we assume that the density h
of the stationary measure is bounded away from 0 and that B is continuously embedded in
L*(m), see Proposition 3.1

Recall that we have the Markov operator U which acts on functions defined on X by U f(x) =
Jo f(T,x) dP(w). To U is associated a transition probability on X defined by U(z, A) =
U(l4)(z) =P({w/T,x € A}). Recall also that the stationary measure p satisfies ulU = p,
by definition. We can then define the canonical Markov chain associated to p and U :

Let Q* = XN = {g = (29,21, 2,...,Tn,...)}, endowed with the o-algebra F generated by
cylinder sets. As X is Polish, this is also the Borel o-algebra associated with the product
topology. The Ionescu-Tulcea’s theorem asserts there exists an unique probability measure
e on * such that

Q*f(g)d:uc(g):Lﬂ(de)/){U(x07dxl)”’LU(In—lvdxn>f(x07'"7$n)

for every n and every bounded measurable function f : Q* — R which depends only on
Xo, ..., T,. If we still denote by x,, the map which associates to each z its n-th coordinate
Tp, then {z,},>0 is a Markov chain defined on the probability space (2%, F, ), with initial
distribution p, and transition probability U. By stationarity of the measure u, each x,, is
distributed accordingly to pu.

We can define an unilateral shift 7 on 2*. By stationarity, it preserves p.. Recall also that
we have a skew-product system S on QY x X, defined by S(w, z) = (ow, T,,,x), where o is the
unilateral shift on QY. S preserves the probability measure P® pu = PN @ . This system is
related to the shift on 2* in the following way :

Define @ : O"x X — Q* by ®(w, x) = (z, Ty, z, T, Ty, - . T o Toy, .. ) = {p(S™(w, 7)) }nso,
where p(w, z) = . We have the following :

< N[ Ilg g

Lemma 4.1. ® is measurable, sends P ® ju on ., and satisfies ® oS =10 ®.

Proof. The only non-trivial thing to prove is that P ® u is sent on j,.. For this, it is sufficient
to prove that

[ o) [ R (Tl . £ (T20) aB) duo)
_ /X 1(dzo) o) /X U(zo, dzy) fi(an) - / U(n 1 dz) ()

X
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for all n > 0 and all bounded measurable functions fy,..., f, : X — R. We proceed by
induction on n, the case n = 0 being obvious. We have

/X u(do) folro) /X U(o, de) fi(ay) ... /X Utn_v, dn) fo(a) /X U, dtnss) s (i)
_ /X (dzo) folzo) /X U, d) fu(a) - . /X U(ttnors i) fon)U oo (22)
= [ wlao) [ B@ATI) T i (T20) dB) dn)

— [ o) [ o) fi(TE) o fu(T0) o (T2412) dP) )
X QN
which concludes the proof. O O

Let 7, : 2 — X be the projection operator m,(xg, ..., Ty, ...) = x, and 7 = my We lift each
¢: X — RonQ by ¢ = ¢om. We then have E,(¢) = E, (¢-). Notice that m, = 7o 7"
and po S™ = m, o P.

For a fixed observable ¢ : X — R with zero u-mean, define X, = ¢popoS* and S, = Z;é X
We have X;, = ¢om,0® = ¢, o 7% 0 ®. Hence S, = ( Z;éqﬁwork)o(b, and so the law of
S, under P @ y is the law of the n-th Birkhoff sum of ¢, under y.. So, to prove the CLT
for S, under the probability measure P ® p, it suffices to prove it for the Birkhoff sum of the
observable ¢, for the symbolic system (Q*, 7, 11.).

To this end, we introduce the Koopman operator U and the transfer operator P associated
to (2,7, ). Since this system is measure-preserving, those operators satisfy PUFf = f
and UFP*f =T, (f|Fi) for every p. integrable f, where Fj, = 7 %F = o (xp, Tp11, - - )

We have the following

Lemma 4.2. For every ¢ : X — R, we have P(¢y) = (P¢)x.

We will deduce this result from the corresponding statement for the transfer operator Pg of
the skew product :

Lemma 4.3. For every ¢ : X — R, we have Ps(¢pop) = (P¢)op.

Proof. Let ¢ : QY x X — R be an arbitrary element of L>(P ® p). We have to show that
Jorex(@0p)(W 0 8)dP® p) = [, ((P9) 0 )t d(P & p). But

/Q NXX(qSo p) (o 8)dP @ pu) = /Q ) /X o) (ow, T, ) dp(x)dP(w)
_ / N /X P d(@)(ow, 2) dyu(x) dP(w)

_ /X /Q N /Q Py () 0((w3, s, - ), ) dP () AP, o, . . )dpa()

— [ Pow) [ vw s db@dnte) = [ (Pojepvdbe p)
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Proof of lemma@ Let ¢ : @ — R be an arbitrary element of L>(u.). We have to show
that [, ¢-(¢ o7)dpe = [ (P)xt) dpic. We have

bulwor)dp = [ (pomow)woro)dB e

Qx* ONx X

:/QN X(¢0p)(¢oq>05)d(1@®u)=/m XPs(¢op)(¢o<I>)d(fP’®u)
[ (PoopwodBon= [ (Poorod)wondPen)

~ [ Po)wdu,

0J
O

This helps us to construct a martingale approximation for the Birkhoff sums of ¢,. We first
remark upon the stationary case. By our assumption on decay of correlations, the series
w=>Y " P"¢is convergent in L>(u) if ¢ € B. We define x = ¢, + w, — w07 on Q*. x
satisfies Py = P(¢,) + P(w,) — PUwy = (P®)x 4+ (Pw); — wy = 0, since Pw = w — P¢.
We claim that {x o 7%};>¢ is a reverse martingale difference with respect to the decreasing
filtration {Fy}rs0. Indeed, we have B, (x o 7F|Fiy1) = UFHIPEITRY = UM1Py = 0.
Uniqueness of the stationary measure also yields that the associated martingale is ergodic,
and hence satisfies a CLT (see Billingsley [13]).

Since ZZ;& Gro0TF = Zk o X© ™ + w, o ™" — w,, and wa goes to zero in probability
(because it goes to 0 in the L' norm), it follows that —- S converges to the gaussian law
N(0,0?) in distribution , where o2 = E,,_(x?), since ZJ o fx o 77 converges to N'(0,0?) in
distribution.

5. DYNAMICAL BOREL-CANTELLI LEMMAS

In this section, we make the same assumptions as in the previous one. Recall the following
result from [65] :

Theorem 5.1. Let f be a sequence of non-negative measurable functions on a measure space
(Y,v), and let fi, or be sequences of real numbers such that 0 < fi, < o < M for all k > 1
and some M > 0. Suppose that

/Y< > (fk(y)_fk)> dv(y) <C Y ¢

m<k<n m<k<n
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for arbitrary integers m < n and some C' > 0. Then
Y fly)= Y Jut O@P(n)log** < &(n))
1<k<n 1<k<n

forv-a.e. y €Y, foralle >0 and ®(n) = >, -, Pk

Applying this result to the probability space (Q x X,P® 1), and using decay of correlations,
we get :

Proposition 5.2. If ¢, is a sequence of non-negative functions in B, with sup,, ||¢,| < oo
and E,, — 0o, where E,, = Z;:g [ ¢ndp, then

n—1
1 ;
Tim. B ;:0 ¢;(S'(z,w)) — 1

forP@p ae. (w,z)€QxX.

See theorem 2.1 in Kim [49] for a completely analogue proof in a deterministic setting. The
annealed version of the Strong Borel-Cantelli property clearly implies a quenched version,
namely for P-a.e. w for p-a.e. x € X,

n—1
. 1 ;
Jim - ZO@-(S%x,w)) -1
‘]:
We now show how to prove a CLT, following our martingale approach described in the
previous section.

CLT for Borel-Cantelli sequences. Let p € X and let B,,(p) be a sequence of nested balls
about p such that for 0 < 7, < 7 < 1 and constants C;,Cy > 0 we have & < u(B,(p)) <

nl
Co
nz "

Let ¢, = 1p,(p) be the characteristic function of B,(p). We assume that ¢, is a bounded
sequences in B, which is clearly the case when B is BV or Quasi-Holder. We will sometimes
write E[¢] or [ ¢ for the integral [ ¢ du when the context is understood.

First we lift ¢; to Q* and define (¢;)r = ¢; o m and then we normalize and write gz~5j =

(95)x — [ (&)= dpc.
We are almost in the setting of [35] Proposition 5.1] which states,

Proposition 5.3. Suppose (T, X, 1) is an ergodic transformation whose transfer operator P
satisfies, for some constants C' > 0,0 <6 < 1,
1P |5 < CO"[|9l|5

for all ¢ such that ¢ dp = 0. Let B; := B;(p) be nested balls about a point p such that for
constants 0 < v < v < 1,01 > 0,C5 > 0 we have %1 < u(Bp(p)) < n% Let
ay = E() (1p,0T' — u(B))?

j=1
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Then
ay

- >1
E, —

lim inf
and .
>0 [0 duyoT 5 N (O.)
j=1
As a fairly direct corollary we may show in our setting:

Corollary 5.4.

Ay, ~

1 < - ,

—ZQSJ-OTJ — N(0,1)
7j=1

and hence

1< .

Proof. Define ¢g =1 and for n > 1
Wy, = Pop_1+ P’¢p_s+...P ¢y

so that w, = Poy, wy = Py + P2y, ws = Ppy + P21 + P3¢q etc... For n > 1 define
Un = (@n)r = (Wnt1)r © T + (Wn)x

An easy calculation shows that p@bn = 0 and hence X,,; := 1);07'/(a,,) is a reverse martingale
difference array with respect to the filtration JF;.
We have exponential decay of correlations in the sense that if j > ¢ then

/sz o TiQ;j o T;djic /ng&j o Tj_id,uc‘

cbj—/cbde

where ||¢; — [ ¢; dul/s is bounded uniformly over j.

The proof of [35, Proposition 5.1] may now be followed exactly to establish conditions (a),
(b), (c) and (d) of Theorem 3.2 from Hall and Heyde [34] as well as show that the variance
a,, 1s unbounded. O O

< CcH

10511
B

6. ERDOS-RENYI LAWS

Erdos-Rényi limit laws give information on the maximal average gain precisely in the case
where the length of the time window ensures there is a non-degenerate limit. Recall the
following proposition from [27] :

Proposition 6.1. Let (X, T, u) be a probability preserving transformation, and ¢ : X — R
be a mean-zero p-integrable function. Let S,(¢) =@+ ... +@o T L.
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(1) Suppose that ¢ satisfies a large deviation principle with rate function I defined on the
open set U. Let o > 0 and set

1
ogn} n € N.

=) = 5

Then the upper Erdos-Rényi law holds, that is, for p a.e. x € X
lim sup max{S;, (¢) o T?(z) /I, : 0 < j <n—1,} <a.
n—oo

(2) Suppose that for every e > 0 the series Y p(By(€)), where By (€) = {maxo<pm<n—1, 51,0
T <l,(a — €)} is summable.
Then the lower Erdos-Rényi law holds, that is, for p a.e. x € X

lim inf max{S;, (¢) o TV (x)/l,, : 0 < j <n—1,} > a.
n—oo

Remark 6.2. Assumptions (a) and (b) of Proposition together imply that

. Sln o™
lim max ——— =aq.
n—o00 0<m<n—I, ln
In this section, we will suppose that X = [0, 1], and that the Banach space B is BV, the space
of functions of bounded variation on [0, 1]. All maps T, are piecewise C?, and we assume an
uniform upper bound L > 0 for their derivatives. We will apply the previous proposition to

the symbolic system (Q*, 7, 11.) introduced before.

Theorem 6.3. Suppose ¢ : X — R is of bounded variation with qubd,u = 0 and define
S, = Z;:& ¢r0T1). Let a > 0 and set

1
ogn} neN

=) = [ 5

where 1(.) is the rate function associated to ¢, which exists by Theorem[3.6. Then

. Sln o™
lim max —— =aq.
n—o00 0<m<n—I, ln

Proof. Since ¢ satisfies an annealed LDP, which can be immediately lifted to a LDP for ¢,
we need only prove (2). As in the section on the logistic map in [27] we use a blocking
argument to establish (2).

For all s > 0, define A? = {5, < l,(a —s)}. We fix € > 0, and consider A, and A2 Let
0 < n < 1. We define ¢, to be a Lipschitz function with Lipschitz norm at most LU+Mk
satisfying 14. < ¢ <1 and p(A5) < [y pedp < ,u(AZ/Q), in the same way as in the proof of
Theorem 3.1 in [27].

Define C,,(€) = {5;, o™ < l,(a—¢€)} and B, (¢) = ﬂ:;_:lg Cim(€). We use a blocking argument
to take advantage of decay of correlations and intercalate by blocks of length (logn)”, k > 1.

We define
[(n—(logn)"*)/(log n)")]

E%e) = Crnf(ogn)y] (€)

~

3
Il
o
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and in general for 0 < j < [m]

[(n—(+1)(logn)~)/(log n)~)]

E%(E) = ﬂ Cm[(logn)ﬂ}(e).

m=0
Note that (B, (€)) < u(EY(€)). For each j, let ¢; = 11 .y denote the characteristic function
of FJ(e).
By decay of correlations we have

M@@)S(/%WNHMWWM
s<wmwwmmmm+/%wamW

< /905 d,uC/wl d,uc + C@(logn)“ (L(l—i-n)ln)'

Applying decay of correlations again to [t dpu. we iterate and conclude
M(Eg(E)) < nCHUosn)” [ (1+n)ln M(A:Lﬂ)n/(logn)”'

The term nCUs™" L0+Mh is clearly summable since x > 1. O
O]

Remark 6.4. We would obtain a quenched Erdés-Rényi law as well, if we could establish
exponential decay of correlations for P almost every w, together with a quenched LDP for
functions of bounded variation.

7. QUENCHED CLT FOR RANDOM ONE DIMENSIONAL SYSTEMS

In this section, we consider the quenched CLT, that is a CLT holding for almost every fixed
sequence w. We first state a general result, which is basically a consequence of [7]. Let
{T,,}oeq be a iid random dynamical system acting on X, with a stationary measure u. Let
¢ : X — R be an observable with [, ¢du = 0, and define as before X;(w,z) = ¢(T}hz) and
S, = ";é Xi. We will need to introduce a auxiliary random system defined as follows :
the underlying probability space is still (€2, P), while the auxiliary system acts on X?, with
associated maps T}, given by Tw(:z, y) = (T,,z, T,,y). Define then a new observable ¢ : X% — R
by ¢(x,y) = ¢(z) — ¢(y), and denote its associated Birkhoff sums by S,,.

Theorem 7.1. Assume there exists 0? > 0 and a constant C > 0 such that for allt € R and
n > 1 with ﬁ small enough :

it S, _t%o? 1+t
(1) g (e e") — 5| < O,

i3, 25

(2) [Basuon (€ °) — e

Suppose also that forn >1 and e >0 :
(3) If”@,u (‘%”‘ > e) < Ce=Cen,

1+¢[3
<O/
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Then, the quenched CLT holds : for P-a.e. sequence w € QN one has

k:oSDOTf 9
= =, N(0,07).
vn g

The first and third assumptions can be proved using the spectral approach described in this
paper. Indeed the first one corresponds to lemma [3.10, while the third follows from the LDP.
To prove the second assumption, one must employ again the spectral technique, but with the
auxiliary system introduced above and the observable ¢. There are mainly two difficulties
: the obvious one is that the auxiliary system acts on a space whose dimension is twice
the dimension of X, so that we have to use more complicated functional spaces. The other
difficulty, less apparent, is that the asymptotic variance of ¢ has to be twice the asymptotic
variance of ¢. We do not see any reason for this to be true in full generality. In the particular
case where all maps T, preserve the measure y, this can be proved using Green-Kubo formula
from Proposition : assuming that the auxiliary system is mixing and has a spectral gap
on an appropriated Banach space, the stationary measure is then given by p ® p (since it is
preserved by all maps Tw), and an algebraic manipulation using Proposition shows that
the asymptotic variance of ¢ is given by 202. See [7] for a similar computation.

In the general situation, the stationary measure of the auxiliary measure can be different
from p ® p, and it seems hard to compute the asymptotic variance of ¢ from Green-Kubo
formula. Even though this condition can seem unnatural, it is also necessary in order for the
quenched central limit theorem to be true in the form we have stated it, as can be seen from
the proof of [7]. We state this as a lemma :

Lemma 7.2. Using the same notations introduced above, assume that there exists 0® > 0

and 62 > 0 such that
(1) % converges in law to N'(0,0%) under the probability P ® p,
(2) \S/% converges in law to N'(0,62) under the probability P ® (1 @ p),
(3) for a.e. w, \/— Yo gp o TF converges in law to N'(0,0?) under the probability .

Then 6% = 202.
Proof. Define S, , = Sp(w,.) = > 1_, <poTk. Following [7], we write for any t € R and n > 1

2 2.2 2.2 -

—t20'2 _o“t _ ot ~ ZTSn
)—e +2e 2 %(e 27— Epg, (e V" ))
2,2 .t
g - Z—nSn

— B, (€77

as n goes to infinity. But

52 2452 2
=Ep (u@u(e 7S )) —e 4 (e_tT — et 2) + 2e” = %(e‘

2&2
By the two first assumptions, this term goes to e~ 5 —e

Ls 0242 |2
’ILL nw) _ 6_—2
t20'2

convergence theorem. This shows that e™ 2~ =¢e™7". U 0

_242

) goes to 0 thanks to the third assumption and the dominated
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In the following, we will consider the situation where X = [0, 1] and all maps preserve the
Lebesgue measure m. For technical convenience, we will also assume that €2 is a finite set.

Example 7.3. Suppose that all maps T, are given by T,z = S,z mod 1, where 5, > 1
is an integer. The transfer operator of this system clearly satisfies a Lasota-Yorke on the
space BV, and is random-covering, so that assumption (1) and (3) follows automatically for
any ¢ € BV. On the other hand, the auxiliary two-dimensional system has a spectral gap
on the quasi-Holder space Vi(X?) and is also random covering. Since ¢ belongs to V;(X?),
assumption (2) follows by the above discussion and the quenched CLT holds.

Example 7.4. There exist piecewise non-linear expanding maps which preserves Lebesgue.
Such a class of examples is provided by the Lorenz-like maps considered in the paper [25] :
these maps have both a neutral parabolic fixed point and a point where the derivative goes to
infinity. The coexistence of these two behaviors allows the possibility for the map to preserve
Lebesgue measure while being non-linear. Suppose that Q = {0, 1}, Tj is the doubling map
Tox = 2x mod 1, and that 77 is one of the maps considered in [25]. We will prove that there
exists 0 < p* < 1 such that if Tj is iterated with probability p with p > p,, then the quenched
CLT holds for any observable ¢ Lipschitz.
Since the annealed transfer operator P can be written as pPy+ (1 —p) Py, where Py, resp. P,
is the transfer operator of Tp, resp. T; (and similarly P =pP+ (1-— )151 for the auxiliary
system) it is sufficient to prove that F, and B, have a spectral gap on Banach _spaces B and
B, while P, and P; act continuously on these spaces, and that ¢ € B and ¢ € B. We will use
quasi-Hélder spaces and will take B = V,,(X) and B = V,(X?) for a convenient choice of a.
Clearly, the transfer operator of Ty and Ty have a spectral gap on these spaces, and ¢ (resp
©) belongs to B (resp. B) whenever ¢ is Lipschitz. To prove the continuity of P; and Pl, we
will use the following general result.

Proposition 7.5. Let M be a compact subset of R? with mq(M) = 1, where my denotes the
Lebesgue measure on R, and T : M — M be a non-singular map. Deﬁne g(x) = m
and assume there exist a finite family of disjoint open set {U,;}; included in M, a constant
C>0and0<a<1 with

(2) T :U; — TU; is a C*-diffeomorphism,

(8) d(Tz, Ty) > d(x,y) for alli and all z,y € U,

(4) lg(x) — g(y)| < Cd(z,y)*, for alli and all z,y € U;,

(5) ma(B(0TU;)) < Ce® for all i and all € > 0.

Then the transfer operator of T' acts continuously on Vo (M).

The map with parameter v > 1 considered in [25] satisfies these assumptions for a@ =
min{1,v — 1}, so that the quenched CLT holds when p* is close enough to 1.

Proof of Proposition[7.5. We denote by T, ' : TU; — U; the inverse branch of T restricted
to UZ
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The transfer operator P of T  reads as
Pf(x) = (9) o T} L1y, (2).

Following Saussol [64], we have for all ¢ > 0 and 2 € R? :

osc(Pf, B(z)) < ZR z)lry,(z) + 2 Z R (x)

where REI)(x) = osc(gf, T7'B.(x) N U;) and RZ@) (x) = ( ess sup |gf|> 1. (oruy ().
—1Be(z)NU;

Using Proposition 3.2 (iii) in [64], we get
Rgl)(x) <osc(f, T 'B(x)NU;) esssup g+ osc(g, T 'B(z)NU;) essinf |f].
TilBg(x)mUi Tlee((E)ﬂUi
By assumption (3), we have T~'B,(z)NU; C B.(T, *x), while by assumption (4), osc(g, T~ B.(x)N

U;) < Ce® and  esssup g < (T, 'x) + Ce.
T-1B.(z)NU;

This shows REI)(x) < g(T7 'x)osc(f, BT, x) + Ce®|| f||sup, Whence

)

/ZR“ Ly, ( )d:rg/P(osc(f,Be(.))(x)dx+C||f||ooeaZmd(TUi).

Since the sum is finite, this gives [ >~ R(l)( Yy, (z)dr < € (|fla + Cl fllsup) < Ce|| flla-
We turn now to the estimate of REZ) : one has R( )( ) < | gllsupll fllsup L B.(oTw:) (%), so that
using assumption (4), [ >, RZ@)daj < O fllsup 2o; ma(Be(0TU;)) < Ce¥|| f||sup- This shows
that |Pf|o, < C||fl||o and concludes the proof. O
U

8. CONCENTRATION INEQUALITIES

A function K : X" — R, where (X, d) is a metric space, is separately Lipschitz if, for all i,
there exists a constant Lip;(K’) with

|K(ZI§'0, ey L1, Ly Ljg 1y v v >$n—1) - K($O> sy Li—1, x;>$i+l> cee >xn—1)| S Llpz(K)d(zzax;)

for all points o, ..., z, 1,2, in X.

Let (2,P, T) be a finite random Lasota-Yorke system on the unit interval X = [0, 1], such that
AMT,) > 1forallw € Q. We assume that (€2, P, T) satisfies the random covering property, and
we denote by p its unique absolutely continuous stationary measure. Its density h belongs
to BV, and is uniformly bounded away from 0.

Theorem 8.1. There exists a constant C' > 0, depending only on (2, P,T), such that for
any n > 1 and any separately Lipschitz function K : X™ — R, one has

E,.; (eK(m,Tul):v ..... T2 %) E, o5 (K (2. The, .. Tﬁ’lx))) < O XI0 Lind(K)
u <
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This leads to a large deviation estimate, namely that for all £ > 0, one has
t2

p@P ({(z,w) ) Kz, The, ..., TV o) —m > t}) < e *OTig 1pie

where m =E o5 (K(z,T}z,...,T0 7).

For the proof, we will use McDiarmid’s bounded differences method [56, [57], as in [21] and
[23], conveniently adapted to the random context.

We will denote by P the annealed transfer operator with respect to the Lebesgue measure
m, and by L the annealed tranfer operator with respect to the stationary measure u. Recall

that L acts on functions in L'(u) by L(f) = P(}:h), whence

h(y)f(y)
Li@) = v DL piiii)

weN Toy=x

Since h belongs to BV, together with %, L acts on BV and has a spectral gap.

Recall the construction of the symbolic system (XY, F, o, u.) and of the decreasing filtration
{F,}ps0 of o-algebras. We extend K as a function on XV, depending only on the n first
coordinates. One has obviously E, (K) =E, s (K (z, T}z, ..., T2 x)) and

| K@Tle, . 1707 '2)-E _o(K(z,Tlz,. T80 1z))) _ K—E,..(K)
EM@)P (6 “ a “®P( “ a ) - Euc (6 He )a

since @ : X x Q0 — XV is a factor map. We define K, = E, (K|F,), and D, = K, — K.
One has the following :

Lemma 8.2. The dynamical system (XY, F, 0, ji.) is ezact.

Proof. This follows from exactness of the skew-product system (X x Q. S, ,u®1f”), see theorem
5.1 in [59], and the fact that ® : X x Q@ — X is a factor map. See also theorem 4.1 in
[60]. O O

This implies that Foo = [,50Fp = [,500 "F is pe-trivial, from which we deduce, by
Doob’s convergence theorem, that K, goes to E, (K) p.-as when p goes to infinity, whence

K-E,(K)= szo D,.
From Azuma-Hoeffding’s inequality (see lemma 4.1 in [56] and its proof for the bound of the
exponential moment), we deduce that there exists some C' > 0 such that for all P > 0,

E,, (250 D) < O SheaslDf,
It remains to bound D), :

Proposition 8.3. There exists p < 1 and C > 0, depending only on (2, P,T), such that for
all p, one has

1D, < C ) p"Lip,(K).

=0
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This proposition, together with the Cauchy-Schwarz inequality, implies immediately the de-
sired concentration inequality, in the same manner as in [21]. The following lemma leads
immediately to the result, using the Lipschitz condition on K :

Lemma 8.4. There exists p < 1 and C' > 0, depending only on (2, P,T), such that for all p
and xp, ... , one has

p—1
(@) //Ky, Yoo TNy () dB(w)| < ©3 Lip, (K)
=0

The rest of this section is devoted to the proof of this lemma. For a sequence w € €2, we

denote ¢ (y) = h?ﬂ%’)y) W We have

K, (xp,...)= Z o Z gg’)(y)K(y,Tiy,...,Tﬁ_ly,xp...).

weNr Thy=x

We fix a z, € X, and we decompose K, as

—_

p—
Ky(@p, . .) = K(2s, .. 20y 2, ) + vl Y 9 W) Hiy, ... Toy),
S92 Thy=x

I
=)

7

where H;(yo, - -, y;) = K(vo,- ..,yi,x*,...,x*,xp,...) — K(yo, - Uil Ty Ty Ty - ).
A simple computation then shows that K,(z,,...) = K(Ts, ..., Ts, Tp,...)+ ?:—01 LP~ fi(xy),

with
= Z pl Z gg)(z)Hi(z, o Thz).
weN? Téz:y
From the spectral gap of L, we deduce that there exists C' > 0 and p < 1 depending only
on the system, such that ||[L?~f; — [ fidu|lpy < C’pp_'||f2||BV On one hand, since the BV-
norm dominates the supremum norm, one has ‘Lf” fi(xp) — [ x fzdu} < CpP~ | fillsv. On the

other hand, one has easily [, fidu= [ [ Hi(y, ..., Tiy)dp(y)dP(w), from which it follows,
summing all the relations, that

‘ o (Zpy - .. / / Ky, Ty, ..., T0 'y, @y, .. Ddp(y)dP(w)

It remains to estimate ||fil|lgv < || fillsup + Var(fi). For this, we’ll need a technical lemma.
For w € Q, we denote by A, the partition of monotonicity of T,,, and for w € QF, we define
At =\/Z é (Tk) (Au,,, ), which is the partition of monotonicity of T71.

If T is a Lasota-Yorke map of the interval, with partition of monotonicity A, we define its
distorsion Dist(T") as the least constant C' such that |T"(z) — T"(y)| < C|T"(x)||Txz — Ty| for
all z,y € [ and I € A.

Lemma 8.5. There exists A > 1 and C' > 0 so that, for allw € QN andn >0 :
(1) A1) = A",

p—1
<> N fillsv.
=0




32 ROMAIN AIMINO, MATTHEW NICOL, AND SANDRO VAIENTI

(2) Dist(Tg) <,
(3) Zwegn pff, ZIeA"*l Supy \(T% <C,

(4) Zweﬂn pw ZIEA" 1Var1 <|(T" ) < C.

Proof. (1) is obvious, since ) is a finite set.

(2) This is a classical computation. It follows from (1) and the chain rule.

(3) This an easy adaptation of lemma II.4 in [23]. For any w € Q", and I € A", there
exists a least integer p = py such that TH(I) N OA,, ., # 0. We denote by AP
the set of all I € A" for which we have p = Pwi- We define 0 = UwenOA,. Fiz
I € Av"Y. There exists a € OI such that b = TPa € 9. From (2), we deduce the
existence of a constant C, depending only on the system, such that, for any x € I,

(T2)' ()] 2 CI(TZ) (@) = ClTo, o - 0 Ty, ) (O)I(TE) (@) = CA"PI(TE) (a)]

One has then sup; \(T" < I\ W Since a pre-image by TY of an element

b € 0 can only belong to at most two different I € A7~ L it follows

n—1
DL D suwp < 207 AN N e N |Tp

weQr  reAn? p=0 bed we™  Tha=b
n—1
= 207 AN Pri(h).
p=0 beo

This quantity is bounded, since P is power bounded, and O is a finite set.
(4) It follows from the three previous points, and the definition of the total variation.
O O

Since L'1 = 1, one has ||fillsup < [[Hillsup < Lip;(K). The crucial point lies in the estimate
of the variation of f;. We first note that

Var(f;) < Var( )thszup + 11+ ||supvar(hf2)

Since || fillsup < Lip;(K)||P*hl|sup < CLip;(K), one has just to estimate Var(hf;).
For w € Q and I € Al we denote by Si.1w the inverse branch of T, i restricted to I. We

define also H;,(z) = Hy(z, L Thz).
Then, we can write

i thw
T2t 2 (I(T:f)’l> ° it Ly

we  Jedit
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It follows that

| ’ o, [ [Hiw |(a)[|Hiw(a)|
Var(hf;) < > pl, 2;\/ I<|(T£),|>+2 > T o)

we! TeA ™ acd ALt

< ) ph (T A+ Ty + My + 1V,,) ,

weN?
where
I = Z Var;(h) sup Ty sup |H; o,
IeAt “ !
1
In,, = sup h Var; | ——— | sup |H,; .|,
w, Ie;l Ip I <‘(Ti>/‘) Ip| 7_|
1
ml,;, = Z sup h supWVarI(Hi,g),
2= PP T
|h(a)||H;u(a)l
vaﬂ' — 2 —’7
N 2 |(T5)'(a)]

Using the Lipschitz condition for K, one gets I,; < CLip;(K) >/ 41 sup; ‘(—1),|, which

gives, by lemma B3] > o Pl L, < CLip;(K). The same argument applies to prove that
dem p; 11, ; < CLip,;(K).

We turn now to the estimate of IIL, ;. Let yo < ... < y; be a sequence of points of /. In order
to estimate Zé;lo |H; (yj41) — Hiw(y;)|, we split H;, into two terms in an obvious way, and
we deal with the first one, the second being completely similar. We have

-1 4
|K(yj+1, e >T£yj—17 T£+1yj, e ’Tiyj’ .. ) — K(yj+1, e ,Tﬁ_lyj_,_l, Tﬂkyj, e ’Tiyj’ .. )|
7=0 k=0
-1 )
< Lip, (K) ‘Tﬁyj—l—l — Tﬁyj‘ = Z Lipk(K)m(Tﬁ(I)).
7=0 k=0 k=0

Since I € A', TA(I) is included in an interval of monotonicity of T,, o...oT, and hence

w Wht19
its length is less than (A(T,, 0...0 kaH))_l < A~0=K)_ Therefore, one has Var;(H;,) <
S h_o A" "M Lip, (K). An application of lemmaBHshows that > i p, IL,; < OS5 A~ Lip, (K).
Using again lemma and Lipschitz condition on K, we can bound the last term by
> weai Do IV < CLip;(K).
Finally, putting together all the estimates, we find that Var(hf;) < C ZZ:O A=) Lip, (K),
which gives Var(f;) < C > ,_o A\~ Lip,(K), and the same estimate for || f;|gy-
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We then have

[y

p— 7

<CY Y AERLip, (K).

k=0

\Kpm, = [ KT T )b

Il
o

7

A simple calculation shows that this term is less than C' >0} (p')?~*Lip, (K), for max(p, A\™!) <
p' < 1. This concludes the proof. O
Concentration inequalities have several statistical applications concerning the empirical mea-
sure, the shadowing, the integrated periodogram, the correlation dimension, the kernel den-
sity estimation, the almost-sure CLT, ... We describe here an application to the rate of
convergence of the empirical measure to the stationary measure, and refer the reader to
[19, 20} 21], 23] for others possibilities. We also mention the work of Maldonado [55], where
concentration inequalities are proved in a random context. He considers the so-called obser-
vational noise, where the randomness doesn’t affect the dynamics, but only the observations,
so the setup is somewhat different from ours, but once an annealed concentration inequality
is established, all consequences are derived in a similar way.

The empirical measure is the random measure defined by

n—1
1
En(r,w) = - ZdTir‘
=0

Since the skew-product system (X X Q, 9, 1 If”) is ergodic, it follows from Birkhoff’s the-
orem that &,(z,w) converges weakly to the stationary measure y, for u ® P-ae (x,w). For
statistical purposes, it proves useful to estimate the speed of this convergence. We introduce
the Kantorovitch distance x on the space of probability measures on [0, 1]. For any vy,
probabilities measure on the unit interval, their Kantorovitch distance x(vq, 1) is equal to

1
K, = [ 10 = Ea(oldr
0
where F,(t) = v(]0,t]) is the distribution function of v. We show the following :

Proposition 8.6. The exists to > 0 and C' > 0 such that for allt >ty andn > 1 :
~ t
p@P ({(,w)/K(Enle,w),p) > —=} ] <e .
Vn

Proof. We follow closely the proof of Theorem III.1 in [23]. For ¢ € [0, 1], define the function
of n variables

1
Koo, 2y = / |Fo (20, s nr) — Fa(t)]dt,
0

where F,,; is given by

n—1
1
Foi(zo, ..., 2n1) = - Z Tpog(xn).
k=0
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We clearly have x(E,(2,w), p) = Ky (x,...,Th z), and Lip;(K,) < L forany 0 < j <n—1.
We derive immediately from the exponentlal concentration mequahty (see the remark just
below Theorem B.I]) that

P (((0) /(6 ),0) ~ By (€00 0) > 72 ) <

To conclude, it is then sufficient to prove that E, 5 (k(En(.), ) is of order -

7
Using Schwartz inequality, we have

E,os (5(Ea(). 1) = /0 1 ( /X Pl T2 ) Fu(t)|du(9§)dﬁ”(g)> dt

< U ([ 1Pt T = 0P ibw) ) ]

Expanding the square and using the invariance of y ® P by the skew-product, we obtain

/X el T7) = Fyl0)dula) aBl) = 1 / (fy — Fu(t)du

n

+%n1(1——) [ = P) W= Fy e

k=1

where ft is the characteristic function of [0,t] and U* fy(z) = [ (TS )dP(w) as usual.

Since F,(t) = [ « Jtdp and f; is bounded 1ndependently of t in BV, we can use exponential

decay of annealed correlations to get [ (fy — F,(t))(U* f — F,(t))dpu = O(NF), where A < 1,

independently of t. This shows [, o |Fus(, ..., T0 2) — F,(t)|%dp(z)dP(w) = O(n~?) and

after integration over ¢, we finally get E o5 (k(En(.), 1)) = O(n_%). O O
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