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Abstract. We study a linear coupled thermo-electromagnetoelastic problem and the nondi-
mensionalization of the corresponding linear mixed parabolic-hyperbolic system. We deduce
from the quasi-static equations a thin thermo-electromagnetoelastic plate model through the
asymptotic expansions method.

1 Introduction

When an elastic structure Ω is subject to a system of external loads, it undergoes a
passive deformation. In the case of the smart structures, the strain state is constantly
under control with the help of sensors and actuators, made of piezoelectric and/or piezo-
magnetic materials, which are integrated within the structure. The goal of this work is
to enrich the classical piezoelectric and piezomagnetic models, by adding the energy bal-
ance, in order to take into account the influence of the temperature, that in some cases
cannot be neglected. For a description of the coupling between the physical quantities
and of the multiphysical phenomenologies occurring in such structures, as well as of their
applications, the reader can refer, e.g., to [1].

A distinctive feature of the problems encountered in applications is the presence of
several parameters, which show the coexistence of different scales when performing a
nondimensionalization procedure: for instance, the thickness of the piezoelectric layer
may be small with respect to the other dimensions of the structure, the temperature
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influence may be relevant only on certain unknowns or on certain parts of the multi-
structure, etc. In most situations the superimposition of two wave propagation phenom-
ena characterized by completely different velocities, as is the case with elastodynamic and
electromagnetic waves, entails an unworkable numerical treatment of the problem. This
issue can be addressed by resorting to a quasi-static model, which is justified by means
of a nondimensionalization procedure. Such a procedure was performed in [2] without
considering the temperature effects; an a priori quasi-static assumption on the electric
field was made in [3] and [4]. In the general situation considered in Section 2 the state
is defined by four unknowns (the displacement field, the electric field, the magnetic field
and the temperature), whose corresponding evolution equations are fully coupled in a
linear mixed parabolic-hyperbolic system. In Section 3 we carry out a formal nondimen-
sionalization of the equations, so as (i) to extend the results by [2] and (ii) to justify
the quasi-static assumption of [3] and [4]. In Section 4 we rapidly deduce by means of
the asymptotic expansions method a model of a thermo-electromagnetoelastic plate that
behaves simultaneously as a piezoelectric sensor and piezomagnetic actuator. Others sit-
uations (piezoelectric actuator and/or piezomagnetic sensor) can be treated in a similar
way.

2 Evolution equations

Let Ω ⊂ R3 denote an open bounded region of the usual three-dimensional euclidean
space, occupied by a material body made up of thermo-electromagnetoelastic material in
its reference configuration. We denote by x the typical point of Ω and by t the time. In
order to study the evolution of our system, we resort to the point-wise balance equation
for three-dimensional continua, to Maxwell’s equations and to the linearized version of
the energy balance equation:

ρü− divσ = f x ∈ Ω, t > 0,

divD = ρe x ∈ Ω, t > 0,

divB = 0 x ∈ Ω, t > 0,

Ḋ−∇×H = −J x ∈ Ω, t > 0,

Ḃ +∇× E = 0 x ∈ Ω, t > 0,

Ṡ +
1

T0

divq(θ) = r x ∈ Ω, t > 0.

(1)

where ρ > 0 is the mass density, ρe the electric charge density, T0 > 0 the (constant)
reference temperature, σ the Cauchy stress tensor, D the electric displacement, B the
magnetic induction, S the entropy per unit volume, θ the temperature variation with
respect to T0, q = q(θ) the heat influx, f the body force, J an external current density,
r an external entropy supply, u the displacement field, E the electric field and H the
magnetic field. In the sequel, we shall assume ρe ≡ 0 and J ≡ 0.

Let e(u) := sym∇u be the strain tensor, and X̂ := (u,E,H, θ) the list of state
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quantities. We assume the material under study to exhibit a linear behavior, and thus
make the following constitutive assumptions:

σ(X̂ ) = Ce(u)−PE−RH− βθ,
D(X̂ ) = PTe(u) + XE +αH + pθ,

B(X̂ ) = RTe(u) +αE + MH + mθ,

S(X̂ ) = β : e(u) + p · E + m ·H + cvθ,

q(θ) = −Q∇θ.

(2)

Here, C, P, β, X, M, Q and p denote, respectively, the fourth-order elasticity tensor, the
third-order piezoelectric tensor, the second-order thermal stress tensor, the second-order
electric permittivity tensor, the second-order magnetic permittivity tensor, the second-
order thermal conductivity tensor and the pyroelectric vector; in addition, we have set
cv := λ/T0 with λ > 0 the specific heat per unit volume. All the usual hypotheses (see,
e.g., [4]) on these constitutive parameters remain unmodified here. We have introduced
further coupling parameters, namely, R, and m and α. We name R (a third-order tensor
with the same properties as P) the piezomagnetic tensor, m the pyromagnetic vector and
α the magnetoelectric tensor, which is assumed symmetric. By virtue of (2), system (1)
takes the form:

ρü− divCe(u) + divPE + divRH + divβθ = f x ∈ Ω, t > 0,

div
(
PTe(u) + XE +αH + pθ

)
= 0 x ∈ Ω, t > 0,

div
(
RTe(u) +αE + MH + mθ

)
= 0 x ∈ Ω, t > 0,

XĖ + PTe(u̇) +αḢ + pθ̇ −∇×H = 0 x ∈ Ω, t > 0,

MḢ + RTe(u̇) +αĖ + mθ̇ +∇× E = 0 x ∈ Ω, t > 0,

cvθ̇ + β : e(u̇) + p · Ė + m · Ḣ− 1

T0

divQ∇θ = r x ∈ Ω, t > 0.

(3)

This system is equipped with the following initial conditions, for all x ∈ Ω,

E(x, 0) = E0(x), H(x, 0) = H0(x), u(x, 0) = u0(x), u̇(x, 0) = u1(x), θ(x, 0) = θ0(x),

and with suitable boundary conditions. In particular, let t0 > 0 and let n be the outer unit
normal vector field on ∂Ω; in addition, for any x ∈ ∂Ω, let T(x) := I− n(x)⊗ n(x) be the
projector on the tangent plane to ∂Ω in x (with I the identity tensor). We decompose the
boundary as follows: ∂Ω = ∂Ω1 ∪ ∂Ω2, with ∂Ω1 ∩ ∂Ω2 = ∅. We assign boundary values
pertaining to the state quantities on ∂Ω2 × (0, t0) and boundary values pertaining to the
derived fields on ∂Ω1 × (0, t0), namely:

σ(X̂ )n = g on ∂Ω1 × (0, t0), u = u on ∂Ω2 × (0, t0),

D(X̂ ) · n = d on ∂Ω1 × (0, t0), TE = E on ∂Ω2 × (0, t0),

B(X̂ ) · n = b on ∂Ω1 × (0, t0), TH = H on ∂Ω2 × (0, t0),

−q(θ) · n = % on ∂Ω1 × (0, t0), θ = θ on ∂Ω2 × (0, t0),

(4)
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with E ·n = H ·n = 0. Existence and uniqueness of the solution of (3)-(4) can be proven
working in the framework of the semigroup theory [5].

3 Nondimensionalization of the equations

With a view toward justifying the quasi-static hypothesis, i.e., E = −∇ϕ and
H = −∇ζ, with ϕ and ζ the electric and magnetic potential respectively, we nondi-
mensionalize system (3) disregarding equations (3)2 and (3)3, which do not involve time
derivatives of the state quantities; we shall come back to these equations later on.

Let L := diamΩ = supx,y∈Ω |x − y| be the characteristic size of Ω, that we choose as
a length scale. Proceeding along the lines of [2], we introduce

Q+ := sup
x∈Ω
||Q(x)||2, β+ := sup

x∈Ω
||β(x)||2, cv+ := sup

x∈Ω
cv(x),

p+ := sup
x∈Ω
|p(x)|, m+ := sup

x∈Ω
|m(x)|, α+ := sup

x∈Ω
||α(x)||2, R+ := sup

x∈Ω

(
||R(x)TR(x)||2

) 1
2

and rewrite the constitutive parameters as:

Q(x) = Q+Qr

(
x
L

)
, β(x) = β+βr

(
x
L

)
,

cv(x) = cv+cvr
(
x
L

)
, p(x) = p+pr

(
x
L

)
,

m(x) = m+mr

(
x
L

)
, α(x) = α+αr

(
x
L

)
, R(x) = R+Rr

(
x
L

)
.

A natural approach to nondimensionalize the temperature change θ is to choose, as unit
of measurement, the reference temperature T0:

θ(x, t) = T0 θr

(
x

L
,
t

T

)
.

where T is the typical time for an elastic wave to travel along distance L, i.e., such that
L = V+T , V+ := supx∈Ω sup|ν|=1 max1≤j≤3 Vj(x,ν), where Vj(x,ν) denotes the square
root of the j-th eigenvalue of the acoustic tensor1 associated with propagation direction
ν, evaluated at x.

As to the other unknowns and constitutive parameters, we make the same choices as
1We recall that the acoustic tensor Aν associated with unit vector ν (the propagation direction), a

tensor field over Ω, is defined by the following condition:

Aνa := ρ−1C [a⊗ ν]ν, ∀a ∈ R3,

where ρ is the density and C the elasticity tensor.
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in [2], namely,

E(x, t) = E∗Er

(
x
L ,

t
T

)
, H(x, t) = H∗Hr

(
x
L ,

t
T

)
,

ρ(x) = ρ+ ρr
(
x
L

)
, ρ+ := sup

x∈Ω
ρ(x),

u(x, t) = Lur
(
x
L ,

t
T

)
C(x) = ρ+V

2
+ Cr

(
x
L

)
,

X(x) = ε0 Xr

(
x
L

)
, M(x) = µ0 Mr

(
x
L

)
,

P(x) = P+ Pr

(
x
L

)
, P+ := sup

x∈Ω

(
||P(x)TP(x)||2

) 1
2 ,

where ε0 and µ0 are, respectively, the electric and magnetic permittivities of the vacuum.
We recall that the speed of light is given by c0 = (ε0µ0)−

1
2 .

All in all, equations (3)1 and (3)4 to (3)6 become (we still denote by x and t the scaled
space and time variables):

ρrür − divCre(ur) +

[
P+E

∗

ρ+V 2
+

]
divPrEr +

[
R+H

∗

ρ+V 2
+

]
divRrHr +

[
β+T0

ρ+V 2
+

]
divβrθr = fr

MrḢr +

[
R+

µ0H∗

]
RT
r e(u̇r) +

[
α+E

∗

µ0H∗

]
αrĖr +

[
m+T0

µ0H∗

]
mrθ̇r +

[ √
ε0E

∗
√
µ0H∗

] [
c0

V+

]
∇×Er = 0

XrĖr +

[
P+

ε0E∗

]
PT
r e(u̇r) +

[
α+H

∗

ε0E∗

]
αrḢr +

[
p+T0

ε0E∗

]
prθ̇r −

[√
µ0H

∗
√
ε0E∗

] [
c0

V+

]
∇×Hr = 0

cvrθ̇r +

[
β+

λ+

]
βr : e(u̇r) +

[
p+E

∗

λ+

]
(pr · Ėr) +

[
m+H

∗

λ+

]
(mr · Ḣr)−

[
Q+

λ+V+L

]
divQr∇θr = rr,

(5)
where we have set λ+ := cv+T0 in the last equation. All the equations hold for x ∈ Ω̂ and
t > 0, with Ω̂ := {x/L : x ∈ Ω}, and all the coefficients between square parentheses are
dimensionless. As in [2], we now choose E∗ and H∗ such that

√
ε0E

∗ =
√
µ0H

∗,
P+E

∗

ρ+V 2
+

=
P+

ε0E∗
and

R+H
∗

ρ+V 2
+

=
R+

µ0H∗
.

By setting δ := V+
c0
, we can rewrite equations (5)2 and (5)3 respectively as follows:

∇× Er = −δ
(
MrḢr + κRT

r e(u̇r) + α+c0αrĖr + υmrθ̇r

)
,

∇×Hr = δ
(
XrĖr + χPT

r e(u̇r) + α+c0αrḢr + ς prθ̇r

)
,

(6)

with κ := R+

V+
√
µ0ρ+

, υ := m+T0
V+
√
µ0ρ+

, χ := P+

V+
√
ε0ρ+

and ς := p+T0
V+
√
ε0ρ+

.
By supposing T0 ' 293 K as a typical reference temperature, for a common thermo-

electromagnetoelastic material, we have [6] that δ ' 2 · 10−5, α+c0 ' 0.75, κ ' 0.78,
υ ' 3.4 · 10−3, χ ' 9 and ς ' 0.03. Therefore, if the time derivatives on the right-hand
side of equations (6) remain bounded for any t > 0, then, in the limit δ → 0, we obtain:

∇× Er = 0⇐⇒ Er = −∇ϕr and ∇×Hr = 0⇐⇒ Hr = −∇ζr,
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i.e., the quasi-static hypothesis (the equivalence holds as we assume Ω simply connected).
These statements can be proven rigorously by employing suitable mathematical tools, as
in [2]. As a result, we can remove equations (3)3 and (3)4 from system (3), introduce the
new list of state quantities X := (u, ϕ, ζ, θ) and rewrite (2) and (3) as:

σ(X ) = Ce(u) + P∇ϕ+ R∇ζ − βθ,
D(X ) = PTe(u)−X∇ϕ−α∇ζ + pθ,

B(X ) = RTe(u)−α∇ϕ−M∇ζ + mθ,

S(X ) = β : e(u)− p · ∇ϕ−m · ∇ζ + cvθ,

q(θ) = −Q∇θ.

(7)

and 
ρü− divσ(X ) = f x ∈ Ω, t > 0,

divD(X ) = 0 x ∈ Ω, t > 0,

divB(X ) = 0 x ∈ Ω, t > 0,

S(Ẋ ) +
1

T0

divq(θ) = r x ∈ Ω, t > 0.

(8)

4 Thin thermo-electromagnetoelastic plates: an asymptotic modeling

4.1 Statement of the problem

We now identify Ω with a plate-like region of thickness 2εh. More precisely, let ω ⊂ R2

be a smooth domain in the plane spanned by vectors iα (α = 1, 2), let γ0 be a measurable
subset of the boundary γ of the set ω such that length γ0 > 0, and let 0 < ε < 1 be an
dimensionless small real parameter which will tend to zero. For each ε, we define

Ωε := ω × (−εh, εh),
Γε := γ × (−εh, εh), Γε± := ω × {±εh}.

Hence the boundary of the set Ωε is partitioned into the lateral face Γε and the upper and
lower faces Γε+ and Γε−, and the lateral face is itself partitioned as Γε = (γ0× (−εh, εh))∪
(γ1× (−εh, εh)), where γ1 := γ\γ0. We set Γε0 := γ0× (−εh, εh), Γε1 := γ1× (−εh, εh) and
Γ̂ε := Γε± ∪ Γε1. Let us remark that ∂Ωε = Γ̂ε ∪ Γε0 = Γε ∪ Γε±.

We suppose that the thermal, mechanical and electromagnetic coefficients are all inde-
pendent of ε. However, the thermo-electromagnetoelastic state depends on ε, i.e., we have
X ε := (uε, ϕε, ζε, θε). Hence the derived tensor and vector fields depend on ε. Furthermore
we assume the source terms to depend on ε as well. Therefore the governing equations
(8) become:
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
ρüε − divεσε(X ε) = f ε x ∈ Ωε, t > 0
divεDε(X ε) = 0 x ∈ Ωε, t > 0,
divεBε(X ε) = 0 x ∈ Ωε, t > 0,

Sε(Ẋ ε) +
1

T0

divεqε(θε) = rε x ∈ Ωε, t > 0.

(9)

In order to define a well-posed problem the system (9) must be completed with
suitable boundary and initial conditions on the thermo-electromagnetoelastic state
X ε := (uε, ϕε, ζε, θε).

We assume at first that for t > 0 the following thermo-mechanical boundary conditions
are satisfied on ∂Ωε :{

uε = 0 on Γε0, θε = 0 on Γε0,

σε(X ε)nε = gε on Γ̂ε, −qε(θε) · nε = %ε on Γ̂ε
(10)

As far as it concerns the electromagnetic boundary conditions, in the present paper, we
consider only those which lead to the so-called sensor-actuator problem (see [7, 8]). In
this case the plate behaves simultaneously as a piezoelectric sensor and a piezomagnetic
actuator. More precisely we assume that for t > 0 the following electromagnetic boundary
conditions hold on ∂Ωε :{

ϕε = 0 on Γε, ζε = ζ±,ε on Γε±,
Dε(X ε) · nε = dε on Γε±, Bε(X ε) · nε = 0 on Γε,

(11)

where nε = (nεi ) is the outward normal unit vector to the boundary ∂Ωε.

The system (9), (10), (11) has to be completed with the initial conditions for the
displacement, the velocity and the temperature at time t = 0 on Ωε:

uε(xε, 0) = uε(0) = uε0 in Ωε,
u̇ε(xε, 0) = u̇ε(0) = uε1 in Ωε,
θε(xε, 0) = θε(0) = θε0 in Ωε.

(12)

where (uε0,u
ε
1, θ

ε
0) are the given initial displacement, velocity and temperature.

In order to find a model of sensor-actuator thermo-electromagnetoelastic plate we study
the limit for ε→ 0 of (X ε,Ωε).

Let Σε ⊂ ∂Ωε, we introduce the following functional spaces

V (Ωε,Σε) := {vε ∈ H1(Ωε); vε = 0 on Σε} ,
V(Ωε,Σε) := {vε = (vεi ) ∈ H1(Ωε;R3); vε = 0 on Σε} .

We let ζ̄ε := ζε − ζ̂ε, where ζ̂ε is a trace lifting in H1(Ωε) of the boundary potentials ζ±,ε
acting on Γε±. The variational formulation Pε of the evolution problem (9), defined over

7



F. Bonaldi, G. Geymonat, F. Krasucki and M. Serpilli

the variable domain Ωε, takes the following form{
Find X ε ∈ V(Ωε,Γε0)× V (Ωε,Γε)× V (Ωε,Γε±)× V (Ωε,Γε0), t ∈ (0, t0) such that
Aε(X ε(t),Yε) = Lε(Yε),

(13)
for all Yε = (vε, ψε, ξε, ηε) ∈ V(Ωε,Γε0)× V (Ωε,Γε)× V (Ωε,Γε±)× V (Ωε,Γε0), with initial
conditions (uε0,u

ε
1, θ

ε
0) and

Aε(X ε(t),Yε) := ρε(üε,vε) + c(ηε, u̇ε) + cεv(θ̇
ε, ηε)− d(ηε, ϕ̇ε)− e(ηε, ˙̄ζε)+

+au(u
ε,vε) + b(ϕε,vε)− b(ψε,uε) + f(ζ̄ε,vε)− f(ξε,uε)−

−c(θε,vε) + aϕ(ϕε, ψε) + aζ(ζ̄
ε, ξε) + g(ζ̄ε, ψε) + g(ϕε, ξε)−

−d(θε, ψε)− e(θε, ξε) + aθ(θ
ε, ηε),

Lε(Yε) := (f ε,vε) + (gε,vε)L2(Γ̂ε;R3) + (rε, ηε) + (%ε, ηε)L2(Γ̂ε) + (dε, ψε)L2(Γε±)−

−aζ(ζ̂ε, ψε)− f(ζ̂ε,vε) + e(ηε,
˙̂
ζε)− g(ζ̂ε, ψε),

where (·, ·) is the scalar product in L2(Ωε) and the bilinear forms au(·, ·), aϕ(·, ·), aζ(·, ·),
aθ(·, ·), b(·, ·), c(·, ·), d(·, ·), e(·, ·), f(·, ·), g(·, ·) are defined as follows:

au(u
ε,vε) :=

∫
Ωε

Ceε(uε) : eε(vε)dxε, aϕ(ϕε, ψε) :=

∫
Ωε

X∇εϕε · ∇εψεdxε,

aζ(ζ
ε, ξε) :=

∫
Ωε

M∇εζε · ∇εξεdxε, aθ(θ
ε, ηε) :=

∫
Ωε

1

T0

Q∇εθε · ∇εηεdxε,

b(ψε,uε) :=

∫
Ωε

P∇εψε : eε(uε)dxε, c(ηε,uε) :=

∫
Ωε
ηεβ : eε(uε)dxε,

d(ηε, ϕε) :=

∫
Ωε
ηεp · ∇εϕεdxε, e(ηε, ζε) :=

∫
Ωε
ηεm · ∇εζεdxε,

f(ξε,uε) :=

∫
Ωε

R∇εξε : eε(uε)dxε, g(ζε, ψε) :=

∫
Ωε
α∇εζε · ∇εψεdxε.

4.2 Asymptotic expansions and limit model

In order to perform an asymptotic analysis, we need to transform problem (13), posed
on a variable domain Ωε, onto a problem posed on a fixed domain Ω (independent of ε).
We apply the usual change of variables (see [9]), and, thus, we define Ω := ω × (−h, h),
Γ0 := γ0 × (−h, h), Γ1 := γ1 × (−h, h), Γ± := ω × {±h}, Γ̂ := Γ± ∪ Γ1.

With the unknown state X ε := (uε, ϕε, ζ̄ε, θε) ∈ V(Ωε,Γε0)× V (Ωε,Γε)× V (Ωε,Γε±)×
V (Ωε,Γε0), we associate the rescaled state X (ε) := (u(ε), ϕ(ε), ζ̄(ε), θ(ε)) ∈ V(Ω,Γ0) ×
V (Ω,Γ) × V (Ω,Γ±) × V (Ω,Γ0), defined by: uεα(xε, t) = uα(ε)(x, t), uε3(xε, t) =
ε−1u3(ε)(x, t), ϕε(xε, t) = ϕ(ε)(x, t), ζ̄ε(xε, t) = εζ̄(ε)(x, t) and θε(xε, t) = θ(ε)(x, t),
for all xε = πεx ∈ Ω

ε
, t ∈ (0, t0), see [4, 10]. Same scalings have been used for the test

functions.
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We can now reformulate the problem on the fixed domain Ω. It follows that for every
ε > 0 the rescaled state X (ε) := (u(ε), ϕ(ε), ζ̄(ε), θ(ε)) is the unique solution of the
following rescaled problem P(ε):{

Find X (ε) ∈ V(Ω,Γ0)× V (Ω,Γ)× V (Ω,Γ±)× V (Ω,Γ0), t ∈ (0, t0) such that
A(ε)(X (ε)(t),Y) = L(ε)(Y),

(14)

for all Y = (v, ψ, ξ, η) ∈ V (Ω,Γ0)×V (Ω,Γ)×V (Ω,Γ±)×V (Ω,Γ0), with initial conditions
(u0,u1, θ0).

Since the rescaled problem (14) has a polynomial structure with respect to the small
parameter ε, we can look for the solution X (ε) = (u(ε), ϕ(ε), ζ̄(ε), θ(ε)) of the problem
as a series of powers of ε: u(ε) = u0 + εu1 + ε2u2 + . . ., ϕ(ε) = ϕ0 + εϕ1 + ε2ϕ2 + . . .,
ζ̄(ε) = ζ̄0 + εζ̄1 + ε2ζ̄2 + . . . and θ(ε) = θ0 + εθ1 + ε2θ2 + . . .. By substituting the
asymptotic expansions above into the rescaled problem (14), and by identifying the terms
with identical power of ε, we obtain, as customary, a set of variational problems, which has
to be solved in order to characterize the limit state X 0 = (u0, ϕ0, ζ̄0, θ0) and its associated
limit evolution problem.

In the sequel we denote with f̃ = (fα), (resp. F̃ = (Fαβ)), α, β = 1, 2, the physical
quantities, such as thermo-electromagnetoelastic coefficients and state variables, which
are reduced to the middle plane of the plate ω. Besides, we use the following notations
∇τ , divτ and ∆τ for the two-dimensional gradient, divergence and Laplacian operators,
respectively.

By means of the asymptotic analysis we derive a precise characterization of the limit
state quantities. Indeed, we obtain that the limit displacement field u0 satisfies the
Kirchhoff-Love kinematical assumptions, so that

ũ0(x̃, x3) = uH(x̃)− x3∇τw(x̃) and u0
3(x̃, x3) = w(x̃).

Moreover, we obtain that the limit electric potential ϕ0 and the limit variation of temper-
ature θ0 are both independent of x3, i.e., ϕ0(x̃, x3) = φ(x̃) and θ0(x̃, x3) = ϑ(x̃). Finally,
the limit magnetic potential ζ0 can be explicitly characterized as a second order polyno-
mial function of x3, depending on the transversal displacement w of the plate and on the
values of the applied magnetic potentials at the upper and lower surfaces Γ±,

ζ0(x̃, x3) =
2∑

k=0

zk(x̃)xk3, (15)

where z0 = ζ++ζ−

2
+ h2

2
Λ̃ : ∇τ∇τw, z1 = ζ+−ζ−

2h
and z2 = −1

2
Λ̃ : ∇τ∇τw, with Λ̃ := R̃3

M̃33
.

First we recall that ν = (να) and τ = (−ν2, ν1) represent, respectively, the unit normal
vector and the unit tangent vector to ∂ω. Let us consider the classical functional spaces,
commonly used in the theory of linearly elastic plates, VH(ω, γ0) := {vH = (vα) ∈
H1(ω;R2); vH = 0 on γ0} and V3(ω, γ0) := {v3 ∈ H2(ω); v3 = ∂νv3 = 0 on γ0}, the limit

9
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evolution problem decouples into two evolution subproblems, namely, the flexural problem
and the two-dimensional thermo-piezoelectric evolution problem. The main results are
claimed in Proposition 1 and 2.

Proposition 1 (The flexural problem). The flexural variational problem reads as follows

Find w(t) ∈ V3(ω, γ0), t ∈ (0, t0) such that∫
ω

{
M̃(t) : ∇τ∇τv3 +

2h3

3
ρ∇τ ẅ(t) · ∇τv3 + 2hρẅ(t)v3

}
dx̃ =

=

∫
ω

{
s̃3v3 − ˜̀ · ∇τv3

}
dx̃ +

∫
γ1

{r̃3v3 − ı̃ · ∇τv3} dγ, for all v3 ∈ V3(ω, γ0).

The strong formulation of the flexural problem takes the following form

divτdivτM̃− 2h3

3
ρ∆τ ẅ + 2hρẅ = f̃3 in ω × (0, t0),

w(0) = w0, ẇ(0) = w1 in ω,
2h3

3
ρ∇τ ẅ · ν − divτM̃ · ν −∇τ (M̃ν · τ ) · τ = g̃3 on γ1 × (0, t0),

M̃ν · ν = 0 on γ1 × (0, t0),

w = ∂νw = 0 on γ0 × (0, t0),

where M̃ := 2h3

3
Ã∇τ∇τw represents the moment stress tensor of the plate, f̃3 := s̃3+divτ˜̀

and g̃3 := r̃3 − ˜̀ · ν + divτ ı̃ are the reduced transversal loads.

Proposition 2 (The two-dimensional thermo-piezoelectric evolution problem). The
thermo-piezoelectric evolution problem reads as follows

Find (uH(t), φ(t), ϑ(t)),∈ VH(ω, γ0)× V (ω, γ0)× V (ω, γ0), t ∈ (0, t0) such that∫
ω

{
Ñ(t) : ẽ(vH) + 2hρüH(t) · vH − D̃(t) · ∇τψ +

˙̃S(t)η − q̃(t) · ∇τη
}
dx̃ =

=

∫
ω

{
s̃ · vH − [[ζ]]R̃3 : ẽ(vH) + d̃ψ − [[ζ]]α̃3 · ∇τψ + (h̃+ m̃3[[ζ̇]])η

}
dx̃+

+

∫
γ1

{r̃ · vH + %̃η} dγ, for all (vH , ψ, η) ∈ VH(ω, γ0)× V (ω, γ0)× V (ω, γ0).
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The strong formulation of the thermo-piezoelectric evolution problem takes the form

2hρüH − divτ Ñ = s̃ + R̃3[[∇τζ]] in ω × (0, t0),

divτD̃ = d̃+ α̃3 · [[∇τζ]] in ω × (0, t0),

˙̃S + divτ q̃ = h̃+ m̃3[[ζ̇]] in ω × (0, t0),

uH(0) = uH,0, u̇H(0) = uH,1, ϑ(0) = ϑ0 in ω,

Ñν = r̃− [[ζ]]R̃3ν on γ1 × (0, t0),

D̃ · ν = [[ζ]]α̃3 · ν on γ1 × (0, t0),

−q̃ · ν = %̃ on γ1 × (0, t0),

uH = 0, φ = ϑ = 0 on γ0 × (0, t0),

where 
Ñ := 2h(C̃ ẽ(uH) + P̃∇τφ− β̃ϑ),

D̃ := 2h(P̃T ẽ(uH)− X̃∇τφ+ p̃ϑ),

S̃ := 2h(β̃ : ẽ(uH)− p̃ · ∇τφ+ c̃vϑ),

q̃ := −2h
T0

Q̃∇τϑ,

represent, respectively, the membrane stress tensor, the reduced electric displacement field,
the reduced entropy and the reduced heat flow. [[ζ]] := ζ+ − ζ− denotes the jump of the
known magnetic potential between the upper and lower faces of the plate and s̃, d̃, h̃, r̃
and %̃ are the reduced in-plane thermo-electromechanical charges.

The reduced thermo-electromagnetoelastic coefficients Ã, C̃, P̃, β̃, X̃, p̃, c̃v, R̃3, α̃3

M̃33, m̃3 and Q̃ are listed in the Appendix.
Remark. It is worthwhile noticing that the flexural behavior of the plate is completely
decoupled from its thermo-electromagnetic evolution counterpart. This is a classical result
of piezoelectric and piezomagnetic asymptotic plate theories (see [4, 10]).

The three-dimensional thermo-electromagnetic evolution problem reduces to a two-
dimensional thermo-piezoelectric evolution problem, defined over the middle plane of the
plate. The magnetic behavior enters into the evolution equations as a new magnetic load-
ing, depending on the jump of the applied magnetic potentials at the top and bottom
of the plate. This result is due to the explicit characterization of the magnetic potential
(15), typical of piezomagnetic actuators.
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5 Appendix

The components of the reduced thermo-electromagnetoelastic coefficients Ã, C̃, P̃, β̃, X̃, p̃,
c̃v, R̃3, α̃3 M̃33, m̃3 and Q̃ are defined as follows:

∆ := εijkCi313Cj323Ck333,

∆1k = − 1
∆εkijCi323Cj333, ∆2k = − 1

∆εkijCj313Ci333, ∆3k = − 1
∆εkijCi313Cj323,

C ′αβστ := Cαβστ + 2∆ikCαβi3Cστk3, P ′iαβ := Piαβ + 2∆pqCαβp3Piq3

R′3αβ := R3αβ + 2∆ikCαβi3R3k3, β′αβ := βαβ − 2∆ikCαβi3βk3,

X ′ij := Xij − 2∆pqPip3Pjq3, M ′33 := M33 − 2∆pqR3p3R3q3,

α′i3 := αi3 − 2∆pqPip3R3q3, p′i := pi + 2∆pqPip3βq3,

m′3 := m3 + 2∆ikR3i3βk3, c′v := cv − 2∆ikβi3βk3,

Q̃αβ := Qαβ −
Qα3Qβ3
Q33

, c̃v := c′v −
p′3p
′
3

X′33
, C̃αβστ := C ′αβστ +

P ′3αβP
′
3στ

X′33
,

P̃σαβ := P ′σαβ −
P ′3αβX

′
σ3

X′33
, R̃3αβ := R′3αβ −

P ′3αβα
′
33

X′33
, β̃αβ := β′αβ −

P ′3αβp
′
3

X′33
,

X̃αβ := X ′αβ −
X′α3X

′
β3

X′33
, α̃α3 := α′α3 −

X′α3p
′
3

X′33
, M̃33 := M ′33 −

α′33α
′
33

X′33
,

m̃3 := m′3 −
α′33p

′
3

X′33
, p̃α := p′α −

X′α3p
′
3

X′33
, Ãαβστ := C̃αβστ +

R̃3αβR̃3στ

M̃33
.
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