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Asymptotic analysis of a linear isotropic elastic composite reinforced by a
thin layer of periodically distributed isotropic parallel stiff fibres.

Michel Bellieud - Giuseppe Geymonat - Frangoise
Krasucki

Abstract We present some mathematical convergence results using a two-scale method for a linear
elastic isotropic medium containing one layer of parallel periodically distributed heterogeneities located
in the interior of the whole domain around a plane surface X. The aim of this paper is to study the
situation when the rigidity of the linearly isotropic elastic fibres is 1/ the rigidity of the surrounding
linearly isotropic elastic material. We use a two-scale convergence method adapted to the geometry of the
problem (layer of fibres). In the models obtained X' behaves for m = 1 as a ”material surface” without
membrane energy in the direction of the plane orthogonal to the direction of the fibres. For m = 3 the
”material surface” has no bending energy in the direction orthogonal to the fibres.
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1 Introduction

Due to its importance for many applied problems, the study of boundary value problems where the do-
main and/or the coefficients have a large number of heterogeneities has attracted the interest of many
researchers of the mathematical, of the physical and of the engineering communities. Hence the corre-
sponding literature is huge. When the heterogeneities (inclusions, holes, layers, fibres) are periodically
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distributed in all the volume (the ratio between a characteristic size of the period and a characteristic size
of the whole structure being traditionally denoted ) and (still with respect to the whole structure) the
characteristic size of the heterogeneities is a power of ¢, in order to obtain numerically efficient (i.e. precise
and not too much computationally expensive) simplified models, it is now classical to use an homoge-
nization method. An advantage of the homogenization methods is that they have been developed and
fully mathematically justified for many different geometrical and/or mechanical situations (in particular
when also the ratio between the mechanical characteristics of the heterogeneities and of the surrounding
material can depend on ¢€), see, e.g., [10], [32], [21], [30], [31], [7], [16], and also [14,27,33] in the context
of nonlinear elasticity.

Another situation of interest for the engineering community arises when there exists only one layer
of heterogeneity located in the interior of the whole domain. This is for instance the situation when two
bodies of different (or equal) nature are pasted together using an homogeneous thin layer 7 centred”
around a surface X' and whose transversal depth has a ratio to the whole structure generally denoted ¢.
In this case many numerically efficient simplified models have been constructed and mathematically fully
justified for various mechanical and /or geometrical circumstances; see, e.g., [17], [20], [11], [13], and also
[14,27,33] in the context of nonlinear elasticity.

Still another situation arises when the heterogeneities are periodically distributed in a thin layer " cen-
tred” around a surface Y . In some cases of inclusions one can use matched asymptotic expansion methods
(see, e.g., [29], [1], [26], ...). The aim of this paper is to study the situation when the heterogeneities in
the layer ”centred” around a surface X are linearly elastic isotropic parallel fibres periodically distributed
and whose rigidity is higher with respect of the rigidity of the surrounding linearly elastic material.

In Section 2 we describe the problem and we state the main results; in Section 3 we introduce the
notion of two-scale convergence with respect to a family of measures m. essentially connected with the
total volume of the fibres. This is a variant of the two-scale convergence introduced by Nguetseng [28]
and developed by G. Allaire in [2]. In Section 4 we prove the a priori estimates and we identify the limits
obtained with the two-scale method; these results are fundamental for the proof of the weak convergence
(Section 5.1) and the strong convergence (Section 5.2).

Notations. In the sequel, {e1,e2,e3} stands for the canonical basis of R3. Points in R? or in Z2 and real-valued functions
are represented by symbols beginning by a light-face minuscule (example z, i, det A...), vectors and vector-valued functions
by symbols beginning by a boldface minuscule (examples: &, g, %, u, f, g, div¥,...). Matrices and matrix-valued functions
are represented by symbols beginning by a capital boldface with the following exceptions: Vu (displacement gradient), e(u)
(linearised strain tensor) . We denote by u; or (u); the components of a vector u and by A;; or (A);; those of a matrix A
(that isu = Z?:l ue; = Z?Zl(u)iei; A= Z?,j:l Ajje;Qej = Zijzl(A)i]'ei ®e;). 'A denotes the transposed matrix of

A. We do not employ the usual repeated index convention for summation. We denote by A: B = Zijzl A;;Bij the inner
product of two matrices, by SV the set of all real symmetric matrices of order N, and by Iy the N x N identity matrix.
The symbols £V and H* represent, respectively, the Lebesgue outer measure on RY and the k-dimensional Hausdorff outer

measure on RY. For any z = (x1,22,23) € R3, we set 2’ = (x1,22). Given an open subset A of R? we note ﬁxfdy the

mean value of f on A . Given an open subset 2 of R3 and a 2-dimensional Lipschitz sub-manifold X of {2, the trace on
X of an element ¢ of H'(£2;R¥) is denoted by v (¢) (resp. vs(¢) if k = 1), or occasionally by the same symbol ¢ when
ambiguity is not possible. If A is a subset of {2, the symbol 1 4 represents the characteristic function of A. The letter C
denotes different constants whose precise values may vary.

2 Description of the problem and statement of the result

Let 2 := (—L,L)? , let S be a bounded Lipschitz domain of R? satisfying

- 1 1\?

DcScScy, Y::(—7,7> , ][ydy:O, (1)
2’2 g

for some open disk D of R? centred at the origin and let T := S x (=L, L). For ¢ > 0 we set (see fig. 1):

Yii=e((0,i)+Y), L:={i€Z, Y'x(~L,L)C 2}

Sii=e((0,i) +5), T'=8!x(-LL), T.=|]JT, (2)
i€l
i = minl,, ™% :=max]I.,
T=0n{0} xR, s=nT={rey, amn- S <ap<emr 4 %} (3)

27 = 02N ((—00,0) x R?), 021 :=02n((0,+00) x R?).



Let us remark that

L3(T.) ~¢|S||X| as €—0, (4)

where, for simplicity, |S| (resp. |X|) denotes the area, that is the two-dimensional Hausdorff measure of
S (resp. X). Hence from a geometrical point of view there are two natural length scales: the first is a
global one (i.e. the 3D-diameter of 2 ) the other one is a local one connected with the heterogeneities (the
diameter of the cross section of every fiber). The ratio between these two scales will be denoted by . More
precisely, the parameter ¢ is a non-dimensional parameter characterizing the geometrical distribution of
the heterogeneities in the structure since, at the same time, it characterizes the ratio between the diameter
of the cross section of the fibres and the diameter of {2 and the ratio between the diameter of the cross
section of the fibres and the length in the transversal direction ey of the planar set X' supporting the
heterogeneities.

(diam S) € - <

m_i

Q = (-|_,|_)3

Fig. 1 The layer of fibres

We consider the case of a linear isotropic elastic structure occupying the set {2 reinforced by the linear
isotropic elastic parallel fibres T of very high stiffness surrounded by a matrix of constant stiffness. More
precisely we assume that the Young’s modulus E. depends on ¢ as follows :

1 .
E.(z) = E—mET ifxeT,, 5)
E.(x)=E if 2 € 2\ 1%,

with m > 0. Instead the Poisson’s coeflicient denoted by v, is independent from ¢ :

ve(x) =11 ifzel,, (©)
ve(x)=v ifze\T..

We also assume that they satisfy the usual conditions E,Er > 0 and 0 < v, < % Let us stress

that, with this choice, the parameter € characterizes at the same time the geometrical distribution of the

heterogeneities in the structure and the ratio between the rigidity of the heterogeneities and the rigidity



of the structure. We are concerned with the behaviour for ¢ — 0 of the following elasticity problem
where we have taken for simplicity homogeneous Dirichlet boundary data:
—dive.=f in £,
u. € Hy(22,R?), fe L*(2,R%),

_ E Ve _ 1 p
0e =1 o (1 o, tr(e(ug))I—i—e(ua)) , e(ue) = 2(Vu8 +' Vu,).

The limit problem we derive in Theorem 1 depends on the value of m.
Case 0 < m < 1. The limit problem reads:

_ diVUO = f in Q,

o0 = - fu (1 Y trle(w)I +e(u)) , (8)

u € Dy,

where

D, = HY(%RP). (9)

Case m = 1. The limit problem reads:

—divey = f in 2TuN,

P (2 eI +e(w)

=Ty

(of —oy)er +|S|Er e3=0 on X,

9y (uz)
0x?

u € Dy,
where o (resp. o) denotes the restriction of o to 2~ (resp. 2F) and

Ovx(us)

D, = {u € Hi($2;R3); s

€ L*(X), ~s(uz) =0o0ondXN{recR® a3 {-L; L}}} . (1

Note that the effective superficial density of forces exerted by the fibres on the matrix along X', given by

_ 9?5 (u3)
(65 —0g)er = —|S|ET8733§337
is parallel to the fibres.
Case 1 < m < 3. The limit problem reads:
—diveg = f in 2T UN,
E v
u € Dy,

where

Dy = {u € Hi(;R?); ~yx(ug) =0} . (13)



Case m = 3. The limit problem reads:

—diveyg = f in 2TuN,
E v
70Ty (1—2 u)l +efu )
( ) (14)
(0, —od)er +|S|Er Z Jag €= =0 onlJ,
a,f=1 3
u € D3,
where
Jaﬁ = ][yayﬁdyv (15)
s
and
?vs(u
sty =0, Z02tm) Fh) gy
D3 = {uc H(2;R3); 5 3 s (16)
¥2(ua) = % =0on XN{zeR3 x3€{~L;L}} Va € {1,2}
3

Unlike the case m = 1, the effective superficial density of forces exerted by the fibres on the matrix along
2, given by

*vs(u
h=(of —og5)er = |S|E12J s(ug),

Syl oxy
is orthogonal to the direction of the fibres.
Case m > 3. The limit problem reads:
—diveg = f in 2T UN,
E v
= 1
g0 =7 0 (1 5, tr(e(u))! +e(u)> , (17)
u € D,y,,
where
Dy = {u € Hy(;R?); ~yg(u)=0}. (18)

Theorem 1 Assume (5) and (6), then for e — 0 the solution u. of (7) strongly converges in Hg(£2; R3))
to the unique solution u of (8) if 0 < m < 1, of (10) if m =1, of (12) if 1 <m < 3, of (14) if m = 3,
and of (17) if m > 3.

Remark 1 For every m > 0 the limit problem does not depend on the value v of the Poisson’s coefficient
of the material of the fibres.

The problem (7) has a unique solution u. that realizes the minimum in H{ (£2,R?) of the functional

1
Fem(v) 1= §a57m(v,v) - /Qf.vdx,

with

1 1 1
Eas,m(vvv) = 5‘15(”,”) + Qgimas,T(vav)a (19)



where a.(.,.) and a. 7(.,.) are the symetric bilinear forms on H{ (2, R3) x H}(£2,R?) given by :

E v
)= [ 1 (1 (eI + ew) ) celd)) . "

oer0,8) = [ (0 (2 @) +ew)) el

Let us point out that the limit problems have a unique solution u € D,, that realizes the minimum in
D,y of the functional F,,, defined on D,, by

Fm(v) := %am('v,'v) - /Qf.'u, (21)

where a,(.,.) is the bilinear form on D,, x D,, given by:

afo.8)i= [ T (7255 )T +ew)) @i
075 (v3) Ovx(d3)
ox €T3 8333

as(v,4) := ao(v,$) + |S|Er Z / 0 72211@)

a,B=1
am(v,0) :=ap(v,¢) if m e (0,400)\ {1;3}.

a1(v.6) = ao(v.8) + |S|Ex /E e,

’Y() 2
bz M),

The proof of Theorem 1 is structured as follows:

i) In Sect.3, we introduce a two-scale convergence method adapted to the particular geometry of our
problem (layer of fibres) and we prove some useful properties of this method.

ii) In Sect.4, we study the behaviour when € — 0 of the solution (u.) of (7). The most delicate task resides
in the study of the behaviour of (u.) in the fibres and here we use the properties of the two-scale
method introduced in Sect.3

iii) In Sect.5.1, we multiply (7) by an appropriate sequence of oscillating test fields (¢.) and, by passing
to the limit as e — 0 in accordance with the convergences established in ii), we obtain a variational
formulation of the limit problem satisfied by u.

iv) We prove in Sect.5.2 the strong convergence using the linearity of the problem.

3 Two-scale convergence with respect to (m)

As a mean to particularize the oscillatory behaviour of the displacement in the fibres, we consider a vari-
ant of the two-scale convergence introduced by G. Nguetseng in [28]. This seminal idea has been further
developed by G. Allaire in [2] (see also a more general presentation in [22]) and extended in various ways
(e.g. for the two-scale convergence with respect to a sequence of measures see [8], [23]), [36],...). Here the
two-scale convergence is adapted to the geometry of the problem i.e. that the heterogeneities are a layer

of fibres.

Let us at first introduce the following shortened notation for R-valued functions of L'(£2) (the anal-
ogous notation will also be used for R*-valued functions):

1
/f(x)dme = 5|S|/ f(@1, 2, w3)dw1dwadrs = 9] Z/ dxs f (1, 22, v3)dw1dws, (23)
T

where |S| denotes the two-dimensional Lebesgue measure of S. Notice that by (4) there holds

/dma ~ |3. (24)



In the study of the behaviour when € — 0 of the solution (u.) of (7) a delicate task resides in the study
of the behaviour of the fibres. For this we use the operator v, : L?(2) — L?(£2) defined by

v () () ==Y (][Sicp(s,xg)dm(s)) Ly (21, 22) (25)

i€l

(in the case of R¥-valued functions the analogous definition will be used). We also define the R2-valued
function (see (2))

Ye(2') = ye (21, 22) == Z(xlel + (22 — gi)ez) Ly (21, x2). (26)
i€l.

A sequence (f.) in L2?(£2;RF) will be said to two-scale converge with respect to (m.) to some fo €
L?(X x S;R*) (notation: f. 8 f) if for all 9 € C(2 x S;R¥)

!
. Ye (T 1
iy (5.0 (0,25 Jame(o) = o [ foloasin ) B0 0w ) @y, @27
€0 € 1S Jexs

where y.(z') is given by (26) and |S| denotes the two-dimensional Lebesgue measure of S. Similar notions
have been considered in [8], [23], [36]. As shown in the next proposition, the two-scale convergence with
respect to (m.) enjoys a compactness property for sequences satisfying an uniform bound of the type

sup.- [ |f-[2dm. < C.

Proposition 1 (i) There holds

e x 1 _
lim /1/) (x Y E;_ ))dme(x) =15 2XS1/)(x,y)d7-{,2(x)dy v € (72 % S; RF). (28)

(ii) Let (f-) be a sequence in L*(£2;R¥) such that sup. [ |fe|?dm. < +oo. Then, the sequence (f-)
two-scale converges with respect to (m.), up to a subsequence, to some fo € L?*(X x S;RF).

(iii) Let (f.) be a sequence in L*(£2;R*) such that sup. [ |fe|?dm. < +oo and that (f.) two-scale
converges with respect to (m.) to fo € L?(X x S;R¥). Then:

a) the sequence (0:(f:)) two-scale converges with respect to (m.) to ﬁ Js fo(z,y)dy;
b) the sequence of traces (v (0-(f.))) is well defined and weakly converges in L?(X;R¥) to ﬁ Js Fo(z,y)dy;

c¢) if f- takes constant values for a.e. x3 € (—L, L) on each set Y x {z3}, and vanishes elsewhere, then

the sequence of traces (Y5 (f<)) is well defined, f. =v.(f:), fo(z,v) :{qfo(x,y’)dy' a.e. on X xS,
and (Y5 (f<)) weakly converges in L*(X;RF), up to a subsequence, to I—é‘ Jg fo(z,y)dy.

Proof.! In analogy to [3,27,33,35] (and in the spirit of the periodic unfolding method [15]), denoting by
[s] the integer part of a real s, we define the transformation S, : X x S — T, as follows
Se(x,y) = (ey1,elxa/e + 1/2] + eya, x3). (29)

For arbitrary f € L'(T:) the function (f o S.)(z,y) € L'(X° x S). Its extension by zero to ¥ x S will
be indicated fr o Sclsexs or simply (f o S.) when there are no ambiguities. By the following isometry
property

1 1
[rimei= o [ go= o [ (resanty (30)
elS| Jr. 5] Joexs
any sequence f. € L*(T.) with sup,~ [ |f:|*dm. < +oc yields a subsequence with

feoSdsexs — fo weaklyin L*(X x S). (31)

1 We thank an anonymous referee for his/her suggestions who permitted to notably simplify the original proof.
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If p € C(2 x S) and () := (Jc, ya(m,)) then

€

Ve 0 Sl gexs(w,y) =¥ (eyr, e[ra/e + 1/2] + ey2, x3,y) L x5(2,y) (32)
is uniformly bounded in X' x .S and converges uniformly to ¢ on X0 x S for each fixed g¢ > 0, therefore,
since H2(X\ X¢) — 0,

e o Sclgeys — 10 strongly in  LP(X x S), Vpe€|[l,+oo[. (33)
Assertion (i) (resp. (ii)) follows from (30) and (33) (resp. (30), (31) and (33)). Moreover, the combination
of (30), (31) and (33) shows that

[f2 fo) & [feoSilpeys— fo weaklyin L*(X x 9)]. (34)

In order to prove the assertions (iii) we note at first that

va(fa)(w)ﬂTg (l‘) = <|;| Afe(gyla 8[332/8 + 1/2} + €y, l‘3)dy) Iz, (l‘),
and we deduce from (30) and (32) that

[ (o B Yo = = [ futeniloa/e 412+ e )y, (39

B |S| YexS

where 1/~)€(x) = ﬁ Js¥ (ey1,€lx2/e + 1/2] + eya, x3,y) dy. By the uniform continuity of 4, we have

V() — ey, [v2/e + 1/2] + eyz, 3)| Lye s < Ce,

_ 1 )
Ba) = o7 /S B, y)AH2 ().

Testing the two-scale convergence with respect to (m.) of (f.) to fo with the test function % (z), taking
(34) into account, we infer from (35) and (36) that

(36)

lim [ o.(f.)(z)4 (x y(:)) dme.

e—0

= gl_r;% ﬁ . Sfe(Eyh [z2/e +1/2] + 5y27x3).17)(5y1, [x2/e + 1/2] + eya, ms)ddeg(:c) (37)
1 _ 1 1

- [El szfo(m,y).'t/)(x)d’}{2(x)dy = 157 Jors (|S| EXSfO(%y)dH2(y)> A (x,y)dH? (z)dy.

Assertion (iii) a) is proved. For each (x2,z3) € X the mapping x1 — 0.(f:)(x1, 22, z3) is constant on
the set (—e,¢e) X (x2,x3), and so in particular equal to v.(f:)(0, x2, x3). Hence the field v.(f:)(0, z2, x3)
is a well defined element of L?(X;R¥) which will also be denoted by 7 (0.(f:)), using for simplicity
the same notation as for the trace operator from H!(£2;R¥) to L?(X;R¥). One can easily check that
Js s (f) dH? = [ |o-(f-)]> dm. < [ |f-|” dm., hence y5(v-(f-)) is bounded in L?(Z;R*). Given

¢ € C(£2;R¥), a straightforward computation yields

[ rster ) 000t = [ fopame, uw)i= 3

i€l

ei+5
(][ <p(0,t,:173)dt> Lsi(a').  (38)

-
=3

Noticing that, by the uniform continuity of ¢ on §2, there holds sup,c7. |¢(z) — @.(z)| < Ce, we deduce
from the two-scale convergence with respect to (m.) of (f.) to fo that

Fo(z, y)e(x)dH? (x)dy

e—0

1
lim [ yxo(0.(f- z)dH? = lim/fe. dm, = —
st g eyt = tim [ fopam. = [

-/ (]é Fole,y)dy) pdH?.



Assertion (iii) b) is proved. The proof of Assertion (iii) c) is straightforward. O

The next proposition states a lower semicontinuity property related to the two-scale convergence with
respect to (m.) when dealing with convex integrands.

Proposition 2 Let (f.) be a sequence in L*(£2; R¥) such that (f.) two-scale converges to fo with respect
to (m.), and let j : R¥ — R be a convex function. Then

1
lim inf / Ji(f)dme > — §(fo)dH? @ dL>. 39
m it (fe) 5T o s (fo) (39)

Proof. Let us fix ¢ € C(2 x S;R¥). Denoting by j* the Fenchel transform of j, by applying Fenchel
inequality and then (28) to the function j*(¢) € C(£2 x S), we get

tmipt [ (52 dme(e) > iy [ 5 (5, 2250 ) = o (9 (. 2220 ) Y o0
L o @)@y,

B ‘S| YxS

(40)

Taking the supremum of the right-hand side of (40) when 9 varies in C(§2 x S;RF), using a classical
localization argument and the convexity assumption on j, we get

. . . 1 %
tim /](fe)dmg(x)z o /2 o= @)y

$EC(2XS;RF)

= L[ swp fow — @)} (@) dy
|S| 2% S PpeRk

= L[ i@y = = [ (fe)dH @)y, 0
|S| YxS |S| 2xS

The estimates established in the next lemma will be employed to study the link between the two-scale limit
with respect to (m.) of a bounded sequence in H'(£2; R¥) and the strong limit of its traces in L?(X; RF).
Also, they will take a crucial part in the proof of the apriori estimates established in Proposition 4. In
what follows, for each ¢ € H'(£2;R?), we denote by @ and @, the elements of H'(2;R?) defined by

¢€({I}) = ][ ‘P(517$2a$3)d317
(—5.%) (41)

o(x) == (0, 2, 23).
Lemma 1 There exists a constant C such that, for all ¢ € H'(§2;R3), see (3),

| steto) —asopa <ce [ [ o
e —e/2J%
[0 -v.t)Pim. < c=* [ 1VePam.. (42)
[lo=@Pin. <ce [ VoPa,
X

and

/ @2dm. < C L by ss(@)2dH2,
/ 872(063(‘P))
3

2
2 < 2
o ’ dH _C/|e(<p)| dme.
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Moreover for all ¢ € L*(£2;R?) and k € {1,2,3}

[ stoatenfar = [ foo()Pm.. ()
Proof. We use the following estimate, whose proof is postponed to the end:

1
/.
By making suitable changes of variables in (45), we infer that for all ¢ € I, there holds

e(i+1/2)
/s(i—l /2)

Fixing ¢ € H(£2;R3) and applying (46) for a.e. 23 € (=L, L) to ¥ (z1,22) := p(x1, 72, 73), then inte-
grating with respect to x3 over (—L, L) and summing over i € I, we infer

2
dp <C [ [VoPdndy e H(YEY). (45)
Y

][ s — (0, y2)
S

2
dxe < cg/ \Vo|>deidry Wb € H (Y R?). (46)
YZ

][ s — (0, 2)
S

i
€

€/2

[, stocton —as@fant<ce [ [ vgras

The proof of the first line of (42) is achieved.

Let us prove the second line of (42). By making suitable changes of variables in the classical Poincaré-

Wirtinger inequality
2
[lo-fo|av<c| wepay voemisz),
s s s

we infer

2
/ de’ < Ce*| |Vl*da’ Viec I,V € H' (S, R?). (47)
S si
By applying (47) for a.e. 3 € (=L, L) to ¥(x1,x2) = p(x1,x2,x3), integrating with respect to x3 over
(=L, L) and summing with respect to i over I., we deduce the second line of (42).

Y-+ ¥
Si

i
€

By Jensen’s inequality we have

_ c _ C
/|<p—<p|2dms < */ o —@|*dx < */
e Jx e J(-

S/Z /(_ ai(tl,zzaxs)

5%) ‘59”1

< Ca/ \Vel|?dx,

€

£ £
22

)dwl/ |(p(.%’1,.’172,.’L‘3) —<p(0,m2,x3)\2da:2dat3
P

dtl dl’g dl‘g

which proves the third line of (42).
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By (25) and Jensen’s inequality, there holds

0vs(ves3(p)) 2 _ =(i+3)

i€l

s(z+ )
< Z/ dl‘g/ dxg][

i€l

—52/ d.%'g][L

i€l

2

3
(9 (81,82,$3)d81d82
5i 013

2
(51,82, 23)ds1dsy

D3
ai[,'g

(s1, 82, x3)ds1dso

B3 |”
TE 8.’[33

dz < C / le(g)Pdm..

yielding the second line of (43). Moreover, we have

1
/|<p| dm. = S|/ (0, o, 23)[2dx < \S| ( ) E|<p(0,x2,x3)|2dx: w/zhz((p)?d?ﬂ.
£ £ ><

The estimates (43) are proved. The estimate (44) results from the next computation, holding for k €

{1,2,3}
5(z+ ) 2
/|’}/2 (0or (@) |?dH? = Z/ dxg/ dxo ][ or(s,x3)dH?(s)
Sz

icl. (i—3%)
2
= Z/ dase ][ Qi (s, m3)dH>(s)
i€l. (48)
2
= Z/ drse— Sl npk(s, x3)dH?(s)| dxidas
i€l | |
-5/ o - / o1 ¢p) Pdim..
O
Proof of (45). If the first line of (45) is not satisfied, there exists (¢,,) C H'(Y;R?) such that
1
/ ‘ Juds =, 0.) S, | 1Py < (19)
After possibly substractmg a constant vector to %,,, we can assume that
][ ody = 0. (50)
s

From the Poincaré-Wirtinger inequality

_][Sd)dSQ

we deduce that (1,,) is bounded in H'(Y;R3) and weakly converges, thanks to (50) and up to a subse-
quence (still denoted by 1n), to 0. By the continuity of the trace application from H'(Y;R?) weak to
L? ({0} x (5, 3) ; R?) strong, the trace 9,,(0, y2) converges strongly to 0 in L? ({0} x (_71 1);R3). This
is in contradiction with the fact that by (49) and (50), the norm in L? ({0} x (5, 3);R?) of 4,,(0,12)
is equal to 1. O

dy<C [ IVoldy v e HIYiE),
Y

We are now in a position to investigate the link between the two-scale limit with respect to (m.) of a
bounded sequence in H'(2; R¥) and the strong limit of its traces in L?(X;R¥).
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Proposition 3 Assume that (f.) weakly converges in H'(£2;R*) to some f € H'(;RF). Then, (f.)
two-scale converges with respect to (m.) to the field fo € L*(X x S;R¥) defined by

Folwy) =r5(f)@) for M2 Lac. (ry)e 5 xS (51)
In addition, the sequence (0:(f:)) defined by (25) two-scale converges with respect to (mg) to fo. Fur-
thermore, the sequence (75 (0-(f:))) strongly converges in L?(X;R¥) to vy (f).

Proof. By the first line of (42), we have

/E s (:(F2) — v ()2 dH2

< [ s —vstpafat v [ s s ae <o [ nsP e g

=/2 2 2 2 2 2
< e / /E Vf.[2da+C /x Y (fe) — s (F)EdH? + C /2 PP

—e/2
Since (f.) weakly converges to f in H'(§2;R¥), the sequence (y5(f.)) strongly converges to v5(f) in
L?(X;R¥). Since the sequence <|’)/E(f)|2 ]12\25) is dominated by |y (f)|> € L}(X) and H2-a.e. converges
to 0 on X, by the Dominated Convergence Theorem, there holds: lim._,¢ fE\ZE \fyx(f)|2d’}{2 =0. It
then follows from (52) that the sequence (y5(.(f.))) strongly converges in L?(X;R¥) to v (f). Given
¥ € C(£2 x S;R¥), we consider the fields 'TIJEZ € L>(X;RF) and Jz € O(X;R¥) defined by

v Xo, I = ys(s)
B (02 2) Z(]é

’1/’ <317 52,3, c ) dsldSQ) ]l(ai—%,ai-‘r%)(wQ)’
i€l

‘ (53)
9 (w2, 23) = ][ $(0, 25, 75, 1)dy.
S

By the change of variables formula, there holds (see (26))

—x
P (22,23) = ][s

Therefore, for all (z2,x3) € (i — 5,1+ 5) x (—L, L) we have

P (O,xg,x3, y525)> ds Vié€e l..

—X —X
67 (22,3) =62 (w2,05)| < sup (0,02, 35,y) — (s, w5,y)]-
(s,y)€SixS

By (53) we have

—x

‘ Ve Lo (Z;RF)
hence the sequence (Ef) is bounded in L*°(X;RF). On the other hand, one can check by using the

uniform continuity of 4 on 2 x S, that the sequence (¥,
subset of X). We deduce that

<[l Lo (2xs:R%)>

—x
. ) uniformly converges to 9 on each compact

E? — Jz strongly in LY(X;R*) Vg € [1,400). (54)
By (25) and (53) there holds

/vs(fa).w (a:, yE(:I)>dm€ = ﬁ Z /i dl‘?,/i ( Sifg(S],Sg,l‘?,)dS) P <x, ya(:/)) dxidzy
1 zeILE : i
= 55|i€ZI£/de3( S;fE(S:[,SQ,.TS)dS) ./S;

o a2 —
Z/(m,_;76i+;)x(_L7L)7z(os(fs)).1/)€ dH —/272(v6(f5)),1/;€ dH2.

icl.

¥ <81, 82,3, yis)) ds (55)
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By passing to the limit as ¢ — 0, thanks to the strong convergences of (75 (0.(f<))) to ys=(f) in L?(X; RF)
and of (Ef) to 9 in L?(X;R¥) (see (54)), we get

tiy [ .70 (2.2 am = [ sth) e (56)
On the other hand, by (53) there holds
[rsn@ e =g [ asn@ i@ (57
|S| xS

By the arbitrary choice of 9, we infer from (56) and (57) that the sequence (v.(f¢)) two-scale converges
with respect to (m.) to the field fo € L?(X;R*) defined by (51).

The proof of the first statement is achieved provided we show that (f.) two-scale converges to fo with
respect to (me). To that aim, let us fix ¥ € C(2 x S;R¥). By (25), Holder’s inequality and Jensen’s
inequality, we have

'/(fa —o.(f) Y <x ya(sm’)> . 2

<c / fe—o.(f2) 2 dm.

2 (58)
< 5|S| Z/ dxs / fE (s1,82,x3)ds| dxidxs.
By making suitable changes of variables in the following Poincaré-Wirtinger inequality
2
/ = ][gods dx < C’/ \Vp|?dz Vo € H'(S;R"),
s s s
we deduce that for a. e. 3 € (=L, L), there holds
2
/ fe—F fe(s1,52,23)ds| daydzy < Ce? / Vfe(z1,22,25)" doydas. (59)
< St
Joining (58) and (59), we infer
ye(z') ’ 2
[e=vtgw (o5 ) an] <ce [ wian (60)
T:

We deduce from (56), (57) and (60) that

ing [ £ (222 ame = o [ st plo panayay

e—0 xS

Therefore, by the arbitrary choice of 9, the sequence (f.) two-scale converges with respect to (m.) to

fo- o

4 A priori estimates, identification relations

The following section is mainly devoted to the study of the asymptotic behaviour of the solution (u.) of
(7) and of the sequences (. (us)m.) and (u.m.). The main results of this section are stated in Proposition
4. Their proofs rely on some basic inequalities established in the previous section in Lemma 1 and also
on those established in the next lemma.
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Lemma 2 The following estimates hold for alli € I, :
Jepr] + lepal* + s de < C | le(p)|” da V€ Hy({5R%),
T: T

|eve1 ()2 + b2 (@) + [oe3(@) P dz < C [ le(@)Pdz Y @ € Hy(2;R®).
T T

(61)

Proof. We consider the set

Vi={pec H(T,R*),p =00n S x {-L}}.

The space V is a closed linear subset of H!(T,R3) satisfying V N'R = {0}, where R denotes the space of
rigid displacements, therefore by Korn inequality there holds

/ [p|dz < C/ le(¥)|?dz VY cV. (62)
T T

Let us fix ¢ € H(2;R?). By applying (62) to the field ¥ defined by t,(21,22,23) = @a(e(z1 —

We(2)h) (22 — (YE(2))2), 23) for o € {1,2} and v3(2) = Zes(e(z1 — Wi(2))1),e(z2 — (4L
and then by making a suitable change of variable, we get

oS
~~
N
~—
—
N
~
N
w
Ny

le1 | + el + sl de < C [ le(p)]? da (63)
I: T

On the other hand, it easily follows from (25), Fubini Theorem and Jensen’s inequality that

| e @) + eval@) + oal@) do < C [ e + fepal + foal® (64)
Ti I

The estimates (61) result from (63) and (64). O

The next proposition specifies the asymptotic behavior of the solution u. of (7) and of some associated
auxiliary sequences. The strong relative compactness of (u.) in Hg(£2;R?) is established at the end of
the paper in Section 5.2.

Proposition 4 Let u. be the solution of (7) and let v.(u.) be defined by (25). Then:
(i) the next estimates hold true

s < C. [ letws)Pdme < 0= [ (jucl + loutwo)Pdm. < .

Ue3

Ve (ue)
3 e

9 2
+ |051(u5)|2 + |Usz(“s)|2 + Fdm. < Ce™3, (65)

[l + ual? +

/|u€—v€(us)|2dms§C’6, /|72(v€(u5))|2d7-l2§0.
=

(ii) If m > 1, the next convergences take place, up to a subsequence, for some u € Hi(£2;R3), ug,vg €
L3(X x S;R?), Eg € L2(X x S;S%):

U —u weakly in Hy(2;R?),
Vo) = vs@), Y (u)) = vs(u) strongly in L*(32;R?), (66)
ue 25 ug, o (u)D8v,  e(u) 28 E two-scale with respect to (m.),

where the symbol =S is defined by (27) and the following identification relations hold true:

vo(z,y) =uo(z,y) =v5(w)(z) for @ LP-ae (x,y)€ X xS, (67)
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D2) ¢ 12(5), n(us) =0 on {r € B, € {~L,L}),
) 1(’3 ) (68)
%(I) = (Eo)ss(z,y)  for H®® L%-ae. (z,y) € X XS,
3
ve(uz) =0 if  m>1. (69

(iii) If m > 3, then besides (66), the next convergences take place up to a subsequence, for some wy €

L322 % 8), Yo € L3(X x §;S%), w € L(X):

U 1
?ﬂiwo, ge(ug)m\iTo two-scale with respect to (mg),

(70)
M—\w weakly in L*(X).
Moreover there holds
0y 5 (u s (u
st =0, SIEY € 2R, yutw) = T2 —0 nonn (e B, e (-L L)),
3
2
avﬂ(ua) . ow 9
—w(z) =S 2y i m xS, ZX e 12y, 71
wo(,y) = w(x) azl Dy (@Was i X xS, o€ LA(X) (71)
T :5’7111_8272(1&1) _5272@2)
033 s 022 1 922 Y2-
Furthermore,
Ys(w) =0 if m>3. (72)

(iv) We have u € D,,, where D,, is given by (9), (11), (16), or (13), in accordance with the choice of m.

Proof. (i) We multiply (7) by u., integrate by parts over {2, and use Cauchy Schwarz inequality to

find
/Qagze(ug)dx:/gf.uag (/Q |f|2da;)é (/Q |u5|2dx>;. (73)

By applying Poincaré and Korn inequalities in Hg (£2;R?), we get

/ luc|*dx < C’/ le(us)?dr < C le(u.)|[*dx + %/ le(u.)|*dx
19 Q e Jr.

T (74)
< C’/ o.:e(u.)dr.
o
We infer from (73) and (74) that
i <€ [ letwo)Pdm. < c=m (75)

By the third line of (42), the first line of (43), (74), and the continuity of the trace application from
H(2;R3) to L%(£2;R3), there holds

/|u5|2dm5 < C/|us fﬁ5|2de+C/|ﬂs|2dms

< Cs/ \Vu, |*dz + c/ v 5 (ue) PdH? < Cluc 3 opsy < C.
Xe P
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We deduce from (61) and (75) that

2 c
/{|u51|2 + |ueal* + % fdm. < / le(u.)|? dm. = Ce™ 3 (77)
and that
2
v C
Jttoasl? + ool + 282y, < S [ et am. = cen?. (78)
By (42) and (75), we have
e/2
/|uE —o_(u.)|?dm. < Ce / / \Vu.[*dz < Caluﬁlf‘{é(Q;Ri") < Ce. (79)
—e/2JX

By the first line of (42), (74), (75), (79), and by the continuity of the trace application from H!(§2;R3)
to L?(§2;R3), there holds

/ by 5 (0 (w2 [2dH? = / 55 (0 (o) 22
P e

<C [ o) -vso)Par 4 C [ powopae B0
e b
< Ce+ C‘ua‘%—jl(g;RB) <C.
Collecting (75)-(80), the estimates (65) are proved. O

(ii) By (65), the sequence (u.) is bounded in H}(§2;R3) hence weakly converges, up to a subsequence,
to some u € H}(§2;R3). From the compactness of the trace operator from H}(§2;R?) to L?(X;R3), we
deduce that the sequence (x5 (uc)) strongly converges to vy (u) in L?*(X;R3), and from Proposition 3
that the sequence (75 (9. (u.))) strongly converges to vs.(u) in L?(X;R?). The convergences stated up to
a subsequence in the last line of (66) result from Proposition 1 (ii) and from the fact that by (65), the
estimate sup,~ | |f<|?dm. < 400 takes place for f. € {u.,0.(u.),e(u.)}. Assertion (67) is a consequence
of (66) and Proposition 3. Let us fix ¢ € C>°(£2; D(S)). Since u. € Hj(£2;R?), we have

!/ /
/ ausgw (:c, v (@ )) dme = f/usga—w (:E, yelw )) dme.
Oxs € Ox3 €
By passing to the limit as ¢ — 0, thanks to the two-scale convergences with respect to (mc) of (e(u.)) to
=y and of (u.) toyx(u) (see (66), (67)), we infer

1

|S‘ YxS

(Zo)sa(, )i (. y)dHE () dy = ——

51 ) S’yg(u;),)(m)gi(x,y)d’HQ(x)dy. (81)

Since this equality is satisfied in particular for all ¢ € D(£2 x S), we deduce

0
’%T(:g)(x) = (Z0)33(w,y) for H?®® L2ae. (r,y)€ X xS. (82)

As Ey € L?(¥ x S;S?), we infer that Mg%s) € L?(X). Choosing then ¢ € C*°(§2;D(S)) and integrating

(81) by parts with respect to z3, taking (82) into account, we obtain
/ o a3) (@), ) dH () dy = 0,
{zeX, xsc{—L,L}}xS
yielding, by the arbitrary choice of ¥,

vx(uz) =0 on {xe€ X, z3€{—-L,L}}.

Assertion (68) is proved. Assertion (69) follows from the second line of (65) and the second line of (66).
O
(iii) If m > 3, then by (65) we have
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2

v3(u
M dm,. < +o0.

3

Ue3

2
1
dm. < 400, sup/ —e(u,)
€

2
dme < 400, sup/
e>0

e>0

Sup/
e>0

The convergences stated, up to a subsequence, in the first line of (70), then follow from Proposition 1
(ii). As regards those stated in the second line of (70), they result from the fact that by (44) and by the
second line of (65), there holds

/ mugg(ua)'? B <O ( /

5
We deduce from the two-scale convergence of (%) to wy with respect to (m.) that (uc3) two-scale
converges to 0 with respect to (m.). It follows then from Proposition 3 that

053('“6)

2
dm€> <C.

vs(ugz) = 0. (83)

To prove (71), we fix a test field ¥ € C*°(§2,D(S;S?)) such that ¥,z = 0 for all («,8) € {1,2}2. By
integration by parts, we have:

6/Tsie(us)($) 4 (ﬂc, yg(;/)) dm. = iz:s /TE ui(x) aaiil (:c, yeim/)) dm.

2 2
) i () g, 3" [ 0ale) O, ()
(;/TS Ueo () A = dm, az::l . e Ou = dm..

By passing to the limit as ¢ — 0, thanks to the two-scale convergences stated in (70), we obtain

(84)

Z _//2 S’yz(ua)(x)awoﬁ (z,y)dH>(x)dy — //2 Swo(g:7y)%iia (, y)dH2(x)dy = 0. (85)

81'3

Fixing « € {1,2} and choosing ¥ such that ¥;; = 0 if {i, 7} # {«, 3}, we get

0V, 03,
] vstw@ G e pai@is - [ wen G wd@d =0 (s)
IxS x3 IxS a
Choosing at first arbitrary fields ¥,3 in D(£2; D(5)), we deduce that
dwo _ M5 (ua) : /
o (z,y) = s (z) in D'(X¥x09), (87)

hence wy, as a distribution on X' x .S, can be written for a suitable ¢ € D’(X) under the following form:

0 0
wolery) = - 2E () g, D20 ) 1o, (59)
As wp belongs to L?(X x S), we infer
cerx(m), D)) ey,
3

and (87) holds a.e. on X x S. We then deduce from Proposition 1 (iii) b), (70) and (88) that

w(z) = J[S wo(z, y)dy = c(z). (89)
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Next, we multiply (84) by 1 and choose a field @ such that ¥;; = 0 if (i, ) # (3,3). Passing to the limit
as € — 0, taking into account the two-scale convergences with respect to (m.) of 1 ce(u:) to Ty and of
“22 0 wp given by (88) and (89), we obtain

// T033($, y)y733(q;, y)dHQ (l‘)dy
xS

(90)
Orz(u) s (u2) ) Wy ,
P — d dy.
//EXS Ors ( ) Y2 Ox3 (I) —|—’LU(I) 013 (I7y) H (I) Y
Choosing at first an arbitrary W33 € D(§2;D(S)), we conclude that
Ow 2y 5 (u)
%y # L2(X:R3
013 € ( )a 8x§ S ( ; )’
(on)

0 2L 0%y5(uq _
(To)3s = —w(z) — Z %(x)ya, in X xS,
3

then, choosing an arbitrary W33 € C*°(£2; D(S)) in (90) and integrating by parts, we obtain

o= ff o (T PR ) ) s s, (02

yielding
w=0 ondXN{recR? z;3¢{-L,L}},
93
&gi(“) —0 on d¥N{z eR?, z3 € {~L,L}}. (93)
3

Assertion (71) is proved.

Finally, if m > 3, then by the second line of (65) the sequence ( J \u5\2dm5) converges to 0. We deduce
from Proposition 2 (applied to j(.) := |.|?) that ug = 0. The assertion (72) then results from (67). O
(iv) Assertion (iv) follows from (66), (71), and (72).

5 Proof of Theorem 1
5.1 Weak convergence

Let us briefly outline the proof of Theorem 1. In the spirit of Tartar’s method [34], we will multiply (7) by
an appropriate sequence of oscillating test fields (¢.) and, by passing to the limit as e — 0 in accordance
with the convergences established in proposition 4, obtain a variational formulation of the limit problem
satisfied by u. The test field ¢, is constructed in terms of some fixed ¢ € D(£2;R?) such that ¢ € D,,
(see (9), (11), (16), (18)). We fix a smooth domain S’ of R? such that

Scs cscy, (94)
and a function ¢ € D(Y') such that

0=0 imY\S, o=1 inS 0<p<1.
The function g. defined on §2 by (see (26))

satisfies

0. €C®(N2), 0.=0 nN\T,, o0.=1 inT., [Vo]|<

o |Q

(95)
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where T is defined by substituting S’ for S in (2). The test field will then be defined by

o = (1—o0:)0+ OeXe> (96)

in terms of x, given by (102), (110) (assuming ¢3 = 0 if 1 < m < 3), or (120), depending on the choice
of m.

We multiply equation (7) by ¢, and integrate it by parts over §2. We get (see (19)):

a&m(us,q&s):/ f¢.dx. (97)
0
It is easy to check that
lim/ f.¢€dx:/ f.¢dzx. (98)
e—=0 /o N

In order to compute the limit of the left hand side of (97), we split it into a sum of three terms:

E v
aE,m(uE7¢s) =TI+ I + I35 L1 = /_Q\TE' 1+v (m tr(e(ue))l + e(uE)) : 6(¢)dl‘,

E v
bazﬂgn1+V<1_%Ukmaﬂ+d%0:dﬂmﬁ (99)

I3 = gf—|1 / 1]:7—Tu (1 —l/2u tr(e(ue))I + e(us)) elxe)dme.

After possibly extracting a subsequence, we can assume that the convergences stated in Proposition 4 take

place. In particular, the sequence £ ( Y—tr(e(u:))I + e(u€)> converges weakly to HLV (1521/ tr(e(uw))I + e(u))

1+v \1—-2v
in L?(£2,S?). On the other hand, since |T7| — 0, the sequence e(¢)1\ 72 converges strongly in L?(£2,S?)
to e(¢). We infer

Eli_r% I =ap(u,¢) = /Q H—iz/ (ﬁ tr(e(u))I+e(u)) ce(¢)d. (100)

The x. will be chosen such that

6 — Xc|po(ry) < Ce,  le(d — X)L (1r)le(d.)] < C,
(see (102), (110), (120)) therefore by (95) and (96) we have

le(¢.)| <C  in TI\T,
hence by Cauchy-Schwartz inequality, there holds

tr(e(u)T +e(u.)) - (4. )dr

E
limsup Io. < lim sup/ (
Ts/\ 1—2v

e—0 e—0 T 1+v

1
E v ? 101
< limsup C|T/ \ T.|3 / ( ¢ I )%z (101)
< limsup T2\ T2 (TE’\TE|1+V T, trle(u)I +e(uc) | [*de
< ClimsupC’|T€’\T5|% =0.
e—0

We distinguish then different cases.
Case m =1. We set (see (25) and Remark 2 below)

0
e ys(xl)
X. =0.(¢) — ¢ 0 +eq (:r, . > ) (102)

0c1 () yer (2) + 30c2(P) ye2(2)
Oxs e Oz e
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where y.(x) is given by (26) and

- 8053(4)) y1
q(@,y) == | -y 6"5;?) y2 |- (103)
0
By (25) and (103) there holds in T.:
—U1 0 0 /
e(x.) = o=3(¢) 0 —v10 | +ece.(q) (az, ye (@ )) , (104)
973\ 0 0 1 €

hence, by (7) and (99)

135:\5|ET/%L;338‘%(3¢)W+|5|5/ EBr ( “ tr(e(us))I+e(u5)):ex(q)<m,y5(m/))dms.

1+ 141 1-— 2V1 3
(105)
By Proposition 4, we have
tr(efw) +e(ue) ) cec(a) (. 27 ) am.
1 + 1 1 — 2 1% ’ 9
IET 141
< ce / T (2 trlew ) + efu) ) dm. (106)

< Ca/ le(u:)|dm. < Ce /|e(ug)\2dm5 < Ce.

By passing to the limit as ¢ — 0 in (105), taking into account Proposition 4, (106) and the uniform
convergence of (M) to 8% on T, we obtain

Oz
Oys(uz) 0¢s ., o
hm Is. = |S|Er / Ovs D25 dH=. (107)
We deduce from (99), (100), (101), and (107) that
lim ae m(ue, @) = a1(w, 9), (108)

where aq(.,.) is the bilinear form on Dy x D; defined by (22). Joining (98) and (108), we obtain

ay(u, @) = / fodr Yo € D(2;R?). (109)
Q
This variational formulation is equivalent to (10). O

Case m = 3. We choose ¢3 = 0 and set (see Remark 2)

0.1(0)(x) 0 y-(z')
x(r) =  02(8)(a) | +< 0 +eq (o, ), (110)
0 _8051(¢) ye(w/)l _ 8052(¢) ys(l'/)Q €
Ox3 € Ox3 €
where
62nal(¢) y% — y% 82052( ?)
022 2 | o2 YW
q(z,y) =1 | 0*02(d)ys —ui N 9?01 (¢ )y y
0z3 2 ox2 1

0
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We have in T,

2 / 2 / 1% 00 ’
e(x.) =5(8 ga;%@) ye(::: )1 N ) 25;%(@ ya(: )2) <8 161 01> L Peu(a) (m yg(;c))’ (11)
hence,
E v Poc1(@) ye(#')1 | *02(9) ye(’
L <1 — tr(e(xe))I—l—e(XE)) _ _€< gxl%(cb) y (: ho r(;;g(@ y (: )2) Br(es ®ea)

+ €2 11—?1/1 (1 _VlQVI tr <ex(q) (;C’ ys(j’))) I+e.(q) (x, ye(f’))) .

Taking (20) into account, we infer

/TE {1]—?1/1 (1 —1/121/1 r(e (Xe))1+e(x5)) e(u a)} da
_ ;13/e|5|{ ETI ( “ tr(e(xs))I-l-e(XE)) ;e(ug)} dm.

14+ \1—21
. / _\S|ET<622512(¢) y=(2'h +a22522g¢> ys($')2> (1 %m,) i,
T3 € T3 € e dxs
R e e R () s

(112)
Let us remark that e, (q) (x, %ﬂu)) is uniformly bounded on 7. and so we have, by the estimate (65)
established in Proposition 4,

‘/ ue) 1 + n (1 —V2V1 tr( =(9) (x7 %ﬂc,))) T+e.(q) (x, yf(:/))> dme
< c/ le(u.)|dm. < Cy // le(u.)2dm. < CVem—1 < Ce — 0.

By (25) and by the uniform continuity of ¢ on (2, the next estimate takes place:

%0-0(8)  Pda
Oz Oz

<Ce Vae{l2}

Lee(Te)

2
Since, on the other hand, by Proposition 4 there holds [ ‘%%“—;33 dm. < C, taking (24) into account, we

deduce that

[t ) G+ 5 ) G )am.
- [

18u€3 2

e

Ce.

Wl
IA

3 6l‘3 3 6373

dms) C(ma(2)
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By Proposition 4 (see the first line of (70) and the last line of (71)), the sequence (la”“) two-scale
2 2

converges with respect to (mg) to g—g(x)fa#g“)(x)ylfa%cg‘z)(x)yg. Therefore, by (1), (15), and (27),

we have

lim
e—0

(8%1 Ye1 () L 2o ys2(m/)> <18u53) dm,

ox3 e dzr% ¢ £ Oxg

o? o? 0 0? 0?
|S//2xs ( ¢21y1+ 822102) 7w(x)— giéul)(x)yl— giéw)(x)w) dH?*(x)dy (115)

Zs3

= |S|Er Z / 8"5“8727(“5)01%2(:3).

2 2
Ny} 8x3 Oxs

We deduce from (112), (113), (114), and (115) that

lim I. = |S|Ex Z /Jaﬂ o (2 )d;'-ﬂ(x), (116)

a,B=1 L3
By passing to the limit as ¢ — 0 in (97), taking (98), (100), (101), and (116) into account, we obtain the
variational formulation

wo(wd) +SIEr 3 [ 95 2 ()= [ 1. (117)

a,B=1
equivalent to (14). O

Other cases.
If 0 < m < 1, we simply set x. = ¢ (thus ¢, = ¢). Noticing that by and (65), we have

/ le(u.)Pdx < Ce™, (118)
Ts

we infer

1
lim sup |Ia| = lim sup — |ar (u<, )]

e—0
< hmsup— </ le(u.))] d:c) IT.|2 (119)
es0 €™
< limsup Ce " = 0.
e—0

Joining (100), (101), (119), we obtain the variational formulation

ao(u, ) = /Q fbda,

equivalent to (8).
If 1 < m < 3, then by Proposition 4 we have uz = 0 on X. We define x, by (102), setting ¢3 = 0. Since
v.3(¢p) = 0, we deduce from (99) and (104) that

e—0

The variational formulation obtained by passing to the limit in (97) as ¢ — 0 is given by substituting 0
for ug and 0 for ¢3 in (109).

If m > 3, then by Proposition 4 we have u = 0 on X', and we set simply

x. = 0. (120)
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Remark 2 The field x, is constructed in such a way that the behavior of the couple (x.,e(x.)) should
mimic that of (u.,e(u:)) in the fibres, studied in Proposition 4.

In the case m = 1, the convergences (66) indicate that e(u.) ~ = (z, yET(z)) in 7. This, joined with the
relations (67) and (68), and by virtue of a minimization principle, suggests that the following approxi-
mation is likely to hold in T,

0 0
elur) = 0 (es wes + M (220) i, (121)
where M (a) is the solution of
min (M + aes @ e3), g(A) = Er ( = (trA)2+A-A)
Mes3, M33:Og 3 3> 9 ' 2(1 + I/l) 1-— 21/1 ' ’
given by
—nra
M(a)=| —11a
0
Accordingly, the field x,. we are looking for should satisfy
093 (3¢3 ) .
~ d ~— M= T..
X.~¢ and e(x.) D4 (r)es @ es + D25 (x) in T,

These estimates are verified by x. defined by (102), (103).

In the case m = 3, the convergences (70) indicate that le(u.) ~ T (Jc, yET(I)> in T.. The identification
relations (71) can be improved, and further investigations show that in the linear isotropic case considered
in this paper, there holds

0y (uy) 0?5 (uz) ) ( (3272(%) 0?5 (uz) ))
~(_ _ 122
TO (ZL', y) ( 6$§ Y1 axg Y2 | €3 ® €3 + ey q 6$§ ) 6$§ Y 9 ( )

where g(a1, as,.) is the solution of

ET < %1

2 .
2(1+V1) 1—2V1(trA) +AA>7

i - - d A) =
qur{lggRs)]{gg(eyQ+( a1y1 — azyz)es ®es)dy, g(A)

given by

2 2
1Y
a1 =572 + agy1y2
24 o
q(a17a27y) =N az y22y1 + a1y1y2
0

Accordingly, the field x,. we are looking for should satisfy

1 Pys(ur) yer  0?ys(uz) ya2) ( <32’72(U1) 0?5 (uz) ya>>
Xe3 = 0 and ge(xg) ~ (—ax:%g — 871'%? e3 ®es +ey q 8(£§ s 8x§ ,? .

These estimates are verified by x, defined by (110).
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5.2 Strong convergence

To fix the ideas, we assume m = 1 (the other cases are similar). The space D; defined by (11), equipped
with the inner product a;(.,.) defined by (22), is a Hilbert space in which D(£2; R?) is dense. Hence, fixing
n > 0, we can choose ¢ € D(£2;R3) such that

al(u_¢7u_¢) <, (123)
and consider ¢, defined by (96). There holds (see (19))

[ = bliy(@ms) < Cacim(us — éo ue — ¢.)

(124)

= C<as,m(usaus) -2 as,m(us>¢g) +a6,m(¢sa¢s) ) :

J15 J25 -]35

Since u. is the solution of (7), we have Ji. = f Q fu.dz. We then deduce from the weak convergence of
u. to w in H}(§2;R3) established in Proposition 4, that

lim Jy. = / fudr = a1 (u,u). (125)
e—0 N
By (108), there holds
lim Jze = ai(u, ¢). (126)
A straightforward computation yields
lim Jze = a1(, ). (127)
Collecting (123), (124), (125), (126), and (127), we obtain
limsup [u. — .31 (gps) < Car(u —p,u—¢) < On. (128)
e—0 o

It is easy to check that

limsup |¢ — ¢, |1 (ors) =0,
e—0

) (129)
|'u' - ¢‘Hé(Q;R3) < Cal(u —¢,u— ¢) <Chn.
We infer from (131) and (129) that
limsup [u — ue| g1 (ors) < limsup [u — @[ g1 (ors) + |0 — Sl mi(ors) + @ — Uelm1 (2ms)
e—0 e—0 (130)
< Cym.

By the arbitrary choice of 7, the strong convergence of (u.) to w in Hg(£2;R3) is proved. O

Remark 3 In view of (124-127), we established indeed that
limsupae,m(us _¢57u6 _¢g) < Cal(u_¢7u_¢)7 (131)

e—0

for all field ¢ that can be used in the construction of the sequence of oscillating test fields (¢.) (defined
by (96)). Looking back at the proof of the weak convergence, we notice that the proof remains unchanged
if we only assume, instead of ¢ € D(§2;R?), that ¢ satisfies

9 € C(2;R%); ¢ =0 ondf, (132)

b€ C(ERNCHI R N CLH (2 RY); 5
3
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and
9o
ox3

Due to the discontinuity of gge; across X' (see (10), (12)), we can not expect the derivative with respect
to x1 of the solution w of the limit problem to be continuous on 2. However, for a sufficiently regular
datum f, we can expect that

€ C(2;R?) for a € {1,2} if m=3. (133)

u satisfies (132) and (133). (134)

Under (134), we can substitute u for ¢ in the definition of ¢.. Let us denote by u. the field obtained in
this way (to avoid the confusion with the solution u. of the elasticity problem (7)). We then deduce from
(131) that

lim sup ae m (Ue — U, e —u:) = 0.
e—0

In particular, by the definition (19) of a. ,,, we get, since u. = X, on T, denoting by X, the field deduced
by substituting u for ¢ in (102), (110):

timsup - / (T (2 et — RN + e — X)) selue —Xo)}de = 0.

e—0

This implies, since |T;| ~ ¢, that

lim su —X)|? dz = 0. (135)
e—0
If m =1, it follows from (104) that
2
. 8“3 —U1 0 0
lim sup e(u:) — T 0 -1 0 ]| dz=0,
e—0 L Z3 0 01
justifying (121).
If m = 3, we deduce from (111) and (135 ) that
v 0 0\ /[
1 82 / 82 ! 1
limsup][ —e(u:) — ( u21 ve(@h + u; be( )2> 0wvy 0 dx =0,
=0 Jr.|€ Oxs € Oxs € 00 -1

which shows that

1 2 / 2 / 141 00
Ze(u.) (a 4 ye(@) 0 2 ye(w )2> 0w 0 in T,
€ oxs ¢ Oz € 00 —1

in agrement with (122).

6 Concluding remarks and open problems

1. The comparison of the results of Theorem 1 with some of the results obtained in [11], [12] and [13] for
the case of an homogeneous layer is interesting: indeed in theses cases X' behaves as a "material surface”
of plate-like type with membrane Kirchhoff-Love energy for m = 1 and with bending energy for m = 3.
In the present case Theorem 1 means that X always behaves as a ”"material surface”. For m = 1 the
"material surface” is without membrane energy in the direction of the plane X orthogonal to the direction
of the fibres. For m = 3 the "material surface” X is without bending energy in the direction orthogonal
to the fibres. In the papers [12] and [13] it is also considered the more general situation of a surface X
and of a shell-like inclusion; the results obtained in this situation suggest to study the case of fibres that
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are tubular neighbourhoods of a family of lines of principal curvature of the surface X.

2. Here we have considered the case of isotropic materials and of fibres with ”constant” section. In this
case the study of asymptotic theory of slender beams gives models where torsion and traction are un-
coupled . The case of anisotropic materials and/or fibres whose section ”varies with £” deserves special
attention. Indeed in this case asymptotic theory of slender beams can present coupling phenomena be-
tween torsion and traction ( see, e.g., [18], [24], [25]), or non-local effects (as in homogenization, see, e.g.,
[18], [25], [4], [9])- A research in this direction is actually done by the first author (M. B.).

3. The transmission conditions on Y imply that some ”singular behaviour” can appear there and at
0X N 92; these "singular behaviours” could be analysed for instance with the methods of [19].
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