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Abstract

We consider the problem of online nonparametric regression with arbitrary deterministic sequences.
Using ideas from the chaining technique, we design an algorithm that achieves a Dudley-type
regret bound similar to the one obtained in a non-constructive fashion by Rakhlin and Sridharan
(2014). Our regret bound is expressed in terms of the metric entropy in the sup norm, which yields
optimal guarantees when the metric and sequential entropies are of the same order of magnitude. In
particular our algorithm is the first one that achieves optimal rates for online regression over Holder
balls. In addition we show for this example how to adapt our chaining algorithm to get a reasonable
computational efficiency with similar regret guarantees (up to a log factor).

Keywords: online learning, nonparametric regression, chaining, individual sequences.

1. Introduction

We consider the setting of online nonparametric regression for arbitrary deterministic sequences,
which unfolds as follows. First, the environment chooses a sequence of observations (y;)¢>1 in R
and a sequence of input vectors (x;);>1 in X, both initially hidden from the forecaster. At each time
instant t € N* = {1,2,...}, the environment reveals the data x; € X; the forecaster then gives a
prediction 7; € R; the environment in turn reveals the observation y; € R; and finally, the forecaster
incurs the square loss (y; — ;).
The term online nonparametric regression means that we are interested in forecasters whose
regret T T
Regr(F) £ Z(yt - @t)2 - J}IeljfTZ(yt - f(xt))Z
t=1 t=1
over standard nonparametric function classes 7 C R? is as small as possible. In this paper we
design and study an algorithm that achieves a regret bound of the form

Regp(F) < 0132(1 + log Noo (F, 7)) + czB\/T/W V9og N (F, €)de (D
0

forall v € (%, B), where B is an upper bound on maxj <;<7 |y¢| and where log N (F, €) denotes
the metric entropy of the function set F in the sup norm at scale € (cf. Section 1.4).

The integral on the right-hand side of (1) is very close to what is known in probability theory as
Dudley’s entropy integral, a useful tool to upper bound the expectation of a centered stochastic pro-
cess with subgaussian increments (see, e.g., Talagrand 2005; Boucheron et al. 2013). In statistical
learning (with i.i.d. data), Dudley’s entropy integral is key to derive risk bounds on empirical risk
minimizers; see, e.g., Massart (2007); Rakhlin et al. (2013).

Very recently Rakhlin and Sridharan (2014) showed that the same type of entropy integral ap-
pears naturally in regret bounds for online nonparametric regression. The most part of their analysis
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is non-constructive in the sense that their regret bounds are obtained without explicitly constructing
an algorithm. One of our main contributions is to provide an explicit algorithm that achieves the
regret bound (1). We note however that our regret bounds are in terms of a weaker notion of entropy,
namely, metric entropy instead of the smaller (and optimal) sequential entropy. Fortunately, both
notions are of the same order of magnitude for a reasonable number of examples, such as the ones
outlined just below. We leave the question of modifying our algorithm to get sequential entropy
regret bounds for future work.

The regret bound (1)—that we call Dudley-type regret bound thereafter—can be used to obtain
optimal regret bounds for several classical nonparametric function classes. Indeed, when F has a
metric entropy log Noo (F, €) < Cpe P with! p € (0,2), the bound (1) entails

-
Regy(F) < 1 B? + 1 B*Cpy P + CQB\/CPT/ P2 e
0

2coB
= 6132 + Clecp"}/_p + 262

Cpryl_p/g — O(Tp/(p+2)) )
for the choice of v = @(T‘l/ (”+2)). An example is given by Holder classes F with regularity
B > 1/2 (cf. Tsybakov 2009, Def 1.2). We know from (Kolmogorov and Tikhomirov, 1961)
or (Lorentz, 1962, Theorem 2) that they satisfy log Noo (F,€) = (’)(5_1/ B ) Therefore, (2) entails
a regret bound Regp(F) = O(Tl/ (25“)), which is in a way optimal since it corresponds to the
optimal (minimax) quadratic risk 7~26/(26+1) ip statistical estimation with i.i.d. data.

1.1. Why a simple Exponentially Weighted Average forecaster is not sufficient

A natural approach (see Vovk 2006) to compete against a nonparametric class J relies in running
an Exponentially Weighted Average forecaster (EWA, see Cesa-Bianchi and Lugosi 2006, p.14) on
an e-net F (&) of F of finite size N (F, €). This yields a regret bound of order eT" + log Nuo (F, ).
The first term €7 is due to the approximation of F by F(¢), while the second term is the regret
suffered by EWA on the finite class of experts (). As noted by Rakhlin and Sridharan (2014,
Remark 11), the above regret bound is suboptimal for large nonparametric classes F. Indeed, for a
metric entropy of order e 7P with p € (0, 2), optimizing the above regret bound in ¢ entails a regret
of order O(T?/(P*+1)) when (1) yields the better rate O (T?/(P+2)),

1.2. The chaining technique: a brief reminder

The idea of chaining was introduced by Dudley (1967). It provides a general method to bound the
supremum of stochastic processes. For the convenience of the reader, we recall the main ideas un-
derlying this technique; see, e.g., Boucheron et al. (2013) for further details. We consider a centered
stochastic process (X ) rer indexed by some finite metric space, say, (F, ||-|| ), with subgaussian
increments, which means that log Ee(Xr—X9) < SN f — g||% forall A > Oand all Vf,g € F.
The goal is to bound the quantity E [ SUp fe r Xf] =FE [ supfef(Xf — Xfo)] for any fy € F.

Lemma 1 (Boucheron et al. 2013) Let 71, ..., Zx be subgaussian random variables with param-
eter v > 0 (i.e., logEexp(\Z;) < Av/2 for all X\ € R), then Emax;—1, g Z; < v2vlog K .

1. When p > 2, we can also derive Dudley-type regret bounds that lead to a regret of O (T_l/ P ) in the same spirit as
in Rakhlin and Sridharan (2014). We omitted this case to ease the presentation.
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Lemma 1 entails E[ sup e 7(X; — Xy,)| < By/2vlog (card F) , where B = supsc 7 || f — folloo-
However, this bound is too crude since Xy and X, are very correlated when f and g are very close.
The chaining technique takes this remark into account by approximating the maximal value sup ; X
by maxima over successive refining discretizations (), ..., FU5) of F. More formally, for any
f € F, we consider a sequence of approximations 7o (f) = fo € FO, my(f) € FO, ... 7w (f) =
f e FE) where || f — m(f)||l. < B/2F and card F¥) = N (F, B/2"), so that:

loo

K-1 K-l
sup » (Xm+1(f)_X7rk(f))] <) E

E Sup(Xf—XfO)} =E
FeF 120 k=0

feF

)
We apply Lemma 1 for each k € {0,..., K — 1}: since ||mr11(f) — m(f)|l. < 3B/28L (by
the triangle inequality) and card{m 1(f) — mu(f), f € F} < Nuoo(F,B/251)2, we get the
well-known Dudley entropy bound (note that & — N (F, €) is nonincreasing):

K—1 B/2
E| sup(Xs — Xfo)} <6 Z BQ_k_l\/v log Noo (F, B/2k+1) < 12By/v VNoo(F,e)de .
feF — 0

1.3. Turning the chaining technique into an online algorithm

We explained in Section 1.1 that using an Exponentially Weighted Average forecaster is not suffi-
cient to derive a Dudley-type regret bound (1). It turns out that the chaining technique can be used
for that purpose. Rakhlin and Sridharan (2014) already used it in their analysis to obtain a non-
constructive Dudley-type regret bound. Next we briefly explain how to adapt the chaining principle
in order to build an algorithm. We approximate any function f € F by a sequence of refining ap-
proximations 7o(f) € F© my(f) € F1, ..., such that forall k > 0, sup; (|75 (f) = flloo < /2"
and card F*) = N (F,~/2F), so that:
T T 00 2
e 3 (0 £@)? = Y (- ml) -3 [l —ml)] ) -
t=1 =

k=0

[l oo <3y/25H1

We use the above decomposition in Algorithm 2 (Section 2.2) by performing two simultaneous
aggregation tasks at two different scales:

e high-scale aggregation: we run an Exponentially Weighted Average forecaster to be compet-
itive against every function 7o ( f) in the coarsest set F 0),

e low-scale aggregation: we run in parallel many instances of (an extension of) the Exponenti-
ated Gradient (EG) algorithm so as to be competitive against the increments 741 (f) — 75 (f).
The advantage of using EG is that even if the number N *) of increments 7,41 (f) — m(f)
is large for small scales ¢, the size of the gradients is very small, hence a manageable regret.

At the core of the algorithm lies the Multi-variable Exponentiated Gradient algorithm (Algo-
rithm 1) that makes it possible to perform low-scale aggregation at all scales £ < v simultaneously.

Main contributions and outline of the paper Our contributions are threefold: we first design the
Multi-variable Exponentiated Gradient algorithm (Section 2.1). We then present our main algorithm
and derive a Dudley-type regret bound as in (1) (Section 2.2). Finally, in Section 3 we address
computational issues in the case of Holder classes. Some proofs are postponed to the appendix.
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1.4. Some useful definitions

Let F C R be a set of bounded functions endowed with the sup norm || f||oo = sup ¢ | f(z)|. For
all e > 0, we call proper e-net any subset G C F suchthatVf € F, g€ G: ||f — gllco < e. (f
G ¢ F, we call it non-proper.) The cardinality of the smallest proper e-net is denoted by Noo (F, €),
and the logarithm log N (F, €) is called the metric entropy of F at scale e. When this quantity is
finite for all € > 0, we say that (.7-", [ - Hoo) is fotally bounded.

2. The Chaining Exponentially Weighted Average Forecaster

In this section we design an online algorithm—the Chaining Exponentially Weighted Average fore-
caster—that achieves the Dudley-type regret bound (1). In Section 2.1 below, we first define a sub-
routine that will prove crucial in our analysis, and whose applicability may extend beyond this paper.

2.1. Preliminary: the Multi-variable Exponentiated Gradient Algorithm

Let Ay £ {u € Rf : Zfi LU = 1} C RY denotes the simplex in RY. In this subsection we
define and study a new extension of the Exponentiated Gradient algorithm (Kivinen and War-
muth, 1997; Cesa-Bianchi, 1999). This extension is meant to minimize a sequence of multi-
variable loss functions (u(l), ... ,u(K)) — 4y (u(l), .. ,u(K)) simultaneously over all the vari-
ables (uM, ... uF)) € Ay, x ... x An,.

Our algorithm is described as Algorithm 1 below. We call it Multi-variable Exponentiated
Gradient. When K = 1, it boils down to the classical Exponentiated Gradient algorithm over the
simplex Apn,. But when K > 2, it performs K simultaneous optimization updates (one for each
direction % (*)) that lead to a global optimum by joint convexity of the loss functions /;.

Algorithm 1: Multi-variable Exponentiated Gradient

input : optimization domain Ay, X ... x Ay, and tuning parameters nM, .. n) > 0.
initialization: set (") 2 (... L) e Ay, forallk=1,... K.
for each roundt =1,2,...do
e Output (aﬁ”, . ,ﬂgK)) € Ay, X ... x Ay, and observe the differentiable and jointly
convex loss function 4, : Ay, X ... X Ay, = R.
e Compute the new weight vectors (ﬁgl, e ,ﬁg_(l)) € Ay, X ... x Apn, as follows:
t
exp (—n(k) Z 8ﬁ(k) Es (ﬂgl), coey ﬁgK)>>
(K — S, .
ug—l—)l,i 2 = (k) y 1€ {17'”7Nk}7
2

where 8&““.)63 is the partial derivative of £; with respect to the i-th component of ﬁgk), and

where the normalizing factor is Zgﬁ)l = ZZN:kl exp (—n(k) St D0 s (agU, . 7@(K)) )

S
end
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The Multi-variable Exponentiated Gradient algorithm satisfies the regret bound of Theorem 2
below. We first need some notations. We define the partial gradients

Vauw by = <3 @l .., 0 <k>ft) : I<k<K,
Uy B\

where 8u<_k)€t denotes the partial derivative of ¢, with respect to the scalar variable ugk). Note that

V . ¥t is a function that maps Ay, X ... X Ay, to RNk, Next we also use the notation

piu), . u)]

A
= su max
el 2 sup  max

u
for the sup norm of any vector-valued function ¢ : Ay, X ... X An, — RV 1 <k < K.

Theorem 2 Assume that the loss functions ¢y : Ay, X ... X AN, — R, t > 1, are differentiable
and jointly convex. Assume also the following upper bound on their partial gradients: for all
ke{l,...,K},

max ||V, m |l < G 3)

1<t<T

Then, the Multi-variable Exponentiated Gradient algorithm (Algorithm 1) tuned with the parame-
ters n\®) = /21og(Ny,)/T /G%) has a regret bounded as follows:

T T K
~(1) ~(K)\ _ ; @) (K) v/ (k) /
Z&(ut e, Uy ) u(l)??i(K)th(u N 7} )< QTZG log Ny, ,
t=1 e t=1 k=1
where the minimum is taken over all (u(l), el u(K)) € Ay, X ... X Any.

The proof of Theorem 2 is postponed to Appendix C.1.

2.2. The Chaining Exponentially Weighted Average Forecaster

In this section we introduce our main algorithm: the Chaining Exponentially Weighted Average
forecaster. A precise definition will be given in Algorithm 2 below. For the sake of clarity, we first
describe the main ideas underlying this algorithm.

Recall that we aim at proving a regret bound of the form (1), whose right-hand side consists of
two main terms:

B%log Noo (F, ) and B\/T/V VI10g Noo (F,e)de .
0

Our algorithm performs aggregation at two different levels: one level (at all scales ¢ € (0,7]) to
get the entropy integral above, and another level (at scale ) to get the other term B2 log N (F, 7).
More precisely:

o forall k € N, let F*) be a proper y/2*-net of (F, ||-|| .,) of minimal cardinality? No, (F,~v/2%);
o forallk >1,set G*) & {m(f) — m_1(f) : f € F}, where

Vf € fa Wk(f) € argminhe]?(k) ||f - h”oo .

2. We assume that (F, ||-|| ) is totally bounded.
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We denote:

e the elements of F(¥) by f1(0)7 . f](\,(? with Ny = Noo (F,7);

e the elements of G(*) by ggk),...,gg\lfg;note that Ny < N (]—“ % ) (.7-" v/ 2k 1)

With the above definitions, our algorithm can be described as follows:

1. Low-scale aggregation: for every j € {1,..., Ny}, we use a Multi-variable Exponentiated
Gradient forecaster to mimic the best predictor in the neighborhood of f;o) : we set, at each

round ¢t > 1,
Fot 10+ a0, O

k=1 1i=1

where K £ [log,(7T'/B)], so that the lowest scale is /2% ~ B/T. The above weight vec-

tors ul(t MeA N, are defined in Equation (6) of Algorithm 2. They correspond exactly to the
weight vectors output by the Multi-variable Exponentiated Gradient forecaster (Algorithm 1)

applied to the loss functions Egj )L A Ny, X ... X Ay, — Rdefined forall ¢ > 1 (j is fixed) by

2

' K Ng
43) (u(l), . .,u(K)) = (yt - f;o)(xt) - ZZUEk)gz@(xt)> : )

k=1 1=1

2. High-scale aggregation: we use a standard Exponentially Weighted Average forecaster to
aggregate all the f; ;, 7 = 1,..., Ny, as follows:

fr= Wujfej,
j=1
where the weights ﬁ)\t j are defined in Equation (7) of Algorithm 2. At time ¢, our algorithm

predicts y; with 7y = ft(a;t)

Next we show that the Chaining Exponentially Weighted Average forecaster satisfies a Dudley-type
regret bound as in (1).

B
Theorem 3 Let B> 0,T > 1, and vy € (%, B).
e Assume that maxi<i<r |yt| < B and that super || fllo < B

o Assume that (F,|-|| ) is totally bounded and define F(©) = {fl(o), ey 1(\?0)} and G =
{ggk),...,gN)} k=1,..., K, as above.

Then, the Chaining Exponentially Weighted Average forecaster (Algorithm 2) tuned with the param-
eters n©) = 1/(50B%) and n*) = \/21og(N,)/T 2F/(30B~) forall k = 1,..., K satisfies:

Regy(F) < B*(5+ 50log Noo (F, 7)) +120B\f/ VV1og Noo(F,e)de .
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Algorithm 2: Chaining Exponentially Weighted Average forecaster

input : maximal range B > 0, tuning parameters (%), (1) 5n(K) > 0,

high-scale functions f;o) X - Rforl <j < Ny,

low-scale functions gi(k) X > Rforke{l,...,K}andi € {1,..., Ny}
initialization: set w, = (N%p s Nio) € Ay, and

ﬁgj’k) = (Nik,,Nik) €Ay, forallje{l,...,No}and k € {1,...,K}.
for each roundt =1,2,...do

e Define the aggregated functions J;;j : X = Rforallj € {1,..., Ny} by

0 Ul k) (k
A+ g e

k=1 1i=1

(1>

g

No
e Observe z; € X, predict yy = Z Wy, f1,;(x¢), and observe y; € [—B, B].
j=1
Uy = (Ui
je{l,...,No}and k € {1,..., K} as follows:

t+1,2 Nk: t 5 Ze{l,,Nk}
> k
I (D S R R )
i'=1 s=1
e High-scale update: compute the new weight vector w; 1 = (zﬁtHJ) 1<j<No € An, as
follows: ¢ 9
€xp (77(0) Z <ys - fs,j (xs)) )
{/jtJrl,]' = =1 ] 6{17"'7N0}-

Ny t ’
> o103 o))
7'=1 s=1

end

e Low-scale update: compute the new weight vectors alh — (ﬂ(j k) ) N € Ay, forall
1<i<Ng

(6)

(N

Remark 4 In Theorem 3 above, we assumed that the observations y; and the predictions f(x)
are all bounded by B, and that B is known in advance by the forecaster. We can actually remove
this requirement by using adaptive techniques of Gerchinovitz and Yu (2014), namely, adaptive

clipping of the intermediate predictions f; j(x:) and adaptive Lipschitzification of the square loss
)

functions fgj . This modification enables us to derive the same regret bound (up to multiplicative
constant factors) with B = maxy |y;|, but without knowing B in advance, and without requiring
that sup se r || f|| oo is also upper bounded by B. Of course these adaptation techniques also make
it possible to tune all parameters without knowing T in advance.
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Remark 5 Even in the case when B is known by the forecaster, the clipping and Lipschitzification
techniques of Gerchinovitz and Yu (2014) can be useful to get smaller constants in the regret bound.
We could indeed replace the constants 50 and 120 with 8 and 48 respectively. (Moreover, the regret
bound would also hold true for v > B.) We chose however not to use these refinements in order to
simplify the analysis.

Remark 6 We assumed that the performance of a forecast y; at round t > 1 is measured through
the square loss ly(g;) = (Ji — yi)? which is 1/(50B?)-exp-concave on [—4B,4B). The analysis
can easily be extended to all n-exp-concave (and thus convex) loss functions {; on [—4B,4B] that
also satisfy a self-bounding property of the form }dﬁt/dytl < Cly (an example is given by £,(Yy) =

|yt — yt‘ with v > 2). The regret bound of Theorem 3 remains unchanged up to a multiplicative
factor depending on B, C, and r. If the loss functions {; are only convex (e.g., the absolute loss
0(Yr) = |gr —yt| or the pinball loss to perform quantile regression), the high-scale aggregation step
is more costly: the term of order log Noo (F, ) is replaced with a term of order \/T log Noo (F, 7).

Proof (of Theorem 3) We split our proof into two parts—one for each aggregation level.

Part 1: low-scale aggregation.

In this part, we fix j € {1,..., No}. As explained right before (5), the tuple of weight vectors
(aﬁ” b ﬁij ’K)) € Apn, X...An, computed at all rounds ¢ > 1 corresponds exactly to the out-
put of the Multi-variable Exponentiated Gradient forecaster when applied to the loss functions eﬁj ),
t > 1, defined in (5). We can therefore apply Theorem 2 after checking its assumptions:

e the loss functions Zl(fj )

gy

are indeed differentiable and jointly convex;

e the norms Hva(j,k%gj ) HOO of the partial gradients are bounded by 30Bv/2" forall1l < k < K.
t

Indeed, the i-th coordinate of Va(j,k)ﬁgj ) is equal to
t

3@1@)59 = _2<yt - ft,j(%))ggk) (z¢), 8)

which can be upper bounded (in absolute value) by 2 x 5B x 3v/2F. To see why this is true,
first note that |g§k) (z¢)] < Hggk)Hoo = ||mr(f) = m—1(f)|| , for some f € F (by definition
of G(¥)), so that, by the triangle inequality and by definition of 7rk( f)and F (k).

K v _ 3
o] <l = fllo + I (D = floo S e+ 5o =21 ©
Second, note that ‘yt ft](xt ’ ‘yt} + ’ft] Ty ‘ < 5B. Indeed, we have |y;| < B by
assumption and, by definition of ft j in (4), we also have
K 3
N 0) k)
|71 (20)| < Hf]( H —l—ZZu(j |9 @) < B+Y. 3 <B+3y<4B, (10)
k=1 1i=1 k=1
where we used the inequalities H f H < SUpger || flloc < B (by assumption), and where

we combined (9) with the fact that ZN’“ A(J ®) — 1. The last inequality above is obtained

from the assumption v < B. Substituting the above various upper bounds in (8) entails that
Hvau,k)é?) HOO < 30B'y/2k forall 1 < k£ < K, as claimed earlier.
t
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We are now in a position to apply Theorem 2. It yields:

ZT: (yt — fug(@) )2 < inf Z (yt ( . +9K> (xt))z

19K
—1 g 9

+ @23037/2’“#1%1\@, (11)

k=1

where the infimum is over all functions g; € GV, ..., gk € G5 (we used the regret bound of
Theorem 2 with Dirac weight vectors ulk) = 0ip, 1 =1,..., Ng).

Now, using the fact that Nj < Noo (F,7/2%) Noo (F, 7/2’“ N < (/\/'oo(]:,v/2k))2,weget

Z V/log N < 2WZ(——W)\/IogN (F,v/2%)

v/
<2f2/ +,/1og/\f (F,e)d 2f/ 2\/log/\/ F,e)d
v/2k+

where the inequality before last follows by monotonicity of ¢ — N (F,€) on every interval
[v/ 2k+1 ) 2"3} . Finally, substituting the above integral in (11) yields

;T; <yt - J?t,j(xt )2 <gl}ngK Z (yt ( +g1+...+ gK) (xt))
+ 120B\/T/0W " mds : (12)

2

Part 2: high-scale aggregation.

The prediction 3 = f;(z) = Zé\f:ol Wy j ft,j (x¢) at time ¢ is a convex combination of the inter-
mediate predictions ft j(x¢), where the weights w; correspond exactly to those of the standard
Exponentially Weighted Average forecaster tuned with n©® = 1/(50B%) = 1/(2(5B)?). Since
the intermediate predictions ft,j (x¢) lie in [-4B,4B] (by (10) above), and since the square loss
z — (y; — 2)? is n(®-exp-concave on [—4B,4B] for any y; € [—B, B], we get from Proposi-
tion 3.1 and Page 46 of Cesa-Bianchi and Lugosi (2006) that

ZT: (y+ — %:)* < min T (yt — Ji '(%))2 + log No
j J 77(0)

1<G<N
J 0 —1

t=1
3 2
<, nf —(fo+to+...+ x
f07g17_._79K;(yt (fo+ 5 9K) ( t))
v/2
* 1203@/ log No (F, €)de + 50B? log Noo (F, ), (13)
0
where the infimum is over all functions fy € ]-*(0)7 g1 € g(l)’ gk € GU%). The Tast inequality

above was a consequence of (12). Next we apply the chaining idea: by definition of the function
sets FO D {mo(f) : f € F}and G® = {mp(f) — mp_1(f) : f € F}, we have
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T

fo,gi1r,1..f.,gx tzl e (fO ot gK) (xt>>2

T

< ;gZ(yt — (mo(f) + [m(f) = mo()] + ... + [7x(f) —7U<71(fﬂ)(95t)>2
t=1
T

= L > o — w7 a0)
T

<ot > [ = F@)” +2- 2B i (f) — Flloo + () = FI%) (14
t=1
T

< }161; - (ye — f($t))2 +4B% + Z;Z , (15)

where (14) is obtained by expanding the square (y; — TFK(f)(.’L't))z = (yr — flme) + f(ze) —
WK(f)($t))2, and where (15) follows from the fact that ||7x (f) — f|| < 7/2% < B/T by defi-
nition of 7k (f) and K = [logy(yT'/B)|. Combining (13) and (15) concludes the proof. [

3. An efficient chaining algorithm for Holder classes

The Chaining Exponentially Weighted Average forecaster of the previous section is quite natural
since it explicitly exploits the e-nets that appear in the Dudley-type regret bound (1). However
its time and space computational complexities are prohibitively large (exponential in T") since it
is necessary to update exponentially many weights at every round . It actually turns out that,
fortunately, most standard function classes have a sufficiently nice structure. This enables us to
adapt the previous chaining technique on (quasi-optimal) e-nets that are much easier to exploit from
an algorithmic viewpoint. We describe below the particular case of Lipschitz classes; the more
general case of Holder classes is postponed to the appendix.

In all the sequel, F denotes the set of functions from [0, 1] to [—B, B] that are 1-Lipschitz.
Recall from the introduction that log N (F, ) = O(e71), so that, by Theorem 3 and (2), the
Chaining Exponentially Weighted Average forecaster guarantees a regret of O(T 1/ 3). We explain
below how to modify this algorithm with e-nets of (F,|| - ||s) that are casier to manage from a

computational viewpoint. This leads to a quasi-optimal regret of O (Tl/ 31og T); see Theorem 7.

3.1. Constructing computationally-manageable c-nets via a dyadic discretization

Letv € (%, B ) be a fixed real number that will play the same role as in Theorem 3. Using the fact
that all functions in F are 1-Lipschitz, we can approximate J with piecewise-constant functions as
follows. We partition the z-axis [0, 1] into 1/v subintervals I, = [(a — 1)y,av),a = 1,...,1/y
(the last interval is closed at z = 1). We also use a discretization of length ~ on the y-axis [—B, B,
by considering values of the form ¢(©) = —B + jv,j =0,...,2B /7. (For the sake of simplicity,
we assume that both 1/ and 2B/~ are integers.) We then define the set F () of piecewise-constant
functions f() : [0,1] — [~ B, B] of the form
- (0) (0) A 2B
FO) =Y ey, . sy € c0) & {—B+j7:j = 0""’v} . (16)

a=1

10
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Using the fact that all functions in F are 1-Lipschitz, it is quite straightforward to see that F(©)

is a y-net® of (F, || - ||lc). (To see why this is true, we can choose Y e argmin, o | f(2a)

where x, is the center of the subinterval I,. See Lemma 12 in the appendix for further details.)

Refinement via a dyadic discretization Next we construct y/2™-nets that are refinements of the
y-net F(©), We need to define a dyadic discretization for each subinterval I, as follows: for any

(m;n)

level m > 1, we partition I, into 2™ subintervals I,
Note that the subintervals I™"™, @ = 1,. .., 1/yand n = 1,...,2™, form a partition of [0, 1].
We call it the level- m partition We enrich the set F(¥) by looking at all the functions of the

form f(©) Z ), where f(©) ¢ F() and where every function ¢(™ is piecewise-constant

,n=1,...,2™ of equal size v/2™.

on the level-m partltlon, with values c((zm’n) € [—7/ 2m=1 ~/ 2m_1] that are small when m is

large. In other words, we define the level-M approximation set F (M) as the set of all functions
fe :[0,1] — R of the form

1/v M 1/y 2m
Zc L, + ) DD ™ g omm - a7
m=1a=1n=1
%,_/
fO () g(m) ()

where ¢”) € € and ™" € [—v/2m= 1, /2™~ An example of function f. = 1
2%21 g(m) is plotted on Figure 1 in the case when M = 2 (the plot is restricted to the interval I,,).

Since all functions in F are 1-Lipschitz, the set F (M) of all functions feisa~y/ 2M+1_pet of
m,n)

(F, |l - llso); see Lemma 12 in the appendix for a proof. Note that F(™) is infinite (the ™) are
(m,n)

continuously valued); fortunately this is not a problem since the cg can be rewritten as convex
combinations c§™" = u{"™" (—v/2m=1) 4+ 4{™™ (y/2m=1) of only two values; cf. (18) below.

3.2. A chaining algorithm using this dyadic discretization

Next we design an algorithm which, as in Section 2.2, is able to be competitive against any func-

tion fo = f © 4 Z . However, instead of maintaining exponentially many weights as in
Algorithm 2, we use the dyadlc discretization in a crucial way. More precisely:
We run 1/~ instances of the same algorithm A in parallel; the a-th instance A,,a = 1,...,1/7,

corresponds to the subinterval I, and it is updated only at rounds ¢ such that z; € 1.
Next we focus on subalgorithm A,. As in Algorithm 2, we use a combination of the EWA and
the Multi-variable EG forecasters to perform high-scale and low-scale aggregation simultaneously:

Low-scale aggregation: we run 2B /v + 1 instances B, j, j = 0,...,2B/~, of the Adaptive Multi-
variable Exponentiated Gradient algorithm (Algorithm 3 in the appendix) simultaneously. Each
instance B, ; corresponds to a particular constant 9 = —B + jy € Y and is run (similarly

to (5)) with the loss function ¢; defined for all weight vectors w(™") = (ug’”’”), ugmn)) € Ay by

0 (u(m’”),mzl,...,M,nzl,...,T”)

) g
:(yt B3> (e 2m1+ugmn>2m_1)ﬂrtd§m,m). as)

m=1n=1

3. This v-net is not proper since F (0) g F.

11
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B —_
—_———level 0
B=y+ level 1
---------- level 2
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cy
i s A1 S
Y | 152,1) | ng,z) | ng,g) | IC(L2,4) |
(a—1)y ary

-B7

Figure 1: An example of function f(©) + Zi\r/le g™ for M = 2, plotted on the subinterval I,.
This function corresponds to the dotted line (level 2).

The above convex combinations u{™"™ (—y/2m=1)+u{™" (y/2m~1) ensure that subalgorithm B, ;
is competitive against the best constants cg’"’”) € [—'y J2mt ) 2’"—1] for all m and n.

The weight vectors output by subalgorithm B, ; (when z; € I,,) are denoted by @E?ZJ”)

> . M m(_(m, — ~(m, .
Jriai(®) 2 =BHiv+ ey Yne <“%gn% T + “%]ﬂé 2m77_1> Lepgmm forall j =0,....,2B/y.
High-scale aggregation: we aggregate the 2B/~ + 1 forecasters above with a standard Exponen-

tially Weighted Average forecaster (tuned, e.g., with the parameter n = 1/(2(4B)?) = 1/(32B?)):
2B/~

ﬁ,a = Z 'L/Jt,a,jﬁ,a,j . (19)

Jj=0

and we set

Putting all things together: atevery time t > 1, we make the prediction ﬁ(a:t) = Z}lg ﬁa(xt)]lxte I, -
We call this algorithm the Dyadic Chaining Algorithm.

Theorem 7 Let B > 0, T > 2, and F be the set of all 1-Lipschitz functions from [0, 1] to [— B, B].
Assume that maxi<i<r |y¢| < B. Then, the Dyadic Chaining Algorithm defined above and tuned
with the parameters v = BT~3 and M = [logg (~T/ B)] satisfies, for some absolute constant
c>0,

Regr(F) < emax{B, B>}T"31ogT .

The proof is postponed to the appendix. Note that the Dyadic Chaining Algorithm is computation-
ally tractable: at every round ¢, the point z; only falls into one subinterval Lgm’") for each level
m =1,..., M, so that we only need to update O(2B/’y X M) = O(T1/3 log T) weights at every
round. For the same reason, the overall space complexity is O(T x 2B /v x M) = O(T*31log T).

12
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Appendix A. Adaptive Multi-variable Exponentiated Gradient

In this subsection, we provide an adaptive version of Algorithm 1 when the time horizon 7' is not
known in advance. We adopt the notations of Section 2.1. Basically, the fixed tuning parameters

W, ..., n®) are replaced with time-varying learning rates nt(l), e ,nt(k).

Algorithm 3: Adaptive Multi-variable Exponentiated Gradient

input : optimization domain Ay, X ... x Ay, (where Ny, ..., Nk are positive integers).
initialization: set a{") £ (3o wo) €A, forallk=1,... K.
for each roundt =1,2,...do
e Output ( al ), e A(K)) € Ay, X ... x Ay, and observe the differentiable and jointly
convex loss function ¢; : Ay, X ... x An, — R.
e Update the tuning parameters, ngk) forall k =1,..., K as follows:
(k) 1 log N (K)

1= A 7
GON 1+ Ty e >0

e Compute the new weight vectors (17,5_131, .. ﬁifl) ) € An, X ... X Ap, as follows:
o <
€Xp <_77§+)1 Z 8ﬂ(k)£8 <agl)7 LRI agK)>>
k — ER )
u§+)17i £ 5 O , 1e{l,..., Ni},
Zya

where 6A<k)€ denotes the partial derivative of £, with respect to i-th component of the vector

variable u(k) and where the normalization factor Zf_li)l is defined by

t
ZHE Z exp <—m@1 >t (@, aff“)) |
s=1 "

end

The Adaptive Multi-variable Exponentiated Gradient algorithm satisfies the regret bound of
Theorem 8§ below.

Theorem 8 Assume that the loss functions {; : Ay, X< ... X An, — R, t > 1, are differentiable
and jointly convex. Assume also the following upper bound on their partial gradients: for all
ke{l,...,K},

max ||V b, <G® . (20)

lg\

14
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Then, the Multi-variable Exponentiated Gradient algorithm (Algorithm 3) has a regret bounded as
follows:

T T K
() A<K>) _ ( (1) (K) ) \/T®)
th(ut e, Uy u(l)H}.H;(K)ZEt u, 2ZG log Ny ,
t=1 e t=1 k=1
where TK) = Z;‘FZI ]IHvu(k)étHoo>O and where the minimum is taken over all (u(l), ey u(K)) €

ANl X...XANK.

Proof (of Theorem 8) The proof starts as the one of Theorem 2. From (31), we can see that

i& (17151), . agK)> _ u<1>mm ” th< (K))

t=1

= d (k) (k) d (k)

_ k) ~(k) . k

=> (Z gi -~ min > g )
k=1 t=1 t=1
= (k)

_ k) (k)

=2 2 e w i Z ati | - @n
k=1 \teT(k)

where ggk) = Vﬁwﬂt(ﬁgl), e ,ﬁEK)) and where 7) = {t=1,....T, [[Vumll >0}

Note that the right-hand side of (31) is the sum of K regrets. Let k € {1,..., K'}. By definition
of the Adaptive Multi-variable Exponentiated Gradient algorithm, the sequence of weight vectors
(ﬁgk)) >1 corresponds exactly to the weight vectors output by the Exponentially Weighted Average
forecaster with time-varying parameter (see Page 50 of Gerchinovitz 2011) applied to N, experts
associated with the loss vectors ggk) € RV, t ¢ T, We can therefore use the well-known
corresponding regret bound available, e.g., in Proposition 2.1 of Gerchinovitz (2011). Noting that
the loss vectors gik) lie in [—G(k), G(k)]Nk by Assumption (20), and setting ) = card 7*), we
thus get that

S ol i 3 <260y T,

1<i< N,
teT () teT (k)

Note that the additional term G(¥)/log N}, in the upper-bound of Gerchinovitz (2011) is actually
not needed, since we can assume that 77%)_1 = ngﬂk) because 77%)_1 is not used by the algorithm at

rounds ¢ < 7'. Substituting the last upper bound in the right-hand side of (21) concludes the proof. B
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Appendix B. An efficient chaining algorithm for Holder classes

In this appendix, we extend the analysis of Section 3 to Holder function classes. In the sequel
F denotes the set of functions on [0, 1] whose ¢ first derivatives (¢ € N) exist and are all bounded in
supremum norm by a constant B, and whose gth derivative is Holder continuous of order o € (0, 1]
with coefficient A > 0. In other words, any function f € F satisfies

Vo,y € (0,1, [f D) - fO®y)] < Az —y|*, (22)

and || f®) s < Bforall k € {0,...,q}. We denote by § = ¢ + a the coefficient of regular-
ity of F. Recall from the introduction that log Voo (F,e) = O(¢~'/P), so that, by Theorem 3
and (2), if 8 > 1/2, the Chaining Exponentially Weighted Average forecaster guarantees a regret of
@) (T 1/(28 +1)), which is optimal. We explain below how to modify this algorithm with non-proper
e-nets of (F,||-||,,) that are easier to manage from a computational viewpoint. This leads to a
quasi-optimal regret of O (Tl/(wﬂ) (log T)3/2).

The analysis follows the one of Section 3 which dealt with the special case of 1-Lipschitz func-
tions. The main difference consists in replacing piecewise-constant approximations with piecewise-
polynomial approximations.

B.1. Constructing computationally-manageable c-nets via exponentially nested discretization

Lety € (%, B) be a fixed real number that will play the same role as in Theorem 3. Using the fact
that all functions in F are Holder, we can approximate JF with piecewise-polynomial functions as
follows.

Let 6, > 0 and ,, > 0 be two discretization widths that will be fixed later by the analysis. We
partition the z-axis [0, 1] into 1/d, subintervals I, £ [(a — 1)d,ad;), a = 1,...,1/8, (the last
interval is closed at = 1). We also use a discretization of length d,, on the y-axis [—B, B], by
considering the set

y(o)é{—B+j5y : ij,...,2B/5y}.

For the sake of simplicity, we assume that both 1/, and 2B/d,, are integers. Otherwise, it suffices
to consider [1/0,] and [2B/d, |, which only impacts the constants of the final Theorem 10. We

then define the sets of clipped polynomial functions for every a € {1,...,1/d,}
PO 2 {IL‘ — [ao—i— %(m—ma)2+~-—|— C;?(x—xa)q] D ag,...,0q € )}(0)} .
! ! B

Here, [-] 5 is the clipping operator defined by [z] 3 = min { B, max{—B, x}} and z, is the center of
I,,. Now, we define the set F() of piecewise-clipped polynomial functions (%) : [0,1] — [~B, B]
of the form

fO) => POa)her,,  Vae{l,...,1/5,} PO eP?. (23)

Remark that the above definition is similar to (16), where the constants c((lo) have been substi-

tuted with clipped polynomials. Using the fact that all functions in F are Holder, we can see (cf.
Lemma 9) that for §, = 2(glv/(2)))/? and &, = /e, the set (@ is a y-net* of (F,|| - [|oc)-

4. This y-net is not proper since F (0) g F.
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Refinement via an exponentially nested discretization Next we construct v/2™-nets that are
refinements of the y-net F(©). We need to define an exponentially nested discretization for each

subinterval I, as follows: for any level m > 1, we partition I, into 4™ subintervals LSW”), n =
1,...,4™, of equal size J,/4™. Note that the subintervals g =1, 1/, and n =
1,...,4™, form a partition of [0, 1]. We call it the level-m partition.

Now, we design the sets of clipped polynomial functions ng’n)
I(gm’n)

that will refine the approxima-

tion of F on each interval . To do so, for every m > 1 we set successive dyadic refining
discretizations of the coefficients space [— B, B|:

Y &L Bt e,/ j=0,..., 2" B/5, ), (24)

and we define the corresponding sets of clipped polynomial functions for all @ € {1,...,1/6,}, all
me{l,...,M},andn € {1,...,4™}

(mm) & a (o m) % (e (m)
P, {w'—>[a0+ (ac Zg >+ —i—q! (x xg ) L ag,...,aq €Y

1!
(25)
where xgm’n) is the center of the interval Lﬁm’”). Then, we define the sets of differences between
clipped polynomial functions of two consecutive levels

Qlman) _ {[ pom) _ pln-)]

P(m) e zP(m,n) and P(m—l) e 'P(m—l,nm—1)
3y/2m a a

where n,,, 1 denotes the unique integer n’ such that L(zm’n) C Lﬁm‘l’"/). (Form =1, Pc(bm_l’nmfl)

is replaced with P9 in the definition of O™™). The functions in Q™™ will play the same role as

the constants c((lm’n) for the Lipschitz case to refine the approximation from the level-(m — 1) parti-

tion to the level-m partition. Note that each Q™™ e Q™™ takes values in [—3v/2™,3v/2™].

Then, we enrich the set F(©) by looking at all the functions of the form f(©) —1—2%21 g™, where
f© e FO) and where every function g\ is the difference of a piecewise-clipped polynomial on
the level-m partition and a piecewise-clipped polynomial on the previous level m — 1, with values

ng,n) c Qém,n)_
In other words, we define the level-M approximation set F (M) a5 the set of all functions fe:
[0,1] — R of the form

1/8z M 1/65 4™

fel) =) POO(@)loer, + ) D > QU™ (@)L o (26)
a=1

m=1 a=1 n=1

FO () g™ ()

where PCEO) € PLSO) and Q((zm’n) S ng’n). Once again, see (26) as an extension of (17), where the

constants cgm’") have been replaced with Ql(lm’").

Using again the fact that all functions in F are Holder, we can show that the set F (M) of
all functions f, is a v/2M-net of (F,|| - [ls); see Lemma 9 below (whose proof is postponed to
Appendix C.3) for further details.
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Lemma9 Let F be the set of Holder functions defined in (22). Assume that # = q -+« > 1/2. Let
6z = 2(q"y/(2A\)/? and 6, = ~/e. Then:

o the set F) defined in (23) is a y-net of (F, || - [|c)s

o forall M > 1, the set F™M) defined in (26) is a v/2M -net of (F, | - ||oo)-

B.2. A chaining algorithm using this exponentially nested refining discretization

Next we design an algorithm which, as in Section 3, is able to be competitive against any function
fo=1O 4 Z ™) and is computationally tractable. More precisely:

We run 1/0, 1nstances of the same algorithm A in parallel; the a-th instance corresponds to the
subinterval I, and it is updated only at rounds ¢ such that z; € I,.

Next we focus on the a-th instance of the algorithm A, whose local time is only incremented
when a new x; falls into I,. As in Algorithm 2, we use a combination of the EWA and the Multi-
variable EG forecasters to perform high-scale and low-scale aggregation simultaneously:
Low-scale aggregation: we run card PO < (2B/d,+1)@*+Y instances B, j, j = 1,. .., card P
of the Adaptive Multi-variable Exponentiated Gradient algorithm (Algorithm 3 in t%lf; appendix)

0

simultaneously. Each instance B, ; corresponds to a particular polynomial Pé(;) € Py’ and is run
(similarly to (5)) with the loss function ¢; defined for all weight vectors ulmn) e Acar 4lmm) by

¢ <u<m7">,m:1,...,M,n:1,...,4m)

M 4™ cardQ(m’n)

=¥ pIppY w"QU @)L, e | . @D)

m=1n=1

Here, Q((Zr{’n)v Q%’n), . denote the elements of Q{™™

(m n Q((:]?n)

that have been ordered. The above con-

vex combinations ), u,

m,n)

subalgorithm B, ; (when z; € I,) are denoted by u

ensure that subalgorithm B, ; is competitive against the best

on subintervals Lgm’n) for all m and n. The weight vectors formed by this

%J") and we setforall j = 1,...,card 73(50)

elements in Qa

4™ card Q(m )

M

0 2 p(0) ol

Foaa®) £ P+ 23S I QU
m=1n=1

where P( ) is the jth element of 73( ),

High-scale aggregation: we aggregate the forecasters above J?t@,j for j € {1, ...,card PCSO)}
with a standard Exponentially Weighted Average forecaster (tuned, e.g., with the parameter n =

1/(2(5B)%) = 1/(50B%)):

card 'P(QO)

fra= Y. Wrajfra;- 28)

J=1
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Putting all things together: atevery time t > 1, we make the prediction ft(a;t) = Zif h ﬁ’a(xt)]lxte I, -
We call this algorithm the Nested Chaining Algorithm for Holder functions.

Theorem 10 Let B > 0, T' > 2, and F be the set of Holder functions defined in (22). Assume
that B = q + « > 1/2 and that maxi<i<t |y:| < B. Then, the Nested Chaining Algorithm for
Holder functions defined above and tuned with the parameters 5, = 2(q\y/(2\))"/5, 6, = /e,
v = BTB/2B+Y) and M = [logQ (~T/ Bﬂ satisfies, for some constant ¢ > 0 depending only on q
and )\,

Regr(F) < ecmax{B>~ /5 BZ}Tﬁ(log T)3/% .

The proof is postponed to Appendix C.5. The logarithmic factor (log T)3/ 2 can be reduced to

log T', by partitioning I,, into 2™/# subintervals IC(Lm’") instead of 4™ subintervals. However, the

partition at level m > 2 is then not necessarily nested in the partitions of lower levels, which makes
the proof slightly more difficult.

Note that the Nested Chaining Algorithm for Holder functions is computationally tractable as shown
by the following lemma, whose proof is deferred to Appendix C.6.

Lemma 11 Under the assumptions of Theorem 10, the complexity of the Nested Chaining Algo-
rithm for Holder functions defined above satisfies:

Bla=1)+1
e Storage complexity: (’)(TQqHJr GERS] log T) ;

_B
o Time complexity: O (T(q+1)<2+25+1> log T> .
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Appendix C. Omitted proofs

In this appendix, we provide the proofs which were omitted in the main body of the paper.

C.1. Proof of Theorem 2

As is the case for the classical Exponentiated Gradient algorithm, the proof relies on a linearization
argument. Let (u(l), o ulE )) € Ay, X ... x Ap,. By differentiability and joint convexity of ¢,
forallt =1,...,T, we have that

g€t<ﬁ§1), . ,ﬁgK)) _ tzi;gt(u(l)’ N .,u(K)>

< tz:wt (@ a) - (@ - u®, - ul) (29)
iimwzt (ut .. ..,a§K>) . (ag'ﬂ _ u(k)) , (30)

t=1 k=1
where V/; in (29) denotes the usual (joint) gradient of ¢; (with Zle Ny, components), and where (30)
follows from splitting the gradient into K partial gradients: V/{; = (Va@)ft, e ,Va<K)€t>.
t t

(k) &

As a consequence, setting g; VA<k)€t <u§1), R ﬁgK)> € Rk, and taking the maximum of

the last inequality over all (u(l), e ,u(K)) € Ay, X ... X An,, we can see that

T
tzlﬁt (ﬁgl), ce ﬁEK)> — u(l)mm " Zﬁt( (K))
K T
B S
K T
_Z<Zg§k)' _é?irzlvkzg“) , G1)

where the last inequality follows from the fact that the function u(*) — Zthl gik) -u®) is linear
over the polytope Ay, , so that its minimum is achieved on at least one of the IV}, vertices of Ay, .

Note that the right-hand side of (31) is the sum of K regrets. Let k € {1, ..., K'}. By definition
of the Multi-variable Exponentiated Gradient algorithm, the sequence of weight vectors (aﬁ’“)) 1
corresponds exactly to the weight vectors output by the Exponentially Weighted Average forecaster

(see Page 14 of Cesa-Bianchi and Lugosi 2006) applied to /V;, experts associated with the loss vec-
tors ggk) € RV¥, ¢ > 1. We can therefore use the well-known corresponding regret bound available,
e.g., in Theorem 2.2 of Cesa-Bianchi and Lugosi (2006) or in Theorem 2.1 of Gerchinovitz (2011).

Noting that the loss vectors ggk) lie in [—G(k’)7 G(’f)] N by Assumption (3), we thus get that

T
Zggk)~ﬁ§k)— min Zg“ < G\ /2T log Ny, .
t=1

1<i< N,
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substituting the last upper bound in the right-hand side of (31) concludes the proof.

C.2. An efficient y-net for Lipschitz classes
Lemma 12 Let F be the set of functions from |0, 1] to [— B, B] that are 1-Lipschitz. Then:
o the set F(O) defined in (16) is a y-net of (F - Nloo)s

o forall M > 1, the set FM) defined in (17) is a v/2* L -net of (F., || - ||o)-

Proof (of Lemma 12)
First claim: F©) is a y-net of (F, || - [|oc)-
Let f € F. We explain why there exist cgo), e ,cgo/),y e C© such that
1/
FO@) =) ey,
a=1

satisfies | f(z) — 1 (z)| < v forallz € [0,1]. We can choose Ve argmin o) | f(za) — ¢,
where 1z, is the center of the subinterval I,. Indeed, since we can approximate f(z,) with precision
/2 (the y-axis discretization is of width ), and since f is 1-Lipschitz on I,, we have that, for all
ac{l,...,1/y}andallz € I,

[F@) = 0] <[ (@) = flaa)| + |f(@a) =] < 3 +5 =7

o[22

Since the subintervals I,, a < 1/, form a partition of [0, 1], we just showed that || f — (||, < .

Second claim: F™M) is a v/2M+ et of (]:7 I - Hoo)
(m,n)

Let f € F. We explain why there exist constants & e © and € [—v/2m 1, y/2m7 Y

such that
1/ M 1/y 2m

fe@) =Y Oher, + > D) Cgm’n)ﬂxel(gm,n)
a=1

m=1a=1n=1

satisfies | f(x) — fe(z)| < /2M*! forall 2 € [0, 1]. We argue below that it suffices to:

e choose the constants cgo) € argmin . (o) ‘ flxg) — c‘ exactly as for F ©) above;
e choose the constants cgm’n) in such a way that, for all levels m € {1,..., M}, and for all

positionsa € {1,...,1/y}andn € {1,...,2™},

m
f(zlmm™)) = O 4 Z clmsmms) (32)
m/=1
where 2™™ denotes the center of the subinterval I™™, and where n,, is the unique integer

I !
n' such that 7, (gm,n) -y ém i ). Such a choice can be done in a recursive way (induction on m).
It is feasible since the functions in JF are 1-Lipschitz (see Figure 1 for an illustration).
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To conclude, it is now sufficient to use (32) with m = M. Note indeed from (17) that, on each
level-M subinterval LgM’”), the function f, is equal to

M
fc(l‘) _ CELO) + Z Cgm,nm) ’
m=1

where n,, is the unique integer n’ such that IC(LM’n

) C Iém’n/). Thus, by (32), we can see that
fc(ng’n)) = f(ng’n)) for all points M g e {1,...,1/y}and n € {1,...,2M}.

Now, if x € LSM’”) is any point in LSM’”), then it is at most at a distance of -/ oM+1 of the
middle point 2M™  Therefore, by 1-Lipschitzity of f, we have ’ flx)—f (:L"SLM”)){ < y/2MHL
Using the equality f. (z((zM’n)) =f (mgM’n)) proved above and the fact that f. is constant on IC(LM’"),
we get that

Vae{l,...,1/7}, Vne{l,....2M}, VaeI™M™ |f(z) - felx)| <y/2MH.
Since the level-M subintervals IS, a € {1,...,1/y}and n € {1,...,2M}, form a partition of
[0, 1], we just showed that || f — felloo < v/2M*1, which concludes the proof. [

C.3. An efficient y-net for Holder classes (proof of Lemma 9)
First claim: F©) is a y-net of (F, 1+ [loo)-
Let f € F. We explain why there exist P e P foralla e {1,...,1/0,} such that

1/64

FO) =Y PO () Le,
a=1

satisfies | f(z) — f(o)(m)’ <~ forallz € [0,1]. Fixa € {1,...,1/9,} and let x, be the center of
the subinterval I,. By Taylor’s formula for all x € I, there exist £ € I, such that

F(2) = F(2a) + f'(wa) (@ — wa) + L

= (1€ - 19w - et 33

Thus, the function f can be written as the sum of a polynomial and a term (the last one) that will
be proven to be small by the Holder property (22). Now, for every derivative ¢ € {0, ..., q} we can
choose b; € Y such that

9 (2a) = bi] < 0y/2. (34)

Indeed, the y-axis discretization V) of [~ B, B] is of width 6, and | f())(x,)| < B by definition of
F. Thus, setting

b
($—$a)2+"'+*q($—xa)q,

PO (z) = by + bfl(x —Zq) + p

1 2!
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the polynomial Péo) satisfies by (33) forall z € I,

q .
f(l) Ta) — bi i 1
(@) - PO ()] <§j|(i,>‘m—xa\ o [79© — 79 @a)| o e
“—o ! !
q
)
<Z27;J‘| a|7L ‘5 ‘ ‘x*lia|qa
=0 \ s ,
<

where the second inequality is by (34) and because f (@) js a-Holder with coefficient A. Now, since
|€ — z4| and |x — x| are bounded by ¢,./2, it yields

This concludes the first part of the proof.

Second claim: FM) s a ’y/2M-net of (]:, Il - Hoo)
Let f € F. We explain why there exist clipped-polynomials cho) e PO and ng’n) € ng’n)
such that

1/85 M 1/65 4™

fel@) = 3 PO@ler, + 3 3 Y Q@)L o

a=1 m=1 a=1n=1

satisfies | f(z) — fe(x)| < /2™ forall z € [0,1]. To do so, we show first that there exist clipped
polynomials P ) € 73( ) and P{™™ € P{™™ such that

1/6z 4 1/6s
) =3 PO@hen + 3 > (P = BV @)
a=1 n=1a=1
M 1/6z 4m

+ 303D (B = P ) ) @)L

m=2 a=1 n=1

satisfies | f(z) — fc(x){ < /2M for all x € [0, 1]. We recall that n,,,_; denotes the unique integer
n' such that I{™™ ¢ 1{™~5") First we remark that the function f, defined above equals 2™

on each level-M subinterval IC(LM’").

Thus, it suffices to design clipped polynomials P\™™ € PI™™ such that | f(z) — pLmm (z)] <
v/2™ for all z € 1™™ . To do so, we reproduce the same proof as for F(©) above. Because
diam I{™™) = 02/4™ < 6,/2™/P (recall that B > 1/2), for every position a € {1,...,1/5,},
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every level m € {1,...,M}, and every n € {1,...,4™}, we can define as for F(°) above a
polynomial

flﬁm’”)(m) = by + le (x _ $((lm,n)> + % (x _ x((lm,n))2 4t Z‘i (m — :B((lm’”))q

(mn) .

(recall that x is the center of I ) such that all coefficients b; have the form —B + ;6,27
for some z; € {0,...,2""'B/§,} and

) = [P @)] 5| < /2" (35)

forall x € Lgm’") . To conclude, we choose the clipped polynomials Pém’n) = [ Py

(m;n)

To conclude the proof, we see that for all z € I, ", by the triangle inequality

v 3y

_ B Y
P () — Pt () < Lo oL = 21

so that f, = f. for the choices Qim™ = [Pém’n) (x) — Pa(m_l’"m_l)(x) 3
1y m

C.4. Proof of Theorem 7

We split our proof into two main parts. First, we explain why each functions ﬁa incurs small
cumulative regret inside each subinterval I,. Second, we sum the previous regret bounds over all
positions a € {1,...,1/v}.

Part 1: focus on a subinterval I, In this part, we fix some a € {1,...,1/~} and we consider
the a-th instance of the algorithm .4, whose local time is only incremented when a new z; falls into
I,. As in Algorithm 2, our instance of algorithm A uses a combination of the EWA and the Multi-
variable EG forecasters to perform high-scale and low-scale aggregation simultaneously. Thus, the
proof closely follows the path of the one of Theorem 3. We split again the proof into two subparts:
one for each level of aggregation.

Subpart 1: low-scale aggregation.

In this subpart, we fix j € {0,...,2B/~}. The proof starts as the one of Theorem 3 except that .4
applies the adaptive version of the Multi-variable Exponentiated Gradient forecaster (Algorithm 3,
Appendix A) with the loss function ¢; defined in (18). We will thus apply Theorem 8 (available
in Appendix A) instead of Theorem 2. After checking its assumptions exactly as in the proof of
Theorem 3, we can apply Theorem 8. The norms of the loss gradients Hvagm,n) étHoo are bounded

by 16B~/2™ if z, falls in I{"™™ and by 0 otherwise. Setting T."™") = ST I, ¢pomm> Theorem 8
yields as in (11): /

T 2
Z( fta,] wt)) Iyer, (36)

t=1
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T 2m 2
< inf > ( < B+jv+ Z > et I(mn))) Ler,

cflm"n) ,V(mmn) 31—

m=1n=1
M 277L
+2 57 3 16By/2m/ T log 2, (37)
m=1n=1
where the infimum is over all constants c™"™) € [—~/2m~1 ~/2m=1] for every m = 1, ..., M and
n=1,...,2™. But, for each level m = 1,..., M, the point z; only falls into one interval Iém’n).
Thus, anl T = T, where T, = 2 Iy, is the final local time of the a-th instance of

A. Therefore, using the concavity of the square root and applying Jensen’s inequality, (37) entails

T P 2
> (= Frag(@) Tuier,

t=1
T 2
i —( = ; (m,n)
< c(m,n)lnvf(m n) ; Yt < B+ Jv + (Z) Ca Hmtelém’")> ]Ixtela
a Hl ) = m,n
M
+32By Y 27"\/T, 2" log 2
m=1
T 2
i —( - ; (myn)
S Ol VS CLESIED wE e ey | R
“ ’ ’ = m,n
+32B7(1 + V2)\/T, log 2. (38)

The second inequality is because > ~_; 272 =14 /2.

Subpart 2: high-scale aggregation.
Following the proof of Theorem 3, we apply EWA to the experts ﬁ,a,j for j € {0,...,2B/v}

with tuning parameter n = 1/(2(4B)?) because ft,w € [-B —2v,B +2v] C [-3B,3B] and
yr € [—B, B]. We get from Proposition 3.1 and Page 46 of Cesa-Bianchi and Lugosi (2006) that

T 2
Z( fta Tt ) Hmtela

t=1
T

~ 2 log (2B/v + 1)
0<j<3B ; (yt feas (‘rt)) mele T n
T 2
<  min inf Y — (— B+ jy+ cmm (m,n>> Iyer,
0<U<2B/y ™™ v(mn) ; ' 7 (mzm @ z€lq Tt€
+32B(1 + V2)y\/T,log2 +32B%log (2B/vy +1) , (39)

where the infima are over all j € {0, ...,2B/~} and all constants ci"™™ € [—~/2m=1 ~/2m=1],
and where the second inequality follows from (38) and from n = 1/(32B2).
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Part 2: we sum the regrets over all subintervals /, By definition of ft we have

T R T 1/y
Z (Z/t - ft(l“t Z <yt Z fra(zt) ztela>
t=1
/Y R 2
Z (yt - ft,a(xt)> thela

a=1 t=1

)_l@#

Now, by definition of F (M), summing (39) overalla = 1,...,1/~ leads to

T

2
Z — fi( (z4))” < inf (ye — f(ﬂ%))2 + 525

M
=1 ferthi—

log (2B/~v+1)

1/~

+32B(1 + v2)7/log 2 Zf . (40)

Then, using that Zl/ " T, = T, since at every round ¢, the point z; only falls into one subinterval
I,,, and applying Jensen’s inequality to the square root, we can see that

1/y

Y VT <VT/y.
a=1

Therefore, substituting in (40), we obtain

T

2
Z — fi(z))? < inf (ye — () + 525
1

t=1 feFtn iz
+32B(1+V2)/7Tlog?2 . (41)

But, F(M) is by Lemma 12 a v/2M+1_net of F. Using that M = [log,(7T/B)] and following the
proof of (15), it entails

log (2B/y+1)

T T 2
. 2 _ . s B
f — < inf — 2B —
felefl(M) tz:; (yt f(xt)) }Ielf ; (yt Ut )) * + AT
Finally, from (41) we have
T T
: 3282
Z — i 2))” < 1n]frz (ye — f(xt))2 + log (2B/vy +1)
t=1 reri3
BZ
+32B(1+ v2)\/7Tlog2 + 2B + T 42)

The above regret bound grows roughly as (we omit logarithmic factors and small additive terms):

714\ /AT.

Optimizing in « would yield v &~ 7~'/3 and a regret roughly of the order of T'*/3. More rigorously,
taking v = BT~1/3 and substituting it in (42) concludes the proof.
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C.5. Proof of Theorem 10

The proof closely follows the one of Theorem 7. It is split into two main parts. First, we explain
why each function f; , incurs a small cumulative regret inside each subinterval I,. Second, we sum
the previous regret bounds over all positionsa = 1,...,1/4,.

Part 1: focus on a subinterval I, In this part, we fix some a € {1,...,1/d,} and we consider
the a-th instance of the algorithm A, denoted .4,, whose local time is only incremented when a
new x; falls into /,. As in Algorithm 2, A, uses a combination of the EWA and the Multi-variable
EG forecasters to perform high-scale and low-scale aggregation simultaneously. We split again the
proof into two subparts: one for each level of aggregation.

Subpart 1: low-scale aggregation.

In this subpart, we fix j € {1,...,card Pao } Sirnilarly to the proof of Theorem 7, we start by

applying Theorem 8. Since the elements in Qa ) are bounded in supremum norm by 3v/2™, and
(0)

since the elements in P, ’ are bounded by B, the norms of the gradients of the loss function (defined
in (27)) are bounded by 0 if z; ¢ Iém’n) and as follows otherwise:

19500 el < 2(10l + [ Fons ) [ QU] < 208+ 4B)33/27 = 3084 /27

Here, we used that

card Q((lm )

M 4am M
> ~(m,n) | ~(m,n) 3y
fras@ ] <Pujllet 2,20 2 WG |Qu" @ Leyrn B+ D 5 <4B.
m=1n=1 m=1
(43)
Thus, setting T(m n) - ZtT 1 ]Iz eimm> Theorem 8 yields:
T - 2
Z (yt - ft,a,j(wt)) Lz.e1,
t=1
T M 4™ 2
. 0
< inf Z Yy — Pé,j) + Z Z ng,n)]lx cp(mom) (x¢) | Iyer,
Qt(zmm)v v(mmn) =1 m=1n=1 T
M 4m
+23° 3 308y /2m\/ ™) log <Card ol ”)) , (44)
m=1n=1
where the infimum is over all polynomial functions Q((l ) e Q ") for everym =1,..., M and
n=1,...,4™. But, for each level m = 1,..., M, the point x; only falls into one interval L(lm’").
Thus, Zizl T{™™ = T, where T, = ZZ;I I,,er, is the final local time of the a-th instance of

A. Therefore, using the concavity of the square root and applying Jensen’s inequality, (44) entails

T 2
> (v = Frag@) Luier, (45)

t=1
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2
T

. 0
< inf Z Yt — Pé,j)+ Z ng’n)ﬂxtelgmm (@) | Loer,

Q™™ v(m,n) =1 (m,n)

M
+60By Y 2—m\/ T,4m log (card Qlm ”)) (46)

m=1

Now, by the definitions of Qi plmm) and Ym) (see Equations (24) and (25)), we can see that

card Q) < cara (PYr ) < (cara i) = (2, 1)

i

_ (2m+1€B/,y n 1)2(q+1)

which yields

M

M
m\/4m log (card Qt(lm’n)) < Z \/2(61 +1)log (2m+1eB/v + 1)

m=1 m=1

< My/2(q + 1) log (2M+1LeB/y +1).

Thus, using M = [logy(yT/B)], so that 2"/4~1 < 27/B and combining the above inequality
with (46), we have

T ~ 2
> (= Frag(@) Lie, “7)
t=1
2
T
. 0 m,n
< ( 1)nf Z Yt — ch,j) + Z Qim: )thel(m’m (x¢) | Iyer,
Qam,n ) V(m>n) t=1 (m7n) “
+ 60B~[logy (YT /B)]\/2(q + 1)T, log(4eT + 1) . (48)

Subpart 2: high-scale aggregation.

Following the proof of Theorem 7, we apply EWA to the experts ft a,j forj e {1 ,card Péo)}
with tuning parameter n = 1/(2(5B)?) = 1/(50B?) because £ aj € [—4B,4B] (see (43)). From
(48) and using card P\”) < < (2B/6, +1)411 = (2eB/v + 1)7™!, we have

T 2
Z( fta Ty) ) Lpe,

t=1

T (0)
' —~ 2 log ( card P
< min g (yt - ft,a,j(xt)> Ipier, + (—a)
lgjgcardpég) t=1 K
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2

T
< inf inf Z ye— | PO+ Z ng’n)ﬂx pomen) | (@) | Tager,
POeP® QY™™ Y(m,n) t=1 (m,n) e
+ 60B7y[logy(YT/B)]v/2(q + 1)T, log(4eT + 1)
+ 50B%(q + 1)log (2¢B/vy + 1) , (49)

where the infimum is over all functions P(© e P.? and ng’") e 0™ and where the second
inequality follows from 1 = 1/(50B82?).

Part 2: we sum the regrets over all subintervals /, By definition of ft we have

T 1/6z R 2
Z ft $t = Z (?/t - Z ft,a(xt)ﬂxtela>
t=1 t=1 a=1
1/6z T
_Zz<yt fta Tt ) €1,
a=1 t=1

Now, by definition of F (M) summing (49) overalla = 1,...,1/4, leads to

T

T
Z (yt — ft(JUt))2 < inf (yt — f(fL't))2
t=1

feF M) =1
+ 50B%(q + 1) log(2eB/y + 1)5, "
1/6,
+ 60B7[logy(vT/B)1v/2(q + 1) log(4eT + 1) Z VT,

(50)
Then, using that Zl/ O w = T, since at every round ¢, the point x; only falls into one subinterval
I,,, and applying Jensen’s inequality to the square root, we can see that

1/62

S VT, < \T)6, .
a=1

Therefore, substituting in (50) and because &, = 2(¢!y/(2)))"/?, we have
T

T
ST (e — fil@))* < inf S (e — fla)”
t=1

M
fertn i

+25B%(q+ 1) log(2¢B/v + 1) (qly/(2\) 7

+ 60B7[logy(vT'/B)] \/(q + 1) log(4eT + 1)T (gly/(22)) /7.

But, FM) is by Lemma 9 a /2™ -net of F. Using that M = [logy(7T/B)] and following the
proof of (15), it entails

2

: 2 _ .
inf Z(yt_f(xt)) < T

M
feF) =1
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Finally, we have

t:l t=1
+25B%(q+ 1) log(2eB/y + 1) (qlv/(2\)) "7 + 4B% + ];2
+ 60By[logy(vT'/B)] \/(q + 1) log(4eT + 1)T(q!’y/(2)\))_1/5 )
(51

The above regret bound grows roughly as (we omit logarithmic factors and small additive terms):
B 4 A=Y ERRT

Optimizing in v would yield v ~ T—B/(2F+1) and a regret roughly of order (’)(T 1/ (25“)). More
rigorously, taking v = BT—#/(26+1) and substituting it in (51) concludes the proof.

C.6. Proof of Lemma 11

Storage complexity. Fix a position a € {1,...,1/0;}. Atround ¢t > 1, the Nested Chaining
Algorithm for Holder functions needs to store:

e the high-level weights @, ; for every j € {1,...,card PO };

%Jni for every j € {1 cardP((lO)}, every m € {1,..., M},

everyn € {1,...,4™}, andevery k € {1,...,card Q(m" }.

e the low-level weights u.

The complexity of the ath instance of A is thus of order
card PO x M x 4 x card QM™)
Now, we bound each of these terms separately. First for v = BT 8/(28+1) we have

card PO < (2B/8, + 1)%! = (2eB/y + 1) = (2eT?/25+1) 4 1)+
— (’)(Tﬂ(q+1)/(2[3+1)) ’

because ¢, = e/. Second using M = [logy(y1'/B)], we can see that
M = (2M)2 < (29T/B)? = (201 P/B+D)2 Z o(72-28/(28+1))
and that
card QM) < (2MHeB/y +1)" T < (4eT + 1)) = o(T20+D)

Putting all things together the space-complexity of the ath instance of A is of order

@(T2q+4+5(q71)/(2/3+1) log T) .
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The whole storage complexity of the algorithm is thus of order

(9(T2q+4+ﬂ(q—1)/(2ﬂ+l)/5z) - (')(T2q+4+(5(q—1)+1)/(2,8+1) log T) ,
where we used that 6, = 2(q!’y/(2)\))1/5 = O(T—l/(2ﬁ+1))

Time complexity. At round ¢ > 1, x; only falls into one subinterval I, and one subinterval L(zm’")

for each level m =1, ..., M. It thus needs to update
e the weights W, , ; for a single position a and for every j € {1, ...,card 7350) },
e for every level m = 1,..., M the weights ﬁ%ﬁ for a single position @ and a single n, but

forall j € {1,...,card P} andall k € {1,...card Q™™ 1.

The time-complexity is thus bounded by

O(Card PO x M x card Q((IM’")> = O(T\rHDVEHB/ B+ 160 T) |
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