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Abstract. The aim of the contribution is to obtain heat conduction equations with slowly 
varying coef  cients for a functionally graded strati  ed layer. The proposed procedure is 
realized in two steps. In the  rst step we deal with two independent isotropic materials, each 
of them  reinforced by a periodically spaced very thin layers. Using the homogenization 
procedure we obtain two new orthotropic materials. In the second step these new materials 
are combined together in order to derive the functionally graded composite model constitut-
ing the basis for analysis.

Key words: material FGM, transversal gradation of effective properties, heat conduction, 
homogenization

INTRODUCTION

The general idea of the proposed approach is slightly related to what is called the re-
iterated homogenization as well as to the non uniform homogenization which are applied 
in the well known asymptotic procedures [Bensoussan et al. 1978, Lewi ski and Telega 
2000].

In contrast to periodic material structures, which were analyzed in the above men-
tioned contributions, this paper concerns functionally graded layered composite (FGM 
– Functionally Graded Materials). The general idea of these composites was discussed 
in the review paper [Suresh and Mortensen 1998] and some speci  c cases of FGM were 
studied in monographs [Wo niak C. et al. 2008, 2010].

The starting point of the analysis are two microlayered composite materials, each of 
them made of a certain basic material and reinforcement material both of them being pe-
riodically spaced. Fragments of the above mentioned composites are shown in Figure 1. It 
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is assumed that materials “a”, “b”, “R” are isotropic heat conductors with heat conduction 
coef  cients ka, kb, kR, and speci  c heats ca, cb, cR, respectively.

The fractions of reinforcements in the above composites are the same and will be 
denoted by  the fraction of material “a” and “b” are also the same and equal to 1 – , 

. Introducing the orthogonal Cartesian coordinates Ox1x2x3 we shall assume that 
the above two new materials are oriented in physical space along Ox1 axis as normal to in-
terfaces between basic materials (“a” or “b”) and reinforcement material “R”. Due to the 
well known homogenization procedure we deal now with two new composite materials. 
These materials will be denoted by “A” and “B” and theirs heat conduction coef  cients 
along Ox1 axis are given by:
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At the same time the heat conduction coef  cients in the direction of arbitrary axis 
which are normal to Ox1axis are equal to: 
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At the same time the speci  c heats of the composite “A”, “B” materials under consi-
deration are: 

x1

(k  ,c )a a

(k  ,c )R R

x1

(k  ,c )b b

(k  ,c )R R

Fig. 1.  Scheme of material “a” and material “b” reinforced by a system of periodically spaced 
inclusions made of material “R”

Rys. 1. Schemat materia u „a” i materia u „b” wzmocnionych periodycznie rozmieszczonymi 
wtr ceniami z materia u „R”
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It has to be emphasized that in the subsequent analysis we shall deal with two new 
materials which were denoted by “A”, “B”. Obviously these materials are not isotropic 
but have material characteristics in the heat conduction problems given by formulas (1), 
(2), (3).

FORMATION OF FGM LAYER

The object of our consideration is a layer occupying region 0,L , where
 is a region on Ox2x3 plane.

Let p be a natural number which is suf  ciently large, i.e.
 

1 1
p

. Let us assume that 

the layer under consideration is divided into p sublayers of the same thickness l, where
 Ll

p
.

Every sublayer occupies the region 1 ,n l nl , where n = 1, ... , p. Let 
1 1

2n
lx x n l  stand for a midplane of the n-th layer. To ever n-th sublayer 

n = 1, ..., p there are uniquely assigned two fractions 1
2A
l n l , 1

2B
l n l ,

1A B  such that the sublayer 1 , 1 1
2A
ln l n l n l l  

is occupied by the A-th material and sublayer 1 1 ,
2A
ln l n l l nl  

1 ,
2B
lnl n l l nl  is occupied by the B-th material.

The  rst important statement leading to the concept of functionally graded strati  ed 
material is there exist differentiable functions 1, 0,A B C L  which are slowly 
varying, 1A B .

Obviously these functions have a physical sense only for x1 belonging to the midpla-
nes of layers. The example of this structure of the layer is shown in Figure 2.

The second important statement concerns the compatibility between homogenized 
materials “A”, “B” and the reinforcement material “R”. It means that if the period of unho-
mogeneity of material “a” (“b”) with reinforcement material “R” is  then 

1,...,
min A n

n p
x l . Generally speaking we deal here with two kinds of heterogeneity 

i.e. heterogeneity of composite materials A, B, and functionally graded materials under 
consideration.
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MODELLING PROCEDURE

To functionally graded strati  ed composite, in the contrast to the periodic strati  ed 
structure is not assigned any representative sublayer. Instead of representative sublayer 
we introduce the basic concept of the local (virtual) layer. This is a formally de  ned sub-

layer in new coordinate system Oy1x2x3 occupying the region ,
2 2
l lx x  for an 

arbitrary, but  xed x (0, L). To this layer are uniquely assigned fractions A x , B x ,
such that 1A Bx x . The scheme of this local (virtual) sub layer is shown in Fi-

gure 3. Obviously every virtual layer for , , 2 , ...,
2 2 2 2
l l l lx l l L  coincides with 

the physical layer introduced in previous Section.

x2x3

x1

L

Fig. 2.  Scheme of structure of the layer with transversal gradation of effective properties
Rys. 2.  Schemat struktury warstwy z poprzeczn  gradacj  w asno ci efektywnych
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Fig. 3.  A fragment of cross section of a local layer made of two homogenized materials
Rys. 3. Fragment przekroju warstwy lokalnej wykonanej z dwóch zhomogenizowanych materia-

ów
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On the right hand side of Figure 3 there is also shown the diagram of what will be 
called the local shape function [cf. Wo niak et al. 2012]. The meaning of this function 
will be explained bellow.

Generally speaking the concept of local layer assigned to every ,
2 2
l lx x  is 

equivalent to every to the concept of the medium with microstructure in which to every 
point of the medium is assigned a certain but well de  ned new material structure; for the 
detailed study of this microstructure medium the reader is referred to Wo niak [1969].

The subsequent modelling procedure will be related to the concept of the arbitrary 
but  xed local layer. This procedure is based on two modelling assumptions. The  rst 
modelling assumption is strictly related to the weak limit passage. 

Assumption 1 (Asymptotic approximation). The modelling procedure is realized 
under limit passage l  0 independently for every l – periodic function 2

loc
l
xf L R , 

x  (0, L):

2

2

1
lx

l l
x x x

lx

f f f y dy
l

 for every x  (0, L)

The second modelling assumption is referred to as the micro-macro decomposition.
Assumption 2 (Micro-macro decomposition of a local temperature  eld). Tempe-

rature  eld l
x  in every local layer is expected in the form: 

1, , ,l l
x xt t g y ty y y  (4)

where: l
xg  – a local shape function,

1, 0,C T  are the basic unknowns.

The micro-macro decomposition presented above makes it possible to satisfy the heat 
 ux continuity on interfaces in the local layer; this continuity has to be satis  ed only mo-

dule O(l). Bearing into account these assumptions we obtain the local averaged balance 
equation: 

0x x tQ C  (5)

where: 1 1 1
1 1x x x x xQ K K g ,

2 2
2x xQ K ,

3 3
3x xQ K ,

1 1
1 1 A B

x A B
A B

K KK K .
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MODEL EQUATION

Taking into account the results outlined in previous Section we can de  ne the follo-
wing local effective coef  cients:

1 1 1 1

1 1
1 1 1 1

1 1 1 1 1
A B

x x x x
A B B A

K KK x K K g
K x K x

1
2 1 2 2 1 2 1

A A B BxK x K K x K x  (6)

1
3 1 3 3 1 3 1

A A B BxK x K K x K x

1
1 1 1 1;  0,A A B BxC x C C x C x x L

Using the above effective coef  cients, which are slowly varying functions depending 
on x1 (0, L) we obtain  nally the heat balance equation in the form:

1 2 3
1 1 2 2 3 3 0K K K C  (7)

Equation (7) together with formulas (6) for effective functional coef  cients represent 
the  nal result of the proposed modelling procedure.

CONCLUSIONS

The proposed two step modelling procedure should lead to the reable results provided 
that that the compatibility condition 

1,...,
min A n

n p
x l holds. This condition has to be 

satis  ed with a suf  cient accuracy which can not be veri  ed in the framework of the pro-
posing modelling procedure. In order to verify the scope of applicatibility of the above 
two step procedure it has to be evaluated the independent procedure which starts with 
a composite made of three-component materials “a”, “b”, “R”.
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