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Abstract

Given an integer d and a weighted tree T, we show how to find in polynomial time a
minimum d-transversal of all maximum-weight stable sets in T, i.e., a set of vertices
of minimum size having at least d vertices in common with every maximum-weight
stable set. Our proof relies on new structural results for maximum-weight stable
sets on trees.
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1 Definitions and previous results

Given an undirected simple loopless graph G = (V, E') and a positive weight
function w on its vertices, a stable set S of GG is a set of pairwise non adjacent
vertices. The weight of a stable set is the sum of the weights of its vertices.
A stable set S is a maximum-weight stable set if no other stable set has
a strictly larger weight. We will denote by «a,,(G) the weighted stability
number, i.e., the weight of a maximum-weight stable set in G.

A subset 7" C V is a d-transversal of G if for every maximum-weight
stable set S we have |SNT’| > d. Thus, a d-transversal is a subset of vertices
which intersects every maximum-weight stable set in at least d vertices.

We denote by 74(G) the minimum cardinality of a d-transversal in G. A
d-transversal will be minimum if it is of minimum size.

Some properties and results concerning d-transversals of maximum match-
ings (i.e., subsets of edges intersecting every maximum matching in at least
d edges) were given in [2,5] where the following is proved (here v(G) denotes
the size of a maximum matching):

Theorem 1.1 For every fized d € {1,2,...,v(G)}, finding a minimum d-
transversal of maximum matchings is N'P-hard even if G is bipartite.

This result implies that finding minimum d-transversals of maximum sta-
ble sets (i.e., stable sets with maximum cardinality) is N'P-hard (matchings
in G are stable sets in the line-graph L(G)). In [1] it is shown how to find
such minimum d-transversals of maximum-cardinality stable sets in polyno-
mial time when G is bipartite. N"P-hard results concerning maximum-weight
stable sets in bipartite graphs can be found in [3,4].

Here we are interested in mazimum-weight stable sets: we show how to
find minimum d-transversals of maximum-weight stable sets in polynomial
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time in trees. Our proof mainly relies on the definition of a partition of the
given tree having useful properties, and on new structural results concerning
maximum-weight stable sets in trees, which allow us to reduce the minimum
d-transversal problem in weighted trees to a matching problem.

2 Structural results concerning maximum-weight sta-
ble sets in trees

Let T'= (V, E) be a weighted tree. We first give some preliminary properties.

Given an arbitrary vertex r of T', we denote by T, the tree rooted at vertex
r and by T"(v) the subtree of T" rooted at vertex v, for every v € T'. We also
define the following function: for every vertex v € T', p"(v, d) is the weight of
a maximum-weight stable set in T" that contains v if 6 = 1, and that does
not contain v if 6 = 0. Note that we have a,, (7" (v)) = max{p"(v,0),p" (v, 1)},
and that all values p"(v,d) can be easily computed by dynamic programming
formulas, starting from the leaves of T". This also allows us to find forced,
excluded, and free vertices.

Definition 2.1 A vertex of a tree T is:

» forced if it belongs to all the maximum-weight stable sets of T,
* excluded if it does not belong to any maximum-weight stable set of T,

e free otherwise.

The sets of forced, excluded and free vertices can be easily computed
using the following property:

Proposition 2.2 A vertex v of a tree T is:

s forced iff p*(v,1) > p*(v,0),
» excluded iff p*(v,1) < p*(v,0),

s free iff p*(v, 1) = p*(v,0).

Note that excluded vertices belong neither to maximum-weight stable sets
nor to minimal inclusionwise transversals: hence, they can be removed from
the tree. Moreover, when looking for a minimum d-transversal 7", we include
min{d, f} forced vertices in 7" (and possibly other vertices if needed), where
f is the total number of forced vertices. So, when d < f, we can trivially solve
the problem by using only forced vertices. As a consequence, we can assume
without loss of generality that d > f, and that we look for a d’-transversal in
a forest having only free vertices, where d = d — f. Since vertices of weight 0



do not belong to minimal inclusionwise transversals, they can be removed as
well. Finally, any maximum-weight stable set in a forest is the disjoint union
of maximum-weight stable sets in each one of the trees of the forest, so it is
sufficient to focus on maximum-weight stable sets in trees having only free
vertices and positive weights. We define the following partition of the tree,
that will allow us to establish the structure of such stable sets.

Definition 2.3 Let v;,...,v;, be the vertices in 7" such that p"(v;,,0) =
p"(vi;, 1) for each j € {1,...,q}. We define the following partition V" =
Vi, Vi of Vi forevery j € {1,...,q}, V] = V(TT(Uij)>\UUikGTT(m].) V(T (vy,))
for k € {1,...,q} and k # j, where V(T"(v;,)) is the set of vertices of T"(v;,)

for 1 € {j, k}.

We give some useful results.

Proposition 2.4 For any vertex v € T", if p"(v,0) > p"(v,1), then v is
excluded.

This property implies that, in a tree containing only free vertices, we have
p"(v,0) < p”(v,1) for any vertex v and any root r.

Lemma 2.5 V| > 2 for every j € {1,...,q}.
Lemma 2.6 Vr,r' € T we have V" = V"

In other words, the partition of V' is unique, and does not depend on the
choice of the root. From now on we will denote by V = {V4,...,V,} this
unique partition.

Remark 2.7 Lemma 2.6 and the uniqueness of the partition V imply that,
given any two adjacent vertices u and v of V with v € V; and v € V} for some
i and j # i, we have p*(u,0) = p”(u, 1) (since V* = V) and p“(v,0) = p*(v, 1)
(since V' =V).

Let (B, W) denote the bipartition of V.

Lemma 2.8 Let T be a weighted tree containing only free vertices, and let
u,v be two adjacent vertices in T with u € V; and v € V; for some i and
j # i. Then, a stable set S of T has mazimum weight in T if and only
if w(SNTY) = aw(Th) and w(S NTy) = a,(Th), where Ty = T"(u) and
T2 = Tu(U)

Proof (Sketch.) Actually, it is sufficient to show that a,,(T1) + @, (T2) =
ay(T). The inequality v, (T") < au,(T1) + u,(T3) simply comes from the fact



that any stable set in T is the union of a stable set in 77 and of a stable set
in Ty. The inequality ., (7)) > a,(T1) + a,(Th) comes from the fact that
p”(u,0) = p¥(u, 1) implies that there exist two maximum-weight stable sets S}
and Sy of 77 and T; respectively that are compatible (i.e., 57 U S is a stable
set for T'). O

Lemma 2.9 Let T be a weighted tree containing only free vertices. Then, a
verter set S is a mazrimum-weight stable set if and only if S is stable and for
any j €{1,...,q} either SNV, =BNV; or SNV, =WnNV,.

Proof (Sketch.) To show that any maximum-weight stable set S satisfies
SNV; =BNV;or SNV; =WnNV, for each j € {1,..., ¢}, we only need to use
the uniqueness of the partition V and the fact that for every j € {1,...,¢}
and v € V;, we have by definition p"(u,0) < p”(u, 1) for every u € V; \ {v}.
We use induction to show that any stable set S satisfying SNV; = BNV,
or SNV; =WnV, foreach j € {1,..., ¢} has maximum weight. When ¢ = 1,
this trivially follows from the above argument. Assume now that ¢ > 1. We
consider two vertices u € V; and v € V] for i # j, and apply induction on 7% (u)
and T"(v) (this is possible since a straightforward consequence of Lemma 2.8
is that any vertex in 7%(u) or T"(v) is free): finally, we conclude the proof by
using Lemma 2.8. O

3 Finding minimal d-transversals in weighted trees

From the partition V, we define the following auxiliary digraph 7" = (V*, A*):
Ve={V,...,V,}and A* = {(V;,V;)| vu € E, v € V,;NB, u € V,;NW}.
(Notice that T* is a directed tree.) From 7™ we define the following partial
order (V,=): for u € W and v € B, u < v if and only if either u,v € V; for
some j € {1,...,q} or w € V;, v € V}, © # j, and there exists a (directed)
path from V; to V; in T*. Let dy,ax be the minimum size of a maximum-weight
stable set in 7. Then, our main result is the following:

Lemma 3.1 Let T be a weighted tree containing only free vertices. Then for
any 0 < d < dpax, a set T" is a minimum d-transversal in T iff it consists of
d disjoint pairs of vertices (u,v) such that w € W, v € B and u < v.

Proof (Sketch.) First we show that a set 7" consisting of d disjoint pairs of
vertices (u,v) with u € W, v € B and u < v is a d-transversal. Each of these
pairs (u,v) with u € V; and v € V} has at least one vertex in common with any
maximum-weight stable set S, because of Lemma 2.9: either SNV; =W NV,



and sou € S, or SNV; = BNV, and then we have SNV; = BNV; (because
of the definition of 7%), and so v € S.

Then we have to show that at least 2d vertices are needed in any d-
transversal 7" (which is obvious, since from Lemma 2.9 we must have |BNT"| >
d and |WNT'| > d), and that there always exist dyay such pairs. We consider
a maximum matching M in the bipartite graph G = (W, B, E) with edge set
E = {uv : w € W,v € B,u < v}, and show how to construct, using the
structure of M, a maximum-weight stable set with the same size. Finally, we
assume by contradiction that it exists a d-transversal 7" not containing d such
pairs, and show how to construct, using the structure of 7”7, a maximum-weight
stable set having at most d — 1 vertices in common with 7. O

We observe that, from Lemma 3.1, there is a bijection between matchings
of size d in G and d-transversals in 7'. This yields:

Theorem 3.2 Let T' = (V, E) be a weighted tree. Then, finding a minimum
d-transversal in T' can be done in polynomial time, by solving a mazimum
matching problem in G.

4 Open problems

It would be interesting to study this problem in chordal graphs, or in other
classes of bipartite graphs: for instance, in [2], minimum d-transversals of
maximum matchings were studied in grids.
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