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A MICROSCOPIC SPIKING NEURONAL NETWORK FOR THE
AGE-STRUCTURED MODEL

CRISTOBAL QUININAO

Work in progress - Preliminary version of February 27, 2015

ABSTRACT. We introduce a microscopic spiking network consistent with the age-structured/renewal
equation proposed by Pakdaman, Perthame and Salort. It is a jump process interacting through a
global activity variable with random delays. We show the well-posedness of the particle system and the
mean-field equation. Moreover we show the propagation of chaos property and we quantify the rate of
convergence under the assumption of exponential moments on the initial data.
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1. INTRODUCTION AND MAIN RESULTS

In a series of remarkable papers, Pakdaman, Perthame and Salort (PPS) [8, 0 [I0] introduced a ver-
satile model for the large-scale dynamics of neuronal networks. These equations describe the probability
distribution of the time elapsed since the last spike fired as an age-structured nonlinear PDE. Inspired
by the dynamics of these macroscopic equations, we propose here a microscopic model describing the
dynamics of a finite number of neurons, and that provides a realistic neural network model consistent
with the PPS model, in the sense that in the thermodynamic limit, propagation of chaos and convergence
to the PPS equation is proved.

In our neuronal network model, the state of each neuron i is described by a R -valued variable Xti N
corresponding to the time elapsed since last discharge. Of course, this approach is quite different from
classical literature, where the key variable is the voltage: this is an important originality of the PPS
model. Neurons interact through the emission and reception of action potentials (or spikes), which are
fast stereotyped trans-membrane current. In the PPS model, the spiking rate essentially depends on
the global activity M of the network. Specifically, a neuron with age = (duration since it fired its last
spike) fires a spike with an instantaneous intensity a(z, M) where M is the global activity of the network.
Subsequently to the spike emission, two things happen: the age of the spiking neuron is reset to 0, and
the global variable M increases its value by an extra value of ¢/N. The coefficient ¢ represents the
mean connectivity of the network. When no spikes occur, the global variable M is supposed to decay
exponentially to 0 at a constant rate a.

For each N € N, let us consider a family (Aj,...,N/N);>0 of i.i.d. standard Poisson processes.
Let us also consider a family (71,...,7y) of i.i.d. real valued random variables with probability law b.
These coefficients represent delays in the transmission of information from the cell to whole network.
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2 CRISTOBAL QUININAO

Furthermore, we assume that the family of delays is independent of the Poisson processes. Typical
examples are
b= 6.(ds), 7>0 or b= ce “ds, c¢>0.

A special case is when 7 = 0, in that context the network is said to be in a no delay regime.

Throughout the paper we assume chaotic initial conditions, in the sense that the initial state of the
neurons are independent and identically distributed random variables. Therefore, for gy and mg two
independent probability measures on Ry, (go, mo)-chaotic initial states consists in setting i.i.d. initial
conditions for all neurons with common law equal to gg, and setting independently, for the global activity,
another random variable distributed as myg.

Our aim is to understand the convergence of the R -valued Markov processes
N,N
(XtN)tZO = (XLNv"-vXt )tZOa

solving, for each i =1,..., N and any ¢t > O:

t o)
iN iN iN i

(1.1) Xyt =X, +t_/0 X /0 Lucaxt™ vy N (du, ds),
with the coupling given by the global variable

t c N st oo o
(1.2) MY = MY - a[/ MY ds — NZ/ / Lica(xiN v )}Nj(du,ds)},

0 - 0 0 — 3777']" s_—Tj

Jj=1

where /\N/tj is the shifted (in time) process /\/tjij extended by 0 for negative values of the time. These
processes are a consistency restriction on the spiking times: when a neuron j sends a signal at a time
t > 0, the global variable receives it only at instant t + 7;.

We emphasise that it is necessary to impose that the delays are compactly supported, i.e. on an
interval of the type [—,0] for some fixed 7. Otherwise the processes XZ N would depend on their whole
past trajectory. Equations (LI)-(L2]) are stochastic differential equations on the infinite-dimensional
space of continuous functions from [—7,0] to Ry, i.e. on the variables X; = (X,,s € [t — 7,1]) (see e.g.

Da Prato-Zabczyk [2]).
Finally, we make the following physically reasonable assumption on the intensity spike function of the
system:
a(-,-) is a continuous non decreasing function in both variables,
(1.3) a(0,-) =0, a(-,0)>0
alz,m) === 00, ¥Ym e Ry,
and impose a second consistency restriction
(1.4) (V& > 0)(Fxs > 0) such that a(x,m) <46, Vme R4

representing that, independently of the level of the network activity, a neuron cannot spike two times in
an arbitrary small period of time. To fix ideas, recall the expression of the refractory intensity function
of Pakdaman-Perthame-Salort []]), given by

a(z,m) =0 for z € (0,z*(m)),

a(x,m) > 0 for z > z*(m),

La*(m) <0, z*(0) = 2%, z*(c0) =2z* >0,

where 2*(m) represents a refractory period, z% the spontaneous activity due to noise, and z* the minimal
age necessary to spike.
For the previous setting, we have directly the

Proposition 1.1. Under hypotheses (L3) and (LA, let N > 1 be fized and assume that a.s.,

\\N
max Xy < oo, MY < o,
1<i<N

then there exists a unique cadlag adapted strong Ry -valued solution (XN, M} )i>o to (I)-2).
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Under suitable conditions (to be preciser later on) we show that the solution (X}¥);>o behave, for large
values of N, as N independent copies of the solution to a nonlinear SDE. Let Y (respectively M) be
a go-distributed random variable (resp. mg) and A; a standard Poisson process independent of Yy and
My. Then we look for Ri-valued cadlag adapted process (Y, My);>o solving for any ¢ > 0

t o]
(1.5) Yt—Yo—l—t—/O }/S/O l{uga(YS,,MS,)}N(du;dS)y
and
(1.6) My =My —« / M, ds—s/ / Yeow, Ms_w)] b(dw)ds|.

Remark 1.2. Let us assume for a moment the hypothesis of instantaneous membrane decay, i.e., o is
going to infinity. In that case equation (L) writes

M, = 5/0 E[a(Xi—w, Mi—w)] b(dw),

in particular, My is a deterministic function of t. Then, if the probability density of Xy can be written as
f(t,x) dx, the previous relation is reduced to

= 5/0 /0 a(x, M(t —w)) f(t — w,z)dxb(dw).

Coming back to equation (LX), we have that f(t,x) solves (at least in the weak sense) the PDE

%+§w@MWﬂ>:o
N(t) := f(t,z=0) = fo ) f(t, z)de,

which is exactly the model that motivates our study.

The nonlinear SDE is clearly well-posed if we, for instance, make a Lipschitz continuity assumption
on the intensity function. In order to avoid this simplification, here we try to use the approaches of
Fournier-Locherbach [5] and/or Robert-Touboul [12]. Nevertheless, we are not able to provide a very
sharp result and we have to restrict ourselves to the case of bounded exponential moments. We introduce
the quantity

[Utllr = sup{|Us], 0 <t < T},

which is well defined for locally bounded processes. The second natural result of the manuscript is

Theorem 1.3. Let us assume that hypotheses (L3)-(L4) hold, then there exists a weak solution (Yz, My)¢>o

o (LH)-(I6) such that
(1.7) / / Yo, My—1)] b(dw) ds < oo, vt >0.

Moreover, if the law of (Yo, My) is compactly supported, then there erxists a unique strong solution
(Y, My)i>0 to (LH)-@T8) in the class of functions such that there are deterministic locally bounded func-
tions A, B : Ry — R such that a.s.

(18) IYi/A®)llz < o0, IMe/B(t)lx < o0, VT >0.

The uniqueness result still hold true if the initial datum has a fast decay at infinite. More precisely,
let us consider the growing restriction

(1.9) (3E>2)(F0<p<1)(FCec,>0) : cpx%z <az,m) < Ce(1+2572 +mt2),
and suppose that initial condition has bounded exponential moments
(1.10) E[e’ M) <00, w0

Theorem 1.4. There exists a unique strong solution (Yy, My)i>o to (LH)-(LH) in the class of functions
of locally bounded exponential moments (LI0I).
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Finally we analyse the chaoticity of the system. To do so, a few more notations must be introduced.
We denote by D(R2) the set of cadlag functions on R endowed with the topology of the convergence on

compact time intervals. By definition, each pair (X", MN);>0 belongs to D(RR? ), and then the sequence
of empirical measures

N
—1
pN =N Z%Xf*”,w»zw
=1

is well defined and belongs to P(D(R?)).

Note that we intentionally use a two dimensional variable in the definition of uy, by repeating MY
in each pair which provides one way to deal with the issue of exchangeabilityﬂ. The third and last main
result of the manuscript is

Theorem 1.5. Let us assume that hypotheses (L3)-(LA) hold, and that the law of (Yo, Mo) is compactly
supported, then the sequence of empirical processes un (t) converges in distribution to the law of the unique
process (Yy, My)i>o0 with (go, mo)-chaotic initial states solution to (LH)-(LA).

If the initial datum has a fast decay (in the sense described in Theorem [1.G)), and if moreover there is
a positive constant Cy such that
(1.11) la(z,m) —a(2’,m’)| < Cyla(z,m) Aa(a’,m') |z —2'| + [m — m/|],
for all x,a’,;m,m’ € Ry. Then the convergence of un(t) remains true.

In the weak connectivity case, i.e. € € [0,e0) for g9 small enough, hypothesis (LII) can be replaced by
(1.12) la(z,m) —a(x + h,m+ h)| < Cyalz,m)h,
for all z,m € Ry and any h € [0,1].

Remark 1.6.

e Let us notice that condition ([LI)) is relatively restrictive: indeed, we are asking that the rate
function a to be Lipschitz on its second variable, and that the fluctuations on the first variable
are somehow bounded. Indeed, a direct consequence of (LLI)) is that

da(x,m) . a(x+h,m)—a(z,m)
——— = lim
ox h—0+ h
e The model is conceived having in mind an intensity function of type

a(x,m) = x5+1{1i<m}(am+b) £eN, a,beR,,

< Cpa(z,m).

that formally speaking makes all hypotheses true.

Mathematical overview. As we already said, the aim of the present work is to give a new microscopic
point of view of the age structured equation considered in Pakdaman-Perthame-Salort [8] @ [I0]. Therein,
the model is proposed as a reinterpretation of the well known renewal equation and the microscopic
derivation is omitted. In Tanabe-Pakdaman [I5] and Vibert-Champagnat-Pakdaman-Pham [I8] authors
propose a particle system but the question of convergence and chaos propagation is not addressed either.
Nevertheless, the questions of existence of stationary solutions for the PDE and the numerical/simulation
aspects of both: the particle system and the limit equation, are deeply studied and several very interesting
results, regarding the existence of oscillatory solutions, are given. Moreover, the effects of the finite size
of the populations are contrasted with the solutions of the limit equation.

The specific mathematical tools used in the present work can be easily traced down to two recent
manuscripts addressing the question of chaoticity of a unidimensional model: Founier-Lécherbach [5] and
Robert-Touboul [12]. The first paper solves the problem under the merely assumption of integrability on
the initial condition, which is a remarkable weak hypothesis. Nevertheless, the path-wise uniqueness proof
(which is at the end the key point of the method) uses a particular distance that is closely related to the
equation itself. A different approach, based on the discretization of the limit equation, is presented in [3].
There, the convergence is proved imposing compactness on the support of the initial conditions. In [12],

1One could think of other ways to deal with this issue. For instance, we could define a set of auxiliary variables M%Y
each of them solving the equation ([2)) with different i.i.d. initial conditions.
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the authors also assume boundedness of the initial conditions, and provide a qualitative characterization
of the qualitative properties of stationary solutions and their stability in the finite-size and mean-field
systems, and a detailed discussion of bifurcations, stability and multiple stationary solutions is given.

The specific mathematical tools used in the present work can be easily traced down to two recent
manuscripts addressing the question of chaoticity of a unidimensional model: Founier-Lécherbach [5] and
Robert-Touboul [12]. The first paper solves the problem under the merely assumption of integrability on
the initial condition, which is a remarkable weak hypothesis in comparison with other models. Neverthe-
less, the path-wise uniqueness proof (which is at the end the key point of the method) uses a particular
distance that is closely related to the equation itself. A different approach, based on the discretisation
of the limit equation, is presenting in De Masi-Galves-Locherbach-Presutti [3]. There, the convergence is
proved imposing compactness on the support of the initial conditions.

To prove the chaos propagation property there are two classical approaches: whether we use the
coupling method or an abstract compactness argument. The coupling is very intuitive and apply in a
very wide range of applications. Nevertheless, usually it is assumed that functions involved are Lipschitz
continuous (see e.g. [I7]). Moreover, the method provides the rate of convergence by explicitly estimate
the difference between the empirical measures. In Bolley-Canizo-Carrillo [1], it is proved that the method
still apply in the case of locally Lispchitz continuity, but imposing some exponential moment conditions.
The second method is much more general and uses a more abstract framework. It was introduced by
Sznitman [I3], and it is useful to prove also the existence of solutions to the SDE, but do not provide the
rate of convergence.

The present model has two main novelties. The first one is that the system is not one-dimensional
but add an extra equation for the coupling variable. This issue implies in particular that attempts to
use the distance of Founier-Locherbach [5] fail unless a more suitable distance is found. Moreover, the
two-dimensional nature of the empirical measures makes that the rate of convergence attained for a L'
Wasserstein distance is lower than N'/2. A perspective of the work is to use a combined PDE/SDE
approach to find a sharper entropy function that allows us to have the necessary uniqueness result (see
e.g. Godinho [0]). The second novelty of the present work is the presence of delays, that is central in the
original PPS model. This issue is solved by using the independence of the random environment (see e.g.
Touboul [I6] [I1]), moreover, the extra terms are treated as locally square integrable processes getting the
sharp convergence rate expected.

Plan of the paper. The paper is organised as follows: Section [ deals with the well-posedness of the
particle system by finding some nice a priori bounds of the solutions. Section[lis related to the path-wise
uniqueness question of the mean field system. The result we get remains very restrictive and only can be
applied for the case of compactly supported initial conditions and /or fast decay at infinite. Well-posedness
of the mean field system is studied in Section [} in particular, we use the compactness argument to find
that the sequence of empirical measures converges to a weak solution of the SDE. Finally in Section Bl we
use the coupling method to find different rates of convergence. An appendix completes the present work
with some general well known results in stochastic calculus theory that are useful to our developments.

2. STUDY OF THE PARTICLE SYSTEM

Throughout the present section we fix the number of neurons N > 1. For p € P(D(R?)) and ¢ €
C(R%), let us denote the duality product,

W) = [ eOn B (e, d8).

Let us notice that for any fixed random environment, i.e., any realisation of the initial conditions, the
Poisson processes and the delays at t = 0, we can construct explicitly a unique solution to the problem (it
suffices to arrange the jumping times and construct the solution by solving the equation in between two
consecutive jumps). Therefore there is a unique strong maximal solution (th N ,XtN N MY defined
on a time interval of the type [0, 7*), where 7 is given by

7 = inf {t >0 : min(| XN, ] XN [ MY]) = o).
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Proof of Proposition [l If we are able to prove that 7 = oo, then the particle system (L2)-(TT) is
locally strongly well-posed proving Proposition [[LTl Then it suffices to find some nice a-priori bounds.

We start by noticing that any solution (X}, ..., XV, M}N);>¢ to (CI)-(T2) satisfies a.s.

(2.1) max XN < max XJN +t, Vit > 0.

Moreover, denoting by X}V the (empirical) mean of (X;), it follows that

N t o)

_ _ 1 i )

xN = Xév(0)+t—NZ/O X;_N/O Liucaxio® ay N (du, ds),
=1

and using that X}V is nonnegative,

N t 00

1 ; . _

N E /O Xsﬁv/o l{uga(X:fV,Mj\L)}NZ(du’dS) S Xév(()) + 1.
i=1

Next, we fix some ¢ > 0, and use the consistency condition (I4) to get that
(2.2) (Fas) (Yme Ry, xz <zj), alz,m) <.

In particular, using that = > z} (1 — 1I<I§)7 we have

N t 00 N t 00
1 i L on 1 i
N Z/O /0 1{U§a(X:fV,MbN,)}N (du, dS) S {L'_E(XO +t)+N Z/O /0 l{uga(mg,M;\i)}N (du, ds),
i=1 i=1
and taking § < 1, we find a positive constant C; such that
1 N t . oo . _
(2.3) NZ/O (1+X;;N)/O Lpycacxiy py p N (duds) < Ci(t+X0) + 28, vt=0,
i=1

where
N t [e'e] )
zN ::Nﬁlz// 1iu<iy NV (du, ds).
=170 Jo

Finally, from equation (L2)

N t—T; [e'e)
(023 7 .
MY < M+ <= Z/O /0 Liyca(xi™ ary oy NV (du, ds),
Jj=1

but a is nonnegative, therefore
N t 00
MY < MY+ 58 1 - N (du, ds) < MY Ci(t+ X))+ zN
N M D0 | Lucao gy M duds) < MY e (Gt + 59 + 2,
j=1

As a consequence, a.s. the following estimate holds
(2.4) My < MY + Ot + XY +2N), vi>o,
for another positive constant C1, depending only on C4, « and e.

Summarizing, inequalities () and (24) implies that a.s. the solutions to ([2)-([1]) are locally
bounded, and therefore 7 = oc. O

Let us now study the integrability of the intensity rate a. To that aim, let us recall some general results
of stochastic calculus for jump processes. First, we notice that for any 1 < ¢ < N fixed, the particle
system equation can be rewritten by

t o
X;’N—XS’N—Ft—/O X;ﬁv/o l{uga(xzf\’ﬂMSJ\’i)}Nz(duadS)v
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oo

t t
ae .
MtN:Mév—a/ Msjvds'i‘ﬁ/ 1{s§t,n}/ Liyca(xiy an oy N'(du, ds)
0 0 0 =M

N t 00
ae .
T N Z/ / Ls<t-my L puca(xiy my )}NJ (du, ds),
j#i 70 0 -
here we see clearly that when the process N has a jump, then both variables are changed at the same

time, unless the jump is in the time interval (¢ — 7;,t]. Let f € C*(R3) a regular test function, thanks to
the previous remark, the It6’s formula writes

t t
(2.5) OGN, MY) = f(XS’N,MéV)Jr/ 3mf(X§’N,M£V)d8—O</ MY 0 f(XEN, M) ds
0 0

e

t
+ / [0, M + 7 L acrry) = FXGN, MY)]a(X 0N, M) ds
0

t=7j ) Qe . ) .
+3° / £, M2+ 5) = PO, M) @l M) ds + MY (1),
i#i "0
If we look carefully, in the no delay case (7; = 0) equation ([23) is coherent with a instantaneous jump in
both variables. The respective local martigale (M}N(s)) is therefore defined by

t
i, (023 i,
(2.6) MyN(t) = /0 [0 MY + 1 acery) = FXY, M)
X [/0 l{uga(szN)Mﬁ)}Ni(du,ds) —a(X2N MmN ds]
t—T;
/ i,N acg i,N
23 [T o+ ) e Y )
#i 70
X {/O 1{u§a(X§;N)Mév7)}Nj(du,ds) —a(XgFN,MSN)ds]
Lemma 2.1. If the intensity function a(-,-) satisfies the growing condition ([[LIIl) then, any solution
(XHN XN MN) s to (CI)-(2) with initial data such that

(2.7) 122%)§VE[Q(X8’N,M6V)‘I] < 00,

with g € {1,...,5}, satisfies
(2.8) E[(un(t),a?)] < o0, >0,

In the no delay case, there is 9 such that in the weakly connected regime € € [0,£¢), the growing condi-

tion (LII)) can be replaced by (LI2).

Proof. We start by applying Itd’s formula (21) to f(-,-) = a(-,-)? (using a stoping time if necessary) to
get

a(x;N, M) = a(Xé’N,MéVV”/ a(XoN, M) 9,a(X N, M) ds
0
t
—qa/ MNa(XEN, MM 9,,a(XEN, MY ds
0
¢ ae i i
+/0 [a(0, MY + W1{5St_n})q —a(XEN, MM a(XEN, MN) ds

t . .
3 [ [ o 58" = (M) a0, MY s MG )
i 7T
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Using that a(0,-) = 0, and that a is non-negative and non-decreasing function in both variables, we get
that

. . t .
a(X;N, MM < a(xpN, MY >q+q00/0 a(XPN, MN) ds

t
€ ; ] i
+qC5 > / (XN MY (XN MYy ds + MUY (1),
j#i T

implying that
) ) t ) t ]
a(X;N, MM < a(XS’N,Mév)q+qCO/ a(XIN, MY ds_/ a(XPN, MY ds
0 0
t t .
—i—quas/ a(Xg’N,MSN)qu—i-qu%Z/ (X3 MY ds + MV (8),
0 0

J#i
Next, we multiply by N~! and add over i € {1,..., N}, to get

(v (8)0%) < ().t +4Col1 ) [ Guws).atyds

t 1 N .
+aCaas [ Guv().a) s+ 15 M)
O .

taking expectation and thanks to Gronwall’s lemma we get the conclusion.
In the case of ([LI2)), coming back to Itd’s formula (Z3]), we get

) . t ) t )
K M) = O MY 0 [, M [ A2

N t
+aCoy [ SEalXEY MYy MY ) ds+ MY ()
= 0 N J J
therefore

(pn (t),a?) = <MN(O),GQ>+C]CO/O<MN(5)7aq>d5_/0 <MN(S),aq+1>d8

t N
+ 2qC’0aa/ (un(s),a?™)ds + N1 Z./\/lfltfv(t),
0 i=1
taking expectation we see that the result holds as soon as 1 > 2 ¢ Cpae. O

3. PATH-WISE UNIQUENESS OF THE MEAN-FIELD SYSTEM

The object of this brief section is to prove under what circumstances the mean field equations (LH)-
(LE) are well posed. We restrict our analysis to a very strong hypothesis that englobes many of the
applications that can be considered.

We start by stating some equivalent upper bounds on the solution to the limit equation (II)-(T2)
for the mean field system. The proof is very similar to the arguments used to get 1) and (Z4]) and
therefore we do not go into full details.

Lemma 3.1. Any solution (M, Y:)i>o to (LI)-C2) satisfies a.s.
(3.1) Vi < Yo+t  Vt>0.

Moreover, there is a positive constant Cs, depending only on the parameters of the system, such that

(3.2) /Ot]E[(l +Ys) a(Ys, My)]ds < Co(E[Yo] + ), Vit >0.
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As a consequence, there is another positive constant C%, such that a.s.
(3.3) M, < My + C5(t + E[Yp)), Vit > 0.

Proof. Inequalities B.I]) and ([B.2]) are easily checked by recalling (ILT]). The last one, is a consequence of
a change of variables. Indeed, we have that

/Ot/OsE[a(Ys_w,Ms_w)] b(dw) ds=/0tb(dw) /tE[a(YS_w,MS_w)] ds

w < /Otb(dw) /OtJE[a(YS,MS)] ds.

Finally, we use again that y > ys(1 — 1{,<,,1) to get

t t
| Elatva M) ds < o5 B3]+ 0+ [ Blatws M) ds
0 0

and the conclusion follows. O

Proposition 3.2. Path-wise uniqueness holds true for the mean field system (LH)-(LH), in the class of
processes (Y, My)i>o such that there exist deterministic locally bounded functions A, B : Ry — Ry such
that a.s. ([L8)) holds.

We remark that thanks to inequalities (B)) and (B33)) we have that if initial conditions are compactly
supported, then there are indeed some deterministic locally bounded functions A, B as in the previous
proposition.

Proof. For any two solutions (Y, My);>0 and (Y}, M/);>0, driven by the same Poisson measure A and
identical initial conditions (Yp, My) = (Yy, M{), it holds
t s
BIM - M| < ac [ [ Ela(Viu M) = aV ML) bdw)ds
0 Jo
¢

< ae / El|a(Ys, M) — a(Y!, M?)[] ds
0

and
t
BY: - Y/[] < | E[Y.+ Yilla(¥., M.) - a2, )] ds
0
We know that a is a regular differentiable function, therefore it is Lipschitz continuous and bounded
on compacts. Since both coordinates are bounded for some deterministic (A(t), B(t)) locally bounded

functions, it follows that there exists Cp a constant depending only on an upper bound of A and B and
the time horizon T > 0 such that

t
IE[|Yt Y/ + | M — Mt’|] < C’T/ IEHYS Y|+ | M, — MS’H ds, VO<t<T,
0
and the conclusion follows by applying Grénwall’s lemma. O

These strong estimates are actually a consequence of the fast that assuming bounded initial conditions
essentially reduces the system to considering Lipschitz continuous intensity rate. We can reduce these
assumptions by asking fast decay on the initial conditions. More precisely, since

Vi<Yo+t<R = {YW+t<R}C{Y <R} = PM+t<R)<PY;<R),
then, if initial conditions have an fast decay at infinity as (.I0), then
P(YO > R) = ]P)(e“’YUE > e“’Rg) < ef“’R{IE[e“’YUE} < C, ef“’Rg,
for some w positive and ¢ given by (L9, it follows that

P(Y: > R) < P(Yp > R—t) < Ce (R0°,
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and an equivalent inequality holds true for My,
P(M; > R) < P(My > R — Cy(t +E[Yp])) < C,, e @(F-Cal+ENOD),

Proposition 3.3. Under mean field condition (LII) and growth restriction (L9), path-wise uniqueness
holds true for the mean field system ([LA)-(LG), in the class of processes (Yi, My)i>o0 such that for any
t >0 4t holds

sup {E[ew()/Sg‘LME)]} < 0.
0<s<t

Proof. We start by noticing that since exponential moments are bounded, then all polynomial moments
are bounded. In particular,
Ela(Yy, M;)*] <E[CH1+ Y + M) < o,
for any time ¢ > 0. Thanks to hypothesis ([L.IT]), we also have that
|a(Ys, My) — a(Y{, M])| < Co (a(Ys, M) + a(Y, M) |Ys = Y{| + Co| M — M.

Consider now
EY,M)={ sup Y, <R, sup M, <R},

0<s<t 0<s<t
then
t

t
E[|Y; — Y/[] g4cORa(R,R)/ ]E[|YS—YS’Hds+2COR/ E[|M, — M![] ds
0 0

& [ B+ ¥R (Y2, M) — a7, MO TR, M) B, A7) s,
0

and

t t
E[|M; — M;|] §2a500a(R,R)/ E[|Yy —Y,|] ds—l—aaCo/ E[|My — M| ds
0 0

t
+ac / E[la(Ye, M) — a(Y2, M0)P]/*B(E(Y, M) VHB(ES(Y, M)/ ds.
0

Using Gronwall’s lemma, we conclude that there exists a constant C' depending only on the parameters
of the system, such that for R large enough
E[Y: = Y{| + |M; = M{|] < CpeCrReRRIp(e(y, M) P(E(Y!, M")Y/*,
but using the fast decay at infinite
B[JY, — Y|+ 1M, — M| < CreCrmnme=sa’

where the constant depends on the time horizon T, but not on R. Finally thanks to hypothesis (I3]), we

get the conclusion:
R—o0

exp (CTRa(R, R) — %Rf) fimeo ),

4. THE MEAN FIELD SYSTEM & THE COMPACTNESS METHOD

So far, we know that under relatively weak assumptions on a(-, -), for each N > 1, and (go, mo)-chaotic
initial states, there exists a unique solution to (LI)-(L2). Now we study the convergence of the this set
of solutions as IV goes to infinity, i.e. the tightness of the sequence of empirical measures puy. To that
aim, we start by recalling (see e.g. Jacob-Shiryaev [7, Theorem 4.5, page 356]):

Aldous tightness criterion: the sequence of adapted processes (th’N, M}N) is tight if
(1) for all T >0, all € > 0, it holds

lim limsup sup P(|MY — MY+ X5 — X&V| > €) =0
§—0t  Nooo (SyS’)GA(SyT

where As 1 is the set of stopping times (S,S") such that 0 < S <S8 <S+6<T a.s., and
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(2) for all T >0,

lim sup P( sup (MN + x}N) > K) =0.
K—o0o N>1 t€[0,7

Proposition 4.1. Under hypothesis [(L3)) and [A). Consider two probability distributions go,mo such
that

[, @4 m® 4 alo,m))go(d) ma(do) < o
R2
i1
and the correspondent family (XN XN MN) s of solutions to (TI)-([2), starting with some
i.5.d. random variables XS’N with common law go, and independent of the mq-distributed M. Then

(i) the sequence of processes (X;™, MN)i>o is tight in D(R?%);

(ii) the sequence of empirical measures puy is tight in P(D(R3)).

Let us remark that the sequence Z' := (X} M}N) is exchangeable, then (ii) follows from (i) thanks
to Sznitman [I4] Proposition 2.2-(ii)]).

Proof. We only need to show the Aldous tightness criterion, let us notice that the second condition is
easy to show. Indeed, from estimate (21 we get that

1/2

E[ sup XPN] < EX;NM+T < (/ I2go(d$)) +1T < oo,
0<s<T R

and recalling (24)), we notice that

E[ sup M| < E[MJ']+ C{(T +EX{]+E[Z)]) < o,
t€[0,T]

because Z}¥ is the mean of N i.i.d Poisson(T)-distributed random variable. We deduce that the expec-
tation of the lefthand side is finite, independently of the value of N.

Under the assumptions on the initial distributions, the first point is not very difficult to prove either.
Indeed, by definition

8" poo
1 Xg™ - XN < (5= 9) +/S /0 X g an N (A, ds),

and

N S’ Joe) ’
(MY - MY < %Z/ / 1o apv N (du,ds) +a/ MY ds.
=ds o i s

J

Moreover, using Markov’s inequality

s’ 0o
1,N 1
]P’(/S /O XNy g N (du ds) > 0) < E[/

S
< 612 ]E[(/T a(vaN,ij)st)l/Q},
0

which is finite independently of the value of N thanks to Lemma [ZI1 The first term in the second
inequality is handled in the same way. Finally,

E[/: MSNds} < 61/2E[(/0T(ij)2ds>l/2},

which is also finite thanks to the assumption on the initial condition.

S+46
a(X2N, M) ds|

O

The natural next step, in the proof of existence of solutions to the nonlinear SDE, is to prove that any
limit point of the tight sequence uy is a solution of the mean field limit system, which is usually called
consistency of the particle system. This result is stated in the following
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Proposition 4.2. Under the same hypotheses of Proposition[{.1], any limit point j of pn a.s. belongs to

S = {E((Yt,Mt)tzo) 0 (Vy, My)i>o0 is a solution to (LA)-(LQ) such that

t s
L(Yy) = g0, L(My)=mo and / / Ela(Ysw, Ms—w) b(dw)] ds < oo, Vit > O}.
0o Jo

A previous step that simplifies the proof of this result is the
Lemma 4.3. Let us consider t > 0 fized and define 7, : D(R2) — R3, by
ﬂ-t(’%ﬂ) = (”thﬁt)-
Then, Q € ]P’(D(Ri)) belongs to S if the following conditions are satisfied:

(a) Qomy ' = (g0, m0);
(b) for allt >0,

t ps
/]D(RZ ) /0 /0 CL(Fstwa ﬂsfw) b(dw) ds Q(dr-)/, dﬂ) < 00

+
(c) for any 0 < sy <...<sp<s<t, any g1,...,or € Co(R2), and any ¢ € CZ(R2), it holds

F(Q) = / / QUdv",dBY) Q(dr. dB2) o (7L, BL) ... or(r B )
D(R2 ) /D(R2)

+
’

t s
[t 8) = 028 = [ dsetatpl) [ —asl +ae [ ao? .82 blau)] s

t t
—/ 3#(%1/,[35/)615’—/ a(ver, Be) (0, 8%) — ¢(var, Bar)] dS'} =0.

Proof. Let us consider a process (Y, M;)¢>o of law @ which satisfies (a), (b) and (c¢). From (a) and the
independency of mg and gy, we have

L(Yo) = go, L(Mo) = ma,
and from (b) we have that

t s
/ / Ela(Ys—w, Ms—w)] b(dw) ds < 0o, Vit > 0.
o Jo

Finally, from (c) we have that for any ¢ € CZ(R2), the process
t s
oYy, My) — (Yo, Mo) — / 0sp(Ys, M) [ —aM, + 045/ Ela(Ys—s, Ms_s)] b(ds’)] ds
0 0

~ [ et ds = [ a¥e, Mo (610, M) — 9072, M) s,
0 0

is a local martingale. The conclusion follows as an application of Jacob-Shiryaev [7, Theorem I1.2.42
page 86] and [7, Theorem I11.2.26 page 157]. This result is classic, but for completeness of the present
manuscript, we provide some remarks on Appendix [Al O

We finish this section by giving the proof of Proposition

Proof of Proposition [{.2 At this point, the problem is reduced to prove that conditions (a), (b) and (c)
of Lemma hold. Since we do not have much information about p we cannot work directly with it.
On the other hand, we know that px (up to subsequence) is converging to p, therefore, it seems natural
to use equations (LI)-(T2) adequately and then pass to the limit.

Step 1. Let us recall that for any N > 1, the random variables XS"N are i.i.d. with common law gg, and
that MY is random variable with law my, independent of (X2 ). It follows that

N
_ .1
luoﬂ-ol = lim Nza(xé,NﬁM(J)V) = (907m0)'
=1

N—o00
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We also have, by the Fatou’s lemma and inequality (23]), that
Bl [ 2)/ [ B A K] ) ds . )]
D(R

< hmlnf—Z/ / [a(XPN MY )] b(dw) ds < oo,

N —o00

for any ¢t > 0. Letting K — oo we get (b).
Step 2. It only remains to prove (c), to that aim, we start by noticing that F(ux) writes

N

1 7 7

— NZ% (XEN MY pr(XEN MDY
t t

[N M) 0N MY) [ 0,0 MY d [ MYOup(X M) d

t . .
- / [0(0, M) — (X5, MYV a(X5N, M) ds’

t .
—/ App(X 5N M) O‘EZ/ a(XIN MY ) b(dw) ds'|.

At the same time, using the Itd’s formula (Z3]) to the test function ¢(-,-), we have

t
PV MY = (XY, MY / 0,00 M) s~ a [ MY0up(xX3Y M) s
0

/ ( 1{5<t TZ}) (X;;N’MS]Y)]/O l{uga(X;}N,MS]\/])}NZ(duadS/)
t—7;

i Qe i, o0 1 )
+ Z/ Xs Jq\L[T 7M '+, W) (Xs ]J\r]T 7MSN+T )] ‘/0 1{u < a(Xg’N7Ms]Y)}NJ(du7dS/)7
J#i

implying, that F(ux) can be rewritten by

s1 ? Sk

LS (I M) (X MR — BEY) 4 (AR — A
with
RyY = /Ot [@(O,Ms]\i + aﬁal{sgt—n}) (XN, MY )]
X [/000 1{u§a(X§;N,M§V,)}N (du,ds) — a(X;_N,MN)ds}

and

t—T7;
i,N oe PN )
Ay : E / / Xy +7-J MﬁJm-j + W) - ‘P(Xs,+7j7Mﬁ+rj)]1{u§a(X§;N,MéV7)}NJ (du, ds)
JFi

/ Dpp( XN MN)YEE Z/ (XPN MY ) b(dw) ds.
Using that the Poisson processes N are i.i.d., we get that the compensated martingales Ri’N are orthog-
onal, and thanks to the exchangeability, we get that

C
E[lF(un)l] < \/—%E[(Ri’]v = RyMPY2 4 CpE(IALY |+ 1AFN])
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for some positive C'r depending on the upper bounds of the test functions composing F'. Moreover, the
first expectation is bounded uniformly on N:

t
BRI — R < Cp [ Bla(x M) ds

which is finite thanks to ([2.3]).
For the second expectation, we split Ai N in four quantities that can be handled separately:

t—71
1,N 1,N N ac 1,N N 1
|At | < ~/O ‘ (Xs +7'17Ms +71 W) (Xs +7'17Ms +Tl)’1{uga(Xsl;N,MS]\L)}N (du?ds)
t—T7; ae N
+ ’ E :/ s JrTJ Ms]\erTj + N ) - <P(Xsli+rjaMs]\z+Tj)}

X {/0 l{uga(xg,ﬁNﬁMﬁ)}NJ—(du,ds)—a(Xg’N,MSN) ds”

1,N ae LN e .. ‘
- Z/ XS+TJ MS+T + W) B (X5+TJ MSJY"TJ') a N 8 (Xs-i-n Msj\-[i-r )]a(X?Na MSN)‘ ds
+Cps ‘Z(/ (x5 M ds—// (XN M w)b(dw)ds)‘::ﬂ—y%_;_%_i_%'

The first three terms are controllable simply using that ¢ € CZ(R%). Indeed, for any (z,m) € R%, we
have that
2
p(m+ 52) = wlw.m) + 5 Dol m) + 5 (50 ) Oplar,m) + O(N ),
using again (2.3]) we get that the respective expectations are going to 0 when N goes to infinity (using
Holder’s inequality to find the convergence).
The contribution of .7, must be handled more carefully, nevertheless, we have that

t
Edclays[/ a(XIN MY ) / / (XIN MY ) ds b(dw) / / (X2N MY ) b(dw) ds.
for any 1 < j < N, therefore, each term defined by
t
F;.a(t) ;:/ a(XIN MY ) ds—/ / (X3N MN ) b(dw) ds,

has zero expectation. Using that the delays 7; are i.i.d, we get that
E[f%,él(t) X %74@)} = E[Edelays[%,él(s)] X Edelays[%A(S)]] =0,

it i # k, then
ac ) w 1/2 ae 97\ 1/2
E[7] < CFW(J_EIEMA(Q x Foat)]) " ds = CF\/—N(E[(%A(U) )"
Finally, using Lemma 2T we see that
E[Zia(s)?] < m[(/ a(X2Y MYy ds / / (XA, MY ) bldw) ds) .

T1

the first quantity is bounded because

t LN t 1/2
/ a(X0N MY ds < 117 x (/ a(Xi’N,Miv)zds) :
T1 0
and the second because of

¢
// Xslj\{U,MN ) (dw)dsg/a(Xsl’N,MsN)ds,

0
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summarizing, 7 is also going to 0 with N.

Step 3. Before passing to the limit we still need to be sure that no mass is added in the discontinuity
points of the paths, i.e., we need to check that for any ¢ > 0, a.s.,

p({(v,B) = A(v,B)(t) # 0}) = 0.

The proof is exactly as in [5, Theorem 5-(iii)-Part 2] but for completeness we give some remarks. In
order to get a contradiction, we assume that there are some b,d > 0 such that

PE] >0, with B = {u({(,5) : max(|Ay(t)], AB®]) > b}) > d}.
Therefore, for any € > 0, it holds

BC{u(B) > ) Byi={n: _sw  max(A9'()],|A2°()) > b}
se(t—e,t+e

Moreover, Bf is an open subset of D(R? ), then
Pia={Q € P(RY) : Q(B) > d} C P(D(R3)
is also an open set. Thanks of Portmanteau theorem we get that for any e > 0,

lim inf P(uy € Py 4) > P(u € Py 4) > P(E) > 0.
— 00

On the other hand, for N large enough, the jumps in equation (L2) are smaller than b and then the
problem is reduced to control the size of the jumps in equation (II]), and in particular to show that

N
1
€ E :
]P)('UN < Pb’d) = ]P(N i—1 1{ [hap! i /\/i(du,ds)zl} = b) — 0,

N
t fua(xPN MN )}

which can be easily done using the same arguments of the proof of Proposition 411

Step 4. Now we see that F' is a continuous function at any point @ € P(ID(R?) such that
QU B) + A(y, B)(s1) = ... = Ay, B)(sk) = A(7, B)(s) = A(7,8)(t) = 0}) = 1,

and

t ps
/]D)(]R2 ) /0 /0 a(Vs—w; Bs—w) b(dw) ds Q(dvy,dB) < oo.

i1
Thanks to Step 2 and 3 we know that our limit belongs to this subset of P(D(IR? ), and therefore

E[|F(u)]] < lim limsupE[|F(un)| A K] = 0.
K—0o N
O

So far we have built a weak solution (Yi, Ms)i>0 to the mean field system ([[H)-(LCH), such that

fot J5 Ela(Ys—w, Ms—y)] b(dw) ds is finite for all times. Thanks to the path-wise uniqueness result of
Section [3] we can go a little further by providing the

Proof of Theorem[1.3. Proposition gave us already the existence of a weak solution such that (7))
holds true. Furthermore, if the initial laws (go,mg) are compactly supported, then thanks to inequali-

ties (31) and (B3), we get that a.s.
Vi S Yo+t < Sg +t=1A@1), M < Mo+ Cy(t +E[Yo]) < Sm, + C3(t +E[Yo]) =: B(t),
with Sy, (respectively S,,,) any upper bound of the support of gy (resp. mg). Proposition B2 implies

that there is a unique solution such that the previous conditions hold true, and this solutions is exactly
a process with law p (it suffices to pass to the limit in the associated particle system). O

The existence of a strong solution in the case of exponential decay of initial conditions is similar and
therefore omitted.
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5. MEAN-FIELD CONVERGENCE BY THE COUPLING METHOD

In this final section we use the ideas of coupling to prove a quantified version of the convergence of the
empirical laws py towards the law of the unique process that solves (L3 and (L6). We start by noticing
that, thanks to Theorem [[.3] there exists a family of stochastic processes

(5.1) W MY MY s,
such that .

}/ti’N = Xé’N +t— /0 }/SiLN /0 l{uga(YSi;N,Mz;N)} N (du,ds),
and

) t ) t s ) )
M = MY — a[/ MY ds — 5/ / Ela(YEN | MY ) b(dw)ds |,
0 0 Jo

where the initial conditions and the Poisson processes are exactly as described in the introduction. In

the following, we use the notation 7y (t) for the empirical mean associated to the exchangeable family
(Y2 (t), MOV (1))
By the definition of X", it follows that

t o]
i, N N __ N i,N i
X, =Y = /0 /0 [—X57 1{u§a(X§;N,M§V,)} +Y, 1{u§a(YSi;N,M§;N)}}N (du, ds),
then
6:2) BN =¥ < = [E[X0N < viN Qe M) na(vi, 3] ds
0
t
+ / E[(XEY 4+ Y2V [a(XEN, MY) = a(vEN, M) | ds.
0
Since initial distribution are compactly supported, we notice that Y;’N < A(t) and MtZ N < B (t) for

some locally bounded functions A, B independent of N. Therefore, a is bounded and Lipschitz continuous
in both variables. Then, for any i = 1,..., N, we get that

t
E[|XN — YN < CT/ E[(1X5Y = YoM + MY — M3N))] ds,
0

for some positive constant Cr independent of N. Similarly, by the definition of M}, we have
1 N a N t
iN i,
(53) & D EIMY - MM < & Z/O E[|M — MpN|] ds
i=1 =1

Nt
ag i\N A sN N agi,N
T2 [ Bl ) o, A s

N —Ti s
+ o] [ aori N yas - [ ot a v as) |

we finally see that using the arguments of Step 2 of the proof of Proposition 2], we notice that there is
another positive constant, that we also call Cp, such that

Ly N 0N _CT Cr i iN iN N iN
N ;E“Ms - Ms |] S N1/2 + W ;/O E[(|XS/ - }/S’ | + |Ms’ - MS’ |)} dS,
getting the

Proof of Theorem [1LA - (compactly supported case). Gathering (52) and (53] and using the Gronwall’s
lemma, we get that

N
1 N . c
=SR[N - Vi Y - V)] < D
=1
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To finish, we apply Fournier-Guillin [4, Theorem 1] with d =2, p = 1, ¢ = 2 + ¢, to find that there exists
a positive constant C' independent of N such that
1/2+elog(l + N)

N1/2 ’
but, since the initial laws (go,m0) are compactly supported, all polynomial moments of the solution are
upper bounded by a constant independent of N. Using triangular inequality we get that

E[Wa (un (8), LG, M)] < B (v (8, m (4))] + EV (nw (8), LAY, M)
log(1+ N)
N1/2

since S has only one element we conclude that locally in time

E[Wi (nn (t), LY MY < CE[(Y, M)A

< Cr

pn S22 L(YEN, MBNY),

as log(1 + N)/VN. O

Let us now explain why we cannot conclude using the same technique in the fast decay case, i.e., to
mimic the path-wise uniqueness proof. Recalling It6’s formula ([Z3]), we get

E[lx;Y - Y] < /0 Ela(Xe™, MY) = a(YPN, MM < [X0N + Y] ds.

Moreover, thanks to the fast decay at infinite it suffices to define the event

&in={ sw [XiN| <R, swp V] <R},
0<t<T 0<t<T

to get that
_ _ t . . t .
E[|x;N - Y"N|] <2Cy Ra(R, R)/ E[| X5 — v ds + 2OOR/ E[|MY — MY ds
0 0
+ CrP(EF §) 2.
Finally, multiplying by N~! and adding on i, implies that

1 N

t N
6:4) 5 SEIGN -V <200 Ra(R R) [ 5 SB[ - vV ] ds
i=1 0 i=1

t N
1 N i,N c \1/2
- 2003/0 ~ ;EUMS — M| ds + Cr max P(E )",
On the other hand, the difference between MY and MtZ N is controlled by noticing that

. ¢

0

t s ) ] ca N t—7; - ‘

vac [ [ B M oawnds = 5 [ v aa¥)as
0 Jo o
ca QL [T
N j N i\N asN
+N;/o [a(v™ ) — (8™, 212 s

N t—T; 00
EQ J .
N Z/o /0 Luga(xi aryyy V7 (du,ds) — duds].
i=1
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The first term on the righthand side has a nice structure, and the third one is controlled by
t
| Ella( 2 — a6, 31 ] ds
0

t
< CrP(&§ §)"? +2C) Ra(R, R)/ E[|X)N = YPN| 4+ [MPN — MY ds
0
which is equivalent to (54)

The other two quantities are a little bit more delicate to handle, but using exchangeability and recalling
the definition of 7 4(s) (see Proposition 2], gives

(/ / o0 M) e = /ot_Tj a(YSjW’M‘g)N)dS) ]51/2 [F1a(s) }1/2,

and for the last contribution, we simply recall that the Poisson processes are independent, to get
N t—7; 0 t 1/2
i Ex 1I,N 3 sN\2
Z/ / l{uga(xg,NﬁMﬁ,)} [./\/J(du,ds) - duds} < N2 / E{a(XS M) } ds.
=170 0 0
We gather all the previous inequalities to find

N
S E[XEN - YN 4 Y - M)

=1

C t1 ¥ | | »
1/2 T "N yi,N i,N N
< Or max P(€{ )" + 575 +C Ra(R, R)/O N E‘_lEHXS, YN+ MEN — MY ] ds,

but, even if we use Gronwall’s lemma and condition (L9, we still can pass to the limit R — oo because
of the presence of the extra term NC;% on the righthand side.
6. FURTHER ASYMPTOTIC ANALYSIS

So far, we have seen that if initial condition are strongly bounded (in the sense of a.s. lie inside a
compact) then we get a nice rate of convergence, which is somehow sharp, on the L' norm.

We explore now, under what circumstances these results still hold true in a larger space. To that aim,
we use the a priori bounds and the integrability of the intensity rate. Let us start by a result that tell us
that the intensity function remains with high probability bounded.

Proposition 6.1. Under the assumptions (L3) and (A, for any positive horizon of time T fized, there
is some positive constant Cy,r such that

(6.5) P(OE?ET max ((uN(t),a2>, <77N(t),a2>) > Cmf) Nooo, 0,

as 1/N.

Proof. Let us recall that from It6’s formula ([2.5]) we get, for a generic function f(-, -), that the compensated
local martingale writes

i,N ! N ag iwN N
Mf (t) = /0 [f(O’MLJrn + Wl{sﬁt—ﬂ}) — f(X, M >)}
X |:/ 1{u<a(X’f’N MN) ./\/Z(du,ds) —a(XSi’N,MSN) ds}
0 s

i, age i
+ Z/ Xs ]\ZH' 7MSN +7; + _) - f(Xs),]\;TﬂMs]\erTj )} 1{5St77'j}
JF#i

X {/ Liycaixiy an N (du, ds) —a(XgFN,MSN)ds]
0 2]
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Using that the local martingale MZ2N (t) is locally integrable and that a(0,-) = 0, the associated brackets

processes, in the case f = a?, are given by

M0 = [ a0 an2as

MY Qg2 N N 2 i\N AN
+Z/ s +T] s +7; + W) _a(Xs,+Tj7Ms,+Tj)2:| l{sSt—‘rj}a’(Xg 7Ms )dS,
J#i
and, for 7 # 7,
(M, M) () =
t
i N (%3] N i
_/0 a(XsvaMsN) |: (Xg +7i0 Ms]\i—i-n +W) (X.g 4740 Ms]\z+ri)2:| l{sgt—n}a(Xs)NvMsN) ds
t
i i,N QE\ 2 iN i,
_/0 a(X?NvMsN)z [G(Xs,JrT 7MSN+TJ N) _a/(Xsf+Tj’MS]\i+Tj)2:| 1{S§t*7'j}a(Xg N7MSN) ds
MY QeN2 PN N 2
+ Z/ s +Tk’ s +Tk+ﬁ) _a(XS—+Tk7MS—+Tk):|
k#i,j
; N Qe ; N kN 7 rN
|: (Xg +‘rk7Ms +‘rk+ﬁ) (Xg +‘rk7Ms +‘rk) :|1{5St_7'k}a(Xs— aM )d

Now, define M%(¢) = N~! Efvzl ./\/l:lz,N (t), it follows that

N
N ()21 N _ 1 Cr
E[( sup ME(0)'] =E[(MA)(0)] = FEl? )+ 22 M) < s
where the last inequality is obtained using the same arguments of Proposition 21l In particular, we get
that
Cr
P[ sup MN(t) > 1] <E[( sup M2%(1)%] < -

0<t<T 0<t<T

We come back to ([ZH) in the case f = a? to get

(un(t),a*) < (un(0),a%) +2Co /O (v (s), a®) ds + M2 (t)

—l—QCOaE/O sup {(un(s"),a)(un(s),a)ds,

0<s’'<s

therefore, conditioning on the event supy;<p M2 (t) < 1 we get

t
sup (un(s),a?) < 14 Coae + (un(0),a?) +2Co(1 + 2 ae) / sup (un(s'),a?) ds.
0<s<t 0 0<s'<s

Finally, we recall that
N
<,UJN Z XZ N MO )

and by the law of large numbers we realise that there is a constant Cr such that

PGax(0),0%) > 1+ Bl(X3", MD)] < 7,

and we deduce that indeed (uy,a?) remains with high probability bounded.
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Finally, let us recall that
t

oV MNP < N MY+ Co [ alvi N AN ds
0

t s
+CO/ a(Y;’N,MSi’N)/ Ela(Y N, M2N)] b(dw) ds + M2 (t),
0 0

and fo [ YSZ N Ml N )} b(dw)ds < Cp, with an upper bound independent of N. Moreover,

t
(M) (t) = /0 a(YIN MNP d,

which in expectation is bounded thanks to the fast decay at infinite of the initial conditions. Then, from
the independency of the Poisson processes, we also get

B _ C
P Nit)y>1] <E N (1)?] = —E <=
2B, MO 2 1 <El( g, MEO)] = N

O

Finally, we have all conditions to quantify the convergence of the empirical measures in the space of
functions with fast decay at infinity.

Proof of Theorem [ - (fast decay at infinite case). Starting once again with the It6’s formula ([2H), we
have that

E“XZ)N _ Y;LN” < / IE“@(X?N’MSN) - a(ysz,N,MS%N” X |X;;N + Y;,Nﬂ ds
0
Moreover, defining the event

En = { sup (un(t),a*) < Cpy,  sup (nn(t),a?) < Cmf},
0<t<T 0<t<T

we get that
E[lx)N - Y;N|] < OrP(eg) 2
t
4 [ E[laCxi 2 = (v M) x (X 4 VIV e, | ds
0

From hypothesis (L9) and Jensen’s inequality, we have

_Z|X1N
i=1

therefore, multiplying by N~! and adding on 4, we conclude

N 1
Z X;N MN 2(1—-p) S ]’i] [</J'N(t) 2”1_/77

N
% Z]E“XZ’N —YN|] < orP(eg) 2

N Z/ a(XON MNYO=0) (YN | AN )20-0) 4| xiN 204 | |Y1N|2(1+p))1€ }d 7

therefore there is a positive constant Cr, not depending on N, such that

N
1 i i . Cr
N ZE“X{N - Yt’N@ < CrP(EY)? + N

i=1
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On the other hand, the difference between MY and M; N is controlled by noticing that

MpN - MY = —a/ (MY — MN)ds
0

+a5/0t/OS]E[a(Y;’_ b dwds——Z/ a(YP?N, M) ds
Z/ (YN MINY - (ngN,M;V)} ds

N t—1y 0o
ca j ‘
N Zl/o /0 Liuca(xs M)y [N (du,ds) — duds].
j=
The first term on the righthand side has a nice structure, and the third one is controlled by
t
[ Bl ) - aCe2 ¥ a1 s

0

t

< CrP(ER)* + Oo/ E[| MY — MN|] ds
0

t
+ Co/ E[(a(Xg’N,MSN) +a(YIN, MINY) x (XN 4 YSj’N)lgN} ds.
0

The other two quantities are a little bit more delicate to handle, but using exchangeability and recalling
the definition of 73 4(s) (see Proposition[L.2]), gives

(/ I e D | R S L

and for the last contribution, we simply recall that the Poisson processes are independent, to get

N t—7; [e'e) t 1/2

. EQ
‘E /0 /0 Lt i) (/\/’J(du,ds)—duds)‘ < —NI/Q/OIE{a(X;vN,MjV)ﬂ ds.
=1

Gathering all the previous inequalities leads to

C C ¢ )
< s+ vy OrP(ER) 2 + O [ BIMEY - MY )] ds,
0

from where we finally get that

. ) . 1 1
E[(|X;)N - Y917N|2 + |M;)N - M.éN|2)j| S CTeTCT max (Wa m)u

we notice that the best convergence rate is in the case of p = 1/2. 0

APPENDIX A. GENERAL THEOREMS FOR STOCHASTIC PROCESSES

Remarks on the proof of Lemma Let us recall that the last thing we got in the main text was
that for any ¢ € CZ(R2), the process

(A1) w(n,Mt)—w(Yo,MO)—/o &ncp(Ys,Ms)[—aMs+aE/OTE[a(YS_SI,MS_s/)]b(dsf)}ds

~ [ et Moyds = [ at¥e, M) (10, M) = o072, M) s,
0 0

is a local martingale.
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Let us recall now the Jacob-Shiryaev [7, Theorem 11.2.42 page 86]

Theorem A.1. There is equivalence between:

o (Y, M;) is a semimartingale, and it admits the characteristics (B,0,v); i.e., (Y, My) writes
(S/tu Mt) = (Y07 MO) + MC + B7

where M€ is the continuous local martingale of the canonical decomposition, B is predictable and
v 1s a predictable random measure on Ry X Ri, namely the compensator of the random measure
associated to the jumps of X.

e For each bounded function p € C*(R?), the process

t t
(Yo, My) — (Yo, Mo) — / Dye(Ya, M, ) dBY — / Do (Yoo, M,_) dBT"
0 0
t
- / {SO(YVt— + Y, Mt— + ‘T) - SO(YVt—u Mt—) ) ayQO(YVt_, Mt—) - mamﬁp(Y;t—a Mt—)} I/(dS, dyu dm)
0

is a local martingale.

Then, in our case of study, by choosing the characteristics

t t s
BY = / [1+Y;a(Y;_,MS_) ds, B = / [—aMS+ag/ Ela(Ys_y, My_y)] b(ds’)} ds,
0 0 0
and by
v(ds, dy,dm) = a(Y,_, M, ) ds5_y.  (dy)do(dm),
we get that (Y3, M;) is a semi martingale.

As for the second important Jacob-Shiryaev [7, Theorem I11.2.26 page 157] cited in the main text, let
us now rewrite their general result to our study case. Consider the stochastic differential equation

(A.2) {(Y07M0) = (&,ém)
' d(Yy, My) = B(t, Yy, My)dt + 6(t,Y,—, My, 2) (N (du, dt) — q(du, dt)),

where A is a standard Poisson process with intensity measure g(du, dt) = du dt.

Theorem A.2. Let n be a suitable initial condition (i.e., a probability on Ri), and 3,9 be

B = (B,5%), a Borel function: Ry x RL — R2,
§ = (6',6%), a Borel function: Ry x Ry x R — R3.

The set of all solutions to (A2l with initial condition n is the set of all solutions to a martingale
problem on the canonical space where the characteristics (B,0,v) are given by

t
Bi(w) = / B (s, Yy(w), My(w)) ds, v(w,dt x dydm) = dt x K;(Yy(w), My (w),dy,dm),
0
with
Kt(yumuA) = / 1{A\{O}}(5(t7u7y7m)) du.
0

We notice that (Yz, M;) indeed solves the Martingale problem given by (A.l), therefore it is a solution
to the equation ([(A2)) for some standard Poisson process, and therefore Lemma 3] is proved.



=)

ON A POISSON COUPLING FOR AN AGE-STRUCTURED NEURONAL NETWORK 23

REFERENCES

BoLLEY, F., CaNizo, J. A., AND CARRILLO, J. A. Stochastic mean-field limit: Non-lipschitz forces & swarming.
Mathematical Models and Methods in Applied Sciences 21, 11 (2011), 2179-2210.

DA PraTo, G., AND ZABCZYK, J. Stochastic equations in infinite dimensions, vol. 152. Cambridge university press,
2014.

DE Masi, A., GALVES, A., LOCHERBACH, E., AND PRESUTTI, E. Hydrodynamic limit for interacting neurons. Journal
of Statistical Physics (2014), 1-37.

FOURNIER, N.; AND GUILLIN, A. On the rate of convergence in wasserstein distance of the empirical measure. Available
on http://arziv.org/abs/1312.2128 (12 2013).

FOURNIER, N., AND LOCHERBACH, E. On a toy model of interacting neurons. Awailable on
http://arziv.org/abs/1410.83263 (10 2014).

GODINHO, D., AND QUININAO, C. Propagation of chaos for a sub-critical keller-segel model. To appear in Annales de
UInstitut Henri Poincaré (06 2013).

JAcoD, J., AND SHIRYAEV, A. N. Limit theorems for stochastic processes, second ed., vol. 288 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2003.
PakpAMAN, K., PERTHAME, B., AND SALORT, D. Dynamics of a structured neuron population. Nonlinearity 23, 1
(2010), 55-75.

PakpAMAN, K., PERTHAME, B., AND SALORT, D. Relaxation and self-sustained oscillations in the time elapsed neuron
network model. SIAM J. Appl. Math. 73, 3 (2013), 1260-1279.

PakDAMAN, K., PERTHAME, B., AND SALORT, D. Adaptation and fatigue model for neuron networks and large time
asymptotics in a nonlinear fragmentation equation. J. Math. Neurosci. 4 (2014), Art. 14, 26.

QUININAO, C., AND ToOUBOUL, J. Limits and dynamics of randomly connected neuronal networks. Acta Applicandae
Mathematicae (2014), 1-26.

ROBERT, P., AND TouBouL, J. D. On the dynamics of random neuronal networks. Awalaible on
http://arziv.org/abs/1410.4072 (10 2014).

SZNITMAN, A.-S. Equations de type de boltzmann, spatialement homogenes. Zeitschrift fir Wahrscheinlichkeitstheorie
und verwandte Gebiete 66, 4 (1984), 559-592.

SZNITMAN, A.-S. Topics in propagation of chaos. In Ecole d’Eté de Probabilités de Saint-Flour XIX—1989, vol. 1464
of Lecture Notes in Math. Springer, Berlin, 1991, pp. 165-251.

TANABE, S., AND PAKDAMAN, K. Noise-induced transition in excitable neuron models. Biol Cybern 85, 4 (2001), 269—
280.

TouBoUL, J. Limits and dynamics of stochastic neuronal networks with random heterogeneous delays. Journal of
Statistical Physics 149, 4 (2012), 569-597.

TouBOUL, J., ET AL. Propagation of chaos in neural fields. The Annals of Applied Probability 24, 3 (2014), 1298-1328.
VIBERT, J., CHAMPAGNAT, J., PAKDAMAN, K., AND PHAM, J. Activity in sparsely connected excitatory neural networks:
effect of connectivity. Neural networks : the official journal of the International Neural Network Society 11, 3 (1998),
415-434.

CRISTOBAL QUININAO

UNIVERSITE PIERRE ET MARIE CURIE
LABORATOIRE JACQUES-Louls LioNs, CNRS UMR 7598
4 PLACE DE JUSSIEU F-75005, PARIS
FRANCE
AND MATHEMATICAL NEUROSCIENCE TEAM, CIRB
COLLEGE DE FRANCE

E-MAIL: cristobal.quininao@college-de-france.fr



	1. Introduction and main results
	2. Study of the particle system
	3. Path-wise uniqueness of the mean-field system
	4. The mean field system & the compactness method
	5. Mean-Field convergence by the coupling method
	6. Further asymptotic analysis
	Appendix A. General Theorems for Stochastic Processes
	References

