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Abstract

We consider the problem of averaged controllability for parameter depending (either in a discrete
or continuous fashion) control systems, the aim being to find a control, independent of the unknown
parameters, so that the average of the states is controlled. We do it in the context of conservative
models, both in an abstract setting and also analysing the specific example of the wave equation.

Our first result is of perturbative nature. Assuming the averaging probability measure to be a
small parameter-dependent perturbation (in a sense that we make precise) of an atomic measure given
by a Dirac mass corresponding to a specific realisation of the system, we show that the averaged
controllability property is achieved whenever the system corresponding to the support of the Dirac is
controllable.

Similar tools can be employed to obtain averaged versions of the so-called Ingham inequalities.

Particular attention is devoted to 1d wave and Schrodinger equations in which the time-periodicity
of solutions can be exploited to obtain more precise results, provided the parameters involved satisfy
Diophantine conditions ensuring the lack of resonances.

Key words: Parameter dependent systems, averaged control, perturbation arguments, Ingham inequal-
ities, non-harmonic Fourier series, wave equations.

Mathematical Subject Classification (MSC2010): 49J55, 93C20, 42A70.

1 Introduction and main results

1.1 Problem formulation

This paper is devoted to analyze the following question: Given a system depending on a random variable,
is it possible to find a control such that the average or expected value of the output of the system is
controlled?
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In this paper, we address this issue motivated by the prototypical model represented by the wave
equation, but our methods and results apply to a wide class of time-reversible models.
Let us explain the problem in the context of the string equation with Dirichlet boundary control:

y{(tal') =0y (ag(:ﬂ)@xyg(t,l‘)) ((t7$) € Rj— X (0’ 1)) ) (1'13)
ye(t,0) = u(t) (teRy), (1.1b)
ye(t,1) =0 (teRY), (1.1¢)

ye(0,2) =y (x) and gc(0,2) = yo'(x)  (z€(0,1)), (1.1d)

¢ € R being the unknown parameter and a¢ € L>(0,1) a coefficient bounded from below by a positive
constant independent of (.
Notice that this system fits in the abstract frame:

jJe = Acye + Beu,  ye(0) =y¢, (1.2)

where ( is a random variable following the probability law 7. As we shall see, the averaged controllability
properties will significantly depend on the nature of the averaging measure 7.

Given T' > 0, the problem of exact averaged controllability consists in analysing whether, for every
set of parameter dependent initial conditions (yz’o,yé’l) € L*(0,1) x H~1(0,1) and every final target
(y/0,y/1) € L2(0,1) x H~'(0,1), there exists a control u € L%(0,T) (independent of the parameter ()
such that:

/RyC(T) dne = yf’0 and /RQC(T) dne = yf’l. (1.3)

One can also address the weaker approximate averaged control problem, in which, for every € > 0,
one aims to find a control v € L?(0,T) such that:

2 2

H [ wemyan -yt <e. (1.4

<e and H/y'g(T)dnc—yf’l
R

L2(0,1) H=1(0,1)

In both and , y¢ is the solution of with initial Cauchy condition (yé’o, yi’l) and control u.

This paper is devoted to address these questions both in the abstract version in which the
generator of the semigroup A is anti-adjoint and some particular instances as the 1d wave equation above
or the corresponding Schrodinger analog. But our results apply in the multi-dimensional context too.

1.2 Main results

We address the problem of averaged control analyzing the equivalent one of averaged observability for the
corresponding adjoint system. We do it in two complementary contexts that we briefly describe below.
We first show the stability of the observability inequality under small enough perturbations, to later derive
a much more specific result for Fourier series expansions, using its periodicity properties.

Perturbation argument: Consider the general abstract parameter dependent system , depending
on the unknown parameter ¢ € R.

We focus on the case where the uncontrolled dynamics, i.e. the one associated with u = 0, is time-
conservative. Our results apply also on a slightly larger context (for instance, involving bounded damping



terms) but, for instance, cannot be applied directly for heat-like equations because of its time irreversibil-
ity.

In order to tackle the averaged controllability problem, we consider a probability measure of the form
n = (1 — 0)d¢, + 07, where 7 is a probability measure on R and 6 € [0, 1] a small parameter so that, in
practice, we deal with a small perturbation of an atomic measure concentrated at (p. Our result ensures
that, under suitable smallness conditions, averaged observability holds provided the realization of the
system for { = (p is observable.

To be more precise, proving the exact averaged controllability in time 7" > 0 is equivalent to the
averaged observability inequality:

T
J
with ¢(T") > 0 and where X (resp. U) is the state (resp. control) space and z is solution of the adjoint
system:

2
dt> D)% (@ eX), (1.5)
U

/R Bz (t) dne

_éC = AzZC, ZC(T) = Zf .

Assuming that for the parameter ( = (y the system is exactly controllable/observable, i.e. that we
have:

T
* 2
/0 1B 2 M|, dt > eIk @ € X),

with c¢,(T') > 0, we prove that, for § € (0,1) small enough, the inequality holds, i.e. the parameter
dependent system is exactly controllable in average for the probability measure 7.

This result is the core of and it can be applied in many situations such as wave,
Schrédinger or plate equations with internal or boundary control.

A similar result holds in the context of Ingham inequalities (see [Proposition 3.1), an issue that we
dirscuss now in more detail.

Averaged Ingham inequalities: In the context of one dimensional equations such as string or Schrédinger
equations, the problem of averaged controllability can be reduced to the analysis of averages of non-
harmonic Fourier series and the recovery of its coefficients out of its L?(0,7T)-norm.

To be more precise, we introduce the following parameter-dependent family of non-harmonic Fourier
series:

Y [Lealne?™ @O (1eR), (1.6)
nez
and its average:
(1) = /R S [Leale®™ Qi dn.  (teR), (1.7)
neL

(an)n € 2 being a square summable sequence, (\,), a given sequence of real numbers, both independent
of the unknown parameter ¢, and L¢ € £(¢?) and ¢(¢) depending on ¢ € RE.

The problem of averaged controllability is then reduced to the obtention of results of the form:



o Averaged admissibility:
There exists C(T') > 0 independent of (a;,), such that,

T
/0 FOR A< TS Janf? (1.8)

neZ

e FEzact averaged observability:
There exists ¢(T") > 0 independent of (ay,)y, such that,

T
/O FORAE (TS Janl?; (1.9)

ne’l

o Approximate averaged observability:

/T\f(t)|2dt:() = an=0 (neZ). (1.10)
0

Notice that in the case where n = ¢, is a single Dirac mass, these results are true (provided some gap
condition is satisfied for the eigenfrequencies \,, and T is large enough) as a consequence of Ingham’s
inequality (see, for instance, the original paper of A. E. Ingham [I4]), that has played an important role
when dealing with one-dimensional control problems.

But here we are interested on averaged versions of these Ingham inequalities. They can be achieved,
as described above, by perturbation arguments.

But in some specific situations, more precise results can be obtained, combining a periodicity properties
and classical Ingham inequalities.

To show how these arguments can be applied, we consider the particular case in which :

1. n is a sum of Dirac masses located at points (i;

2. the parameters ¢((x) satisfy the non-resonance condition guaranteeing the irrationality with respect
to all other ones.

3. there exists v > 0 such that A\, € vZ for every n.

Notice that the last condition is fulfilled for the string or one dimensional Schrédinger equation but that
it is much stronger than the gap condition required to apply Ingham’s inequality.

Under these conditions, in we derive the unique continuation property (|1.10) (see |Corol|
and a weighted Ingham inequality (see corolaries and of the form:

T
/0 [FOFP At = e(T) " palanl®, (1.11)

ne”

where the weights p,, depend of the Diophantine properties of the parameters (;. This weighted averaged
Ingham inequality allows deriving averaged controllability results for 1d wave and Schrédinger equations
in weighted spaces (see [§ 3.3} [Theorem 3.1] propositions and [3.4).

These results are related to those (see R. Déger and E. Zuazua [10, § 5.8.2]) on the simultaneous
controllability of strings and networks of string equations. But, while in the context of simultaneous
controllability all the velocities of propagation need to be mutually irrational, for averaged control it
suffices one of them to be non-resonant with all the other ones.




1.3 Bibliographical comments

The notion of averaged controllability was introduced in [37] where, also, necessary and sufficient rank
conditions were given in the finite dimensional context.

The works of J.-S. Li and N. Khaneja [25] and J.-S. Li [24] on ensemble control are also worth
mentioning. In the context of the control of nuclear spins the ensemble control notion is introduced
to steer, with a control independent of the parameter, all the parameter dependent trajectories in an
arbitrary small ball around a desired target.

In the PDE context, in [23], the problem of averaged control was considered for two different wave
equations by means of a common interior control, using H-measures techniques. In [30], other situations
were also considered when, for instance, the solution of a given PDE is perturbed in an additive way
by the solution of another one. Furthermore, in [29], the authors considered one-parameter families of
Schrédinger and heat equations in the multi-dimensional case, with controls distributed in some interior
sub-domain, showing that, depending on the averaging measure, one can obtain either the controllability
results corresponding to time-reversible or parabolic-like equations.

The present paper is the first contribution for PDEs depending on the unknown parameter in a rather
general manner which are also of application in the context of boundary control.

As we mentioned above, the results we obtain for the string equation are related but different to
previous ones on the simultaneous controllability, a notion that was first introduced by D. L. Russell
[31] (see also J.-L. Lions [26, Chapter 5]) and that has been extensively analyzed in the literature (see
R. Déger and E. Zuazua [10], C. Baiocchi, V. Komornik and P. Loreti [2], S. A. Avdonin and W. Moran
[1] and the references therein).

In the case Ly = Id and <(¢) = ¢, the issues we discussed in the previous paragraph on the averages
of non-harmonic Fourier series can be recast in terms of the property of Riesz sequence stability of the
family {t — n(—=A,t)},, (9 being the Fourier-Stieltjes transform of the density of probability ), in the
closed subspace of L%(0,T) they generate. This is so since the function f introduced by becomes:

f(t) = Z anﬁ(_)\nt) (t € R) .

This problem is related to frame theory. However, even if the literature on this subject is huge (see
for instance I. Jo6 [16], N. Bary [4], G. Chistyakov and Y. Lyubarskii [9], A. Gonzalez and R. A. Zalik
[11], D. Han, W. Jing and R. N. Mohapatra [12], P. G. Casazza and O. Christensen [8, 5], Y. Y. Koo
and J. K. Lim [22]), the results we needed, and that, accordingly, we prove in this article, did not seem
to be available.

There are several other possible natural paths to extend the results of this paper. In particular, it
would be natural to address similar issues for wave equations in networks. We refer to the book R. Dager
and E. Zuazua [10] and to I. Joé [17], S. Nicaise and J. Valein [30] and J. Valein and E. Zuazua [35] for
some of the main existing results on the control and stabilization of networks of 1d wave equations.

Averaged controllability can be seen also as a first step to achieve simultaneous controllability. Ob-
viously, the later requires also the control of the differences of all possible states for the various different
realizations of the unknown parameters, and not only of their average. In the concluding section, we will
show the link between these two notions via penalized optimization problems, an issue that is treated in
more detail in [28]. This procedure, quickly explained in this paper, is similar to the one implemented by
J.-L. Lions in [27] to link approximate controllability to exact controllability for the heat equation.



1.4 Structure of the paper

The core of this work is devoted to the obtention of averaged observability inequalities.

More precisely, in after having defined a functional setting and some abstract duality
results in in [§ 2.2] we give some general averaged admissibility conditions. Then, in [§ 2.3] we
use a perturbation argument in order to derive some exact averaged observability results. Finally, we
apply this result in for the averaged controllability of wave equations, comparing our result with the
one in [23].

Then, in we give some averaged Ingham inequalities. We start with where we apply
the results of to non-harmonic Fourier series. Then in we prove an approximate averaged
observability result in the particular context of Fourier series expansions (see ) and a weighted
Ingham inequality of type ((1.9)), with weights depending on Diophantine approximation properties. Then,
in we apply the results obtained in and to the string equation with Dirichlet boundary
control. Connections with simultaneous controllability will also be discussed.

We conclude with some remarks and open questions in

2 An abstract perturbation result

2.1 Functional setting and duality

In this paragraph, we present some basic notations, the abstract functional setting and some well-known
key duality results.

Let us introduce two Hilbert spaces, namely the state space X and the control space U, each of them
being identified with its dual.

For every ¢ € R, we define the operator A¢, given by As € L(D(A¢), X), with D(A¢) a dense linear
subspace of X, with non empty resolvent p(A¢). We define X ; = D(A¢) the Hilbert space endowed with
the norm:

IVllxe, = 1B = Adyllx (v € Xea)
and X, _; the completion of X with respect to the norm:
Ivlixe . =181 = A4) ylx (v eX),

where, in the above, we have chosen 3 € p(A¢). We refer to [33] § 2.10] for those definitions.

In addition, we assume that A is skew-adjoint and generates a strongly continuous group T. of
isometries on X. We also denote by A; and T their extensions to X, _1

Consider the Cauchy problems:

e = Acye + Beu,  ye(0) = y¢, (2.1)

with y¢ the state variable, u the control, A; the operator for the free system, B: € L(U, X¢ 1) the
control operator and ( € R the random variable following the probability law 7. In addition, yz € X is
the parameter dependent initial condition for which we assume:

/Ruygux dre < oo. (2.2)



In this abstract setting it is easy to see that averaged control problems cannot be handled by classical

methods. Indeed, the average Y (t) = / ye(t) dne satisfies:
R

R R R

This shows that the dynamics of the average is not governed by an abstract differential equation.

Despite of this, classical duality theory can be developed, and averaged controllability can be shown

to be equivalent to averaged observability.
For every ¢ € R*, one can classically define the input to state map:

t
@gu:/ Te(t — s)Beu(s)ds (¢ >0, u€ L*(Ry,U)),
0

so that, for every ¢ € R, the solution of ({2.1]) is formally:
ye(t) = Te(t)yt + ®ou (>0, ue L*(Ry,U)).

Taking the average of (2.4]) with respect to (, we obtain (formally):

/Ryc(t) d?’]c = /RTC(t)yé dT]C + Fru (t >0, ue LQ(R_H U)),

where y. is the solution of (2.1) and where we have defined the averaged input to state map:

Eu—/@fudnc (t>0, ue L*Ry,U)).
R

Finally, let us define for every { € R the observability map:

BiTi(s)z if s<t,

0 s>t (ZGXC’l,t,S>0)

(vr2)(s) = {
and the averaged observability map:

/RBETZ(S)Z dne ifs<t,
0 its>t

(t,s >0),

(W2)(s) = /R (662)(s) dige =

with z € X¢ 1 for almost every ¢ € R with respect to the measure 7.
Let us also define the time reflection operator:

(A f)(s) = f(t —s) (0 <s<t, f defined almost every where on [0,1]).

(2.9)

With these notations we are in position to define the admissibility, controllability and observability

concepts.

Definition 2.1 (Averaged admissibility). The sequence of control operators (B¢)¢ is said to be admissible
in average for the family of semi-groups (T¢)¢ if there exists a time T > 0 such that the map Fr is bounded.



Remark 2.1. If (B¢)¢ is admissible in average for (T¢)e and if the initial conditions satisfy (2.2)), then
the averaged solution [ yc(t)dne defined by ([2.6) is well defined for every t € R,.

Let us now introduce the following averaged controllability concepts.

Definition 2.2 (Exact/Approximate averaged controllability). Let T > 0. The sequence of pairs (A¢, Be)¢
is said to be exactly (resp. approzimatively) controllable in average in time T if Fr (L2([0, 7], U)) is equal
to (resp. dense in) X.

As in classical control theory (see for instance [33] §4.4]), we have the following duality results:

Proposition 2.1. Let t € (0,7]. Then, we have:
Fr € L(L*([0,T],U),X) <= Ve L(X,L*[0,T],U))

and F; = 1.V, where Fy, Wy and 1, are defined by (2.6), (2.8) and (2.9)).
Moreover, if F; € E(L2([O,T}, U),X), then:

1. F(L*([0,T),U)) is dense in X if and only if Ker ¥y = {0};
2. F(L*([0,T],U)) = X if and only if ¥, € L(X,L*([0,T],U)) is bounded from bellow.

In the next paragraphs, following this general abstract path, we prove admissibility and exact averaged
observability results for the corresponding adjoint systems.

2.2 A general admissibility condition

In this paragraph, we give a general condition on the measure 7 such that the averaged admissibility
condition is satisfied.

Proposition 2.2. Let us assume that for almost every ( € R with respect to the measure n, the control
operator B is admissible for the semi-group T¢. That is to say, for every T > 0, there exists a constant
Ce(T) > 0 such that:

2

L 0m0) <Mz} (z€X, (€R ae), (2.10)

|+

with ¢ defined by [2.7).

Let n be a probability measure on R and assume:

o(T) = </R \/@W)Z <. (2.11)

Then (B¢)¢ is admissible in average for (T¢)¢ and we have:
1Wrel2aome < OOl (€ X, T>0), (2.12)
with W defined by (2.8)

Proof. Using Minkowski inequality, we have:

¢
1zl < [ 1652 oy -
This last inequality together with (2.10f), gives the result. O



2.3 A general perturbation argument

Using the admissibility condition given in the previous paragraph, one can easily develop a perturbation
argument leading to averaged controllability.

Theorem 2.1. Set T > 0, let 77 be a probability measure and (5 € R. Assume that,

1. For almost every ¢ € R with respect to the measure 11 and for ¢ = (o, B¢ is an admissible control
operator for the semi-group T¢, i.e. there exists C¢(T) > 0 for which

Y <CeMalk (2 X), (2.13)
Jese,

L2([0,T],U)

with ¢ defined by ([2.7).
2. The measure 1 satisfies (2.10)), i.e

/R\/C*C(T) dije < 00 (2.14)

3. The pair (A¢,, Be,) is exactly controllable in time T, i.e., there exists c¢,(T') > 0 such that:

(z € X), (2.15)

(DAl < st

L2([0,T),U)

with ¢ defined by ([2.7).

~1
Set Oy = 1+/ @dﬁg) . Then for every 8 € [0,6y), (A¢, B¢)¢ is exactly controllable in
average in time T wzl'lih respect to the probability measure n given by:
n=(1-0)5, +07. (2.16)
In addition, for every 6 € [0,6), we have:

(D)2 % < 1Prallteome < CODlalk  (2€X), (2.17)

2
with Uy defined by 28), C%(T) >0 and (T) = <(1 — )y /e (T) — e/R \/Ce(T) dﬁ<> .

Remark 2.2. 1. This result can be applied in many different examples such as wave equations, the
Schodinger and plate equations, etc. with boundary or internal controls of different nature.
However, the proof, which is rather straightforward, is based on a smallness argument and, hence,
it does not cover the sharp results in [23] for the averaged controllability of two wave equations with
internal control, or the ones in [36] for the additive superposition of wave and a heat equations.

2. Similar results can be obtained in more general probability spaces.



Proof. The assumption made on 7} and the admissibility of B¢, for T, ensure the averaged admissibility
of (B¢)¢ for (T¢)¢ with respect to the measure n given by (2.16) for every 6 € [0, 1].
For every 6 € [0, 1], let us notice that for every z € X, we have:

> (1-0)||uftz

)(1 — )7+ 0Tz

7 = ~ofo
Y7z £2(0,17,0) L2([0,7),0) Tz‘

L2([0,T),U) L2([0,T,U)
with U given by (with 7 given by ) and with Upz = / w%z drje.
Thus, from [Proposition 2.2/ and (2.15)), we easily obtain: .
ezl > (1= 0o (T~ 0 [ o aic) laly e x).

This ends the proof. O
2.4 Averaged control of parameter depending wave systems
For every ¢ € R, let us consider the controlled wave equation:

e = div (a¢(z)Vye) + Xwt in (0,7) x Q, (2.18a)

ye =0 on (0,7) x 092, (2.18b)

ye(0,2) = yé’o(:v) and 7¢(0,2) = yzl(x) (x € ), (2.18¢)

where € is a smooth domain of R?, w an open subset of €, a¢ € L*°(€2) is uniformly strictly positive and
bounded and the parameter-dependent initial data (yzfo, yél) € L%(Q) x H~(Q) are such that:

/H y4 ’yC L2(Q)

Applying to this system, we obtain the following:

Proposition 2.3. Assume, for every ¢ € R, a¢ is bounded from below by a positive constant independent
of ¢ and ay € C*(Q). Assume in addition that (0,T) X w satisfies the geometric control condition (see [3])
for the equation indezed by ( = 1.

Then there ezists 0y € (0, 1] such that system fulfils the exact averaged control property for every
6 € [0,6p) with measure n° = (1 — )51 + 0.

d .
x H=1(Q2) ¢ < 00

Proof. From [3], the geometric control condition for the control system indexed by ¢ = 1 ensures that
this system is exactly controllable in time T
In addition, for every (z; 10, f’ )€ L2(Q) x H71(Q) and every T > 0, we have:

/OT /w,éc(t,aj)da:

where z¢ is solution of the adjoint system:

2 2
dt < 2T

I

L2(Q)x H-1(%)

Ze = div (ac(z)Vze) in (0,7) x 2, (2.19a)

2 =0 on (0,7) x 092, (2.19b)

2e(T,x) =270z) and #(T,z) = 20! (2) (x €9Q). (2.19¢)

Thus the condition (2.14]) of[Theorem 2.1|is automatically satisfied for every probability measure 7. Hence,
applying we obtain the result. O

10



Remark 2.3. This result holds in the particular case n° = (1 —0)61 + 062 where two wave equations with
different velocities of propagation are averaged.
This case was addressed in [23, Theorem 2.1] where it was proved that, if the coefficients a1 and asg
satisfy:
a1 () # az(x) (x €w), (2.20)

then the system satisfies the averaged control property for every 6 € [0,1) (see [23, Theorem 2.1]). The
proof in [23, Theorem 2.1] employs microlocal defect measures and the fact that the characteristic manifolds
of the two wave equations involved are disjoint. This example shows that the smallness condition we impose
on the perturbations is not always sharp.

3 Averaged Ingham inequalities

Let us define the Hilbert space of square summable sequences:

= {(an)nEZ € (CZ7 Z |an|2 < OO} .

ne’l

We also consider a real sequence A = (\,,)nez, which is assumed to satisfy the following gap condition:
there exists v > 0 such that
inf A=Al =7 (3.1)
(m,n)€Z?
m#n

Our goal in this section is to find conditions on (\,), the measure 1 and the time 7" such that, for

every a € 2, the function f defined by (1.7) satisfies (1.8) and (T1.9) or (1.10).

Notice that when 7 is the atomic mass located in (y, L¢, = Id and ¢(¢g) # 0, according to Ingham’s
inequality, (1.8]) and (1.9)) are valid for 7" > 1/|s((o)|y. More precisely,

2
T .
o(T) lanl? < /0 > ape? s qy (an)n €4, T> ), (3:2a)
ne”L neZ
T 2
/ D ™M At < OM)Y an* ((an)n €07, T 20), (3.2b)
0 |nhez nez

T) -1 10T
(g(CO)’Y ) - T and C(T) _ : .
(<(CT) mmin(1, 2|5 (¢o)[7T)
This classical result can be found in the original paper by A. E. Ingham, [14, Theorem 1 and 2|. For its
relation with control theory, we refer, for instance, to [15], 20, 21] and the books [33, [10].

2
with ¢(T) = —
T

3.1 Perturbation of Ingham inequalities

In this paragraph we apply our perturbation argument developed in in the context of non-harmonic
Fourier series.

Proposition 3.1. Let A = (\,)nez be a sequence of real numbers satisfying the gap condition (3.1). Let
L¢ € L(£2), 7j a probability measure on R, ¢ € RE and (, € R.

11



Assume in addtion:

1
Assume ¢ 0 and let T > .
) # 715 (Go)

I L¢ll 22
()]

L¢, being bounded from bellow, i.e. there exists A¢, > 0 such that:

/R [ L¢llzezy drie <00 and

Agllalle < Lgalle  (a€?).

5(7¢ Co HLCHL 02) 2\
SetOg= |14+ -— / dn
0 ( A\ (s (C)T)? =1 Jg min(1, 2A [ (OIT)

Then for every 8 € [0,6)), there emsts AT) > 0 and C%(T) > 0 such that:

2

At <CDal;  (aet?),

(T)llall? < Z [Lcalne®™ s dije + (1 _H)Z[LCoa]neziﬂ)‘"<(Co)t

nEZ nez

Proof. First of all, we have from (3.2)):

r

2

S lLealne® ™ Ot < Ly Ce(Dllall (CER®, a=(an)y €, T >0),

nez
and
2 2 ’ 2im A : 2 T
Mol < [ S lLoal ™| dt (@ = (an)ue . T> ),
nez
2 T)? 10T
with ¢ (T) = MT and C(T) = 0

™ (v(OT)? mmin(1, 2v|s(Q)|T)
We conclude as in the proof of O

Remark 3.1. The condition T > m is only required in view of the fact that we have employed the

classical formulation of Ingham’s inequality. But, for instance, if the sequence (\p)nen+ is nondecreasing

and satisfies the asymptotic gap condition lirginf Ant1 — An = +00 then, employing generalised versions
n [e.9]

of Ingham’s inequalities (see [18]), our result can be shown to hold true for every T > 0.

Remark 3.2. We have shown that averaged versions of Ingham’s inequalities hold true under a suitable
smallness condition on the perturbing measures, that is necessary in some sense as the example below
shows.

Let us build an example where averaged Ingham fails. Consider the case L¢ = 1d, Ay = n, (o = 1,
G =2, 5(¢) = ¢ and the measure n = (1 — 0)d¢, + 0¢,. In view of the proposition above, for every
T > 1/{y, there exists Oy € [0,1) such that for every 6 € [0,600), there exist constants ¢(T),C%(T) > 0
such that:

2
Z an p2imnt 064i7rnt) dt < CQ(T)HQH?2 (CL S 62) .

12



But the smallness condition on 0 is necessary. In particular, for § = %, no such cz (T) > 0 exists.
Indeed, more precisely, consider:

. ) 1 [ . .
f(t) — Z an (%62mnt + %64171'7125) — 5 <Z(a2n + an)e4z7rnt + Z a2n+1€21ﬂ'(2n+1)t> 7
nel n=1 nez

with

. (n€Z),
0 otherwise,

{(—1)’f ifn=2% and k € {0,--- ,N},
ap =

with N € N* given, so that
f(t) — (_1)N e4i7r2N+1t.
2
Thus for every T > 0, fOT |f(t)|?dt = L, whereas, ||all;z = N + 1.
Letting N tend to infinity we see that the observability inequality fails and this for all T > 0.

3.2 Discrete averages

In we used a perturbation argument to prove, roughly speaking, the stability of Ingham inequalities
when the measure 7 is a Dirac mass plus a small enough perturbation. Obviously, there are many other
cases of interest that do not enter on that setting.

In this paragraph we consider another interesting particular case, in which a finite number of equations
are involved. In other words, we address the case in which the unknown parameter varies on a finite set.

In order to handle this case and to prove the needed averaged Ingham inequalities we will use a
different argument. Instead of arguing through a perturbation principle, we shall rather use a method
inspired on [10] and [36] whose key tool is to use the fact the solutions of the model under consideration,
for given values of the parameter, are annihilated by a given linear bounded operator commuting with
all other equations. This is the case for the 1d wave and Schrodinger equations with Dirichlet boundary
conditions, for which the solutions are time-periodic.

In order to present these cases we consider a sequence (A, )nez satisfying:

Am # An, form#n and A, € 4Z (m,ne€Z), (3.3)

with v > 0. Of course, in this case the Ingham gap condition holds.

In order to make things more clear, let us write A\, = ppy, with u, € Z.

As in the previous paragraph, we also consider a operator L¢ € L(¢?) and a function ¢ € R and we
will consider the function f defined by:

K
F&) = 0k > [Lealne®™ 0 (ae?, t>0), (3.4)
k=0 nez

with K > 0, 6 € [0,1) such that > 6 = 1, and ¢, € R.
Since we are averaging on a finite number of parameters, it is easy to see from (3.2 that, for every 7' > 0,
there exists a constant C'(T") > 0 such that:

11220y < CDlal?  (a€ ).

Let us now recover an observability inequality.

13



Theorem 3.1. Let (un)nez be a sequence of integers and v > 0.
Let ¢ € RR, K € N*, and for every k € {0,--- K}, let 05, € [0,1] be the weights (so that Z{;O O, =1),
(aF), € % and ¢, € R. Assume for every k € {0,--- , K}, <(() # 0.

Then, if
K

1 1
g 52 [o(G)]

there exists a constant ¢(T') > 0 independent of( kYn such that:

/ ZGk Z ak 2mns (Gt At > G2e(T Z lad|? Hsm ( Cl))) . (3.5)

= neZ neL
Proof. First of all, by changing v¢({x) in (x, we can assume without loss of generality that v = 1 and

<(¢)=¢
Considering the function f defined by:

Z O Z ak e2iminGrt (teR),

= nez
one can notice that:
K—-1 o G '
FE+ICel™) = F() =D 06> af <€ ekl — 1) eXminGit (€ R) .
k=0 neZ

Tterating this argument it is easy to see that:

=60 > aj H < 2impn e 1) et (¢t e R),

ne”L =0

where Fj is defined recursively by:

Fg(t) = f@),
ij(t) = FLt+|GI™Y) - Fe(t) (ke{l,---,K}). (t€R). (3.6)

Then for any 7 > 0, by the classical Ingham inequality [14, Theorem 1] we deduce the existence of a
constant ¢, such that

Rl o " | i S0 2
/ B ()P dt > e, 03> Jad]” [ |7 = 1] (3.7)
0 nez 1=0
with ¢; > 0 a constant depending only on 7 and (j.
But, we have:
1 1 1
|T0|+T 9 ‘<0‘+T 1 2 W+W+T 9
|Fo(t)]” dt = Fi(t+ @) — Fl(t)‘ dt <2 |Fy(t)|” dt (t>0)
0 0 0
and by iteration,
2 K
1Bl 44y <2 W o iy iy (72 0)- (35)

14



Consequently, (3.7]) together with (3.8)) gives:

0
Hf||L2(0 T+Zk 0‘<k| 1 / Z‘ H

neL =0

2T pim CK%

P—1 (t>0).

O

Corollary 3.1. Let (pn)nez be a sequence of integers and vy > 0.

Let s € RR, K € N*, and for every k € {0,--- , K}, let 0, € [0,1] be the weights (so that Eszo O =1),
(ak), € 2, ¢ € R and L¢, € L(£?).

Assume 0y # 0, L¢, is bounded from below, <((o) # 0 and

() () €Q (ke fl - K}). (3.9)
Then, for every T > 1 Z 1
7 “ 5(Ce)l”
/ Z LC aly e2imin s (Cr)t
= nez
Proof. Setting a¥ = L¢,a in we obtain from ([3.5)):
2 K
/ > 6D Y Lyl T s (S0
!
=1

nez
with C(T) > 0. Since 6 # 0, <(¢o) 's(¢x) & Q for every k € {1,--- , K} and, hence, [[/*, sin’ (ﬂunz(éf;))) #

0, we obtain [L¢,al, = 0 for every n € Z and hence a = 0 since L, is bounded from below. O

dt=0 = YnezZ, a, =0.

Z L, aln e2imhn s (Ci)t
= nez

Remark 3.3. Let us discuss the optimality of [Corollary 3.1

1. Inequality (3.5)) is similar to the one in (5.87), p. 139 of [10] which can be applied to the simultaneous
control of finitely many strings (see § 5.8.2 of that book).

2. The irrationality condition (3.9) is sharp as the example presented in shows.

In corollaries[3.1]and [3.3] we present a unique continuation result. However, with some more restrictive
conditions on the parameters (;, we can obtain an observability inequality.

Corollary 3.2. Under the conditions of[Corollary 3.1, let ¢ > 0 and assume in addition, for every o > 0,
there exists A¢y o > 0 such that:

(L 2
) lite.ola 2cx > A0 ’a”La (a €?) (3.10)
nez |pn| nel |on|
and
()76 €Be (ke {l, KD, (3.11)
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with B, defined, as in [6, p. 120/, so that the Lebesgue measure of R \ B, wvanishes and there ezists a

constant p. > 0 so that, if ¢ € B. then, for every m € N*, we have: min|r —m(| > pls .
rcZ ml+e

there exists a constant C.(T) > 0 such that:

2

1en 1
Then, for every T > —Zm,
S(Ck
2irpn, t ‘an’ 2
[ mma s > OAT) Y Ly (@ ).
= nez nez

Proof. The proof follows directly from (3.5 and [6, p. 120]. O

Corollary 3.3. Under the conditions of [Corollary 3.1 and assume, for every o > 0, there ewists A¢y o >
0 such that (3.10) holds. Assume in addition that <((o)~'s(C1), -+ ,5(C0) Ys(Ck) are algebraic and
$(Co)s -+ »s(Cx) are Q-linearly independent.

K
1 1
Then for every T > — Z |7 and every € > 0, there ezists Co(T) > 0 such that:
S

(Ck)l
2
[ oS wzamy Il wen.
= nez nez
Proof. The proof follows directly from and [32]. O

3.3 Application to the string equation

We are now in position to derive the main consequences concerning averaged controllability of the string
equation with Dirichlet boundary control:

y((tal‘) = <2a§yC(tvl‘) ((ta J,‘) € Rj— X (0? 1)) ) (3.12&)
ye(t,0) = u(?) (teRY), (3.12b)
ye(t,1) =0 (teRY), (3.12¢)

be(0.0) = ¥%) and gc(0,0) = ¥i@)  (r e (0.1)). (3.120)

Let us briefly describe how the string equation with Dirichlet boundary control enters in the abstract
formalism. We refer the interested reader to [33] Sections 10.9 and 11.6] for further details.

Notice that since we have a second order operator, it is more convenient to assume that the parameter
¢ enters in a quadratic manner in . So that the adjoint problem can be expressed in terms of
non-harmonic Fourier series of the form . In addition, one can assume ¢ € Ry or equivalently, the
averaging measure 7 satisfies suppn C Ry.

Let us first introduce the one dimensional Dirichlet-Laplacian operator, Ag:
D(Ag) = H*(0,1)NH(0.1)  and  Aof =-0if  (f € D(4y)).

We also introduce the Hilbert spaces H = L%(0,1), H; = D(A), H% = H}(0,1) and H_; (resp. H_%)
the dual space of Hy (resp. H 1 ) with respect to the pivot space H. Then Ay can be seen as an unitary
operator from H; to H, H% to H_ 1 and H to H_;.

»
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In addition, let us remind that the Dirichlet-Laplacian operator Ay can be diagonalized in an ortho-
normal basis (¢ )nen+ of L2(0,1). More precisely, we have:

on () = V2sin(nma) and Agpn = (nm)2p, (x €[0,1], n € N¥). (3.13)

With these notations in mind, let us the define the state space X = H x H_1, the control space
2

0 Id

U = R, the operator A = [—Ao 0

] with domain D(A) = Hi1 x H := X; and the control operator
2

B = [AOD] € L(U,X_1), with D the Dirichlet map [33, Proposition 10.6.1]. Notice that we have
0

0
A* = —A and B* [il} = O (Aalzl) (0). Let us denote by T the semi-group generated by A. It is

classical that B is an admissible control operator for T.
Let us now define f¢(s,z) = yg(%,x), thus f is solution of:

Jl;{(‘g?x):a%fC(sax) ((3>$) GR*—&— X (07 1))a
fel5,0) = u(2) (s RY),
fe(s,1)=0 (teRL),

fe(0,2) =y (x) and  fe(0,2) = Ey¢'(x)  (z€(0,1)).

Thus, setting I, = [Id 0 } Fe(s) = [fC(S)} e [?{C ()

, F¢ is solution of:
g

%,0
: . 1 |Y
¢

Using Duhamel formula, we obtain:

v T yi0 T
F(CT) =TI 7§, +/ T((T — s)Bu(£)ds = T(CT)I; [ ¢ +/ T(¢(T — t)) (Bu(t) dt
Y 0 v; 0
and hence, |
Z/C(T)] _ -1 YZO T _ _1 .9
[?JC(T) IT(CT) 1, yz’l +/0 IT(C(T — )1 CCBu(t)dt.

Let us then define the averaged input to state map:

Fru = / /T IT(T — )7 Bu(t)dtdne (v € L*(0,T))
RJO ¢

and the averaged observability map is:

<\PT E?D (t) = /R B T(=Ct) I m drc

_ /RCB*T(—Q) [g‘zol] dne (Ei] € Xy, t€(0,T)).
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Let z¢ be the solution of:

=0z,
0= zc(t,O) = ZC(t, 1) (t = 0)

with initial conditions:

Thus,

and hence,

(%H) - [ 92 (45" ¢(0,) (0) e

Expanding the initial conditions z° = 3~ a0, and z! = 3~ 3,0, on the eigenvector basis {, }, of Ag
defined by (3.13) leads to:

ze(t,x) = Z <an cos(nm(t) — C% sin(mr(t)) on(x).

neN*

Thus, the observation operator is:

U 20 _ - . Bn
Tl (t) = —\@/R Z ap sin(nw(t) + CE cos(nmCt) | ¢dne
(3 o) e o) )

neN*
] 2
74
0 _ 2 n
; = g a;, +
‘ [Z’J ( " (nm)?

Let us also notice that ) Thus setting:

X neN*
n a, ifn>0,
=2 g, = €7  and
2 ¢ {’6;;7: ifn<O0 (n ) "
=2 (_. if 0
[Lealn = i%(f%*fmmm BN we®@), nezr, (eR),
== (la—p +Can)¢  ifn<O,

the observation operator is / Z [Lcalpe e2imAnGt dne.

nez*
Let us notice that:

C (14— Digy(ch) 3 |"‘"' <y ‘th” €142 D)) 3

nez* nez* nez*
(a € *(Z*), CER, a>0). (3.14)

|an|2
|n|2a

Consequently, using [Proposition 3.1| together with (3.14) and the duality result, [Proposition 2.1, we
obtain this perturbation result:
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Proposition 3.2 (Exact averaged controllability with a perturbed measure). Let (o € R* and 7 be a
probability measure on R with:

[leraic<oo (aeli),
R

Set T > ’CO‘
1 71
VBT ¢ 1+ (¢ = D1 (D] |
14 . d 0<G <1,
GVGDE— 1 in (1, /I0TT) ] woso
By =

-1

VBT 1+ (¢ = D)1 (ICD]7 |
1+ : d >1
GV (CT)? —4 Jr min (1,\/|(]T> * T

fO
Then, for every 6 € [0,6p), every target [ f1:| € 12(0,1) x H-1(0,1) and every initial conditions
yzO
L’gl] € L?(0,1) x H71(0,1) satisfying:
¢

/ ( y¢ ,YC Mrz0,1)xm-10,1) dllc < 00,
there exists a control u € L*(0,T) so that:

(1= 006, () + 0 [ (D) i =5'* and (1= 0)ic,(T) +0 | 3e(T) dic = v
where, for every ¢ € R, y¢ is solution of (3.12).

Moreover, there exists a constant CH(T) > 0 independent of the initial and final conditions such that:

2
lulZ2go,) < C°(T) (H(l —0)yg, +0 /R VA0 diye

2
+ H(l —0)yg, +0 / v dig
L2(0,1) R

H-1(0,1)

+ Hyf’OH%%o,n + Hyf’lH?{l(o,U) -

In the same way, from we can derive an averaged approximate controllability results.

Proposition 3.3 (Approximate averaged controllability with a discrete measure). Let K € N*, and for
every k € {0,--- , K}, define the weight 0y, € (0,1) (so that Zszo 0r = 1) and the parameter ( € R, and
assume:

G'G#Q  (ke{l K}\{ko}).

1 f?O
Then for every T > 22520 m, every € > 0, every target B’f 1] € L?*(0,1) x H~(0,1) and every
k b
6,0
initial conditions [ fﬁ] € L?(0,1) x H71(0,1), there exists a control u € L?(0,T) for which we have:
Y

2 2

<e and

<e,

K
=) ke, (T)
k=0

K
vt =" Ok, (T)
k=0

12(0,1)
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where for every ( € R*, y¢ solves (3.12)).

Moreover, there ezists a constant Co(T') > 0 independent of the initial and final conditions such that:

2 2

lal220.7) Iy 0220 + 15 120

L2(0,1) H-1(0,1)

Now using Diophantine approximations, see we obtain:

Proposition 3.4 (Exact average controllability with a discrete measure). Let € > 0 and let K € N*, 0,
and (i be defined by |Proposition 3.5 and assume, gy, -+ ,(x are Q-linearly independent and

¢y, Gt are algebraic. (3.15)

y .70 '71 '70 "1 y
Then, if (¢, ¢, )s s (Vs ¥4 ) 070 y01) € Xipe x X with:

Xo = {(p cx € (0,1) — ian sin(nmz) , Z n**a,|* < oo} (a € R), (3.16)

n=1 neN*

K
1
for every T > 2 g m there exists a controlu € L*(0,T) such that for every k € {1,--- , K}, the solution
k

=
Yo, of (3.12) (with parameter ¢ = () satisfy:

K K
D Oy (T) =30 and ) Opin(T) =
k=0 k=0

A similar result could have been obtained from
Let us also notice that applying directly [10, Corollary 5.43], we obtain the following exact simultaneous
controllability result:

Proposition 3.5. Let ¢ > 0, K € N* and (; € R* for every k € {0,--- , K} and assume, (o, - ,(x are
Q-linearly independent and

Ck_lcl is algebraic for every k,1 € {0,--- | K}. (3.17)
Let (yéf,yé’kl) and choose final conditions (y/0,y51) satisfying the assumption given in |Proposition 3.4|.
K
Then, for every T > 22 —— there exists a control u € L*(0,T) such that:

\Ck|

Yo (T) =y™° and ¢, (T) = y/! (ke{0,---,K}).

This result ensures that all the parameter dependent trajectories, and, of course, consequently, their
average, can be steered to a prescribed target with an input independent of the parameter.

Remark 3.4. As expected, the assumption (3.15)) needed to obtain averaged controllability is weaker that
the one for simultaneous controllability, (3.17)).
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Example 3.1. Let us now summarise the main results on the averaged control of two string equations,
one parametrised by (o = 1 and the other one by (; = /2, with averaging measure:

n’ = (1 —0)d¢, + 0, . (3.18)
The following holds:

e From|Proposition 3.2, if T > 2, the system (3.12)) is controllable in average with averaging measure

1
n® for 6 e {0, (1 + 2%%/25?4) > ;

° From|Pr0p03iti0n 34 if T > /2, the system ([3.12)) is controllable in average with averaging measure

0 vir \ 7' ],
n fOTHE(l—(l—Fm) ,1:|,

e From|Proposition 8.4}, if T > 2 (1 + ?) , the system (3.12)) is controllable in average with averaging
measure n° in some weighted space for 6 € [0,1].

This leads to the time-dependent set of parameters 6 for which we have averaged controllability, see
below.

Exact averaged controllability Exact averaged controllability

in a weighted space

2+42

SECES

1 /5
0 1+2v5 2v2+V5 0.6 0.8 1
0

Figure 1: Time dependent set of parameters 6 for which averaged controllability holds, for two strings
driven by the system ([3.12)) with parameters ¢ = 1 and ¢; = v/2 and averaging measure 1’ given by (3.18).

4 Concluding remarks
The aim of this article was to give a systematic result, based on perturbation arguments, on the averaged

controllability and observability of parameter-dependent families of equations, mainly in the context of
time-reversible groups of isometries.
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There are several interesting open problems that arise in this context. This is so even for the one
dimensional case, where Fourier series representations can be used. Let us point out some of them:

e In we gave an averaged observability inequality. However, this result only holds when the
measure is the sum of a Dirac mass and a small enough perturbation measure. This condition can
be used for absolutely continuous (with respect to the Lebesgue measure) averaging measures. But
it would be natural to consider more general cases as well.

In the context of Ingham inequalities and in the particular case where Ly = Id and ¢({) = ¢ the main
problem can be recast as follows: Given n a probability measure and (Ap)nez, is {t = 7(—=Ant) nez
a Riesz sequence of L*(0,T)?

One of the simplest case to be considered is when 7° is given by dng = 2—151[1_871+E](C )d¢ for e > 0.
Then the sequence (17°)s>0 converges in the sense of measures to the Dirac mass §; when ¢ goes
to 0. Assuming that the sequence (\,), satisfies the Ingham gap condition (3.1)) for some v > 0,
we know from [I4] there exists a constant ¢(7") > 0 such that:

T .
/ § : an€217r)\nt
0

nez
It is then natural to wonder if there exists €9 > 0 such that for every € < ¢, we have:

T .
/ / Z an6217r)\nCt dnz
0 R

neZ
and if it is so, whether c¢.(T) converges to ¢(T) as ¢ tends to 07

2

1
dt = c(T)) lanl* (T > 5 (an)nez € £%).
nez

2

1
dt > ce(T)Y lanl*  (T> =, (an)nez € %) (4.1)
nel v

A way to prove this result is to look at the quantity:

T .
/ / Z aneZZTr)\n(t dnz
0 R

nez
One can easily get the upper bound

eT?C D Aallanl? [ lanl?.

neZ neL

2 2
— dt

§ :aneZZﬂ'/\nt

nez

It goes to 0 as ¢ tends to 0, but it does not ensure inequality (4.1)) to hold.

One can also proceed with a direct computation and, in this case, from one can derive a
weighted averaged Ingham inequality when the eigenvalues A, satisfy . Indeed, let us consider
a measure 7 given by dn; = ﬁl[@,@](o d¢ for (o < (3 and (o, (1 # 0. Writing A\, = yu, with
Un € Z*, we obtain:

/ S anemCt dp, = 1 3y dn (ezmcmnt _ e%m@m) ,
R

nel N 22’71-/7((:1 B <O)t ne’l Hn

Thus, we have:

T .
/ / Z aneQM)\nCt dnC
0 R

ne”

2

1 T ?
W= )2 — QP /

dt.

2: an <e2z’m<mnt _ ezmcount>

ne”l Hn
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Now, assuming that T > % (%0 + é) and (5 ¢, ¢ Q, we obtain the unique continuation from

and, under the assumption of corollary or on (y and (;, we end up with a
weighted Ingham inequality.

When dealing with the control system , in [23], the condition (2.20)) was required to ensure
averaged controllability. However, according to [Proposition 2.3| (see [Remark 2.3)), this condition is
not needed under a suitable smallness assumption on the averaging measure.

The optimality of assumption without smallness assumptions needs further clarification.

The results derived in need A\, € YZ to be a sequence of integers. But the unique continu-

ation property, could have been obtained directly from [I3, Corollary 2.3.5]. This
result still holds in the case general case where (\,), satisfies and assuming that the values
S(Ck)An # <(G)Am for k # 1 or n # m.

In addition, results similar to corollaries and could have been obtained from [19]. More pre-
cisely, assume that the sequence (), ), satisfies the Ingham gap condition , and that ¢((x) A\, #
S(G)Am for k # 1 or n # m. Let us now consider the increasing sequence (A,), such that
{An, ne€Z}={c(C)Am, meZ, ke {0, ---,K}}. Then for every n € Z, we have App g1 —Ap >
ymin {|s((x)|, k €{0,---,K}}. Thus [I9] Theorem 4] applies and leads to a weighted averaged In-
gham inequality valid for every

K+1
ymin{|s(¢o)], -+, [s(Cr)|}

Notice that this minimal time is greater than Zf:o m, the one obtained in corollaries
and but under stronger assumptions on the sequence (Ay,)s,.

In addition, the results given in [13] and [19] ensure simultaneous observability. Thus it would be
interesting to see how the assumption given in these two works could be weakened it order to only

ensure averaged observability.

In the proof of [Theorem 3.1} we strongly need that the sequence (\,), satisfies (3.3)) and, even for
An = n+e(n) with e(n) = o(1), the technique of proof fails. It would worth exploring whether some

improvements could be obtained with a perturbation argument, combined with the ideas of [7] and
in particular with Ulrich’s result [34].

T >

The analysis of all these examples could contribute to achieve sharp results for the averaged con-
trollability of finitely many string equations (|1.1)).

Let us conclude this paper with a general remark linking averaged controllability and simultaneous
controllability. The aim is to find controls independent of the parameter performing well for all
values of the parameters. With this goal, a first and natural choice was to control the average of
the parameter dependent outputs. Of course, the best we could expect is a control, independent of
the values of the unknown parameters, steering all parameter dependent trajectories to a common
fixed target, i.e. looking to simultaneous controllability. But this is unfeasible in general.

There exists a natural link between the control of the average and the stronger notion of simultaneous
control. This link can be made through penalisation and optimal control.
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More precisely, for every « > 0, let us consider the following optimal control problem:

. 1 2
min  Jy(u) == §HU||%2([O,T],U) + “/R HyC(T) - nyX dne

/Ryc(T) dne =y,
o = Acye + Beu,  y(0) = v

Notice that for kK = 0 this leads the averaged control of minimal norm as we considered here. But,
as K increases, the control, other than ensuring the averaged controllability property, also forces the
reduction of the variance of the output.

Of course, under the property of averaged controllability, the minimiser u, exists for every « > 0.

It can also be proved that, if, in addition, Jj(u,) is uniformly bounded, then up to a subsequence,
(uy)x is weakly convergent to a control simultaneous control us solution of:

ye(I)=y/  (CeR nae),
Yc = Acye + Beu, ye(0) =y".

This issue is analysed in [28], where this idea is discussed in detail in the finite-dimensional control
context.

References

1]

2]

S. A. Avdonin and W. Moran. Simultaneous control problems for systems of elastic strings and
beams. Systems Control Lett., 44(2):147-155, 2001.

C. Baiocchi, V. Komornik, and P. Loreti. Ingham type theorems and applications to control theory.
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8), 2(1):33-63, 1999.

C. Bardos, G. Lebeau, and J. Rauch. Sharp sufficient conditions for the observation, control and
stabilization of waves from the boundary. SIAM J. Control. and Optim., 30:1024-1065, 1992.

N. Bary. Sur les systémes complets de fonctions orthogonales. Rec. Math. [Mat. Sbornik] N.S.,
14(56):51-108, 1944.

P. G. Casazza and O. Christensen. Frames containing a Riesz basis and preservation of this property
under perturbations. SIAM J. Math. Anal., 29(1):266-278 (electronic), 1998.

J. W. S. Cassels. An introduction to Diophantine approximation. Hafner Publishing Co., New York,
1972. Facsimile reprint of the 1957 edition, Cambridge Tracts in Mathematics and Mathematical
Physics, No. 45.

C. Castro and E. Zuazua. Boundary controllability of a hybrid system consisting in two flexible
beams connected by a point mass. SIAM J. Control Optim., 36(5):1576-1595 (electronic), 1998.

P. G. Cazassa and O. Christensen. Perturbation of operators and applications to frame theory. J.
Fourier Anal. Appl., 3(5):543-557, 1997. Dedicated to the memory of Richard J. Duffin.

24



[9]

[10]

[11]

[20]

[21]

[22]

23]

[24]

[25]

G. Chistyakov and Y. Lyubarskii. Random perturbations of exponential Riesz bases in L?(—m, ).
Ann. Inst. Fourier (Grenoble), 47(1):201-255, 1997.

R. Déager and E. Zuazua. Wave Propagation, Obsevation and Control in 1-d Flexible Multi-structures,
volume 50 of Mathématiques et Applications. Springer-Verlag, Berlin, 2006.

A. L. Gonzalez and R. A. Zalik. Riesz bases, multiresolution analyses, and perturbation. In Wavelets,
frames and operator theory, volume 345 of Contemp. Math., pages 163-181. Amer. Math. Soc.,
Providence, RI, 2004.

D. Han, W. Jing, and R. N. Mohapatra. Perturbation of frames and Riesz bases in Hilbert C*-
modules. Linear Algebra Appl., 431(5-7):746-759, 2009.

A. Haraux and S. Jaffard. Pointwise and spectral control of plate vibrations. Rev. Mat. Iberoam.,
7(1):1-24, 1991.

A. E. Ingham. Some trigonometrical inequalities with applications to the theory of series. Math. Z.,
41(1):367-379, 1936.

S. Jaffard and S. Micu. Estimates of the constants in generalized Ingham’s inequality and applications
to the control of the wave equation. Asymptot. Anal., 28(3-4):181-214, 2001.

I. Jo6. On some Riesz bases. Period. Math. Hungar., 22(3):187-196, 1991.
I. Jo6. On the control of a net of strings. Acta Math. Hungar., 61(1-2):99-110, 1993.

J.-P. Kahane. Pseudo-périodicité et séries de Fourier lacunaires. Ann. Sci. Ec. Norm. Supér. (3),
79:93-150, 1962.

V. Komornik and P. Loreti. Dirichlet series and simultaneous observability: two problems solved by
the same approach. Systems & Control Letters, 48(34):221 — 227, 2003. Optimization and Control
of Distributed Systems.

V. Komornik and P. Loreti. Fourier series in control theory. Springer Monographs in Mathematics.
Springer-Verlag, New York, 2005.

V. Komornik and P. Loreti. Discrete Ingham type inequalities and simultaneous observability of
strings or beams. J. Math. Anal. Appl., 351(1):16-28, 20009.

Y. Y. Koo and J. K. Lim. Perturbation of frame sequences and its applications to shift-invariant
spaces. Linear Algebra and its Applications, 420(23):295 — 309, 2007.

M. Lazar and E. Zuazua. Averaged control and observation of parameter-depending wave equations.
C. R. Math. Acad. Sci. Paris, 352(6):497-502, 2014.

J.-S. Li. Ensemble control of finite-dimensional time-varying linear systems. IEEE Trans. Automat.
Control, 56(2):345-357, 2011.

J.-S. Li and N. Khaneja. Ensemble control of Bloch equations. IEEE Trans. Automat. Control,
54(3):528-536, 2009.

25



[26]

[27]

[28]

[29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

[37]

J.-L. Lions. Contrélabilité exacte, perturbations et stabilisation de systémes distribués. Tome 1,
volume 8 of Recherches en Mathématiques Appliquées [Research in Applied Mathematics]. Masson,
Paris, 1988. Controlabilité exacte. [Exact controllability], With appendices by E. Zuazua, C. Bardos,
G. Lebeau and J. Rauch.

J.-L. Lions. Remarques sur la controlabilite approchée. In Spanish-French Conference on Distributed-
Systems Control (Spanish) (Mdlaga, 1990), pages 77-87. Univ. Malaga, Malaga, 1990.

J. Lohéac and E. Zuazua. From average to simultaneous controllability of parameter dependent
finite-dimensional systems. in preparation.

Q. Li and E. Zuazua. Averaged controllability for random evolution partial differential equations.
preprint, 2014.

S. Nicaise and J. Valein. Stabilization of the wave equation on 1-D networks with a delay term in
the nodal feedbacks. Netw. Heterog. Media, 2(3):425-479, 2007.

D. L. Russell. The Dirichlet-Neumann boundary control problem associated with Maxwell’s equations
in a cylindrical region. SIAM J. Control Optim., 24(2):199-229, 1986.

W. Schmidt. Simultaneous approximation to algebraic numbers by rationals. Acta Math., 125:189—
201, 1970.

M. Tucsnak and G. Weiss. Observation and control for operator semigroups. Birkhduser Advanced
Texts: Basler Lehrbiicher. [Birkhduser Advanced Texts: Basel Textbooks|. Birkhduser Verlag, Basel,
2009.

D. Ullrich. Divided differences and systems of nonharmonic Fourier series. Proc. Am. Math. Soc.,
80:47-57, 1980.

J. Valein and E. Zuazua. Stabilization of the wave equation on 1-D networks. SIAM J. Control
Optim., 48(4):2771-2797, 2009.

E. Zuazua. Robust observation of partial differential equations by additive perturbations. preprint,
2014.

E. Zuazua. Averaged control. Automatica, 50(12):3077 — 3087, 2014.

26



	Introduction and main results
	Problem formulation
	Main results
	Bibliographical comments
	Structure of the paper

	An abstract perturbation result
	Functional setting and duality 
	A general admissibility condition
	A general perturbation argument
	Averaged control of parameter depending wave systems

	Averaged Ingham inequalities
	Perturbation of Ingham inequalities
	Discrete averages
	Application to the string equation

	Concluding remarks

