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Pseudo-Orbits, Stationary Measures and
Metastability

W. Bahsoun, H. Hu and S. Vaienti

Abstract We study random perturbations of multidimensional piecewise expanding
maps. We characterize absolutely continuous stationary measures (acsm) of ran-
domly perturbed dynamical systems in terms of pseudo-orbits linking the ergodic
components of absolutely continuous invariant measures (acim) of the unperturbed
system. We focus on those components, called least-elements, which attract pseudo-
orbits. We show that each least element is in a one-to-one correspondence with an
ergodic acsm of the random system. Moreover our result permits to identify random
perturbations that exhibit a metastable behavior.

1 Introduction

In this chapter we study statistical aspects of random perturbations of a multidi-
mensional piecewise expanding malﬂ T:M— M, M CRY. A random orbit {xZ},
is a random process where, for all n, xﬁ Tl is a random variable whose possible
values are obtained in an e-neighbourhood of Tx according to a transition proba-
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bility P (x,,.). We consider the case where P (x,,.) is absolutely continuous with
respect to Lebesgue measure m. Denoting the density of the transition probability
by pe(x,.), we define a perturbed transfer operator , %, by:

Zef0) = [ pels)f ()

where f € L} (M). We focus on non-invertible dynamical systems whose transfer
operators, perturbed and non—perturbe(ﬂ satisfy a uniform Lasota-Yorke inequality.
Among other things, such an inequality implies the existence of a finite number of
ergodic acim for the initial system 7', and a finite number of ergodic acsm for the
random system.

We then define an equivalence relation between the ergodic components of acim
of T using pseudo-orbits. Using this equivalence relation, we consequently intro-
duce equivalence classes of ergodic acim. Among the latter, we identify those which
attract pseudo-orbits and call them least elements. We show that each least element
admits a neighbourhood which supports exactly one ergodic acsm of the random
system, and the converse is also true, namely the support of any ergodic acsm con-
tains only one least element. This result allows us to identify the attractors of the
random orbits, namely the least elements, and we give a nice illustration in the ex-
ample 2 in Section 5. Moreover, we use our result to identify random perturbations
that exhibit a metastable behavior. Such a phenomenon has recently been a very
active topic of research in both ergodic theory [3} |4, [11} [13} [14} [19] and applied
dynamical systems [9, [25].

Section [2] contains the setup of the problem, our assumptions, the notion of a
least element and the statement of our main result (Theorem IJ). Section [3] contains
the proof of Theorem [I| In Section 4| we use the results of the previous sections
to identify random systems which exhibit a metastable behavior. In Section [5| we
apply our results to random transformations, in particular, we provide examples to
illustrate the results of Sections2land Al

2 Setup and statement of the main result

2.1 The initial system

LetM C R be compac with intM = M. We denote by d the Euclidean distance on
RY. Let (M, .o/ ,m) be the measure space, where .7 is Borel o-algebra, and m is the
normalized Lebesgue measure on M; i.e, m(M) = 1.

2 In this chapter, the non-perturbed operator, .%, is the traditional transfer operator (Perron-
Frobenius) associated with the map T [3].

3 All our results can be carried to the case where M is a compact Riemannian manifold.
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Let T : M — M be a measurable map, Zr be the set of discontinuities of Tﬂ We
assume that m(%r) =0, and T is non-singular with respect to m. The transfer oper-
ator (Perron-Frobenius) [5] associated with T, . : L}, < L}, is defined by duality:
forg; € L) and g, € L,

/glgondmZ/fglgzdm
M M

2.2 The perturbed system

We perturb the map T by introducing a family of Markov chains (Z,), € > 0,n >
0 with state space M and transition probabilities {P¢(x,.)}rem; i-€, Pe(x,A) is the
probability that a point x is mapped into a measurable set A. At time n = 0, (Zf)
can have any probability distribution. We assume that:

(P1) Forall x € M, P;(x,.) is absolutely continuous with respect to the Lebesgue mea-
sure. We will denote its density by pe(x,.). Therefore Pe(2, | € A|Z,f =x) =

n
Jape(x,y)dm(y).
(P2) We have: suppPe(x,.) = Be(Tx) for all x.

Assumption (P2) can be weakened by supposing that suppP:(x,.) is a subset of a
slightly larger ball around 7Tx. Our proofs can be easily adapted to show that the
results of this chapter will still hold under such a slightly weakened assumption.

2.2.1 Random orbits and stationary measures

The perturbed evolution of a state x € M will be represented by a random orbit:

Definition 1. A sequence {x};},>0 C M is an &-random orbit if each x, | is a ran-
dom variable whose distribution is P (x¢,.), namely {xZ},>0 coincides with the
Markov chains (.Z;F), € > 0,n > 0.

The counterpart of an invariant measure in the case of randomly perturbed dynami-
cal systems is called a stationary measure:

Definition 2. A probability measures Ll is called a stationary measure if for any
Acd
He(A) = /MP,g(x,A)dug(x).

We call it an absolutely continuous stationary measure (acsm), if it has a density
with respect to the Lebesgue measure (see below).

* From now on with the notation %, we mean the set of discontinuities of the function g.
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2.2.2 The transfer operator of the random system

To study Markov processes it is useful to define the transition operator .7 acting on
bounded real-valued measurable functions g defined on M:

(Ze)() = [ 0)Pe(r.dy).

Its adjoint Z* is defined on the space .# (M) of all finite signed measures and is
given by:

T ) = [ PelvA)du ().

The measure L is stationary if and only if .7;* e = . Moreover, a stationary mea-
sure is ergodic if, any A € &7 with 714 = 14 implies that e (A) =0 or pe(A) = 1.

Since condition (P1) implies the absolute continuity of any stationary measure, it
will be convenient to define an operator, .Z%, acting on densities. That is to say, if u
is an absolutely continuous measure with respect to m, whose density is a function
g €L}, then F; u is an absolutely continuous measure whose density is % g, where
Zeg is given by:

Zeg(x) = /M pe(z,%)g(z)dz. ¢))

Thus, densities of acsm are fixed points of .Z;. We will comment again about this
definition of the random transfer operator in Remark[5] Section 5.

2.3 A Banach space and quasi-compactness of £ and £;
We now introduce a Banach space (M) C .£,}. We assume that

(B1) The constant function 1 belongs to #(M).
(B2) The set of discontinuities, Zy, of any function f € (M) has Lebesgue measure

zero.

(B3) There is a semi-norm |.| on Z(M) such that the unit ball of (M) is compact in
Z} with respect to the complete norm || - || = |.| + .||, where |.||; denotes the
L} norm.

We also assume that the transfer operators .¢ and .%; satisfy a uniform Lasota-
Yorke inequality: there exist an n € (0,1) and a D € (0,0) such that for all f €
P (M) and € > 0 small enough:

|ZfI<nlfI+DIfll;: (LY)

[ ZefI <nlfI+DIfIly (RLY)

Assumptions (LY) and (RLY) ensure the quasi-compactness of both .# and %, see
[S] and [2] for non-invertible systems and [10] and reference therein for invertible
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ones in higher dimensions. In particular, among other things, (LY) implies the ex-
istence of a finite number of T-ergodic acim, and (RLY) implies the existence of a
finite number of ergodic acsm for the Markov process (Z,F). More precisely, we
have for the operator . (see [[7, [15]]):

e The subspace of non-negative fixed points w of .Z, is a convex set with a finite

number of extreme points wy, - - - ,w; with supports Ay, k= 1,--- 1. The supports
Ap,k=1,--- 1, are mutually disjoint Lebesgue a.e..
e The measures yy = wym,---,l; = wym are ergodic and they give the ergodic

decomposition of any acim g = hm, h € .£}. We also call them the extreme
(ergodic) points (measures) decomposing L.

The Lasota-Yorke inequality (RLY) of .%; ensures that the random system admits
finitely many ergodic acsm uf = he 1m,..., g = he gm. Note that in general the
number K of extreme points for g is different from the number / of ergodic com-
ponents of . In our setting, (see Corollary[I)), we show that the number of ergodic
ascm is bounded above by the number of ergodic acim.

Remark 1. We point out that for certain perturbations one can prove that (RLY) fol-
lows from (LY). See [6} [17] for precise examples.

A well known consequence of assumption (LY) and (RLY) is the following propo-
sition, see for instance [8]].

Proposition 1. . Let {h¢}e~0 be a family of densities of absolutely continuous sta-
tionary measures of (2. Then any limit point, as € — 0, of {he }e=o in the L},-
norm is a density of T-acim.

2.4 Pseudo-orbits, least elements and the statement of the main
result

We now introduce the notion of a pseudo orbit which will be our main tool to char-
acterize ergodic acsm. Pseudo-orbits were previously used by Ruelle [23]], followed
by Kifer [20], to study attractors of randomly perturbed smooth maps.

Definition 3 (pseudo-orbit). For € > 0, an €-pseudo-orbit is a finite set {x; };_, C M
such that d(Tx;,x;+1) < efori=0...n—1.

Using pseudo-orbits, we define a pre-order (reflexive and transitive) “—” among
the supports {A;} of T-ergodic acim by writing A; — A; if for any € > 0 there is an
e-pseudo-orbit {x,-}f.‘zo such that xg € A; and x; € A;. Then we define a relation “~”
among {A;} by writing A; ~ A; if both A; — A; and A; — A;. By ergodicity, given
a point y € A; = suppl; and € > 0, y;-almost any point x € A; will enter the ball
B¢ (y) of positive ; measure, and therefore all the pairs (x,y) € A; can be connected
with a (finite) e-pseudo-orbit. Hence we get an equivalence relation among those
ergodic components and we define A; the equivalence class which contains A;. We
write /i,' — Aj if Ay — Ay for any Ay € /ii and A; € Aj.
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Definition 4. A; is said to be a least element, if there is no Kj, J # i, such that
Al‘ — A -

This in particular means that for all € small enough no €-pseudo-orbit can travel
from the least element to other equivalence classes. We point out that, in general, a

dynamical system may have more than one least-elemenﬂ We now state our first
result:

Theorem 1. Under Assumption (P1) and (P2), if (LY) and (RLY) hold for functions
in a Banach space (M) satisfying (B1-B3), then we have:

1. If A is a least element, then for € small enough there exists an open neighborhood
U O A which supports a unique ergodic acsm ud.

2. If A is not a least element, then for € small enough, Le (A) = 0 for any acsm .
Therefore, for any weak-limit of e as € — 0, A is a set of measure 0.

Theorem [I]implies the following three corollaries:

Corollary 1. The number of acsm of the random system (Z7") is bounded above by
the number of acim of the map T. In particular, if T has a unique acim, then (Z")
has a unique acsm.

We also have the converse of part 1 of Theorem 1, namely:
Corollary 2. The support of any ergodic acsm contains exactly one least element.

Therefore, for € small enough, we can uniquely associate to each least element A
the family of densities {42 }e~o.

Definition 5. We say that the system (M, .o, T) is strongly stochastically stable if
any L] limit point of the densities of the ergodic absolutely continuous stationary
measures {‘LL;:}£>O, j=1,...,K and as € goes to zero, is a convex combination of
the densities of the absolutely continuous ergodic extreme measures of L.

In our setting, by Proposition [I] and Theorem [I| any limit point of the family
{3} e~0 as € goes to 0, is a convex combination of the densities of the ergodic
measures spanning Aﬂ Hence we proved that

Corollary 3. The system (M, </ ,T) is strongly stochastically stable.

Remark 2. Our definition of stochastic stability is inspired by the definition in Sect.
1.1 of [1]]. Whenever there are only one absolutely continuous ergodic invariant
measure U and only one absolutely continuous ergodic stationary measure LU, it
makes sense to speak of strongly stochastic stability of the measure u if the density

S This will be illustrated in Examplell]

6 Note that within the general setting of this paper, we do not claim that the values of the weights
in the convex combination that determine the limiting density can be easily identified. However,
for certain perturbations of one dimensional maps, using insights form open dynamical systems,
such weights can be determined. See [14} 3} 4].



Pseudo-Orbits, Stationary Measures and Metastability 7

of 1 converges in L), to the density of i, see for instance [8]]. Adapting this point of
view we can restate the previous corollary by saiyng that: an absolutely continuous
invariant measure for the original system (M, </, T) whose support is the union of
least elements, is strongly stochastically stable.

3 Proofs

We first prove a key lemma.

Lemma 1. Let f € = B(M) and {xi}ﬁ\;o C M be an g-pseudo-orbit such that
X; EM\(ggjfmgT), 0<j<Nand Z}f(xi) >0 for some 0 < i <N. Then for

all i < k < N we have Lk f(x;) > 0.

Proof. Let f € % and {xi}ﬁvzo be an e-pseudo-orbit, satisfying the assumptions of
the lemma. In particular, suppose that for some fixed 0 <i <N, .,%f f(x;) > 0. Then

L f(xigr) = / L (3)pe(v,xin1) dy.
M

By the hypothesis (P2) we have x;1| € Be(Ty) = pe(y,xi+1) > 0 and by the preced-
ing continuity assumptions there exists § > 0 such that y € Bs(x;) = £ f(y) > 0.
But this d-neighborhood of x; can be made smaller in such a way that when y be-
longs to it, d(Ty, Tx;) < % which implies that x; | is e-close to Ty. There-
fore for all the y in this §-neighborhood (which is of positive Lebesgue measure),
the integrand above is strictly positive and this finishes the proof of the Lemma. O

Proof (of Theorem . We first show that for every least element A there exists
a neighborhood % such that T (%) C %.. We denote by B¢(A) the (open) &-
neighborhood of a set A, that is, B¢(A) = {x € M : d(x,A) < £}. We observe that
even though a least element A is forward invariant, the image of a ball of radius &
centred at a point in A may not be necessarily contained in A. However, this ball will
surely be a subset of the open set % | := Be(TA). We define inductively a family of
nested open sets %, := Be(T % n—1) and consider the open neighborhood %; of
A defined by U 1= U;,_ U n. This set is clearly forward invariant under 7', and its
closure is disjoint, for € small enough, from the supports of the other ergodic acim;
otherwise, we can construct an € pseudo-orbit linking the least element to them.

Let B(%:) :={f € #|f is supported on % }. Since L, f(x) = [3; pe (v,x) f (y)dy,
the forward invariance of % together with x € B¢(Ty), insure that .%; leaves the
Banach space % (%) invariant. Then by applying on % (%) the Lasota-Yorke
inequality and successively the Ionescu-Tulcea-Marinescu spectral theorem, (see
for instance [7, [15]],) we obtain a fixed point Lphe = he € B(%): the measure
Ue = hem, f% hedm = 1 is therefore stationary.

We now prove that &, is the only fixed point of % in %(%c). Suppose there
is another function h, € %B(%)) with the same property, and let us define the
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function 7 = min(he, k). Then clearly: min(he,h,) < he and min(he, hl) < K,
and thus % (min(he,h,)) < Lehe and L (min(he, b)) < Zph,, which implies
Ze(min(he, b)) < min(Lehe, Lehl). But min(Lehe, Lehl) = min(he,hl.) = h,
SO .Zsfz < h and therefore fgfz = h. Let us consider he — h.ltis a nonnegative
function and it satisfies %% (he — ﬁ) = he — h. By Proposition |1 and by taking &
small enough, we insure that the supports of i and A, will intersect the least el-
ement in a Borel set B of positive Lebesgue measure. Starting from almost any
point in this set we can attain any other point in % with a (finite) &-pseudo-
obit |’| Take any xo € B\ (Zh, N Zr) such that (he —h)(xo) > 0. For any point
x € U\ (Dn,—n N Dr) there is an e-pseudo-orbit {x;}Y o C M\ (Dh,_n N Dr)
which starts from xo and lands at x = xy. Hence we can apply Lemma [I] with
f=he —hto get LX(he —h)(x) = (he —h)(x) > 0, k= 1,---,N. This implies
that (he — h)(x) > 0 for all x € % \ (Zh, s N Dr), that is he > hl. almost every-
where on %, contradicting the fact that [ hedm = [ hl,dm = 1. Therefore hy = hi,
almost everywhere on %. We get part 1 of the theorem.

Now we prove part 2. Suppose Ag is not a least element. We will show that i, = 0
on Ay for the density 4, be the density of any acsm. We proceed by contradiction.
In this case we have Ko — A for some least element A, if otherwise /io would be a
least element itself. So there is an &-pseudo-orbit which starts from Ag and ends up
in A. Let ke denote the density of the unique acsm supported on A. If h, #0, we
can invoke again the arguments of Lemma [I|and part 1 of this theorem to conclude
that h; > 0 on A too and also that min(he, 2} ) is a fixed point of .%;. But the support
of such a minimum is a subset of % since for € small enough, 4, = 0 outside %;.
Then by uniqueness of the density h, over % we get that h, = min(h,h,). This
implies that | u h;dm > 1, which is false. O

Proof (of Corollary 3). By Proposition 1 and part 2 of Theorem (I} for & small
enough, the support of any ergodic acsm uf intersects the support of a least ele-
ment. By part 1 of Theorem [I]a small neighborhood of this least element supports
an ergodic acsm u3. By repeating the arguments of the proof of part 2 of Theo-
rem [1| we obtain that those two ergodic acsm must coincide. Finally the unicity of
the least element inside the support of uf follows from the fact that two disjoints
least elements are at strictly positive distance and therefore they cannot share the
same ergodic acsm. 0O

4 Pseudo-orbits and metastability

An ergodic dynamical system is said to be metastable if it possesses regions in its
phase space that remain close to invariant for long periods of time. A well-known
approach for detecting such a behaviour is by proving that the corresponding Perron-

7 The ergodicity insures this possibility for points in the same ergodic component; the equivalence
relation allows to pass from one representative to the other in the least element, and finally the
recursive construction of % allows to get the external points % /A.
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Frobenius operator has a large real eigenvalue, &, very close to 1. Then the positive
and negative parts of the eigenfunction corresponding to &, can be used to identify
sets which remain close to invariant for long periods of time. Such sets are often
called almost invariant sets. For more information on almost invariant sets we refer
the reader to [12] and references therein. An analogous theory also exists in the
framework of non-autonomous dynamical systems, where the analogous sets are
called coherent structures (see for instance [13]] and references therein).

In this section we assume that:

(M1) As an operator on Z(M), £ has 1 as an eigenvalue of multiplicity two. More-
over, if A # 1 is an eigenvalue of .Z, then |4] < 1.

(M2) The map T has a unique least element.

Under conditions (M1) and (M2), we will show that random perturbations of T
exhibit a metastable behavior. In particular, we will show that .%;, as an operator
on A, will have 1 as a simple eigenvalue and will have another real eigenvalue &
close to 1. Moreover & has the second largest modulus among eigenvalues of .%.
Such a &, determines the rate of mixing [3] of the random system (Z,¢).

For this purpose, we first introduce some notation and recall the Keller-Liverani
perturbation theorem [18]]. We adapt it to our situation which deals with the two
adapted norms || || =|-|+]|-||1 and || -||1. For the unperturbed Perron-Frobenius
operator .Z let us consider the set

Vs, (£) ={z€C: || < rordist(z,6(£)) < 8},

where 6(.%) is the spectrum of £ as an operator on %. Further, for € > 0, we
define the following operator norm

1 Zelll = sup ||-Zefl]:- 2

71l z<1

Conditions (LY) and (RLY) are necessary for the operators .2, %, to satisfy the

assumptions [18]]. Thus, we are ready to state and use the following important result
of [18]:

Theorem 2. [[I8] If lime_yo |||-% — Z||| = O then for sufficiently small € > 0,
0(Ze) C Vs, (ZL). Moreover, in each connected component of Vs () that does
not contain 0 both 6 () and 6(%;) have the same multiplicity; i.e., the associated
spectral projections have the same rank.

Using Theorem [2| we show that our random system (Z;") exhibits metastable be-
havior:

Proposition 2. Suppose that

o T satisfies assumptions (M1), (M2);
o lime o|||.Z — .Z||| =0.
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Then, as an operator on B, £ has 1 as a simple eigenvalue. Moreover, £, has a
real eigenvalue & very close to 1. In particular, & has the second largest modulus
among eigenvalues of %;.

Proof. Assumption (M1) states that the spectrum of .Z’, as an operator on 4, satis-
fies the following: 3 an r € (7, l)ﬁand a 8 > 0 such that:

1. The eigenvalue 1 of . is of multiplicity two;
2. if A; # 1 is an eigenvalue of .Z, then A; € B(0,r);
3. B(0,r)NB(1,0) =0.

Moreover, under assumptions (M2), using Theorem the random map (Z") has
exactly one ergodic acsm; i.e., as an operator on %, .%; has 1 as a simple eigenvalue.
Consequently, by Theorem [2] for sufficiently small €, the spectrum of .%; satisfies
the following:

1. % has areal eigenvalue & < 1, with & € B(1,6);
2. if Aie ¢ {1,&¢} is an eigenvalue of %, then A;¢ € B(0,r). O

Remark 3. The condition limg_ |||-Z — Z||| = 0 of Proposition 2] can be checked
in several cases. A general theorem is presented in Lemma 8 of [6] for piecewise
expanding maps of the interval endowed with our pair of adapted spaces where the
noise is represented by a convolution kernel. In the multidimensional case, using
quasi-Holder spaces, the proof is given in Proposition 4.3 of [2]]. It should be noted
that the previous result implies that the non-essential spectrum of .Z is stable [[18]].

Remark 4. The technique followed to prove Proposition [2| does not work when the
number of ergodic T-acim is [ > 2. This is due to the fact that

a) If [ is odd, then [ — 1 is even. Therefore, the transfer operator .%; may have [ — 1
complex eigenvalues of modulus one sitting in B(1, ).

b) If [ is even, then [ — 2 is even. Therefore, the transfer operator .#; may have [ —2
complex eigenvalues of modulus one sitting in B(1,9).

Whether Proposition [2]is true or not for / > 2 is an interesting question.

5 Random Transformations

In sections[2] 3]and ] we studied random perturbations of a dynamical system in the
framework of general Markov processes. Nevertheless, it is often useful to deal with
the case when the Markov process is generated by random transformations [21]. In

8 By (LY) and (RLY), 7 is an upper bound on the essential spectral radius of .Z and the essential
spectral radius of Z.
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Fig. 1 An example of a 1 —dimensional map T with two least elements

this setting, we consider an i.i.d. stochastic process (@ )rey With values in Q, and
with probability distribution 8. We associate witheach w € Qs amap T, : M — M
and we consider the random orbit starting from the point x and generated by the
realization @, = (@1, @, - ,®,), defined as : T := T, 0--- 0Ty, (x). This defines
a Markov process Z¢ with transition function

P(x,A) = Q 14(To (1)) 0 (), 3)

where A € (M), x € M and 14 is the indicator function of a set A. The transition
function induces an operator %" which acts on measures y on (1, (M)) as:

Zua) = [ [ 1(To(0)d0(@)dn() = [ %1a(x)dpe(x),

where % is the random evolution operator acting on L, functions g:

Ueg = /Q g0 Todbe (). @)
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0 1 2 3 4 5 6 7 8 9 10

X Axis
Fig. 2 An example of a 1 —dimensional map 7 with one least element

A measure Ue on (M, 2(M)) is called a Z-stationary measure if and only if, for
any A € B(M),
U Pe(A) = pe(A). o)

We are interested in studying Z¢-acsm. By (@), one can define the transfer operator
%, (Perron-Frobenius) acting on L' (M, %(M),m) by:

(L)) = [ Zof(x)d6c(0). (©)
which satisfies the duality condition
| sesam= | wegfam )
M M
where g is in L;;, and .Z,, is the transfer operator associated with Tj,. It is well

know that pg := pem is a Zg-acsm if and only if Z;pe = pg; i.e., Pe IS a Ze-
invariant density. In order to use the results of sections [2] [3]and 4] we also assume
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that assumptions (P1), (P2f](B 1)-(B3), (LY) and (RLY) hold. Moreover, we assume
that (6) reduces to

(Zef)(x) = /Q Zof(x)d6e(w) = /M pelz,%) f(2)dz. (8)

In fact, an important example of a random perturbation where .%; can be reduced
as in is the case of additive noise. For instance if M = §9, the g-dimensional
torus ﬁplet define Ty, = T (x) — @ mod S%, where @ € S9. Let the density of 6; with
respect to the Lebesgue measure d@ on S™, k¢, be continuously differentiable with
support contained in the square Q, = [—€,€]7: [d6; = [he(w)dw = 1. Tt is then
straightforward to check that pe(x,y) = he(Tx — ).

Remark 5. The preceding example illustrates very well the relation between the two
approaches used in this paper to deal with randomness. Namely the Markov chain
approach, which was used to prove Theorem 1, and the random transformations ap-
proach which permits to follow the orbit of a point under the concatenation of the
randomly chosen maps. Consequently, the latter allows for more explicit representa-
tion of objects like the evolution operator and the transfer operator. In fact , relation
(8) is a general fact whenever the transition function for the Markov chain is given
by the integral (see ), P(x,A) = [q, 14(Tw(x))d0¢ (@), and the noise is absolutely
continuos, namely 0 (0 € Q¢; Tpx € A) = [, pe(x,z)dz, where A is a measurable
setin M. This in particular means that we can always construct a Markov chain start-
ing with a random transformation; the converse is also true but the random maps are
very often defined in an implicit way, we defer to ([21]) for the construction. Finally,
We stress that Theorem 1 has been proved for an absolutely continuous noise. This
means that it cannot be applied, in its actual form, to random perturbations on a
finite noise space, for which the probability 6; is an atomic measure and the random
transfer operator .Z; applied to the function f becomes a weighted operator of the
form Y ;> Zo, f pw;» Where the weights pe;, Y ;>1 po; = 1, are associated to the
values of the random variables ;.

5.1 1-dimensional examples

To illustrate our results, we first present two simple examples of 1-dimensional
mapﬂ In Example |1If we present a map that has three ergodic components and

9 (P1) and (P2) in this setting are analogous to:

(P1) For all x € I the measure P(x,-) defined above on the Borel subsets of I by P(x,A) = 6:{® €
Q¢ , Ty(x) € A} is absolutely continuous with respect to Lebesgue, namely we have a summable
density pe(x,-) such that: P(x,A) = [, pe(x,y)dy;

(P2) We have: support of P(x, -) coincides with B¢ (Tx),Vx € I.

101f M is not the torus we assume that, for all @ € Qe, T, (M) C M.

1 In both examples the Banach space 4 is considered to be the space of functions of bounded
variation.
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two least elements. In Example [2| we present a map which has two ergodic compo-
nents and exactly one least element. Moreover, we show that when 7' of Example 2]
is perturbed by an additive noise, it exhibits a metastable behavior.

Example 1. In this example T : [0,10] — [0, 10]. The graph of T is shown in Fig. 1.
T is piecewise linear and Markov with respect to the partition:

0,1),...,[4,5),]5,5.5)...,[9.5,10].

One can easily check that T has exactly three ergodic acim whose supports A1, Az, Az
are, respectively, equal to [1,4], [5.5,7.5], and [7.5,9.5]. Moreover, one can easily
check that 7 admits two least elements. Namely, {A; } and {Az,A3}.

Example 2. In this example 7 : [0, 10] — [0, 10]. The graph of T is shown in Fig. 2.
T is piecewise linear and Markov with respect to the partition:

0,1),...,[9,10].

One can easily check that that 7 has exactly two ergodic acim whose supports A, Ay
are, respectively, equal to [1,5], and [5,9]. Moreover, one can easily check that T
admits exactly one least elements. Namely, {A],A2}. When T is perturbed by an
additive noise, by using Lemma 8 of [6], we obtain that lime_¢|||-Z: —-Z]|| = 0.
Consequently, by Proposition 2] the random system exhibits a metastable behavior.

5.2 A 2-dimensional example

We now present an example in higher dimensions, in particular the two-dimensional
skew system @y, : [0,1] x S — [0, 1] x S defined as (x',y’) = Py (x,y) where

/

X =T(x)+ wy

y =2y modl,

where S denotes the unit circle, and 7 : [0,1] — [0, 1] is given by

o forxe[0,a), T(x)= (5 —3)x+a

o forxe[a,1), T(x)=—2x+(a+1);

o forxe[f,1+a), T(x)=2x+(a—1);

. forxe[%—&—a,%),T(x) —2x+(2+a);

o forxe[3,1—a),T(x)=2x+(a—1);

o forxe[l—a,1],T(x)=(3—L)x+ (-3 + 5 +2a).

The graph of T is depicted in Fig.3
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0 0.2 0.4 0.6 0.8 1
Fig. 3 The graph of the map T for a = 0.1. The least element for 7 is the closed interval [% +
a,1 — a]. This induces the least element [% +a,1—a] xS for @y on [0,1] x S.

We considered a piecewise linear map to simply the exposition. However, this is not
really needed to apply our results. In fact, a map with nonlinear branches can be used
in the example as long as we keep uniform dilatation, bounded distortion, and a C'*
smoothness. For each @ we have a different random map and we compose them by
taking @ uniformly distributed, for instance, between (—&, €). In this case 0 (®) =
éd(o. The positive parameter a can be chosen equal to ﬁ, in such a way that the
image of the unit interval remains in [0,1] when € < a. It is very easy to check
that the unperturbed map &y has two ergodic components which are, respectively,
subsets of [a, 3 —a] x S and [§ +a,1 —a] x S and the latter is a least element. These
ergodic components are with respect to absolutely continuous invariant measures
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a=0.1 omega=0.0083333
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Fig. 4 The least element on the right side x > % for the map @,; notice that @ on the top of the
figure is just € = 1/120.
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whose densities are the fixed points of the Perron-Frobenius operator associated to
&y. The existence of such fixed points follow easily by obtaining a Lasota-Yorke
inequality on a suitable function space, such as the space of functions of bounded
variation [7]] or quasi-Holder functions, [24} [16], which satisfy all the assumptions
required in this paper. Notice that a Lasota-Yorke inequality can be obtained as
well for the random Perron-Frobenius operator associated to the random system,
by using the closeness of the perturbed maps @, |®| < € for small € (this means
that the constants 17 and D in (LY) and (RLY) can be chosen to be the same for the
unperturbed and the perturbed systems{jzl). According to our main theorem, there
must be only one ergodic absolutely continuous stationary measure and this must
be supported in a neighborhood of the least element. In Fig. 4 we show the limit set
of several random orbits taken with € = 1/120 and a = 0.1. All these random orbits
accumulate in the right hand side of [0, 1] X S as predicted by our theory.
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