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Averaged controllability of parameter
dependent conservative semigroups

Jérome Lohéac * Enrique Zuazua 59

Abstract

We consider the problem of averaged controllability for parameter de-
pending (either in a discrete or continuous fashion) control systems, the
aim being to find a control, independent of the unknown parameters, so
that the average of the states is controlled. We do it in the context of
conservative models, both in an abstract setting and also analysing the
specific examples of the wave and Schrédinger equations.

Our first result is of perturbative nature. Assuming the averaging
probability measure to be a small parameter-dependent perturbation (in
a sense that we make precise) of an atomic measure given by a Dirac
mass corresponding to a specific realisation of the system, we show that
the averaged controllability property is achieved whenever the system cor-
responding to the support of the Dirac is controllable.

Similar tools can be employed to obtain averaged versions of the so-
called Ingham inequalities.

Particular attention is devoted to the 1d wave equation in which the
time-periodicity of solutions can be exploited to obtain more precise re-
sults, provided the parameters involved satisfy Diophantine conditions
ensuring the lack of resonances.
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1 Introduction and main results

1.1 Problem formulation

This paper is devoted to analyze the following question: Given a system depend-
ing on a random variable, is it possible to find a control such that the average
or expected value of the output of the system is controlled?

The problem is addressed in the context of the abstract system

J¢ = Acyc + Beu, (1.1a)
with the parameter dependent initial condition

ye(0) = v, (1.1b)

where ¢ € Ris a random variable following a probability law 1, A is an operator
on X, the state space, B¢ is a control operator, y¢(t) € X is the parameter
dependent state variable, and u(t) € U is the control variable (independent of
the parameter ), U being the control space.

Given T > 0, the problem of exact averaged controllability consists in
analysing whether, for every family of parameter dependent initial conditions
yé € X and every final target y/ € X, there exists a control v € L?([0,T],U)
(independent of the parameter ¢) such that:

/RyC(T) dne = vl (1.2)

One can also address the weaker approximate averaged control problem, in
which, for every e > 0, one aims to find a control v € L?([0,7],U) such that:

2
<e. (1.3)
X

H/Ryc(T) dnc —y/

In both (|1.2)) and (|1.3]), y¢ is the solution of (|1.1)) with initial Cauchy condition yé
and control u.

As we shall see, the averaged controllability properties will significantly de-
pend on the nature of the averaging measure 7.

It is easy to see that averaged control problems cannot be handled by classical
methods. Indeed,

d
T (/ yc(t)dnc) :/Acyc:dnch (/ Bcdm‘)%
R R R

hence, the dynamics of the average is (in general) not governed by an abstract
differential equation.

This paper is devoted to address these questions both in the abstract ver-
sion (1.1)), in which the generator of the semi-group A is skew-adjoint, and



in some particular instances: the one-dimensional wave and Schriodinger equa-
tions. In particular, we will pay attention to the string equation with Dirichlet
boundary control:

:[]g(t, l‘) = C2ain(t’ l‘) ((t,l‘) € Ri X (O’ 1)) ) (1'43)
ye (t,0) = u(t) (teRY), (1.4b)
ye(t,1) =0 (teRY), (1.4c)
ye(0,2) =ye(z) and §c(0,2) =y:'(x)  (z€(0,1)). (1.44)

1.2 Main results

We address the problem of averaged control analyzing the equivalent one of
averaged observability for the corresponding adjoint system. We do it in two
complementary contexts that we briefly describe below. We first show the sta-
bility of the observability inequality under small enough perturbations, to later
derive a much more specific result for Fourier series, using its periodicity prop-
erties.

Perturbation argument We focus on the case where the uncontrolled dy-
namics, i.e. the one associated with v = 0, is time-conservative. Our results
apply also in a slightly larger context (for instance, involving bounded damp-
ing terms) but, for instance, cannot be applied directly for heat-like equations
because of its time irreversibility.

In order to tackle the averaged controllability problem, we consider a proba-
bility measure of the form n = (1 —0)d¢, + 07, where 7 is a probability measure
on R and 6 € [0,1] a small parameter so that, in practice, we deal with a small
perturbation of an atomic measure concentrated at (3. Our result ensures that,
under suitable smallness conditions, averaged observability holds provided the
realization of the system for { = (; is observable.

To be more precise, proving the exact averaged controllability in time 7" > 0
is equivalent to the averaged observability inequality:

/

with ¢(T) > 0 independent of z/, z being the solution of the adjoint system:

2
dt > (D)% (2 € X), (1.5)
U

/ Bz (t) dne
R

—ZC = AZZC s ZC(T) = Zf .

We assume that the system is exactly controllable/observable for the parameter
value ¢ = (o, i.e. there exists c¢,(T') > 0 such that:

T
N 2
/0 1L 20 (O dt > ceo(T) % (o € X).



With this assumption, we prove the existence of 6y € (0, 1] such that, for every
6 € [0,6p), holds, i.e. the parameter dependent system is exactly
controllable in average with respect to the probability measure 7.

This result is the core of and can be applied in many situations
such as wave, Schrédinger or plate equations with internal or boundary control,
see [§ 3.2l In particular, this result can be applied in the context of Ingham

inequalities (see [Proposition 3.3)), an issue that we discuss now in more detail.

Averaged Ingham inequalities In the context of one-dimensional equations
such as string or Schrédinger equations, the problem of averaged controllability
can be reduced (by duality) to the analysis of averages of non-harmonic Fourier
series and the recovery of its coefficients out of its L?(0, T')-norm.

The results in are only valid for a system of the form

Y¢ = <(C)Aye + Beu,

with ¢ € R, A, independent of ¢, a skew-adjoint and diagonalisable operator
with eigenvalues (A, )nez and B: a boundary control operator.

To be more precise, the aim in is to obtain the averaged observ-
ability inequality,

T
J
with ¢(T) > 0 independent of a = (a,)n or the approzimate averaged observ-
ability result,

T
/0 /R D Lea]n ™ dyye

neZ

Here and in the sequel (\,), is a sequence of real numbers (independent of (),
s(¢) € R and L¢ € L(£?). The linear map L is introduced here in order to
tackle partial differential equations with second order derivative in time such
as (|1.4). For the particular example of the string equation considered in (|1.4)),
we have (see[Appendix A)) ¢(¢) = ¢ and L is affine with respect to ¢ (see
For first order in time systems, such as the Schrodinger equation, we will have
L: =1d.

The analysis of the well-posedness of the control system under consideration
also requires the averaged admaissibility inequality,

T
J
with C(T) > 0 independent of a = (an)n.

In the case n = d¢,, these results are (provided some gap condition is satisfied
for (An)n and T is large enough) a consequence of Ingham inequality (see, for

2
dt > (1) Y Janl?, (1.6)
ne”Z

/]R Z [Lga]nemﬂ')\ng({)t dnC

neEZ

2
dt=0 =  (a)n=0. (L7

2
/R S [Lealne®™ @t dye| dt < OT) Y Janl?, (1.8)

ne”Z neZ




instance, the original paper of A. E. Ingham [I4]), that has played an important
role when dealing with one-dimensional control problems.

The inequality (1.6)) can be achieved, as described above, by perturbation
arguments (see [Proposition 3.3 and [Corollary 4.1). But in some specific situ-
ations, more precise results can be obtained, combining periodicity properties
and classical Ingham inequalities.

To show how these arguments can be applied, we consider the particular
cases in which :

1. 7 is a sum of Dirac masses located at points (;

2. the parameters ¢((x) satisfy a non-resonance condition guaranteeing the
irrationality of one parameter ¢((x,) with respect to all other ones.

3. there exists v > 0 such that \,, € yZ for every n.

Notice that the d condition is fulfilled for the string or one dimensional Schrodinger
equation but is much stronger than the usual gap condition required for Ingham
inequality to hold.

Under these conditions, in we derive the unique continuation
property (see and a weighted Ingham inequality (see corol-
laries and of the form:

T
/
where the weights p,, > 0 depend of the Diophantine properties of the parame-

ters ¢(Cx). This weighted averaged Ingham inequality allows deriving averaged
controllability results for 1d wave equation (1.4 in weighted spaces, see

2
/R S [Lealue®™ Ot dye| dt > oS palanl’,  (19)

nez nez

1.3 Bibliographical comments

The notion of averaged controllability was introduced in [39] where necessary
and sufficient rank conditions were given in the finite dimensional context.

The works of J.-S. Li et al. [26] 25] on ensemble control are also worth
mentioning. The ensemble control notion is introduced to steer, with a control
independent of the parameter, all the parameter dependent trajectories in an
arbitrary small ball around a desired target.

In the PDE context, the problem of averaged control was considered in [24]
for two different wave equations by means of a common interior control, using
H-measure techniques. Other situations were also considered in [40], when, for
instance, the solution of a given PDE is perturbed additively by the solution
of another one. Furthermore, in [30], the authors considered one-parameter
families of Schrodinger and heat equations in the multi-dimensional case, with
controls distributed in some interior sub-domain, showing that, depending on
the averaging measure, one can obtain either the controllability results corre-
sponding to time-reversible or parabolic-like equations.



The present paper is the first contribution for PDEs depending on the un-
known parameter in a rather general manner which are also of application in
the context of boundary control.

The results we obtain for the string equation are related but different to
previous ones on the simultaneous controllability (see [10, § 5.8.2]), a notion
that was first introduced by D. L. Russell in [32] (see also [27, Chapter 5]) and
extensively analyzed in the literature (see [10, 2, [I] and the references therein).

There are several other possible natural paths to extend the results of this
paper. In particular, it would be natural to address similar issues for wave
equations in networks. We refer to the book of R. Dager and E. Zuazua [10]
and to the papers of 1. Jo6 [17] and J. Valein et al. [31], B7] for some of the
main existing results on the control and stabilization of networks of 1d wave
equations.

Averaged controllability can be seen also as a first step to achieve simultane-
ous controllability. Obviously, the later requires also the control of all possible
parameter dependent states, and not only the control of their average. In the
concluding section, we will show the link between these two notions via penal-
ization, an issue that is treated in more detail in [29]. This procedure, quickly
explained in the concluding remarks, is similar to the one implemented by J.-
L. Lions in [28] in order to link optimal control and approximate controllability
for the heat equation.

1.4 Structure of the paper

The core of this work is devoted to the obtention of averaged observability
inequalities.

Basic notations and assumptions, ensuring that the averages considered in
this paper are well defined, are given infsection 21 The proof of the duality result,
between averaged controllability and averaged observability, is given in

In [section 3] we use a perturbation argument in order to derive some exact
averaged observability results. These results are applied in (to be compared
with [24]) to the averaged controllability of wave equations, with coefficients
depending smoothly of the space variable and simply measurable with respect to
the unknown parameter, and also in the context of non-harmonic Fourier series
(see . When analysing this last application, we deduce a first averaged
Ingham inequality which is later used for the toy example in

Other averaged Ingham inequalities are given in when the proba-
bility measure 7 is a finite sum of atomic masses. More precisely, in we
apply the results of[§3.3] to this situation. In[§4.2)we prove an approximate aver-
aged observability result, in the particular context of Fourier series expansions,
and a weighted Ingham inequality of type 7 with weights depending on Dio-
phantine approximation properties. The results obtained in and [section 4]
are applied to the string equation with Dirichlet boundary control (]E in
Connections with simultaneous controllability are also discussed in [§4.3]

We conclude with some remarks and open questions in

The technical details related to ([L.4)) are given in [Appendix A




2 Averaged controllability

2.1 Functional setting and assumptions

In this paragraph, we present some basic notation, the abstract functional set-
ting and the assumptions ensuring that averages are well defined.

Let us introduce two separable Hilbert spaces, namely the state space X and
the control space U, each of them being identified with its dual.

For every ¢ € R, consider the operator A; on X with domain D(A.) and
assume that

(i) A¢ has a non empty resolvent p(A¢);

(i) A¢ generates a strongly continuous group T on X. Thus, D(A¢) is a
dense linear subspace of X;

(iii) For almost every ¢ € R and every t € R, there exists a constant k > 0
such that:
ITe@llcx) <k (teR, CeR).

For every ¢ € R, define X1 = D(A¢), the Hilbert space endowed with the
norm:

I¥llxe, = 1B = Adyllx (v € Xea)
and X _; the completion of X with respect to the norm:

I¥lxe o =BT = A ylx  (yeX),

where, in the above, we have chosen 8 € p(A¢). We refer to [35, § 2.10] for
those definitions. Similarly, based on Af, we define the spaces X¢ | and X¢ .

In addition, [35], Propositions 2.10.1 and 2.10.2] ensure that the norms gen-
erated above for different 8 are equivalent and in particular, the X, j-norm is
equivalent to the graph norm, /[ly||% + || Acyl|%. Moreover, Xg,_1 is the dual
of X¢ 1 with respect to the pivot space X (see [35, Remark 2.10.6]).

Let us also set A; and T, the extensions of Ac and T, to X _1, see [35]
Proposition 2.10.4].

Moreover, assume:

(iv) There exists an orthonormal basis (e;);en of X such that for almost every
¢ € R with respect to the measure 7, we have e; € D ((A¢)*°) for every
ieN.

(v) For every i € N, and every n € N, ( € R+— (A¢)"e; € X is measurable.

Let us now introduce the control operators. For every ¢ € R, we set B, €
L(U,X¢ —1) and consider the Cauchy problems (1.1) with ( € R the random
variable following a given probability law 7.



For every ¢ € R, we introduce the input to state map @f € £(L2(R, U), XC,,l),
classically defined by:

t
@fu:/ Te(t— s)Beu(s)ds  (¢>0, ue IXR,,U)), (21
0
so that, the solution of (1.1)) is:
ye(t) = Te(yi +O6u (>0, ue LA(Ry,U)). (2.2)
Taking the average of (2.2)) with respect to ¢, we obtain (formally):

/ ye () dn = / Te(@yidne + Fa (650, ue 2R U)),  (23)
R R

where we have defined the averaged input to state map:
Fﬂu:/kﬁudm (t>0, ue L}*(R,,U)). (2.4)
R

Let us also classically define for every ( € R the observability map wtc €
/J(Xg’l, L*(R,U)) by:

BiT(s)z if s <t,

0 Fee (ze X¢,, t,s>0). (2.5)

(¢fZXS){
We also define (formally) the averaged observability map:

(Wy2)(s) = / (652)(s) dne

_ /RBZ']I‘Z(s)zdng if s<t,
0 ifs>t

(ze X, t,s>0). (2.6)

Let us set an assumption on B:

(vi) For almost every ( € R with respect to the measure n, B, is admissible
for the semi-group T¢ generated by A..

Consequently, according to [35, Proposition 4.2.2 and Theorem 4.4.3], <I>§ (resp.
¥¢) can be seen as a linear bounded operator from L2([0,t],U) (resp. X) to X
(resp. L*([0,],U)) for every t > 0 and almost every ¢ with respect to the
measure 7.

Finally, our last assumption is:

(vii) The parameter dependent initial condition ¢ € R — yé € X is Bochner-
integrable for the measure 7.



The consequence of assumption |(vii)| is that the average of (TC (t)yé) is well
¢
defined in X.

Lemma 2.1. If assumptions and are satisfied, then,

[ Testanc x>0

Proof. According to Bochner Theorem, (see [34, Theorem 1.2, chapter IIT]), the
fact that ( — yé is Bochner-integrable is equivalent to ¢ — yé being measurable

and ¢~ |[y¢|lx integrable, i.c.,

AMQu®k<w. (2.7)

We are going to prove here a stronger result which is the Bochner-integrability
of ( — Tg(t)yé € X. Firstly, we will prove the measurability of ¢ — T¢(t)*z for
every t € R and every z € X. To this end, let us notice that, according to [35]
Proposition 2.4.2], we have

n— oo

Te(t)*z = lim (m-%g) 2 (CER,teR, z€X).
n

—n
Let us prove that ¢ — (Id — %AZ) z € X is measurable, for every n € N and
every z € X. To this end, we define:

n t n
L >X:<<X, (Id—nA(;) ei> ) €P(N) (xeX),
X/ ieN

with e; defined in assumption So that, for almost every ( € R,

(Id—l—:iAz)nX:Z{Lén)X]ei (teRy, neN).
ieN ’

According to the assumptions and together with [35] Proposition 2.3.1],
we have R} C p(Af) for almost every (. Thus, for almost every (, every
n
t € R and every n € N¥, (Id + %AZ) is invertible. Consequently, Lé") is also
invertible for almost every ¢ € R. Moreover, using assumption we deduce

-1
that ¢ — Lé") is measurable. Consequently, ¢ — (Lé")) is also measurable.

But,

t -n o\ 1
(Id a nAZ> 2= (Lé )) (((z i) x)ien)
(zeX,neN', teR*, (eR),



—n
ensures that ¢ — (Id — %Az) z € X is measurable. Finally, ¢ — T¢(t)*z
being the limit of measurable functions, is also measurable.

Since X is a separated Hilbert space, { — Tg(t)yé is almost everywhere
separably valued. This map is also weakly measurable, that is to say, for every
z € X, ¢ = (T¢(t)yg,z) is measurable. In fact, (T¢(t)yg,z) = (v¢, Te(t) 2)
and it is easy to see that the scalar product of two measurable functions is
measurable. Using Pettis Theorem (see [34, Theorem 1.1 of chapter III]), we
conclude that ¢ — T¢(t)y¢ is measurable.

Finally, using again assumption we have, ||T< t)yellx < rlyéllx. Con-
sequently, assumption ensures that ¢ ~— || T¢(t)yf[ x is 7-integrable.

The conclusion follows from Bochner Theorem. O

Remark 2.1. Givent € Ry andy € X, ensures the measurability
of € R T(t)y € X, under the assumptions and , But there exist
some situations for which these assumptions are not required.

o Assume that the support of n is a finite or countable set. In this case, we
implicitly consider the probability set (2, P(2), 1), with Q = suppn and
for every ¢ € Q, pu({¢}) = n({¢}). Thus, the measurability of { € Q —
Tc(t)y € X is equivalent to:

{CeQ, Te(t)y =T, (t)y} is measurable for every (y € .

This last property is obvious since, for every (o € 2, the above set is

in P(Q).

o With fewer restrictions on the measure n, if ¢ € R — T¢(t)y is continuous,
then the measurability is obvious. We refer to [19] and [38] for general
assumptions on the infinitesimal generators A¢ ensuring the continuity of
¢+ T¢. More precisely, applying [38, Theorem 2.9] in our case, leads to:

Theorem 2.1. [38, Theorem 2.9] Assume that

1. The domain X¢ 1 of A¢ is independent of ¢ and set X1 = X¢q1;

2. The operator ¢ € R — Ay € L(X1,X) is continuous in the genera-
lized sense on R, that is to say:

CHHCI max {6("40 ACO)’ 5(ACO’AC)} =0 (CO €R),
—Go

with § defined by (2.8]).

3. The semigroup T¢ generated by Ac satisfies a locally stable condition
in R, that is to say, for every (o € R, there exist My > 0, wy >
0 and g9 > 0 (depending on (), such that if | — (o| < eo, then
ITe(t)llz(x) < Moe“** for every t € Ry.

10



Then, the semigroup T, generated by A¢ is strongly continuous on R.
That is, for every (o € R andy € X,

lim || T¢(t)y — Te. (¢ =0,
413410” ¢y = Te, Dyl x

and, in addition, this convergence is uniform with respect to t € [0,T],
where T' € RY is arbitrary.

In the above Theorem we have used the application § : L(X1, X)xL(X7,X) —
R which is defined by:

(v,Ay)eSa \ (7,A5)€S 4

6(4,A) = sup ( inf (||y—y|§(+||Ay—Ay|%()>
(A, A e L(X,,X)), (2.8)

with Sa = {(y, Ay) € X1 x X, |y[% + |l Ay[% = 1}.

2.2 Averaged admissibility, controllability and observabil-
ity

With the notations and assumptions introduced in the previous paragraph, we
are now in position to define the averaged admissibility, controllability and ob-
servability concepts.

Definition 2.1 (Averaged admissibility). The family of control operators (B¢ )¢
is said to be admissible in average for the family of semi-groups (T¢)¢ if there ex-
ists a time T > 0 such that Fr € L(L*([0,T],U), X), with Fr defined by ([2.4).

Let us also introduce the following averaged controllability concepts.

Definition 2.2 (Exact/Approximate averaged controllability). Let T > 0. The
family of pairs (A¢, Be)¢ is said to be exactly (resp. approzimatively) controllable
in average in time T if Fp(L*([0,T],U)) is equal to (resp. dense in) X.

As in classical control theory (see for instance [35] §4.4]), we have the fol-
lowing duality results:

Proposition 2.1. Set T > 0, assume that is satisfied and, ¢ € R — wgp €
L(X,L*([0,T),U)) is Bochner integrable for the measure 1.
Define the time reflection operator:

ArHt) = f(T —1) (0<t<T, f defined a.e. on[0,T1]).

Then, the admissibility inequalities hold, i.e. there exists a positive constant
C(T) such that:

IPrul% < CT) llulF2o.1.0 (we L*([0,T],U)),  (2.9a)

<
2
172l 72 0,77, < C(T) |2l x (z € X), (2.9b)

11



where Fr and Yt are defined by (2.4) and (2.6) and

2
D < (/RHw%Hc(x’m([o,T},U))dm) '

In addition, we have,
Fr=ArVUrp, (2.10)

and
1. Fp (Lz([O,T], U)) is dense in X if and only if Ker Up = {0};

2. Fr(L*([0,T),U)) = X if and only if Y7 € L(X,L*([0,T],U)) is bounded
from bellow.

Proof. First of all, since for almost every (, B¢ is admissible for the semi-
group T¢, we have (see [35, Proposition 4.4.1]) ®5 € L(L*([0,T],U), X), 15 €
L(X,L*([0,T],U)) and (95)" = fpes..

Since ¢ w% € L(X,L*([0,T],U)) is Bochner-integrable, we have ¥7 €
L(X,L*([0,T),U)) and for every z € X,

< L1652 o,
([o,17,

g/RH/(bTHL(Xsz([O,T],U)) dnCHZHX

17zl L2 0,110y = H/%de

2
Thus, there exists a constant C(T) < (/ HQ’/J%HL(X L2(07),0)) d77§> such that
R ; ],

[-95) holds.
Since @5 = (¢5) 15 and Sy € L(L2([0,T],U)) is a unitary operator, it is
obvious that Fr € L(L?([0,T],U), X), Fr is given by (2.10) and
IFr 2 0,m,0),x) = 1Yl cox,220,m,0)) -

Let us finally prove the last two items.

1. According to [35, Remark 2.8.2], Fr(L?([0,7],U)) is dense in X if and
only if Ker F% = {0}.

2. According to [35, Proposition 12.1.3], Fp is onto if and only if F% is
bounded from bellow.

We end the proof by considering (2.10]), and noticing that fr is isometric. [

A major difficulty in order to use [Proposition 2.1|is to prove that ¢ +— w% is

Bochner integrable. Let us give a simple case where this is easy to obtain.

12



Lemma 2.2. Set n a probability measure and assume Be = B € L(U,X) is a
bounded control operator independent of { and assumptions|(i)H(v)| are fulfilled.

Then, for every T > 0, ( € R — 1/1% € L(X,L?([0,T),U)) is Bochner
integrable for the measure 7).

Proof. First of all, since B is a bounded control operator, it is obvious that
VS € L(X, L2([0,T],U)) for every ¢ € R.
Using assumption we have that (see proof of [Lemma 2.1|) ¢ — T¢(t)*z €

X measurable for every z € X and every t € R%. Consequently, since the
control operator B is independent of ¢, we easily obtain that ¢ — B*T¢(t)*z is
measurable. In addition, using again assumption we have || B*T¢(t)*z|,, <
k|| B*|| z(x,0|lzl| x. This ends the proof.

In the next paragraphs, following this general abstract path, we prove admis-
sibility and exact averaged observability results for the corresponding adjoint
systems.

3 An abstract perturbation result

Using the admissibility condition given in the previous section, one can easily
develop a perturbation argument leading to averaged controllability.

3.1 Perturbation argument

Let us prove our general perturbation result.

Theorem 3.1. Set T > 0, let 77 be a probability measure and (y € R. Assume
that

1. Condition is satisfied, i.e., for almost every ¢ € R, there exists a

positive constant C¢(T), Cc(T) = Hw%Hi(X,m([O,T],U))’ such that:

2
1052/l e om0y S CeDlelx (z€ X),
with wf defined by (2.5).
2. (eRm— w% € L(X, L([0,T),U)) is Bochner-integrable for the measure 1.

3. The pair (Ac,, Be,) is exactly controllable in time T, i.e., there exists
cco (T) > 0 such that:

2
ceo el < |82 m oy (2 € X). (3.1)

-1
Set 6y = <1 —|—/ \/ CC;C((?) dﬁg) . Then for every 6 € [0,6y), (Ac, B¢)¢ is
R 0

exactly controllable in average in time T with respect to the probability measure n
given by:
n=(1-6)d, +67. (3.2)

13



In addition, for every 6 € [0,0y), we have:
C(D)2l% < 197zl Zaqomo < C'Dal% (z€ X), (33)

with U defined by ([2.6), C*(T) > 0 and

(1) = ((1—6)@—0/]1{@@4)2.

Remark 3.1. 1. This result can be applied in many examples such as wave,

Schodinger and plate equations, etc. with boundary or internal controls of
different nature.
However, the proof, which is rather straightforward, is based on a smallness
argument and, hence, it does not cover the results in [24) for the averaged
controllability of two wave equations with internal control, or the ones
in [40] for the additive superposition of wave and heat equations.

2. In[Theorem 3.1, we assume that the perturbation measure 1) is a probabil-
ity measure so that n = (1 — 0)d¢, + 07 is a probability measure for every
6 €[0,1].
Of course, a similar study could have been performed with non probabilistic
measures but we consider probability measures so to guarantee that we are
dealing with "averages”.

3. In|Theorem 3.1), the probability space under consideration is (R, B(R), 07+

(1 —0)d¢,). Thus we consider one-parameter dependent problems. But
similar results could have been obtained for more general probability spaces
(Q, 7,074+ (1 —0)d,), with 8 € [0,1] and (o € Q, assuming that the o-
algebra, T, contains {(o}. For instance, one could think on d-parameter
depedning problems, using the probability space (R, B(R?), 07+ (1—0)dc, ),
with 0 € [0,1] and (o € RY.

Proof of [Theorem 3.1} Using [Proposition 2.1] assumptions [I] and [2| ensure the
averaged admissibility of (B¢)¢ for (T¢)e with respect to the measure 7. This
together with the admissibility of B, for T¢, d assumption), ensure the
averaged admissibility of (B¢)¢ for (T¢)¢ with respect to the measure 7 given
by for every 6 € [0, 1].

For every 0 € [0, 1] and every z € X, we have:

12| 120, 17,0) = H(l — 007 + 0Urz

L2([0,T],U)

> (1-6) [ugt

- 9 H\ifTZ’ 5
L2([0,T],U) L2([0,T],U)

with Wy given by (2.6) (with 5 given by (8.2)) and with Upz = / 1/1%2 dfe.
R
Thus, from and ([3.1)), we easily obtain:

x> (1= 0y -0 [ \E@aic) ldx e x).

14



This ends the proof. O

3.2 Averaged control of parameter depending Schrodinger
and wave systems

A Schrédinger system
For every ¢ € R, let us consider the controlled Schrédinger equation:

Y = idiv (ac(2)Vye) + Xwt in (0,7) x Q, (3.4a)
ye =0 on (0,7) x 09, (3.4b)
ye(0,2) =ye(x)  (zeq), (3.4c)

where Q is a bounded and smooth domain of R?, w an open subset of €, a¢c €
C>(,R) is uniformly strictly positive and y} € L*(Q).

Let us explain why the parameter dependent control system fits our
abstract setting. To this end, define the control space U = L?(w,C) and the
state space X = L?((2,C), and for every ( the operator A¢ given by:

D(A) = H*(Q,C)NH{(2,C)  and  Acy =idiv(acVy) (v € D(A)),
and define the control operator B € L(U, X) by:
Bv = x,v velU.

Notice that D(A¢) is independent of ¢ and set X; = H?(Q, C) N H (2, C).
It is well known that assumptions|(i)|and are satisfied. In addition, for every
¢ € R, it is classical that As is a skew adjoint operator generating a unitary
group T¢ on X. Thus, assumptions and (with k = 1) are fulfilled.
Since ac € C*(Q,R) and a¢ do not vanish, it is obvious that C§°(Q2,C) C
D ((A¢)>). Thus, assumption [(iv)] is satisfied. In addition, assuming that ¢ —
ac € C>*(Q,R) is measurable, for every y € C3°(2,C) and every n € N, we
have that ¢ — (A¢)"y € X is measurable, i.e. assumption is satisfied.
Since B is a bounded control operator, it is obvious that assumption is
satisfied and the Bochner integrability of ( € R +— 1/)% € L(X,L*([0,T),U)) is
given by
Applying to this system, we obtain the following:

Proposition 3.1. Let 77 be a probability measure and assume that
1. ¢ € R+ ac € C(Q,R) is measurable and for every € R, ing ac(z) > 0;
[AS
2. There exists T > 0 such that the set (0, 7) xw satisfies the geometric control
condition (see [3]) for the wave equation (3.5) indexed by ¢ = 1.

Then, for every T > 0, there exists 6o(T) € (0,1] such that system (3.4
fulfils the exact averaged control property, in time T, for every 6 € [0,600(T))
with measure n° = (1 — )0, + 07 and for the space X = L*(,C).

Proof. According to the previous remarks, in order to apply we
only need to prove the observability inequality for ¢ = 1. This inequality is

obtained by combining [3] and [35, Theorem 6.7.2]. O
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A wave system
Set a probability measure 77 on R. For every ¢ € R, let us consider the controlled
wave equation:

e = div (a¢(z)Vye) + Xwu in (0,7) x Q, (3.5a)
Yo =0 on (0,T) x 9N, (3.5b)
ye(0,2) =y °(x) and gc(0,2) =y¢'(x)  (z€Q), (3.5¢)

where 2 is a smooth and bounded domain of R?, w an open subset of €,
(yz’o,yz’l) € H} () x L*(Q) and a¢ € C*°() is uniformly bounded from below
and above by positive constants independent of ( and ¢ € R — ac € C*(Q)
measurable.

Let us briefly explain how the parameter dependent control system fits
in our abstract setting. To this end, we define the control space U = L?(w) and
the state space X = H{(Q2) x L?(Q) with the scalar product:

ZO yO _ <VZ0 v O> +< 1 1>
SN y! . = y VY ) L2(Q)d Z,Y )L2(Q) -
For every ¢ € R, let us define the operator A¢ on L%(Q) by:
D(A) = H*(Q)NHy(Q)  and  Acf =—div(acVf) (f € D(A))

and let us define the space X¢ o = X endowed with the scalar product:

2’| [y° 3.0 43,0 1.1
2t |y = (A2z", A2y ) r2) + (2, ¥ )12
Xc¢,0
= (ac V2", JacVy’) 1o gya + (25" 2@y

Since a¢ is uniformly bounded from above and below, the X and X, ¢-norms
are equivalent.
For every ¢ € R, let us now define the operator A- on X by:

D(A¢) = Hy(Q) x L*(Q)  and
. E?] - {—?44 151 } ET] - {div (SQVZO)] ([i] € D(A)).

With these definitions, A; is skew adjoint on X¢ o and generates a unitary
group on X¢ o. Since the X and X¢ g-norms are equivalent, the assumptions

and (with k = max{l, sup [la¢ ||z (o) }) are satisfied.
CeR

Let us now define the bounded control operator B € L(U, X), independent
of ¢, by:

Bv— [ng} (wel).

16



All in all, the system (3.5) can be expressed in the condensed form:

i0
we = Acwe + Bu, wC(O) = |§iJ| eX,
¢

Ye(t)

Since we have assumed that ¢ — a; € C*°(£) is measurable, a similar
discussion to the one on ensures that assumptions and are satisfied
and the Bochner integrability of € R +— w% € L(X,L3([0,T],U)) is guaranteed
by

Applying to this system, we obtain the following:

Proposition 3.2. Set T > 0 and 7, a probability measure. Assume,

where we () = [y@‘ (t)}

1. ¢ € R ac € C(Q) is measurable, 0 < iné ac(xz) and sup ac¢(z) < oo;
zell, Q
CeR x<€€R7

2. (0,T) xw satisfies the geometric control condition (see [3]) for the equation

(13.5) indexed by ¢ = 1.

Then, there exists 6y € (0,1] such that system (3.9) fulfils the exact averaged
control property, in time T, for every 0 € [0,60y) with measure n° = (1—0)5, +07
and for the space X = H}(Q) x L?(Q).

Proof. According to the previous remarks, in order to apply we
only need to prove the observability inequality for ¢ = 1. But, from [3], the

geometric control condition for the control system indexed by ( = 1 ensures
that this system is exactly controllable in time T'. O

Remark 3.2. This result holds in the particular case n° = (1—0)5; + 035, where
two wave equations with different velocities of propagation are averaged.

This case was addressed in [2], Theorem 2.1] where it was proved that the
system satisfies the averaged control property for every 6 € [0,1), assuming,

ai(x) # az(x) (x e w). (3.6)

The proof of this result is based on micro-local defect measures and the fact that
the characteristic manifolds of the two wave equations involved are disjoint. This
example shows that the smallness condition we impose on the perturbations is
not sharp.

3.3 Perturbation of Ingham inequalities

In this paragraph, we apply our perturbation result to Ingham inequalities. To
this end, let us first introduce some technical material.
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Define the Hilbert space of square summable sequences:

62 = {(an)nEZ € (CZa Z |an|2 < OO}

neZ

and consider a real sequence A\ = (A, )nez, which is assumed to satisfy the
following gap condition: there exists v > 0 such that

inf | Am— Al =7 (3.7)
(m,n)EZ2
m#n

When 7 is the atomic mass located in (p, according to Ingham inequali-

ties, (L.8)) and (1.6) are valid for "> 1/|s({o)|y (with L¢, = Id and <({o) # 0).
More precisely, for T > 0,

2

T
/ D ane® ™At < Ce) (1) D lanl* ((an)n € %), (3.8a)
0 |nez nez
1
and for T' > m,
0
T 2
CC(CO)(T) Z |an|2 < /() Z an62i7rAn§(Cg)t dt ((an)n € 62) ; (38b)
nez neZ

where for every ¢ € R*, we have defined:

2 (4T)? -1 10T
Ty=—>—"—"—-T d Ce(T) = ———————. 3.9
«() == erp o (D)= gy Y
This classical result can be found in the original paper by A. E. Ingham, [14]
Theorems 1 and 2|. For its relation with control theory, we refer, for instance,
to [I5} 211 22] and the books [10, [35].

Let us now apply our perturbation argument developed in to these
non-harmonic Fourier series.

Proposition 3.3. Let (Ay)ncz be a sequence of real numbers satisfying the
gap condition (3.7). Let Le € L({?), ) a probability measure on R, ¢ € RE

and (g € R. Assume ({y) # 0 and let T >

1
Y5 (o)l

Assume in addition that ( — L¢ and s are measurable, s(¢) # 0 for almost
every ¢ € R with respect to the measure 1, and

L
Iz g o
VEG]

L¢, being bounded from bellow, i.e. there exists A, > 0 such that:

/R 1Ll ey dite < oo,

Agollallez < [[L¢yallez (a€l?).
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Set

1 5(75(¢)T)? / [ L¢leqer) 2\
Op= |1+ d
’ ( Ao \ (@) T2 =1 Jg min(1, V2R QIT)  ©
Then for every 6 € [0,60y), there exists ¢?(T) > 0 and C%(T) > 0 such that:

(T all <

T
/0 Q/R Z[LCa]n€227T)‘"<(<)t df]g + (1 - 9) Z[Lcoa]ne%ﬂ')\ng(go)t

nez nez
<CDalz (ael?).
Proof. First of all, we have from :
T
/

for every ¢ € R and T' > 0, and

2
dt

2

S [Leal @™ O dt < | Ll Co(Dllall (€ ),

nez

2

S| @ @es),

T
A2 ooy (T)lal% < /
nez

for every T' > 1/(|<(¢o)|y) and with c;(¢,)(T) and C¢(¢)(T') defined by (3.9)).
We conclude as in the proof of O

Remark 3.3. The condition T > 1/(|s(Co)|y) s only required in view of the
fact that we have employed the classical formulation of Ingham’s inequality.
But, for instance, if the sequence (Ap)nen+ i nondecreasing and satisfies the

asymptotic gap condition liminf A\, 11 — A\, = +o00 then, employing generalised
n—oo

versions of Ingham’s inequalities (see [18]), our result can be shown to hold true
for every T > 0.

3.4 Averaged control of parameter depending string sys-
tems

Using [Proposition 3.3| together with (A.3)) and the duality result, given in
Proposition 2.1} we obtain an averaged controllability result for the string equa-

tion (1.4).

Proposition 3.4. Let (; € R* and n be a probability measure on R with:

/ Codic <o (ae[b2).
R
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Set T > 2/|¢o| and

-1

L T 11+ (€2 = D1y (D
+ d
o/ (GT)? —4 Jr min (1,,ﬁ|q:r)
fo< o<1,
0y = .
: VBT S+ (€ = D100 (6D
+ d
@V(GT)?2 -4 Jr min (1,F¢|T)
if o= 1.

Then, for every 0 € [0,00), every target (y©0,yf1) € L*(0,1) x H7*(0,1
and every Bochner-integrable initial conditions ( — (yz’o,yé’l) € L?(0,1) x
H=1(0,1), there exists a control u € L*(0,T) so that:

(1-0)ye, (T)+0 / ye(T) diic =y and  (1-8)jc, (T)+6 / Jc(T) diic =y,

where, for every ¢ € R, y¢ is solution of (1.4).
Moreover, there erists a positive constant C°(T), independent of the initial

and final conditions, such that:

2
Jul 0,1 < C°(T) (H(l oo [ vioan
R L2(0,1)

2

7,1 7,1 1~ 5 s
+H(1—9)y<0 +9/RYg dijc + 1y 03200y + ||yf1||§11(o,1)> :

H-1(0,1)

4 Discrete averages of Ingham inequalities

In we used a perturbation argument to prove, roughly speaking, the sta-
bility of Ingham inequalities when the measure 7 is a Dirac mass plus a small
enough perturbation. Obviously, there are many other cases of interest that do
not enter on that setting.

In this paragraph we consider another interesting particular case, in which
a finite number of equations are involved. In other words, we address the case
in which the unknown parameter varies on a finite set.

Of course, our perturbation argument can be applied in this case (see ,
but this argument required some smallness assumptions. We will see in
that some averaged Ingham inequalities are still valid without this smallness
assumption. In order to handle this case and prove the needed averaged In-
gham inequalities we use a different argument. Instead of arguing through a
perturbation principle, we shall rather use a method inspired by [I0] and [40]
whose key tool is to use the fact the solutions of the model under consideration,
for given values of the parameter, are annihilated by a given linear bounded
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operator commuting with all other equations. This is the case for the 1d wave
and Schrodinger equations with Dirichlet boundary conditions, for which the
solutions are time-periodic.

In order to present these cases we consider a sequence (A, )nez satisfying:

Am # A, form#n and A, € yZ (m,neZ), (4.1)

with v > 0. Of course, in this case the Ingham gap condition holds. In
order to enforce (4.1, we set A, = p,,y, with p, € Z.

As in we consider an operator Ly € £(£?) and a function ¢ € R¥, and
define the function f by:

Z Op Y [Leyalne®™ @t (a e ?, t>0), (4.2)

k=0 nez

with K > 0, 6 € [0,1) such that Y16, =1, and ¢; € R.
Since we are averaging on a finite number of parameters, the inequality (3.8)
ensures, for every T' > 0, the existence of a constant C(T") > 0 such that:

1220,y < C(D)llallz (a € €3).

4.1 Application of the perturbation result
Let us make precise the statement of for discrete averages.

Corollary 4.1. Let (i )nez be a sequence of integers and v > 0.

Let s € RR, K € N* =N\ {0}, ko € {0,--- , K}, and for every k € {0,--- , K},
let 05, € [0, 1] be the weights (so that ZkK:O 0 =1), ¢ € R and L¢, € L(£?).
Assume for every k € {0,--- , K}, <(Cx) # 0 and assume Le,  is bounded from
below, i.e. there exists A¢, >0 such that:

Ag llallee < Lg allee (a € €?). (4.3)
Then, if
1 O
T> ——— and Ok, > °
715 (ko )] SRR
with
1 72 & L .
oy, 5(’7((@0)2 ) Z O — Lyl ez ’
ACkO (7§(Cko)T) -1 mln(l, 2’7|§(Ck)|T)

k#ko
there exist two constants, cx,(T) > 0 and Ci,(T) > 0, such that:

ko (T) a2 < /

for every a € (2.

2
dt < Cio(T)all? ,

Z Le, aln e2imYns ()t
= nez
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Remark 4.1. We have shown that averaged versions of Ingham’s inequalities
hold true under a suitable smallness condition on the perturbing measures. On
one hand, this is necessary in some sense as the example below shows but, on
the other hand, with some more assumptions, this assumption is not needed as
we will see in[§ 4.2

Consider the case Le =1d, y=1, pp =n, (o =1, (1 =2, 5(¢) = ¢ and the
measure 1) = (1—0)0¢, +60¢,. The assumption of the above corollary holds
for ko =0 and ko = 1. Consequently, for every T > 1, there exist 09,05 € [0,1)
such that if 0 € [0,00) U (1 — 6}, 1], there exist two nonnegative constants ¢ (T)
and C%(T) such that:

2
Z an (1 —0)e* ™ + ge*™) | dt < /(M al2  (acr?).
nez

T
&nw@<A

The closeness condition on 0, 0 close enough to 0 or close enough to 1, is
necessary. In particular, for 0 = 1/2, no such ¢z (T) > 0 exists. Indeed, setting:

ft) = Zan (%eQiﬂnt I %e4i7rnt) (te[0.7]),
nez
with a {(_1)k ifn=2% and k € {0,--- ,N},

nez),
0 otherwise, ( )

where N € N* is given, we obtain,

D LA
fiy =Tt ey,
Thus, for every T > 0, fOT |f(t)|?dt = T/4, whereas, ||a||; =N + 1.

Letting N go to infinity we see that no Ingham inequality can hold whatever
T >0 is.

4.2 A time-periodicity argument

Let us start with an Ingham type inequality which is valid with little hypothesis
on the coefficients ¢(¢x).

Theorem 4.1. Let (jin)nez be a sequence of integers and v > 0.

Let ¢ € R, K € N*, and for every k € {0,--- , K}, let 0, € [0, 1] be the weights

(so that ZkK:o 0 =1) and ; € R. Assume for every k € {0,--- , K}, (k) # 0.
Then, if

roly !
AR

there exists a constant ¢(T) > 0, independent of the sequences (ak), € (2, such
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that:

[

Z 0 Z ak €2munv<(4k)t dt

= neEZ

)y |a) |2Hsm (W Q;). (4.4)

ne”Z

Remark 4.2. Inequality (4.4) is similar to [10, (5.87), p. 139] which can be
applied to the simultaneous control of finitely many strings (see § 5.8.2 of that
book).

Proof. First of all, by changing v<(¢x) in (x, we can assume without loss of
generality that v = 1 and <(¢) = ¢.
Given (ak),, € ¢2 for each k € {0, , K}, we define the function f by:

Zek S akeEmnGt (1 R).

k=0 nez
We have:
K-1 0 Cr )
F+1¢x|™) = => 0> ab < HICKT — 1) eXminlkt  (t € R).
k=0 nez

Iterating this argument, we obtain:

K-1
- <o .
n=0 ay]] ( T - 1) Gt (tER),

neZ =0

where Fy is defined recursively by:

Fre(t

) = [,
Pty = (teR). (4.5)

= B+l ™) -F®)  (Q<k<K).

For any 7 > 0, we can apply the classical Ingham inequality [14, Theorem 1] to
deduce the existence of a constant ¢, (depending only on 7 and (p) such that:

Gt 2| i o °
/ [Fo))?dt > ¢, 05> |ad|” [T &7 —1 (4.6)
0 nez 1=0

Independently, we have:

Co Cl(J +T
/' R dtz/‘ U RG G — R de
0 0

1 1
ol e 7
<2/ TR (r>0)
0
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and by iteration,

2 K
||F0||L2(07ﬁ+7— 2 ||f||L2(O T+Zk O\Ck\ 1) (T > 0) (47)
We end the proof by combining (4.6]) and ( . O

With some more conditions on the parameters ¢({j), the following unique
continuation property can be easily obtained from (4.4]).

Corollary 4.2. Let (tn)nez be a sequence of integers and v > 0.

Lets € R, K € N*, and for every k € {0,--- , K}, let 0 € [0,1] be the weights
(s0 that Yr_o Ok = 1), (an)n € 2, ¢ € R and L, € L(£?).

Assume 0y # 0, L¢, is bounded from below, <({o) # 0 and

<(Co)7elG) £Q (ke fl,- K}). (4.8)

1 1
Then, for every T > — Z |
S

T
[

Proof. Set a € £? and assume

/ ngz L, al, 2muw<(é‘k)t

= neZ

Set a* = L¢,a. We have from [Theorem 4.1} ([£4):
| $(%)
0=02¢(T) Z |[L<0a]n|2 1_‘[81112 <7mn 0 ) ,
e N(9)

ne”Z

2

Z [L¢,aln e2imin s (Cr)t
= nez

dt =0 — YneZzZ, a, =0.

2
dt =0.

with ¢(T) > 0. Since 6y # 0 and ¢(¢o) " *c(¢x) € Q for every k € {1,--- K},
we obtain [L¢,al, = 0 for every n € Z. We conclude with L¢, bounded from
below. O

In we have presented a unique continuation result. However,
with some more restrictive conditions on the parameters ¢({;), we can obtain
an observability inequality.

Corollary 4.3. Assume that the conditions of [Corollary 7.3 are satisfied and,
let € > 0 such that, in addition, for every a > 0, there exists A¢y.o > 0 such

that:
Il LC |an| 2
Z |M0|20¢ <oaz | e (a€7) (4.9)

nez
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and assume, ¢(Co)"'s(Ck) € B for every k € {1,--- , K}, with B. defined, as
in [6, p. 120] (see also [{ﬂ] Proposztzon A.5] OT’W)

1
Then, for every T > — Z | @ there exists a constant Co(T) > 0 such
S
that:
2 aa]?
2R S (Cr)t an 2
/ ZQkZL@ un1S@Ot 4t > CL(T Zlu ke (@€ 6.
= nez nez

Proof. The proof follows directly from (4.4) and [6, p. 120]. O

Proposition 4.1 (J. W. S. Cassles [6]). For every € > 0 there exists a set
B. C R such that the Lebesgue measure of R\ B. is equal to zero, and a
constant pe > 0 for which, if ( € B, then,

Pe
mlte

min |7 —m(| > (m € N¥).
Corollary 4.4. Assume that the conditions of [Corollary 4.9 hold and, further-
more, that for every o > 0, there exists A¢y.o > 0 such that (]ZLED holds. Assume
in addition that ¢(Co) ~1s(C1), -+ ,<(Co) " s(Cx) are algebraic and s((o), - -+ 5 (Cre)
are Q-linearly independent.

Then for every

1E 1
5,62:0 |<(Ck)]

and every e > 0, there exists Co(T) > 0 such that:

/

Proof. The proof follows directly from (4.4) and [33, Theorem 1] (see also [10]
Theorem A.7 and p. 209)). O

Remark 4.3. Let us compare with the Corollaries [{.3 and[{.4)
In no irrationality condition is needed and the observability in-

equality holds in the classical £?-norm whereas in Corollaries [{.3 and [{.4, an
wrrationality condition is required and the observation inequality is valid only for
coefficients which are in some subspace of ¢?. In addition, the minimal obser-
vation time required for the observability inequality in Corollaries [4.3 and [{.4)
18 larger than the one required in|Corollary 4.1. But to obtain the observation
inequality of [Corollary 7.1}, we need some weight O, to be close enough to 1.

In conclusion, Corollaries [{.3 and [{-]}, become relevant when none of the
weights 0y is close enough to 1.

2

Zek Z L< CL 2i7rlln"/§(4k)t dt > C Z |‘u |(|1271|1+E) (G, c 62) )

= neEZ neZ
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4.3 Application to the string equation

Using the technical results in together with the results of this
section, we obtain the following consequences for the average controllability of

finite combinations of the string equation (1.4]).
From we can derive an approximate averaged controllability
results.

Proposition 4.2. Let K € N*, and for every k € {0,--- | K}, define the weight
0 € (0,1) (so that Zszo 0r = 1) and the parameter (i, € R, and assume:

G'GgQ  (ke{l- K}
<N
Then for every T > 22 Gl every ¢ > 0, every target (y/0,y/l) €
k
k=0
L2(0,1)x H=1(0,1) and every initial conditions (yé’ko, yzkl) € L%(0,1)xH~1(0,1),
there exists a control u € L*(0,T) for which we have:

2 2

<e and
£2(0,1)
where for every ¢ € R*, y. solves (1.4).

Moreover, there exists a constant C.(T) > 0 independent of the initial and
final conditions such that:

N
0

K
yf70 - Z ekka (T)
k=0

K
vt = Oxie, (T)
k=0

H-1(0,1)

K 2 K 2
i,0 i1
20y < Co(T) | || by [ b
k=0 L2(0,1) k=0 H-1(0,1)
132 01y + Iy -0y -

Now using Diophantine approximations, see [Corollary 4.4] we obtain:

Proposition 4.3. Let € > 0 and let K € N*, 0}, and ¢, be defined by [Proposi]
and assume, Co,- - ,(x are Q-linearly independent and

go—lgl, S ,Co_ch are algebraic. (4.10)
For every a € R, set:

X, = {gp cx€(0,1) — Zan sin(nmx) , Z n*¥a,|? < oo} ) (4.11)

n=1 neN*

Then, if (y¢),v¢) )+ (Vews v ) 770 yPh) € Xije x Xo, for every T >
K
1
2 Z & there exists a control u € L?(0,T) such that for every k € {1,--- , K},
k
k=0

the solution yer of (1.4) (with parameter ¢ = (i) satisfy:

K K
Z Orye, (T) =y"* and Z Orgi(T) =y
k=0 k=0
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A similar result could have been obtained from
Let us also notice that applying directly [10, Corollary 5.43], we obtain the
following exact simultaneous controllability result:

Proposition 4.4. Let ¢ > 0, K € N* and {; € R* for every k € {0,--- , K}
and assume, Cg,--- ,(x are Q-linearly independent and

ck—lg is algebraic for every k,l € {0,--- ,K}. (4.12)

Let (yé’ko,yi’l) and choose final conditions (y/°,y'1) satisfying the assumption

K

1

Then, for every T > 2 E m there exists a control u € L?(0,T) such that:

2
k=0

yo(T) =y"* and o (T) =y (ke {0, ,K}).

This result ensures that all the parameter dependent trajectories, and, con-
sequently, their average, can be steered to a prescribed target with an input
independent of the parameter.

Remark 4.4. As expected, the assumption (4.10) needed to obtain averaged
controllability is weaker than (4.12), the assumption needed for simultaneous
controllability.

5 Concluding remarks

The aim of this article was to give a systematic result, based on perturba-
tion arguments, on the averaged controllability and observability of parameter-
dependent families of equations, mainly in the context of time-reversible groups
of isometries.

Let us summarise the main results on the averaged control for the sys-
tem (1.4]), with two string equations, one parametrised by (o = 1 and the other
one by ¢; = v/2, with averaging measure:

n’ = (1 —0)d¢, + 0, . (5.1)
The following holds:
e From [Corollary 4.1| (see also |Proposition 3.4),

— if T' > 2, the system (1.4]) is controllable in average with averaging
-1
measure n? for § € [O, (1 4 25T ) ) ;

VT2 —1
— if T > /2, the system (1.4)) is controllable in average with averaging
—1
measure 1 for 6 € (1 — (1 + 2\/%) ,1} ;
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e From [Proposition 4.3} if T' > 2 (1 + g), the system (1.4]) is controllable

in average with averaging measure 1% in some weighted space for 6 € [0, 1].

This leads to the time-dependent set of parameters 6 for which we have averaged

controllability, see below.

Exact averaged controllability Exact averaged controllability
in a weighted space

wt
~J

2 N

Figure 1: Time dependent set of parameters 8 for which averaged controllability
holds, for two strings driven by the system (1.4)) with parameters ¢, = 1 and
¢1 = /2 and averaging measure 7? given by (5.1))

There are several interesting open problems that arise in the context of
averaged controllability. This is so even for the one dimensional case, where
Fourier series representations can be used. Let us point out some of them:

e In we gave an averaged observability inequality. However, this result
only holds when the measure is the sum of a Dirac mass and a small
enough perturbation measure. But it would be natural to consider more
general cases as well.

In the case L = Id and ¢({) = (¢, the issues we discussed in the pre-
vious paragraph on the averages of non-harmonic Fourier series can be
recast in terms of the property of Riesz sequence stability of the family
{t = 7i(=Ant)}, (1) being the Fourier-Stieltjes transform of the density of
probability 1), in the closed subspace of L?(0,T) they generate. This is
so since the observation map is:

/ Z ane® ™t dn, = Z anf(—Ant) (teR).
R neZ nez

This problem is related to frame theory. However, even if the literature
on this subject is huge (see for instance [16, 4, @l 1] 12| &, Bl 23]), the
results we needed did not seem to be available.
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One of the simplest case to be considered is when 7 is given by dng =
>11_c14(¢)d¢ for e > 0. Then, (7°)z>0 converges in the sense of
measures to the Dirac mass §; when € goes to 0. Assuming that the
sequence (A,), satisfies the Ingham gap condition (3.7) for some v > 0,
we know from [I4] that a constant ¢(T") > 0 such that:

/ § an 62171')\nt

nez
exists. It is then natural to wonder if there exists g > 0 such that for
every € < €p, we have:

T A 2
[ |5 anetenecan
0 R

neE”L

1
dt > C Z |an|2 (T > -, (an)nEZ € EQ)
neL v

dt

Y o (T > % (an)nez € ) (5.2)

neZ
and if it is so, whether ¢.(T') converges to ¢(T') as € tends to 07

A way to prove this result is to bound the quantity:

/ /§ an eQzTrA,LCt § ane 2wr)\nt

new nez
One can get the upper bound:

e2C 13" Pallanl?, [ lanl?,

nez nez

dt| .

which goes to 0 as ¢ tends to 0, but does not ensure inequality (5.2]) to
hold.

One can also proceed with a direct computation and, in this case, from
one can derive a weighted averaged Ingham inequality when the
eigenvalues A, satisfy (4.1]). Indeed, let us consider a measure 7 given by

dne = w2z 11,1 (Q)d¢ for ¢o < ¢ and (o, ¢ # 0. Writing A, = vpun
with p, € Z*, we obtain:

2imAn Ct On ( 2imyCipnt _ 2imyCopnt
aneé d S —— — €
/ 2 g 2m<<1 Got Z s )

ne”Z

from which we deduce:

/ /Za 627.77)\ ¢t d’f]c

nez

dt

1 /T an, . )
Z - (SQWVCl#nt _ 6227WCoﬂnt) dt .
20 _ 272 § :
(2m7)2(C = C)*T? Jo | bin
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Now, assuming T > % Cio + é) and C&lCl ¢ Q, we obtain the unique
continuation from and, under the assumption of Corollary [£.3]
or[£4 on (y and ¢;, we end up with a weighted Ingham inequality.

When dealing with the control system 7 in [24], the condition
was required to ensure averaged controllability. However, according to
[Proposition 3.2| (see |Remark 3.2)), this condition is not needed under a
suitable smallness assumption on the averaging measure.

The optimality of assumption without smallness assumptions needs
further clarification.

The results derived in need A\, € vZ to be a sequence of in-
tegers. But the unique continuation property, could have
been obtained directly from [I3] Corollary 2.3.5]. This result still holds in
the general case where (\,), satisfies and assuming that the values
S(Ck)An # s(G)Am for k # 1 or n # m.

In addition, results similar to corollaries and could have been ob-
tained from [20]. More precisely, assume that the sequence (A, ), satisfies
the Ingham gap condition (3.7), and that ¢(e)An # <(G)Am for k # 1
or n # m. Let us now consider the increasing sequence (A,), such that
{An, n € Z} = {<(()Am, meZ, ke{0,--- ,K}}. Then for every
n € Z, we have Apixi1 — Ay = ymin{|s(¢x)|, k£ €{0,---,K}}. Thus,
[20, Theorem 4] applies and leads to a weighted averaged Ingham inequal-
ity valid for every

- K+1
ymin{|s(Go)l, -+ [s(Ca)l}

Notice that this minimal time is greater than Zszo m, the one ob-
tained in corollaries and [£4] but under stronger assumptions on the
sequence (Ap)p.

In addition, the results given in [I3] and [20] ensure simultaneous observ-
ability. Thus, it would be interesting to see how the assumption given
in these two works could be weakened in order to only ensure averaged
observability.

In the proof of we strongly need that the sequence (\,)n
satisfies and, even for A, =n+¢e(n) with e(n) = o(1), the technique
of proof fails. It would be worth exploring whether some improvements
could be obtained with a perturbation argument, combined with the ideas
of [7] and in particular with Ulrich’s result [36].

The analysis of all these examples could contribute to achieve sharp results
for the averaged controllability of finitely many string equations.

Let us conclude this paper with a general remark linking averaged control-
lability and simultaneous controllability. The aim is to find controls inde-
pendent of the parameter performing well for all values of the parameters.

30



With this goal, a first and natural choice was to control the average of the
parameter dependent outputs. Of course, the best we could expect is a
control, independent of the values of the unknown parameters, steering all
parameter dependent trajectories to a common fixed target, i.e. looking
to simultaneous controllability. But this is unfeasible in general.

There exists a natural link between the control of the average and the
stronger notion of simultaneous control. This link can be made through
penalisation and optimal control.

More precisely, for every k£ > 0, let us consider the following optimal
control problem:

min () = g [l oy + 5 [ Joe(T) =7y dn
/Ryc(T) dne =y7,
Yo = Acye + Beu,  ye(0) =y
Under the property of averaged controllability, the minimiser u,, exists for

every k > 0.

For x = 0 this leads the averaged control of minimal norm as we considered
here. But, as x increases, the control, other than ensuring the averaged
controllability property, also forces the reduction of the variance of the
output.

It can also be proved that, if, in addition, J,;(u,) is uniformly bounded,
then up to a subsequence, (uy), is weakly convergent to a simultaneous
control 1., solution of:

ye(T) = y! ((eR nae),
Yo = Acyc + Beu,  yc(0)=y".

This issue is analysed in [29], where this idea is discussed in detail in the
finite-dimensional control context.
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Appendix A Averaged controllability for a pa-
rameter dependent string equation

Let us briefly describe how the string equation with Dirichlet boundary con-

trol (1.4]) enters in the abstract formalism introduced in

The PDE under consideration being second order in time, it is more conve-
nient to assume that the parameter  enters quadratically in . In addition,
one can assume ¢ € R} or equivalently, that the averaging measure 7 satisfies
suppn C R4.

For the abstract tools introduced here, we refer to [35], Sections 10.9 and 11.6]
for further details.

Let us introduce the one dimensional Dirichlet-Laplacian operator, Ag:

D(Ap) = H*(0,1)N Hy(0,1) and Aof =-07f  (f € D(A))

and the Hilbert spaces H = L*(0,1), Hi = D(A), Hy = H;(0,1) and H_,
(resp. H_ 1) the dual space of H; (resp. Hl) with respect to the pivot space
H. Then AO can be seen as a unitary operator from Hy to H, Hy/y to H_y/3
and H to H_;.

We remind that the Dirichlet-Laplacian operator Ay can be diagonalized in
an orthonormal basis (¢, )nen< of L?(0,1). More precisely, we have:

on(z) = V2sin(nmz) and Agp, = (nm)3p, (x€]0,1], neN"). (A.1)
Define the state space X = H x H_ 1, the control space U = R, the operator

A= [ 0 Id] with domain D(A) = H, x H := X; and the control operator

-Ag O
B= {AOD} € L(U, X_1), with D the Dirichlet map, see [35], Proposition 10.6.1].
0

0
We have A* = —A and B* [Zl] = 0, (Ay'z') (0). Denote by T the semi-group

generated by A. It is classical that B is an admissible control operator for T.
Now, define f¢(s,) = y¢(¢, ). The function f¢ is solution of:

f((‘S?x):aifC(s’x) ((va) ERT&- x (O’ 1))7
fe(s,0) = () (s € RY),
fe(s,1) =0 (teRL),

fe(0.2) =y(2) and  fe(0,2) = gy¢t()  (z€(0,1)).

Setting I = [Id 0 } and F¢(s) = [fC(S)] = I{l {ydg)}, F¢ is solution of:
¢

32



Using Duhamel formula, we obtain:

i,0

Yy T
Fe(CT) = T(CT)IEI L’il +/0 T(CT — s)Bu(%) ds
¢

2,0 T
= T((T)I " Bil +/O T(¢(T — t)) CBu(t) dt

and hence,

ye(T)| _ -1 v’

’ 1,2
e + /0 IT(C(T — 1)1 ' ¢*Buft) dt.

Consequently, the averaged input to state map is defined by:

FTu:/R/O IT(C(T — )17 P Bu(t)dtdne — (ue LP(0,T))

and the averaged observability map is:

(v [2] ) 0= [ B m-cote (] ane

0

::jﬁgB*T(—Cﬂ{Z }<hk (ET]64¥1,t6(&15)

1
Let z¢ be the solution of:

i =0z,
0= 2c(t,0) = z(t,1) (t>0)

with initial conditions:

2c(0,-) =2" and 2:(0,-) = —¢%2".

Thus, T(—(t) |:sz01:| - [Ei«({t()t)} and hence,

(vr [2]) 0 == [ 00 (457 2¢(0.) o) canc.

Expanding the initial conditions z° = 3 a, ¢, and z! = Y B¢, on the
eigenvector basis {¢y, }, of Ag defined by (A.1)) leads to:

ze(t, o) = Z <an cos(nm(t) — C% sin(mr(t)) on(x).

neN*
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Thus, the observation operator is:

(qu { ]) V2 / Z <an sin(nmCt) + </3"cos<mr<t)) Cdne

\[/( (Zan+<£;_> einﬂ’(t

+>° (ian-#Cf::) e”"”“) Cdng -

neN*

neN*

Notice that

2 2
= Z o + bn . Finally, setting for every n € Z*,
X neN* (77,7T)2

20
.
oy, ifn>0,

)\n = 2’ an frd ﬁin a,nd
2 Penitn<o
nm
[Lca,] = {5/i (_Za” + Ca—n)g ifn > O7

2 *
=2 (ia_p +Can) ¢ ifn <0, (a€ (Z*), CER), (A2)

the observation operator 15/ Z [Lealn eZimAnGt dne.

nez*
Let us notice that:

Qp, 2
1+ =D1pyh) > o

|n|2a
nEZ*

< 3 [beal e (14 (@~ D1 (CD) 3 12

|n|2a n|2a
nez* nez*

(CER, a€R), (A.3)

These last inequalities ensure that for every ( € R*, and every o > 0, L¢ is a
linear continuous operator bounded from below in any of the spaces

2 (7*) = {QGRZ Z |a|2a } (v € R).

ner*

The reason for introducing this real parameter « and these spaces 2, will make
sense in corollaries [4.3] and [£:4] and in in particular, regarding
the definition of the spaces X, given by relation (4.11). More precisely, for o >
0, X, corresponds to a-differentiable functions and this space can be identified
to the subspace ¢2(Z*) of £?(Z*). In order to prove the controllability in X,,
we will prove the observability in X_, the dual space of X, with pivot space
L?(0,1). Finally, the space X_, can be identified to the space 2, introduced
here.

—x
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