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Abstract

We give, as L grows to infinity, an explicit lower bound of order L= for the expected
Betti numbers of the vanishing locus of a random linear combination of eigenvectors of
P with eigenvalues below L. Here, P denotes an elliptic self-adjoint pseudo-differential
operator of order m > 0, bounded from below and acting on the sections of a Rieman-
nian line bundle over a smooth closed n-dimensional manifold M equipped with some
Lebesgue measure. In fact, for every closed hypersurface ¥ of R™, we prove that there
exists a positive constant py, depending only on X, such that for every large enough L
and every z € M, a component diffeomorphic to X appears with probability at least
py in the vanishing locus of a random section and in the ball of radius L~ centered
at z. These results apply in particular to Laplace-Beltrami and Dirichlet-to-Neumann
operators.

Keywords: Pseudo-differential operator, random nodal sets, Betti numbers.
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Introduction

Let M be a smooth closed manifold of positive dimension n and E be a real line bundle
over M. We equip M with a Lebesgue measure |dy|, that is a positive measure that can
be locally expressed as the absolute value of some smooth volume form, and E with a
Riemannian metric hg. These induce a L?-scalar product on the space I'(M, E) of smooth

global sections of £ which reads
U(s,8) €T B s.0) = [ his(sto). t) dal. 01)

Let P:T'(M,E) — I'(M, E) be a self-adjoint elliptic pseudo-differential operator of pos-
itive order m which is bounded from below. The spectrum of such an operator is thus
real, discrete and bounded from below. Its eigenspaces are finite dimensional with smooth

eigenfunctions, see [8]. We set, for every L € R,

UL = EP ker(P — Ad).
A<L



The dimension Ny, of Uy, satisfies Weyl’s asymptotic law

1 1
—a NL —
Lm L—4o00 (27T)n

VOl{f € T*M’ | O-P(g) < 1}’

where op denotes the homogenized principal symbol of P, see [§] and Definition A.8 of
[5]. The space Uy, inherits by restriction the L2-scalar product (I and its associated

Gaussian measure defined by the density

Vs € Ur, du(s) = exp(—||s||?)|ds], (0.2)

1
o
where |ds| denotes the Lebesgue measure of Uy, associated to its scalar product. The

measure of the discriminant
Ap ={s €Uy, s does not vanish transversally }

vanishes when L is large enough, see Lemma A.1 of [5].

Our purpose is to study the topology of the vanishing locus s~(0) C M of a section
s € Up taken at random. More precisely, for every closed hypersurface > of R™ not
necessarily connected, and every s € Uz, \ Az, we denote by Nx(s) the maximal number
of disjoint open subsets of M with the property that every such open subset U’ contains a
hypersurface ¥/ such that ¥’ C s71(0) and (U, ¥') gets diffeomorphic to (R, ) (compare
[6]). We then set

E(Ny) = /U o, Nolo)ts) (03)

the mathematical expectation of the function Ny. Note that when X is connected, the
expected number of connected components diffeomorphic to X of the vanishing locus of a

random section of Uy, gets bounded from below by E(Ny).

Theorem 0.1 Let M be a smooth closed manifold of positive dimension n, equipped with

a Lebesgue measure |dy|. Let E be a real line bundle over M equipped with a Riemannian

metric hg. Let P:T'(M,E) — I'(M, E) be an elliptic pseudo-differential operator of posi-

tive order m, which is self-adjoint and bounded from below. Let ¥ be a closed hypersurface

of R™, not necessarily connected. Then, there exists a positive constant cx(P), such that
lll/rillerolf L%E(NE) > ex(P).

The constant cx(P) is in fact explicit, given by (Z.3)).

Now, as in [6], we denote by H,, the space of diffeomorphism classes of closed connected
hypersurfaces of R™. For every [¥] € H, and every i € {0,--- ,n — 1}, we denote by
bi(X) = dim H;(X,R) the i—th Betti number of ¥ with real coefficients. Likewise, for
every s € Up \ Az, b;(s71(0)) denotes the i—th Betti number of s71(0), and we set

E(b) = /U o, BT (s (0.4)

its mathematical expectation.



Corollary 0.2 Let M be a smooth closed manifold of positive dimension n equipped with a
Lebesgue measure |dy|. Let E be a real line bundle over M equipped with a Riemannian met-
ric hg. Let P : T'(M,E) — T'(M, E) be an elliptic pseudo-differential operator of positive

order m, which is self-adjoint and bounded from below. Then, for everyi € {0,--- ,n—1},

lim inf 1£ E(b;) > sup (cs(P))bi(2).
L—oco ['m [Z}eHnEE[E]

Note that an upper estimate for E(b;) of the same order in L is given by Theorem 0.2 of
[5].

Theorem [ Tis in fact the consequence of Theorem [IL3] which is local and more precise.
Let Met4,(M) be the space of Riemannian metrics of M whose associated Lebesgue
measure equals |dy|. For every g € Met 4, (M), every R > 0 and every point x € M, we

set
Probg(R) = u{s e Uy, \ Ar ] (3_1(0) N Bg(x,RL_%)) oYy

with (Bg(x,RLfi), 1) diffeomorphic to (R",E)}, (0.5)
where By (z, RIF%) denotes the ball centered at x of radius RL™m for the metric g.

Theorem 0.3 Under the hypotheses of Theorem[(L1, let g € Met)q,(M). Then, for every
x € M and every R > 0,
liminf Probs,(R) > px(R),

L—+o00

where for R large enough, px,(R) = infcpr p&(R) is positive.

Again, the function py, is explicit, defined by (Z2)) (see also (7)) and (L8))). In particular,
when ¥ is diffeomorphic to the product of spheres S* x S"~*~1 Theorem provides
explicit lower estimates for the constants ¢y (P) and py(R) appearing in Theorems [0.1]
and

Theorem 0.4 Under the hypotheses of Theorem [, let g € Met|q, (M) and cpy > 0,
dpg > 0 such that for every & € T*M,

1

— UP(g)E 1
dpt < 22l < oob
A
Then, for everyi € {0,--- ,n— 1} and every R > 42@}
P.g
e—(27+1)?
Cgixgn—i-1(P) > M Vol M
Six S 1( ) = 2”*1\/77V0l(B(0,48\/gn)) Pg \dy|( )
1
and psixsn—i—l(R) > 2\/7_'( exp ( — (27’ + 1)2),
6)11/2 dpg, otz d
where T = 20 (n+6) (48n P’g) 2 exp <48\/gn3/2ﬁ).
I(E+1"  cpg Py



In the case of Laplace-Beltrami operators, we get in particular the following.

Corollary 0.5 Let (M,g) be a smooth closed n-dimensional Riemannian manifold and

A be its associated Laplace-Beltrami operator acting on functions. Then for every i €
{0, ,n—1},

o 1
1L11E>1_1££ WE(I)Z) > cgiygn-i-1(A) > exp (— exp(257n3/2))V0lg(M).

As a second example, Theorem specializes to the case of the Dirichlet-to-Neumann

operator on the boundary M of some (n + 1)-dimensional compact Riemannian manifold
(W.g).

Corollary 0.6 Let (W, g) be a smooth compact Riemannian manifold of dimension n+ 1
with boundary M and let Ay be the associated Dirichlet-to-Neumann operator on M. Then,
for every i € {0,--+ ;n—1},

1

lim inf EE(bl) > cgiygn-i-1(Ag) > exp (— exp(257n3/2))V0lg(M).

L—+4o00

Note that the double exponential decay in Corollaries and has to be compared
with the exponential decay observed in Proposition 0.4 of [5] and with the analogous
double exponential decay already observed in Corollary 1.3 of [6].

Let us mention some related works. In [I1], F. Nazarov and M. Sodin proved the exis-
tence of an equivalent of order L for the expected number of components of the vanishing
locus of random eigenfunctions with eigenvalue L of the Laplace operator on the round
2-sphere. In [9], A. Lerario and E. Lundberg proved, for the Laplace operator on the round
n-sphere, the existence of a positive constant ¢ such that E(by) > ev'L" for large values of
L. We got in [5] upper estimates for limsupy,_, | o L_%E(bi) under the same hypotheses as
Corollary 0.2, and previously obtained similar upper and lower estimates for the expected
Betti numbers or Nyx’s of random real algebraic hypersurfaces of real projective manifolds
(see [7], [3], [6], [4]). In [10], T. Letendre proved, under the hypotheses of Corollary [0.5]
the existence of an equivalent of order v/L" for the mean Euler characteristics (for odd n).
Let us finally mention the lecture [I3], where M. Sodin announces a convergence in prob-
ability for by under some hypotheses, and [12], where P. Sarnak and I. Wigman announce
a convergence in probability for Ny, in the case of Laplace-Beltrami operators.

In the first section, we introduce the space of Schwartz functions of R"™ whose Fourier

transforms have supports in the compact
K, ={¢ € T;M | op(¢) <1},

where x € M is given and T, M is identified with R" via some isometry. This space
appears to be asymptotically a local model for the space Ur. Indeed, any function f in

this space can be implemented in Uy, in the sense that there exists a family of sections



(s, € Up)rs1 whose restriction to a ball of radius of order L~m centered at z converges
to f after rescaling, see Corollary [LTIl The vanishing locus of f gets then implemented
as the vanishing locus of the sections sy, for L large enough. The second section is devoted
to the proofs of Theorems and [0.3] and of Corollary For this purpose we follow
the approach used in [6] (see also [4]), which was itself partially inspired by the works [11]
and [2], see also [9]. We begin by estimating the expected local Cl-norm of elements of
Uy, see Proposition 211 and then compare it with the amount of transversality of s;. We
can then prove Theorem [I3] see §2.2] and finally Theorem and its Corollary 0.2] see
g2.3l The last section is devoted to the explicit estimates and the proofs of Theorem
and Corollaries and

Aknowledgements. We are grateful to Olivier Druet for useful discussions. The re-
search leading to these results has received funding from the FEuropean Community’s Sev-
enth Framework Progamme ([FP7/2007-2013] [FP7/2007-2011]) under grant agreement
n° [258204].
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1 The local model and its implementation

In the first paragraph of this section, we associate to any closed hypersurface 3 of R and
any symmetric compact subset K of R" with the origin in its interior, a Schwartz function f
vanishing transversally along a hypersurface isotopic to ¥ and whose Fourier transform has
support in K. In the third paragraph, we implement the function f in the neighbourhood
of every point xg in M, as the limit after rescaling of a sequence of sections of Uy,. Here, K

is the pull-back of K, under some measure-preserving isomorphism between T, M and



R™. As a consequence, these sections of Uy, vanish in a neighbourhood U,, of zy along
a hypersurface ¥, of M such that the pair (U,,, %) gets diffeomorphic to (R™,X). The
second paragraph quantifies the transversality of the vanishing of the function f and thus
of the associated sequence of sections, in order to prepare the estimates of the second

section which involve perturbations.

1.1 The local model

Let K be a measurable subset of R and let yx be its characteristic function, so that
Xk (&) = 1if £ € K and xg (&) = 0 otherwise. It provides the projector f € L?(R")
xrf € L?(R™). After conjugation by the Fourier transform F of L?(R"), defined for every
f € L?(R™) and every ¢ € R™ by

FONE) = [ e sy € e,

n

we get the projector mx : L?(R") — L?(R"), defined for every f € L?(R") and every
x € R" by

1 .
(D) = e [ [ e e
(277)n ¢eK JyeRrn
Note that for K = R"™, 7 is the identity map. Denote by L% (R™) the image of 7. This

is a Hilbert subspace of L?(R"), the kernel of the continuous operator Id — mx = TRO\K -
Denote by C§°(K) the space of smooth functions on R"™ whose support is included in K,
by S(R™) the space of Schwartz functions of R” and set

Sk(R") = FH(CS(K)). (1.1)

Lemma 1.1 Let K be a bounded measurable subset of R™. Then, Sk (R™) C L% (R™) N
S(R™).

Proof. Since K is bounded, C§°(K) C S(R") so that Sk(R") ¢ F~1(S(R")) = S(R").
Likewise, for every f € C§°(K), xx f = f, so that by definition, f € L% (R"). O

Lemma 1.2 Let X be a closed hypersurface of R™, not necessarily connected, and K be a
bounded measurable subset of R™, symmetric with respect to the origin and which contains
the origin in its interior. Then, there exists a hypersurface D of R™, isotopic to X, and a

function fx, in Sk (R™) such that fx, vanishes transversally along 3.

Recall that 3 is said to be isotopic to X if and only if there exists a continuous family
(#t)iejo,1) of diffeomorphisms of R™ such that ¢g = Id and ¢1(¥) = 3.

Proof. Let f € C{°(R") be a smooth compactly supported function of R™ which
vanishes transversally along ¥ and let x € C§°(R") be an even function which equals 1 in

a neighbourhood of the origin. For every R > 0, we set

Xr:E€R" = (R eR.



Then F(f) € S(R™) and xgF(f) converges to F(f) in S(R™) as R grows to infinity. Thus,
FYUXrF(f)) converges to f in S(R™) as R grows to infinity, and F~!(YrF(f)) takes real
values. We deduce that when R is large enough, the function fp = F~1(xrF(f)) is real
and vanishes transversally in a neighbourhood of ¥ along a hypersurface isotopic to X.
By construction, the support of F(fgr) is compact. By hypotheses, there exists thus p > 0
such that the function F,(fr) : £ € R" — f(fR)(%) € R has compact support in K. The
function fy, = F~Y(F,(fr)) then belongs to Sk (R") and vanishes transversally along a
hypersurface isotopic to . O

1.2 Quantitative transversality

We now proceed as in [6] to introduce our needed quantitative transversality estimates.

Definition 1.3 Let W be a bounded open subset of R™ and f € S(R™), n > 0. The pair
(W, f) is said to be regular if and only if zero is a regular value of the restriction of f to

W and the vanishing locus of f in W is compact.

Example 1.4 Let fy, € Sg(R™) C S(R™) be a function given by Lemmal[L2. Then, there
exists a tubular neighbourhood W of & C fz_l(O) such that (W, fx) is a regular pair in the
sense of Definition [L.3

Definition 1.5 For every regular pair (W, f) given by Definition[L3, we denote by Tw,y)
the set of pairs (8,€) € (R%)? such that

1. there exists a compact subset Ky of W such that infy g, [f| > 6

2. V2 €W, |f(2)] <6= |d.f|| > € where ||d.fII* = i, [5512(2).

The quantities and functions that are going to appear in the proof of our theorems are
the following. Let K be a bounded measurable subset of R™. We set, for every positive R
and every j € {1,--- ,n},

[Z41] . )
V208 +1] R+t\3 i~ ¢ T 2el)?
() = S | (5 X R 2 f Mewrae)” |
= J1ys04 =

6{17 7n}i

} V213 +1) : i }

J _ 2 : z 12 12

o) = == it | ()7 ) ) Z.!((,Z,) JG] I1CA agl)” (1)
= J1y 0 -

6{177”}z

=
+
N>
w3




Remark 1.6 Denoting by v(K) = [, |d&| the total measure of K and by d(K) = supgc ||€]|
we note that for every (jy,- - ,],) € {1,--- ,n} and every j € {1,--- ,n},

/ T1 I65. 21de] < d(E)%w(K)
K =1

and [ |&5]? szl 1€,1? < d(K)?HDy(K). It follows, after evaluation at t = R, that for
every j € {1,--- ,n},

pr(R) < e R + 1 exp (RA(K) Vi) (14)
0l.(R) < ﬁ\/Qu(K)Lg+1jd(K)eXp(Rd(K)\/ﬁ). (1.5)

For every regular pair (W, f) we set
R, f) = sup [|2]|
zeW

and for every bounded measurable subset K of R",

1 NI e
K _ .
Ty = Ifllze@n (576)1&%” (SPK(R(W,f)) +— ;Hﬁ((R(W,f)» (1.6)
i +oo
and szvf) = sup (1 - —(W’f)) / e dt. (1.7)
’ \/_TE[T(Wf),Jroo[ T 7 r

Remark 1.7 Note that p(Wf) \1/— exp (— (QT(II(/Vf) +1)%).
Now, let ¥ be a closed hypersurface of R™, not necessarily connected.

Definition 1.8 Let ZX be the set of reqular pairs (W, f) given by Definition I3 such that
f € Sk (R™) and such that the vanishing locus of f in W contains a hypersurface isotopic
to X in R™. Likewise, for every R > 0, we set

K,R
Iy ={(W.[) € T8 | Ravy) < R}.
Finally, for every positive R we set

pS(R) = sup  plyg. (1.8)
W )ezs ™

Remark 1.9 It follows from Lemma [ and Example that when R is large enough
and K satisfies the hypotheses of Lemma [L.2, Ig’R 1s not empty, so that pg(R) > 0.



1.3 Implementation of the local model

In this paragraph, we prove that for every xzg € M and every measure-preserving linear
isomorphism A between R™ and T M, every function f in Sa-, (R™) can be implemented

in Uy, as a sequence of sections, see Proposition [0 Corollary [[L.T1] then estimates the

amount of transversality of these sections along their vanishing locus, in terms of the one

of f.

Proposition 1.10 Under the hypotheses of Corollary [T2, let xg € M, ¢y : (Uyy, o) C

M — (V,0) C R™ be a measure-preserving chart and xy € C(V) be an even func-

tion with support in V which equals 1 in a neighbourhood of 0. Then, for every f €

S(d\x0¢;01)*Kwo (R™), there exists a family (sp)rers € I'(M, E) such that

1. for L large enough, s;, € Ur, and |[sil[z2ar) = | |l 2 mm)

2. the function z € R" — L_%)ZV(L_%z)(sL o qﬁ;})(L—%z) € R converges to f in
S(R™).

Note indeed that the isomorphism (dm(ﬁm)*l : R"™ — T,,M defines by pull-back an
isomorphism ((d|,, Guo) 1) Ty M — R™ that makes it possible to identify the compact

Ky ={§ € T;,M |op(£) <1} (1.9)

with the compact ((d‘m(bxo)*l)*f(m of R™. Moreover, the Riemannian metric hg of E
given in the hypotheses of Corollary provides a trivialization of E in the neighbourhood
Uz, of zg, choosing a smaller U,, if necessary, unique up to sign. This trivialization makes

it possible to identify yy sy, o gb;ol with a function from V to R.

Proof. For every L € R, we set
~ noo_ 1
501 € Ugy > L2m Xy (¢ (2)) f(Lm by (2)) € By

that we extend by zero to a global section of E. We denote then by s the orthogonal
projection of 51, in Uy € L?(M, E). This section reads

sy, = (er,8L) = /M hi(er(z,y),50(y))|dyl,

where ej, denotes the Schwartz kernel of the orthogonal projection onto Uy. Then, for

every z € R", L w2z belongs to V' when L is large enough and
1

L Znsgo¢; (L mz) = L—%/MhE(eL(¢;01(L7z),y),§L(y)>\dy\

~ /U 0 (D00 ®))er (651 (L 2), 9) £ (L b () ()]

n

— [ R R e T

9



where we performed the substitution h = L ¢z (y), so that |dh| = Lw|dy|. But from
Theorem 4.4 of [§],

3z

-

—1y\* -1 -1 1 i(z—h,§)
L mz,L"mh) — ~d
(¢$0) BL( 2y )L—>+oo (27‘(‘)” /Kg'co € | £|’
where K, = (d|, qﬁ;ol)*Km. Moreover, there exists € > 0 such that this convergence holds
in C°(R"™ x R™) for the semi-norms family defined by the supremum of the derivatives of
the functions on the bidisc B(GL% )2, where B(GL%) denotes the closed ball of R™ of radius
GL%, see [0]. As a consequence, after perhaps taking a smaller V' so that V is contained

in the ball of radius e,

1

5 7% Tk ,% ,% i(z—h,&)
LR en (R LRI | = o [ plag

3

-
2
in this same sense, which implies, with z fixed, a convergence in the Schwartz space S(R"™).

After integration, it follows that

1

oo (1 -
D ed () o e | ORIl

in C*°(R™) for our family of semi-norms on B(GL%). But f € Sk, (R™), so that

(2717)n /K O F(£)(©)lde] = f(2).

Hence, z — L™ 2msy, o qS;Ol(L*iz) converges to f in S(R™), which proves the second
assertion.
If XU = Xv © ¢z, we deduce that ||sLXvl 2 M [ £l 22(mny- We still need to prove
o0

S

that [|s.(1 = Xv)ll2(an) 0. But since sy, is the orthogonal projection of §, onto Uy,

%
L—+o00

Isellzzony < llSpllczny | = I llze ey

L—+

The result follows. O
Corollary 1.11 Under the hypotheses of Theorem[(.3, let xo € M and

Gwo 2 (Ugyy o) C M — (V,0) CR”

. . . A*Ky
be a measure-preserving chart such that A = d|$0¢;01 is an isometry. Let (W, fx) € Iy, —*°

and (9,€) € Tw,fs), see Definitions [LA and [L8 Then, there exist Lo € R and (s1)r>1,
such that for every L > Ly,

1. sp € Uy and ||spllrz(an Lo I f2lln2 mmy

1

2. The vanishing locus of sy, contains a hypersurface ¥, included in the ball By(zo, R(WJE)L_m)
such that the pair (B(zo, R(W,fZ)Lfi), X1) is diffeomorphic to the pair (R™,X).

10



3. There exist two neighbourhoods Ky, and Wy, of ¥, such that Ky, is compact, Wy, is
open, X, C K, C Wy, C Bg(mo,R(W,fz)L_%), infyy\ i, |sL| > 6Lzm and for every
y e Wi,
[s2(y)] < 0L = dy (s 0 6| > L5

Proof. Let Ly € R and (sz)r>r, be a family given by Proposition for f = fx.
Then, the first condition is satisfied and the family of functions z € B(0, Ry, ;) —
L™ 3msp o Dy (Lfiz) converges to fx in C*°(B(0, Ry f,,)))- Let K be the compact given
by Definition [L3] K, = (ﬁ;Ol(L_%K) and Wy, = ¢;01(L_%W). The conditions 21 and Bl

follow from this convergence and from Definition O

2 Probability of the local presence of a hypersurface

In this section, we follow the method of [6] partially inspired by [I1] and [2] (see also [9],
[]) in order to prove Theorem If ¥ is a smooth closed hypersurface of R", x € M
and s;, € Uy, be given by Proposition [[T0, vanishing transversally along ¥ in a small
ball B(x,L_%), then we decompose any random section s € Uy, as s = asy, + o, where
a € R is Gaussian and o is taken at random in the orthogonal complement of Rsy, in Uy,.
In 2,11 we estimate the average of the values of ¢ and its derivatives on B(z, L_%) see
Proposition 2.1l In §2.2, we prove that with a probability at least p§, independent of L, s
vanishes in the latter ball along a hypersurface isotopic to ¥, thanks to the quantitative

estimates of the transversality of sy given by Corollary [L11I] and thanks to Proposition
21

2.1 Expected local C'-norm of sections

Recall that for x¢g € M,

Ky = {§ € T3, M |op(€) < 1}, (2.1)

Proposition 2.1 Under the hypotheses of Theorem[(3, let xo € M and ¢, : (Uzy, o) C

M — (V,0) C R™ be a measure-preserving map such that A = d|$0¢;01 s an isometry.
Then, for every positive R and every j € {1,--- ,n},

limsup L~ FE ) < par (R

Iston 180 o (5, oo, iy ) S Ay (B)

n 0 A

and limsupL_%mQE <HM

8.%']'

L—4o00

IN

J
HLoo(Bg(o,RL—%)) O g (B),

where parc,, and HQ*K% are defined by (L.2) and (1.3).

11



Proof. Let t € R.. When L is large enough, the ball B(0, (R—i—t)lfi) of R™ gets included
in V. From the Sobolev inequality (see §2.4 of [I]), we deduce that for every s € Uy, every
k > n/2 and every z € B(O,RLfi),

1/2
|s0¢,, (2)] < & i(tri)i l/ D' (s 0 ¢ )| ()| dax] /
o Vol(B0,tL ) = il o, (reoyr- ) " ’

where by definition, the norm of the i—th derivative D'(s o ¢.1) of s o ¢ satisfies

) 2 2
iIlD(s 0 d3))(@)|* = \m“ o b)) (@)
(.]17 . 7.]2) J Ji
{1, ,n}

Note indeed that the metric hg of the bundle E makes it possible to identify S|u,, With
a real valued function well defined up to a sign. As a consequence, we deduce from the

Cauchy-Schwarz inequality

—

k
2k
< tL
Bl ool o) < Vope iyt

1/2
( / 1 z'!E(\D@(so¢;}>r?<x>>rdxr> .
B(0,(R+t)L ™)

But given (ji,---j;) € {1,--- ,n}’ and z € B( (R+1t)L 7%) we can choose an orthonor-
mal basis (s1, -+ ,sn,) of UL such that T, (sl o ¢,1)(z) = 0 for every [ > 1. Since
the spectral function reads (z,y) € M x M — eL(az,y) = ZZN;O si(x)s}(y), we deduce,
using the decomposition of s in the basis (s1,--- , sy, ), that
0° 2 2 da 0%

E‘i -1 :/2—(1_ “1y(5. ),

( Oxjy - - Oj, (50 020) (Z)> < V) 0wy 0w 0ys, Oy, (6100255 )
Choosing k = [% + 1] and noting that [; a2e*“2% = 1, we deduce that for L large
enough, E(|s o ¢ || L) is bounded from above by

Loo(B(0,RL™m))

. \/iLH +1] 1, 1 0%er(z, 1/2
nf y RSS! > G (/ D DI PR, L(a ) B ~|dx|) '
tERL Vol(B(0,tL~m))z =5 ¥ B(O,(R+6)L™m) Zj Zj;0Yjy - - OYj;

-1
Likewise, for every j € {1,--- ,n}, IE(H a(saoim) gets bounded from above

e s0.m- )

by
n L5 +1] 2i+2
. \/5L—+1J 1, 1 0% +2¢ ) (2, 1) T
1Ry, N 2 qtt m)( x Z | Oy, - 0 Dy, -0 | ’)
Vol(B(0, m))z g B(0,(R4+t)L ™) (o 39T 3:9Y5Y5 Yji

{1, n}z

12



Now, the result is a consequence of the asymptotic estimate

a22‘€L (x,x) 1 n+2i 9 9
T B 1 @ Ll )

see Theorem 2.3.6 of [5]. We used here that the balls By(xo, RIF%) and ¢, (B(0, RIf%))

coincide at the first order in L. O
2.2 Proof of Theorem [0.3]
Let zg € M, R > 0 and A € Isomgy(R", T, M). Let

Gwo 2 (Ugyy o) C M — (V,0) CR”

A*K,
be a measure-preserving map such that A = d‘xogbgol. Let (W, fx) € Iy, ~ "%, (8,¢) €

Tow,fs) and (s1)r>1, be a family given by Corollary [LT1] associated to fs, where K, is
defined by (2J]). Denote by si the hyperplane orthogonal to sy in Uy. Then,

-1 1
d < d
/Si llsodr, HLoo(B(O,R(W’fE)L—%)) n(s) < /IUL llso¢r, ||L°°(B(0,R(W,fE)L—%)) 1u(s)

and for every j € {1,--- ,n},

/8
SL
L

du(s
compare the proof of Proposition 3.1 of [6]. From Proposition 2] and Markov’s inequality

(s0bz)

L dp(s) < /IUL H%(Sofﬁ;()l)

‘LOO(B(OvR(W,fZ)L_m)) ‘LOO(B(O,R(WJE)L_%))

we deduce that for every T' € R* |

u{sest | sup s pa-Koy (Rwg)) + 0(1)

T§L3m }S | f2llz2@mny
Bg(z0,R(w, f5) L7 ™) )

| >
I foll L2 me To

and for every j € {1, -+ ,n},

n+2

o) _ TeLzn Vil fsliz@ny
plast] s gl = o) < S (R ().
B(0,Rq, gy L™m) 7 L2(R™)
It follows that the measure of the set
T§Lzm
E.=1s€st | sup ls| < 29T and
°T v 1 I f2llz2@ny
Bg(zo,R(w, 5 L~ ™)
n+2
_ TelL 2m
sup |d(s o ¢,))] W}
B(0,R(yy, gy L™ ) L2(R™)

satisfies

[ f=llr2@ny (1 VR =
w(E) 21— % <5PA*KIO (Row,fs)) + T\/_ ZQQ*KxO(R(W,fz))) +o(1),
=1

13



where the o(1) term can be chosen independently of xg since M is compact. Taking the
supremum over the pairs (d,€) € T, y,,) and passing to the liminf, we deduce from (LG

the estimate

A" K
lim inf pu(&,1) > 1 — 22
lim inf 4(€,1) 2
Now, let
fT:{a87L+0]a>Tanda€€SL}.
HSLHL2(M) L

From Lemma 3.6 of [6], every section s € Fr vanishes transversally in By (zo, R, fz)L_%)
along a hypersuface ¥, such that (Bg(:co,R(WJE)L*%), Y1) is diffeomorphic to (R",X).

Moreover, since y is a product measure,

Lo e
. . > —t o »J X .
pitur) > (2 [ ) (- 29

Taking the supremum over T' € [Ty, 1), +00[, we deduce from (L)) that

.. .. A* Ky,
liminf Proba, s (Row,fs)) 2 liminf u(Fr) 2 piy g5
. . A*Kzq,R
Taking the supremum over all pairs (W, fx) € Iy, ", see (L8)), and then over every
A € Isomg(R", T, M), we obtain Theorem by choosing
PE(R) = sup  (p "*(R)). (2.2)

Aelsomg(R™, T, M)

Indeed, from Remark [[L9] this function is positive for R large enough. [J

2.3 Proofs of Theorem and Corollary

Proof of Theorem Let g € Met)q,(M). For every point x in M, the supremum
SUPReR. (mpa(}%)) is achieved and we denote by R,,(x) the smallest positive
real number where it is reached. Denote by § the normalized metric g/R2,. For every L
large enough, let A; be a maximal subset of M such that the distance between any two
distinct points of Az is larger than 2L for g. The g—balls centered at points of Ap
and of radius L™ m are disjoint, whereas the ones of radius 9L~ m cover M. For every
s € Up \ Ap and every x € Ap, we set Ny x(s) =1 if By(z, L_%) contains a hypersurface
> such that ¥ ¢ s~1(0) and (Bg(ﬂ:,lfi),i) is diffeomorphic to (R", %), and N, x =0
otherwise. Note that
/ Ny x(s)du(s) ~  Probys(R).
UL\AL

L—+o00

14



Thus,

Ng) > Ne,
pmpd B 2 it [ (55 ety
_ ZProba;z (z))
L—+oco [['m
x€AL
1 n p%(Rm(x))
> JR—
it 30 VolBle 2N (5 )
T L

by Theorem Hence, we get

1 1 s (R)
liminf — E(Nyg) > — n ;
minf 7= E(NV2) 2 o MZ@%(voleud(B(o,R)))Rm(””)’dwlg(x)’

s (R)
B QL” /M R>0 (VOZeucl( R(07R)))|dx|'

Theorem [Tl can be deduced after taking the supremum over g € Met 4, (M) and choosing

the quantity cx(P) to be equal to

1 5 (R)
cs(P) = — sup / sup dz|. 2.3
2( ) 2" gEMetqy (M) J M R>0 <V0leucl(B(0’ R)) ) | | ( )

O
Proof of Corollary For every i € {0,--- ,n — 1} and every large enough L > 0,

E(b) = /U BT Ot
> [ ([E]; Nz<s>bi<z>)du<s>
> b

E] €EHn

The result is a consequence of Theorem [T after passing to the liminf in the latter bound.(

3 Explicit estimates

The goal of this section is to obtain explicit lower bounds for the constants cx(P) and
inf e p§(R) appearing in Theorems and [03] when ¥ is diffeomorphic to the product
of spheres Si! x §"~i=1 (whose i-th Betti number is at least one). In the first paragraph,
we approximate quantitatively the product of a polynomial function and a Gaussian one
by a function whose Fourier transform gets compact support. We then apply this result
to a particular degree four polynomial vanishing along a product of spheres to finally get

Theorem [0.4], Corollary and

15



3.1 Key estimates for the approximation

Let X : R™ — [0,1] be a smooth function with support in the ball of radius ¢ > 0, such
that x. = 1 on the ball of radius ¢/2. For every Q € R[Xy, -+, X,,] and every n > 0, we

set
g:x€R" — gq(x)=Qe” Hx2”2 € R and (3.1)
Gia R o (o) = o [ ROF@E)O . (32

Note that g; € Sp(o,c/n) (R"), see ([LI).
Proposition 3.1 Let Q =Y .yn arz’ € R[Xy, -+, X, and ¢,n > 0. Then,

1.
. cC L*Q Ly
5 — all ooy < m/2+1j(%) P (25 Z lar|VTY).

IeNn
2. For every k € {1,--- ,n},

e
Ha—zz B 8kaL°°(R”)

< V2 +3] (=) 2 e 1@ (3 Jag V).

2n IeNn

where N(Q) denotes the number of monomials of Q.

Proof. For every = € R", we have

. 1 ,nzz)\\?
45(2) — q(a)] < o /||5||>c F(Qe")l(©)lde
E
< G %:n“‘ e 1PN
However,
Flare 5y = z|flai&(]-"(e_”z22)) (3.3)
_ \/g"ifai&(e—g) (3.4)

16



where we have set I = (i1,--- ,4,) and H; the j—th Hermite polynomial. We deduce from
Cauchy-Schwarz inequality that

- ; / 2 NV

() — a@)] < g;%hul Iljéfﬁﬂﬁﬁeid@>12</Lm:;e%zd§)12
- +o00 - 2 1/2
< (27r TR Z ]aj\\/_ )/ Vol(5n= )(/c T le 2 dr) ,

IeNm 2n

since for every k € N, the dominating coefficient of Hy(¢) equals (—1)¥, so that an inte-
gration by parts leads to

[ e S = (-1)frvan (3.6)
R

since Hermite polynomials are orthogonal to each other. Likewise, after integration by

parts we obtain

< 2n <
2n 2n

+m 7"2 +m ’7‘2
/ pnt 7*d7’ = [—T"2e2]+i°°—i—(n—2)/ P 3eT 2 dr

< <§>Ha%<ﬁ>2 b= ()" e A

Recall that -
27 . .
Vol(S"1) — - 2)(n—4)2 if n is even
ol(s™) = NN o odd
Vrn—2)(n—4)-3x1 NSO

We thus finally get

n c L*2 e
lgy = dllz= < 4/15 +1(5) 2 (2 Z lar|VT!).
IeN?

2n
Likewise, for every k € {1,--- ,n},
a(Zn 1 2
d
Haxk &ck Le®r) —  (27)" /||£||zc [kl F (Qe )‘( )|d€|

2
< 7 2 ] /m Ha)t([ e ag
IeNn I€ll= 2
+o0
< n/4 Z |a1|\/_V0l(S" 1)2(/ T"Jrle*rQ/er)%
ITeN™ 2n
< /I3 +3U( n)"/ze G (3 Jag V).

IeNm

17
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Lastly,

. _ _l=)? - 2
gy = al ey < |FHF@e27) 0 = X)) 7o gy
22
! / |F(Qe™ = )|?|d€| from Plancherel’s equality
(27‘(’)" e>L

S illlay T Hyy (&5)eF Plde] from @)
j=1

IeNn

c n &
< N(Q)e_%(%)2 Z G%H/ HZZJ (fj)e_T]dfj from Cauchy-Schwarz
Jenn  j=1YR
< \/27TnN(Q)( Z a%]!)e*%(ﬁ)2 from (B.6).

IeN™
g

3.2 The product of spheres

For every n > 0 and every ¢ € {0,--- ,n — 1}, let
Qi :RH xR 4 R (3.7)
(z,y) = () =2)* +lyl* - 1. (3.8)

We recall that this polynomial vanishes in the ball of radius /5 along a hypersurface
diffeomorphic to the product of spheres S* x S"~i~! see §2.3.2 of [6]. Let

g (z,y) € R x Ry Qi(gg,y)e*%(llrll2+llyll2) cR.

This function belongs to the Schwartz space and has the same vanishing locus as @Q;. Let

us quantify the transversality of this vanishing. We set

W = {(z,y) € R x R"™7L, Jlzf|* + [ly* < 5}.

Lemma 3.2 For every § < 1/2,

B2
(372, 55=2 = 9)) € Tawg:

see Definition [1.7
Proof. Let (x,y) € R"~! x R"~i~! be such that ||z|? + [|y||> <5 and § < 1/2. Then

‘%(x7y)‘ < 5675/2 = ‘Ql(may)’ <4

& 1=6<(f|lzI” =2+ yl* <1+
{ z]|? >2—V1+6>1/2

]2 =2 > 1/2 or [[y||? > 1/4 since § < 1/2.

18



Moreover, for every j € {1,--- i+ 1},

Igi 0Qi\ 572 | ¢ 5/
{83@ | e o E |5]0e
> dlag||ll2lf? - 2|e/ — |ayl5e?
> fajle 2 (4] - 2| - 9)

and for every k € {1,--- ,n—1i— 1},

| dq; ‘ > |%|e5/2 _ ‘yk’5675/2

Y

lyle™?(2 = 0).
Summing up, we deduce
_ 2 _
i@ yyal® = llel®e™ (4] ll2]® = 2] = 8)" + ylPe™(2 — 0)?

ﬁ 2 ol _ 5\2 2 —5ro 2
> (4l — 2 = 8)” + lylPe (2 - 0

6_5

> T(2 — )2

Since on the boundary of the ball W, either |z|> > 7/2 or |ly||?> > 3/2, the values of the

function g; are greater than %6*5/ 2 and we get the result. O
We now estimate the L?-norm of ¢;.

Lemma 3.3 For everyi € {0,--- ,n— 1},

3
HquLQ(Rn) < \/;ﬂn/zl(n + 6)2.
Proof. We have

2 _ T 2_ 2
lgil 72y = / ((H:g”2 —2)2 4 |ly|f2 = 1) eI =11 gy

R'H»l XRnfifl

2 _ 2_ 2
= (] = 4llz]? + 3+ [lyl|?)“e =" dzdy

Ri+1lyxRn—i—1

< VAT el a6l e o o
R+

i (Iyll* + 6]ly[|> + 9)e 11" ay
Rn
+2 ( / ||xu4e“f“2dw) ( / (Ilyl* + 3>e“y“2dy) :
Ri+1 Rn—i—1

Now,
+oo i—1
(t4 + 16t%)t 2 e~ dt

(22

1
= — l g
2V S

z+9

IN

/RM(Hm”S + 16|z e 1P g = %Vol(Si)/
T

7V0l( ( )
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and

— 2
/R o (lyll* + 6lly]1% + 9)e M1 ay

Likewise

/ Hx||4efll:vll2dx
Ri+1

and

2
Lol ) ay

1 : +oo i
§Vol(5"l2)/ (t+3)t 2 e ldt
0

1 . +oo .
§Vol(S"_’_2) / (2 + 6t + 9)tz (i3t gy

0
1 —i_9 n—1i+3 n—1i+1 n—1i—1
- n—1i T T N——
SVol(8" %) (D(F==2) + 61 (=) + 91 ("

2 .
—5V01(S"_’_2).

2
+oo
/ 5 e tat
0

1+ 95
2 )

%Vol(Si)

%Vol(Si)F(

1—3

n—

1 ) —i+1 —i—1
= val(smy(r(E Ty ap ATl
2 2 2
. — 1 1
< Tyougr—i-zypt=ttly
2 2
Finally, since
. 27‘(‘%1 . 27‘('717;’71
Vol(S') = =——+ and Vol(§" %) = ———,
I(5) r(e==1)
we get
o (L T(52) r(2=3) L= (52)
laillZo@ny < VA" |12 + 250 + M2
LA™ I(5) L(t=5) D(*== )0 ()
W17, 25 R . e
< i " (n — (n — 7 —
< VA (D T — i+ 1) 4 fn—i = 1)+ 3))
3
< SVE(n+6)

since n+6 > 7, so that %(n—i—i—l)2 <

|

4x49

25-(n+6)* and 2(n—i—1)(i+3)? < L(n+6)%

We now approximate ¢; by a function whose Fourier transform has compact support.

For every i € {0,--- ,n — 1} and ¢ > 0, we set
Gic: T €ER qgic(z) = qf,(nr) (3.9)
1 . _=? 6N e
= o | XOF Qe ()T € R, (310)

see ([BI). By construction, ¢;. belongs to the Schwartz space of R™ and its Fourier

transform has support in the ball of radius ¢, so that with the notations of §L.1] ¢;. €

SB(0,e) (R™).

20
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Corollary 3.4 For everyi € {0,--- ,n—1}, every ¢ > 0 and every n < 45—, Gic vanishes
in the ball Wy, = {x € R",||z||> < 5/n*} along a hypersurface diffeomorphic to S*x S"~~1.

Moreover,
—5/2
2

(e 4 ’:756_5/2) = 7?W4qud

and

3
gi.cllL2@ny < ST2 74 (n + 6)2.

Proof. The polynomial @; reads

i+1 i+1 n—i—1

Zxk+2 dooalaf 4> a4+ > i+
k=1 k=1

1<j<k<n

We deduce, with the notations of Proposition B.1],

S JaVTT = <¢+1>@+4(i;1) £V 4 1)+ (n—i—1)V2 43

IeNm
< Bn+2n%+8n+3 < 18n?

and
9 ) 1+1
g arl! = (i+1)4'+16 5

>+32(i—|—1)—|—2(n—i—1)—|—9
IeNn

< 24n+ 8n® + 34n + 9 < 75n2,

whereas

N(Qi) = (i—i-l)—i-<H2_1>+(i+1)+(n—i—1)+1

1
< 2n+1+%§3n2.

Noting that /[ 5 + 1] < /][5 + 3] < 2y/n, that (QL) =N < (ﬁ)
that

w3

as soon as ﬁ > 1, and

C C
< J—
5) < 3n(z)

under the same hypothesis, we deduce from Proposition B.] that when n <

lnn + - ln(

48n ’

_1licH2 _ 2
1gi.¢() — 4i (1) ]| oo (mry < 36¢ 530" < 36e772

and for every k € {1,--- ,n},

8.%'k .%'k

[0 2. o, <00
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From Lemma B2 follows, choosing § = 1/2, that for every z € R" such that ||z||*> < 5/n?

and every n < -,

o—5/2 0—5/2
Gie(z) < = qi(nr) <
4 2
o=5/2
= |d|nxQZ| > 3
675/2
= |digGicl > n——=—,
| |xC.72,c| n \/5
since
|d\in,c| > 77|d|n:in| - |d\in,c - nd\nm%|
36_5/2 aql C a(h 2
> —
n 4 Z ‘ &’Uk oxy, (nz)
3¢—5/2
> ,'7( € —36\/_6_72n )
675/2
> .
V2
From Lemma 3.6 of [6], ¢; . vanishes in the ball W, along a hypersurface diffeomorphic to
5/2 —5/2

St x §"~=1 and by definition, (S5, n<—= 7 ) € Twyaie) 1 < 157
Lastly, we estimate the L?-norm of ¢i.c. By Proposition 3.1 and the bounds given above,
g5, — qu%Q(Rn) < V27" 225nte 2881 g0 that

il 2y = #annum(m
< ﬁmq@-nmn) Tl — aillz2gemy)
< 777}/2 (\/gﬂ"/‘l(n +6)% + (\/ﬂn225n4e*288”2)1/2) by Lemma B3
= 2n/2 A+ 6)%.

O
3.3 Proofs of Theorem [0.4], Corollary and Corollary

Proof of Theorem [0.4L Let us choose ¢ = cpg4 and n = 322 see the definition (B.I0]) of
gic. It follows from Corollary 3.4] that R > Llscpﬂ, (W, q@c) € IB(ESC,f "1)}} so that for any
»g

x € M and any A € Isomy(R", T, M),

A*Kz,R
(WnaQi,c) € I iy Gn—1—i*

Indeed,
B(0,cpqy) C A"K, C B(0,dpyg).

22



From Remark [[7, we get that for every € M and every R > m,

CP,g

T 1 2
Phiseina () = 5oz exp(~(2r +1?).

From (L4), (I5), (L) and Corollary Bdlwith n = 352, using that v(A*K,) < Vol(B(0,dp,)),

we deduce

3 48n 4 1 n d
2. n/4 230N \n/2 n dpy
T < 57 (n+6) (CP,g) (6_5/2 N \/2V01(B(0,dp,g))L2 + 1] exp (48\/5?1\/561379)
4871\/5 n n dP7g
+ 675/201:,9”\/5\/?" \/2Vol(B(0,dP,g))L§ + 1]dp4exp (48\/511\/5%))
d d
< D 6 (48n) AVOI (B0, 1) (22) exp (48v/5n2 T2
4qn/4 o ors
d
(465/2+\/§e5/2n5/2(48n)ﬂ)
Cp7g
6)11/2 do J
>~ (n+ ) (48n P,g)%QeXp (48\/5n3/2ﬂ)
(g +1) CPyg cpg

The estimate for ¢(gi, gn-i-1) follows from the above estimate with R = 48\/5%, see
g

3. o

Proof of Corollary If P is the Laplace-Beltrami operator associated to a metric
g on M, then we choose as the Lebesgue measure |dy| on M the measure |dvol,| associated
to g, so that g € Met 4, (M) and the principal symbol of P equals £ € T*M — [|¢]|* € R.
Theorem [0.4l then applies with m = 2 and cpy = dpy = 1 and we deduce, using I'(§+1) >
1/2, that

7)) 11/2 .
o< 20#(4&1)%2 exp(108n3/2)
LG +1)
11 2 13
< exp (ln(20\/§) +5 In7+ n;_ In48 4+ 5 Inn+ glnn + 108n3/2)

IN

17
exp(18+ - (n —1) + 2(2\/5 — 1) + 108n%/2)

exp(127n%/?).

A

Theorem then provides for every i € {0, -+ ,n — 1},

(Volg(M)) ™ ejgixgn-i-1)(P) > exp(— (27 +1)* = (n+1)In2 — %lnw
—n1n(48v/5n) — In(7"/?) + In(I'(n/2 + 1)))

> exp(—(2r+1)*—=3/2—6lnn—nlnn)
> exp < — exp(256n%/?) — exp (In(17/2) + Inn + In(In n)))
> exp(—exp(257n3/?).
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Remark 3.5 Under the assumptions of Corollary [, we get likewise for R > 48v/5n,

1
inf (pigl'xS"*i*1 (R)) 2

zeM Qﬁ

> exp(—exp(257n%/?)).

exp(— exp(256n3/2))

Proof of Corollary If P denotes the Dirichlet-to-Neumann operator on M, then
the principal symbol of P equals £ € T*M — |¢|| € R. Theorem then applies with
m =1 and cpy = dpy = 1. Thus, the proof is the same as the one of Corollary O
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