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Abstract

The purpose of this article is to provide an adaptive estimator of the baseline function in the
Cox model with high-dimensional covariates. We consider a two-step procedure : first, we estimate
the regression parameter of the Cox model via a Lasso procedure based on the partial log-likelihood,
secondly, we plug this Lasso estimator into a least-squares type criterion and then perform a model
selection procedure to obtain an adaptive penalized contrast estimator of the baseline function.

Using non-asymptotic estimation results stated for the Lasso estimator of the regression param-
eter, we establish a non-asymptotic oracle inequality for this penalized contrast estimator of the
baseline function, which highlights the discrepancy of the rate of convergence when the dimension
of the covariates increases.

Keywords: Survival analysis; Conditional hazard rate function; Cox’s proportional hazards model;
Right-censored data; Semi-parametric model; Nonparametric model; High-dimensional covariates;
Model selection; Non-asymptotic oracle inequalities; Concentration inequalities

1 Introduction

Consider the following Cox model, introduced by Cox (1972) and defined, for a vector of covariates
Z = (Zv,...Zy)T, by

No(t, Z) = ao(t) exp(Bg Z), (1)

where \g denotes the hazard rate, Bo = (5o, --- Bop)T € RP? is the regression parameter and «g is the
baseline hazard function. The Cox partial log-likelihood, introduced by Cox (1972), allows to estimate
Bo without the knowledge of «q, considered as a functional nuisance parameter. For the estimation
of g, one common way is to use a two step procedure, starting with the estimation of B¢ alone and
then to plug this estimator into a non parametric type estimator g, usually a kernel type estimator.



Let us be more specific.

When p is small compared to n, B is usually estimated by minimization of the opposite of the
Cox partial log-likelihood. We refer to Andersen et al. (1993), as a reference book, for the proofs of
the consistency and the asymptotic normality of B when p is small compared to n. Thoses strategies
only apply when p < n and even more, they only apply when p is small compared to n. When p
growths up, becoming of the same order as n and possibly larger than n, various well known problems
appears. Among them, the minimization of the opposite of the Cox partial log-likelihood becomes
difficult and even impossible if p > n.

In high-dimension, when p is large compared to n, the Lasso procedure is one of the classical
considered strategies. The Lasso (Least Absolute Shrinkage and Selection Operator) has been first
introduced by Tibshirani (1996) in the linear regression model. It has been largely considered in
additive regression model (see for instance Knight and Fu (2000), Efron et al. (2004), Donoho et al.
(2006), Meinshausen and Bithlmann (2006), Zhao and Yu (2006), Zhang and Huang (2008), Mein-
shausen and Yu (2009) and also Juditsky and Nemirovski (2000), Nemirovski (2000), Bunea et al.
(20065 2007a;b), Greenshtein and Ritov (2004) or Bickel et al. (2009)), and in density estimation (see
Bunea et al. (2007c) and Bertin et al. (2011)). In the particular case of the semi-parametric Cox
model, Tibshirani (1997) has proposed a Lasso procedure for the regression parameter. The Lasso
estimator of the regression parameter B is defined as the minimizer of the opposite of the Cox partial
log-likelihood under an f¢; type constraint, that is, suitably penalized with an ¢;-penalty function.
Recent results exist on the estimation of B¢ in high-dimension setting. Among them one can mention
Bradic et al. (2012) who have proved asymptotic results for Lasso estimator. More recently, Bradic
and Song (2012), Kong and Nan (2012) and Huang et al. (2013) establish the first non-asymptotic
oracle inequalities (estimation and prediction bounds) for the Lasso estimator.

For the baseline hazard function and when p is small compared to n, the common estimator is a
kernel estimator, which depends on B obtained by minimization of the opposite of the Cox partial log-
likelihood. This kernel estimator has been introduced by Ramlau-Hansen (1983a;b) from the Breslow
estimator of the cumulative baseline function (see Ramlau-Hansen (1983b) and Andersen et al. (1993)
for more details). In this context, Ramlau-Hansen (1983b) and Grégoire (1993) proved asymptotic
results. No non-asymptotic results and no adaptive results have to date been established for the
kernel estimator of the baseline function. Finally, when p is large compared to n, to our knowledge,
the construction of an estimator of the baseline function has not been yet considered.

In this paper, we consider a two-step procedure to estimate B¢ and «ag, the two parameters in
the Cox model. But our contributions focus more on the estimation of ag. In the Cox model we
consider, it is noteworthy that the high-dimension only concerns the regression parameter, whereas
the baseline function is a time function. Its estimation would not require a procedure specific to
high-dimension, besides the first step concerning the estimation of Bg. We propose a procedure for
the construction of an estimator of the baseline hazard function «g, p being either smaller than n or
greater than n. It combines a Lasso procedure for B¢y as a first step and a second step based on a
model selection strategy for the estimation of the baseline function «g. This model selection procedure
takes its origins in the works of Akaike (1973) and Mallows (1973), more recently formalized by Birgé
and Massart (1997) and Barron et al. (1999) for the estimation of densities and regression functions
(see the book of Massart (2007) as a reference work on model selection). In survival analysis, the
model selection has also been documented. Letué (2000) has adapted these methods to estimate the
regression function of the non-parametric Cox model, when p < n. More recently, Brunel and Comte
(2005), Brunel et al. (2009), Brunel et al. (2010) have obtained adaptive estimation of densities in a
censoring setting. Model selection methods have also been used to estimate the intensity function of a



counting process in the multiplicative Aalen intensity model (see Reynaud-Bouret (2006) and Comte
et al. (2011)). However, the model selection procedure has never been considered, to our knowledge,
for estimating the baseline hazard function in the Cox model.

Our contributions are at least threefold: Our procedure is the first that focus on the estimation of
baseline function of the semi-parametric Cox model with high-dimentional covariates. This procedure
provide an adaptive estimator of the baseline function that works as well for small p and large p
compared to n (that is for possibly high-dimensional covariates). Furthermore, for this estimator, we
state non-asymptotic oracle inequalities, that hold, once again, p being either smaller than n or greater
than n. More precisely, we prove that the risk of this estimator achieves the best risk among estimators
in a large collection. For each model, the risk of an estimator is bounded by the sum of three terms.
The first term is a bias term involving to the approximation properties of the collection of models,
through the distance evaluated in By between the true baseline and the orthogonal projection of «q
on the best selected model. The second term is a penalty term of the same order than the variance
on one model, that is of order the dimension of one model over n, as expected with fp-penalty. These
two terms are the "usual" terms appearing in nonparametric estimation. It is noteworthy that these
two terms do not involve any quantity related to the risk of the Lasso estimator of Bg. The last term
precisely comes from the properties of the Lasso estimator of Bg. This last term is of order log(np)/n,
as expected for a Lasso estimator.

When p is small, the third last term is of order log(n)/n and, the rate is governed by the first
two terms. In that case, the penalty term being of the same order than the variance over one model,
we conclude that the model selection procedure achieves the "expected rate" of order n~27/(27+1)
when the baseline function belongs to a Besov space with smoothness parameter «. This continues
to hold when p is of the same order than the sample size n. When p is larger than n, that is in
the so-called ultra-high dimension (see Verzelen (2012)), the rate for estimating «q is changed, and
more precisely degraded as a price to pay for being with high dimension covariates. This degradation
follows accordingly to the order of p compared to n.

The main tools for stating our results are the theory of marked counting processes and martingales
with jumps, the theory of penalized minimum contrast estimators and concentrations inequalities
such as Talagrand inequality (see Talagrand (1996)) and a Bernstein inequality found in (see van de
Geer (1995) and Comte et al. (2011)) for unbounded martingale process and combined with chaining
methods (see Talagrand (2005) and Baraud (2010)).

The article is organized as follows. In Section 3, we describe the estimation procedure. Section 4
provides non-asymptotic oracle inequalities on the estimator of the baseline hazard function «q, in a
high-dimensional setting for Bg. In section 5, we compare the performances of the resulting penalized
contrast estimator to those of the usual kernel estimator on simulated data. Section 6 is devoted to
the proofs: we state some technical results, then we establish the two main theorems and lastly we
prove the technical results. Finally, Appendix A discusses the bound of the error estimation for the
Lasso estimator of the regression parameter of the Cox model.

2 Notations and preliminaries

2.1 Framework with counting processes

Consider the general setting of counting processes, which embeds the classical case of right censoring.
We follow here the now classical setting of Andersen et al. (1993) or Fleming and Harrington (2011).
For n independant individuals, we observe for ¢ = 1,...,n a counting process IV;, a random process Y;



with values in [0, 1] and a vector of covariates Z; = (Z; 1, ..., Zip)T € RP. Let (Q, F,P) be a probability
space and (F;)¢>0 be the filtration defined by

Fi = 0{Ni(s), Yils),0 <5 < t, Ziyi = 1,..,m}.

From the Doob-Meyer decomposition, we know that each N; admits a compensator denote by A;,
such that M; = N; — A; is a (F3)+>0 local square-integrable martingale (see Andersen et al. (1993) for
details). We assume in the following that IV; has a satisfies an Aalen multiplicative intensity model.

Assumption 2.1. For eachi=1,...,n and allt > 0,

Ait) = /0 " o(s, Z)Yi(s)ds, 2)

where \o(t,z) = ao(t)eﬂTz, for z € RP.

We observe the independent and identically distributed (i.i.d.) data (Z;, N;(t),Y;(t),i =1,...,n,0 <
t <), where [0, 7] is the time interval between the beginning and the end of the study.

This general setting, introduced by Aalen (1980), embeds several particular examples as censored
data, marked Poisson processes and Markov processes (see Andersen et al. (1993) for further details).
We give here details for the right censoring case. We observe for i = 1,...,n, (Xj,d;, Z;), where
X; = min(T3,C;), 6; = lyr,<c,y, Ti is the time of interest and C; the censoring time. With these
notations, the (F;)i>o-adapted processes Y; and N; are respectively defined as the at-risk process
Yi(t) = 1x,>4 and the counting process N;(t) = 1yx,<¢ 51} Which jumps when the ith individual
dies.

2.2 Assumptions

Before describing the estimation procedure, we introduce few assumptions on the framework defined
in Subsection 2.1.

Let Z € RP denote the generic vector of covariates with the same distribution as the vectors of
covariates Z; of each individual i and by Z; its j-th component, namely the j-th covariates of the
vector Z. Similarly, we denote by Y the generic version of the random process Y; with values in [0, 1].

We define the standard L2 and L>°-norms, for a € (L% N 1L>°)([0, 7]):

||a||%=/ o(t)dt and |[|alser = sup [a(t)].
0 te(0,7]

For a vector b € RP, we also introduce the ¢;-norm |b|; = 1;:1 |b;].
Assumption 2.2.
(i) There exists a positive constant B such that
1Z;| < B, Vje{l,..p}
In the following, we denote A = [—B, BJP.

(ii) The vector of covariates Z admit a p.d.f. fz such that supy |fz| < fi < +oo.



(iii) There exists fo > 0, such that ¥(t,z) € [0,7] X A,
EY ($)|Z = z]fz(2) = fo.

(iv) For allt € [0,7], ap(t) < ||ao]|oor < +00.

Remark 2.3. Let say a few word on these assumptions starting by noting that these four assumptions
are quite classic and reasonnable. To be more specific, Assumption 2.2.(i), is very common to establish
oracle inequalities of Lasso estimators in various frameworks. In particular, in the Cox model, see
e.g. Huang et al. (2013) and Bradic and Song (2012) for the statement of non asymptotic oracle
inequalities

In the specific case of right censoring, Assumption 2.2.(iii) is automatically verified. Indeed, for
T the survival time and C the censoring time, we can write

E(Y(1)|Z = 2z) = E(lyrac<y| Z = 2) = (1 = Friz(1))(1 = Geiz(t-)),

where Fp iz and Gg|z are the cumulative distribution functions of T|Z and C|Z respectively. It is
known (see Andersen et al. (1993)) that the Kaplan-Meier estimator is consistent only on intervals
of the form [0, 7], where 7 < sup{t > 0, (1 — Fp|z(t))(1 — G¢z(t)) > 0}. Hence when fz is bounded
from below on A, there exists fo > 0, such that

V(t,z) € 0,7] x A, E[Y($)|Z = 2]fz(2) = fo.

Assumption 2.2.(iii) is required in order to compare the natural norm of the baseline function
induced by our contrast to the standard L?-norm (see Proposition 6.1).

3 Estimation procedure

We now describe our two-steps estimation procedure, starting by recalling the Lasso estimation of Bg
and then giving a bound of its prediction risk. Then, we describe the contrast and the model selection
procedure for the estimation of the baseline function.

3.1 Preliminary estimation of By: procedure and results

The Lasso estimator B of the regression parameter B¢, introduced in Tibshirani (1997), is defined by

B = argmin{~1;(8) + Tl 8|1}, (3)
BERP
where T'), is a positive regularization parameter to be suitable chosen, |8|; = ?:1 85| and [, is the

Cox partial log-likelihood defined by,

ﬂTZz
Ir(B) = / logS dN;(t), where S,(t,8) = Ze’aTZ’Y vt > 0. (4)

The risk bounds for the estimator of ag will naturally involve the risk | B — Bol1, that have to be
at least bounded. Thus, we rather consider the following procedure

B = argmin {~I(8) + pen(8)}, with pen(B) = T'n|Bl1, (5)
BeB(0,R1)



where B(0, Ry) is the ball defined by
B(O, Rl) = {b e RP: |b|1 < Rl}, with Ry > 0.
Consider the following assumption:

Assumption 3.1. We assume that |Bol1 < R2 < +00.

We denote R = max(R1, R2), so that

1B—Boli <2R as. (6)

Such condition has already been considered by van de Geer (2008) or Kong and Nan (2012). Roughly
speaking, it means that we can restrict our attention to a ball, possibly very large, in a neighborhood
of B for finding a good estimator of By.

As mentionned above, our risk bounds for the estimator of gy depend on the risk | B — Bol1- Such
bounds on this risk already exist. In particular, in their Theorem 3.1, Huang et al. (2013) state a non
asymptotic inequality for | ,3 —Bol1 in the specific case of bounded counting processes. We consider here
more general processes, possibly unbounded. In the following proposition, we provide a generalization
of the results established by Huang et al. (2013) to the case of unbounded counting processes. We
refer to Appendix A for a proof of Proposition 3.2.

Proposition 3.2. Let k >0, ¢ > 0 and s := Card{j € {1,...,p} : Bo, # 0} be the sparsity index of
Bo. Assume that ||agl|ec,r < 00. Then, under Assumptions 3.1 and (i), with probability larger than
1 —cen™", we have

(0] nk
1B — Boli < O(s)y/ 28l (7)

n

where C(s) > 0 is a constant depending on the sparsity indez s.

As mentioned previously, this proposition is crucial to establish a non-asymptotic oracle inequality
for the baseline function. In the rest of the paper, we consider that 3 satisfies Inequality (7).

Assumption 3.3. We assume that

lim C(s) log(np)

n—00 n

=0.

This assumption is clearly reasonable: when p is smaller than n or of the same order, this as-
sumption is automatically fulfilled. It is not satisfied when p becomes too high compared to n. This
case corresponds to the now well known case of ultra-high dimension framework. In this specific case,
recent lower bounds in additive regression models typically say that the estimation of paramater is
mostly impossible (see for example Verzelen (2012)).

3.2 Estimation of «

We now come to the estimation of the baseline function ag via a model selection procedure. As usual,
such a procedure requires an empirical estimation criterion, a collection of models and a suitable
penalty function, all being presented in the following.



3.2.1 Definition of the estimation criterion

We estimate the baseline function «g using a least-squares criterion. More precisely, based on the data
(Zi, Ni(t),Y;(t),i = 1,..,n,0 < ¢t < 7) and for a fixed B, we consider the empirical least-squares
type given for a function a € (L2 N1L>°)([0, 7]) by

08 = 25 [T aman )+ 15 [T 02068 2y
Culers ) = =73 /0 (AN + 3 /0 (0 4, (1) dt. (8)

The use of such least-square empirical criterion in survival analysis is not so usual as for the additive
regression model. Nevertheless, few recent studies have developped such very useful as strategies.
Among them one can cite Reynaud-Bouret (2006) or Comte et al. (2011).

Let us define a deterministic scalar product and its associated deterministic norm for oy, as and
a functions in (L2 NL>)([0, 7]):

<a1, a?)det(ﬂ) = /OT al(t)ozg (t)E[eﬂTZY(t)}dt,

lalfugs) = [ a@EE 2y @)t )

Using the Doob-Meyer decomposition N; = M; + A; and according to the multiplicative Aalen
model (2), we get:

E[Cn(a, Bo)] = [ll[Ger — 2(ev, a0)aer = || = axo[Fer — [levo|Fer

which is minimum when a = ag. Hence, minimizing C,,(., Bo) is a relevant strategy to estimate ap.

3.2.2 Model selection

We now describe the model selection procedure in our context, introducing first the collection of
models.

Collections of models. Let M,, be a set of indices and {S,,, m € M, } be a collection of models:

Sm={a:a= Z aj'eyi', al" € R},
Jj€JIm

where (¢})je,, is an orthonormal basis of (L2 N 1L*>°)([0, 7]) for the usual Ly(P)- norm. We denote
Dy, the cardinality of S,,, i.e. |Jmn| = Dp,.

Sequence of estimators. Let us consider B the Lasso estimator of B¢ defined by (5). For each
m € M,,, we define the estimator

a8 = argmin{Cy(a, B)}. (10)

Model selection. The relevant space is automatically selected by using following penalized criterion

mB = arg min{Cn(dﬁ, B) + pen(m)}, (11)

where pen : M,, — R will be defined later.



B

Final estimator. The final estimator of aq is then &~ 5
m

Let us say few words on the optimisation problem. Denote by G?n the random Gram matrix

PN

Gh= (3 [ o™ i) (12)

(4,k)eJE

By definition, the estimator a is the solution of the equation Gﬁ Aﬁ =T,,, where

B _ (2B (N T han
Am—(aj)]ejm and Fm(n;/o wj(t)dNZ(t))jEJm. (13)

The Gram matrix G?; may not be invertible in some cases. Hence we consider the set

foe—BlBolie=BlBo—Bl1 1
6 ’ % )

A

7:[51 = {min Sp(G&) > max (

(14)

where Sp(M) denotes the spectrum of matrix M and fo satisfies the following assumption:

Assumption 3.4. There exist a preliminary estimator fo of fo and two positive constants Cy > 0,
ng > 0 such that

P(|fo — fol > fo/2) < Co/n®  for any n > ny.

From Assumptions 3.1, on the set 7:151, the matrix Gén is invertible and d?n is thus uniquely defined
as

ab — arg minges,, {Cn (e, B)} on 7:[?,12
0 on (HB)e.

3.2.3 Assumptions and examples of the models

The following assumptions on the models {S,, : m € M, } are usual in model selection procedures.
They are verified by the spaces spanned by usual bases: trigonometric basis, regular piecewise polyno-
mial basis, regular compactly supported wavelet basis and histogram basis. We refer to Barron et al.
(1999) and Brunel and Comte (2005) for other examples and further discussions.

Assumption 3.5.

(i) For all m € M,,, we assume that

p, < V"

~ logn’

(ii) For all m € M, there exists ¢ > 0 such that for all a in S,

sup |a(t)]? < ¢Dyy, /

te(0,7]

(iii) The models are nested within each other: D,,, < Dp,, = Sp, C Sm,. We denote by S, the
global nesting space in the collection and by D,, its dimension.



Remark 3.6. Assumption 5.5.(i) ensures that the sizes Dy, of the models are not too large compared
with the number of observations n. This assumption seems reasonable if we remember that D,, is the
number of coefficients to be estimated: if this number is too large compared to the size of the panel,
we cannot expect to obtain a relevant estimator. Assumption 3.5.(ii) implies a useful connection
between the standard L2-norm and the infinite norm. Assumption 3.5.(iii) ensures that Ym, m' € M,
Sm + Spmy C Sp. Thanks to this assumption, one does not have to browse through all models for the
model selection, which reduces the algorithmic complexity of the procedure. In addition, we have from
Assumption 3.5.(i) that D,, < \/n/logn.

4 Non-asymptotic oracle inequalities

We now are in a position to state our main theorem: a non-asymptotic oracle inequality for the

estimator df; 5 of the baseline function in the Cox model.
Theorem 4.1. Let Assumptions 2.2.(i)-(iv), Assumptions 3.1, Assumption 3.3, Assumption 3./ and
Assumptions 3.5.(i)-(iii) hold. Let a0 be the projection of ay on Sy, with respect to the deterministic

scalar product when Bg is known:

afno = arg min E[C),(c, By)] = arg min||a — a0||36t' (15)
aESm a€Sm

Let @Erzé be defined by (10) and (11) with

D
pen(m) i= Ko(1+ [[aollocr) =, (16)

where Kqy is a numerical constant. Then, for any n > ng, with ng a constant defined in Assumption

3.4,

| o loa(np)
5 = collful < w0 inf {llao — af? |3 + 2pen(m)} + “L 4 CoC(5) B, (17)

Eflla

S ™

where ko is a numerical constant, C1 and Cy are constants depending on 7, ¢, ||ao||co,rs fo, E[efo 2],
E[e?% %), E[e'80 2], B, |Bol, the sparsity index s of Bo and ki, a constant from the Biirkholder In-
equality (see Theorem 6.9) and C(s) the constant depending on the sparsity index of Bo in Proposition
3.2.

Inequality (17) provides the first non-asymptotic oracle inequality for an estimator of the baseline
B
mh’
6.2.1 for precisions about Cy and Cs. In Inequality (17), the risk is bounded by the sum of four terms.

The third term of order 1/n is negligible compared to the others. The first two terms are respec-

function. This inequality warrants the performances of our estimator & We refer to Subsection

tively the bias and the variance terms. The bias term, ||ag —ab ||2,;, corresponds to the approximation
error and decreases with the dimension D,, of the model S,,. It depends on the regularity of the true
function, which is unknown: the more regular ayg is, the smaller the bias is. The variance term pen(m)
quantifies the estimation error and in contrary to the bias term, increases with D,,. It is of order
Dy, /n, which corresponds to the order of the variance term on one model. These three first terms do
not involve quantities related to the estimation error of the Lasso estimator of Bg.



The last term precisely comes from the non-asymptotic control of | B — Bol1 given by Proposition
3.2. Indeed, we can rewrite Inequality (17) before using the bound of control (7):

B . C A
BJ1a?, — ol < ro_inf {llao — afo|3 +2pen(m)} + L + C2E[B — ol

This inequality makes clearer the role of the first step of the procedure in the control of the estimator

&i 5 of the baseline function. The bound obtained for this control is of order log(np)/n, which explains
the order of the fourth term. This term quantifies the influence of the high dimension on the estimation
of the baseline hazard function. For small p, we obtain the expected rate of convergence in the case of a
purely non-parametric estimation, but when is larger than n, the rate of convergence of the inequality

is degraded. This is the price to pay for dealing with covariates in high dimension.

Corollary 4.2. Assume that ag belongs to the Besov space 83700([0,7]), with smoothness . Then,
under the assumptions of Theorem 4.1,
2y log(np)

E[||a] 5 — aoll3] < Cn™ > + CoC(s)— ==,

where C' and Cy are constants depending on T, ¢, ||aollsor, fo, E[ef0Z], E[e*f5 %], B, |Bol1, the
sparsity index s of Bo and Ky a constant from the Biirkholder Inequality (see Theorem 6.9) and C(s)
the constant depending on the sparsity index of Bo from Proposition 3.2.

From Reynaud-Bouret (2006), we know that, for an intensity function without covariates in a
Besov space with smoothness parameter 7, the minimax rate is n~27/ (271 We infer that this would
also be the optimal rate in our case when the term log(np)/n is negligible, namely when p < n.
However, when the high-dimension p > n is reached, the remaining term log(np)/n is not negligible
anymore and there is a loss in the rate of convergence, which comes from the difficulty to estimate SBg.

5 Applications: simulation study

The aim of this section is to illustrate the behavior of the penalized contrast estimator o?i 5 of the
baseline function in the case of right censoring and to compare it with the usual kernel estimator with
a bandwidth selected by cross-validation introduced by Ramlau-Hansen (1983b).

5.1 Simulated data

Let consider the Cox model (1) in the case of right censoring. We consider a cohort of size n and p
covariates. In the simulation study, several choices of n and p have been considered. The sample size
n takes the values n = 200 and n = 500 and p varies between p = y/n, being 15 and 22 respectively
and p = n, referred to as the high-dimension case.

The true regression parameter Bg is chosen as a vector of dimension p, defined by

Bo = (0.1,0.3,0.5,0,...,0)7 € RP,

for various p > 3 and for each n and p, the design matrix Z = (Z; j)1<i<n,1<j<p is simulated inde-
pendently from a uniform distribution on [—1,1]. We consider survival times T;, i = 1,...,n that are

10
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Figure 1 — Plots of the baseline hazard function for different parameters of a Weibull distribution

Wi(a, \)

distributed according to a Weibull distribution W(a, A), namely the associated baseline function is of
the form ag(t) = aA??~!. We simulate three Weibull distribution W(0.5,1), W(1,1), W(3,4) (see
Figure 1). We consider a rate of censoring of 20% and the censoring times Cj, for i = 1,...,n, are
simulated independently from the survival times via an exponential distribution £(1/vE[T}]), where
v = 4.5 is adjusted to the rate of censorship. The time 7 of the end of the study is taken as the
quantile at 90% of (T; A Cj)i=1,..n. For i =1,...,n, we compute the observed times X; = min(7j}, CN'Z),
where C; = C; A 7 and the censoring indicators §; = 17,<c;. The definition of C; ensures that there
exist some ¢ € {1,...,n} for which X; > 7, so that all estimators are defined on the interval [0, 7] and
it prevents from certain edge effect.
Each sample (Z;,T;, C;, X;,0;,i = 1,...,n) is repeated N, = 100 times.

5.2 Estimation procedures

We implement &2 in a histogram basis defined, for j = 1,...,2™, by
1
05 (1) = =2 A1y gm0,

In this case, the cardinal of S, is D,, = 2" and Assumption 3.5.(ii) is satisfied for ¢ = 1/7. We take
m =0, ..., |log(n/log(n))/log(2))], so that Assumption 3.5.(i) is fulfilled. In this basis, the estimator
is being written by

am(t) = Y ale(), vte(o7], (18)
j€Jm
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where
T 1 1

S () -G vy )™
i=1

<o

a

2m 2m

B

The final estimator & "y is obtained from the implementation of the selection model procedure (10),

replacing in the penalty term the unknown quantity ||o||so,~ by Ha
computed on the arbitrary larger space Syax(m)-

max( m)HOOﬂ'? an estimator of ag

We want to compare the performances of the estimator aﬂ to those of the usual kernel estimator

with a bandwidth selected by cross-validation introduced by Ramlau—Hansen (1983b), that we have
also implemented. More precisely the usual kernel estimator is defined by

. 1 X2 J; t—X;
W, = 5> =K [ =5 |, 1
7B ~B n ,BTZ-]l 7B

where K(u) = 0.75(1 — u®)1yjy <1y is the Epanechnikov kernel and the bandwidth fb’gv has been
selected by cross-validation:

. | " . 1. Xi— X;\ AN(X;) AN(X;)
e sl [ (oo -2 2 b (T SRR

where Y = 37, Tix,>1)

Both estimators of the baseline hazard function are defined from the Lasso estimator B of the
regression parameter defined by (3).

The performances of these two estimators are evaluated via a random Mean Integrated Squared
Error (MISErand) adapted to the Cox model and defined by MISErand(c, 8) = E[ISErand(a, B)],
where the expectation is taken on (73, C;, Z;) and

ISErand(a, B) = Z/ — ag( t))2eﬁTZidt, (20)
We obtain an estimation of the MISErand by taking the empirical mean for N, = 100 replications.

In Table 1, we give the random MISE of the penalized contrast estimator and of the kernel esti-
mator with a bandwidth selected by cross-validation for different distributions of the survival times.

First, as expected, the random MISEs are smaller for a large n and a small p. Then, we observe that
the penalized contrast estimator performs better than the kernel estimator for the Weibull distributions
W(0.5,2) and W(3,4). Note that the random MISEs are very high for this last distribution. This can
easily be explained from the fact that the baseline hazard function associated to a W(3,4) has the
most complicated form since it increases steeply (see Figure 1). Lastly, for the distribution W(1.5,1),
the random MISEs are smaller in the case of the kernel estimator with a bandwidth selected by
cross-validation than in the case of the penalized contrast estimator.

12



Distributions
Dimensions W(1.5,1) W(0.5,2) W(3,4)
" — 200 p=15 0.072 | 0.021 || 0.626 | 1.09 || 5.26 | 8.48
p = 200 0.071 | 0.020 || 0.613 | 1.09 || 5.30 | 8.33
" — 500 p =22 0.055 | 0.009 || 0.401 | 1.06 || 5.24 | 7.48
p = 500 0.059 | 0.008 || 0.402 | 1.06 || 5.25 | 8.10

Table 1 — Random empirical MISE for the penalized contrast estimator in a histogram basis (first col-
umn for each distribution) and for the kernel estimator with a bandwidth selected by cross-validation
(second column for each distribution), with a Lasso estimator of the regression parameter, for three
different Weibull distributions of the survival times.

6 Proofs

6.1 Technical results

In this section, we introduce some propositions and lemmas that are necessary to prove the theorems.
Their proofs are postponed to Subsection 6.3.

Let us first introduce the random norm revealed from the contrast (8) and associated to the
deterministic norm defined by (9), and its associated scalar product: for a, a; and «as functions in
(L2 N 1L>)([0,7]) and B € RP fixed,

o Zanas) = fz [ e i, (21)

(1, 02)randa(g) = EZ/O a1 (H)az(t)e? Ziv;(t)dt,
i=1

Subsequently, to relieve the notations, we denote ||.|[;and := ||-|lrand(s,) and the same holds for the
associated scalar product. We state a key relation between (., .),qnq(8) and Cy (., 8). By definition, for
all m € M,, and B8 € RP,

Cn(@2 5, B) + pen(inP) < € (a8, B) + pen(m) < Cn(alo, B) + pen(m), (22)

where mf = arg minea, {Cn (65, B) + pen(m)}. Now, we write that
N?B,ﬁ) — Calaf?, )
1L [T .
== 23 [0 o 0N+ 5 3 [ 60 — o 0PI AV ()

i=1

Using the Doob-Meyer decomposition, we derive that

Cn(&fhﬂa B) - Cn(ag?7 )

=~ 2(a7 5 — a2, ) yana + ||&2 4|2

B
rand(B) ”am Hrand(ﬁ) - 2Vn(amﬁ - arﬁno)v

where v, () is defined by

1 [T
- E; /0 a(t)dM(t). (23)



It follows that

C(68 5, 8) — Cu(afe, B) = (65 5 — |2 nags) — 2vn(65 —

7o)
+ 2<d§15 — a,ﬁno, af,f’>mnd 2< gq 7a0>rand- (24)

Let us now introduce the following events :

A

121 and 1} {fo 1}
Al =<{aeS,:|—Hn 1< -3, and Q=<|"—-1/< = (25)
{ [|ex ||det 2 fo 2
|| Hrand 1
Ay={ae8,: |—dd _1/<-} (26)
||O[Hrand 2

On the sets A; and A we have a relation between the random ||.||;qng and the deterministic ||.||get

norms and between the random norms ||.||,qnq and ||| 4(p) respectively. The following proposition

state a relation between the deterministic norm (9) and the standard L2-norm:

Proposition 6.1 (Connections between the norms). From Assumptions 2.2.(i)-(iii), we deduce the
following connection between the deterministic norm and the standard L?-norm:

foe BP0l ] 3 < []al 3, < B[ Z)jallg < e#Polt a3

The proof of this proposition is immediate using the fact that from Assumption 2.2.(ii), we can
rewrite the deterministic norm as

lalli = [ [ 2B ()2 = 21 f2(2)dxat.

6.1.1 Results used in the proofs of Theorem 4.1
Recall that for all 8 € RP,

A

HE = {min Sp(G?)) > max (

foe—B|5o|le_B|5o—5|1 1
6 )

The following lemma ensures the existence of the estimators o?fh 5 on A1 NANQ.

Lemma 6.2. Under Assumptions 2.2.(i)-(iv), Assumptions 3.1 and Assumptions 3.5.(i)-(iii), for
n > 16/(foe3PR)2, the following embedding holds:

™

AlﬁAgﬂQCﬁBﬁQ, where ﬁﬁ E%”H

From this lemma, for all m € M,,, the matrix G?n is invertible on A; N As N €2, and thus the
estimator of ag is well defined. Proof 6.2 are available in Subsection 6.3.1.
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L:I . and afn‘) for m € M,,, on

The following proposition bounds the quadratic difference between dmﬁ

the complements of
N =A1NANQNQE,

where Q% (the indice H is for "Huang", since the set has already been defined by Huang et al. (2013)),
is defined for k£ > 0 by

n

QO = {ﬁ—ﬂoh < C(s) Iog(pnk)}, (27)

for a constant C'(s) depending on the sparsity index of Bg. From Proposition 3.2, P(Q’fq) >1—cnF
for a constant ¢ > 0. Now, let us state the two following propositions.

Proposition 6.3. Under Assumptions 2.2.(i)-(iv), Assumptions 3.1 and Assumptions 3.5.(i)-(iii),
~B 2 N
E[Hafh,; — ofo|Zdne] < & /n, (28)

where ¢ is a constant depending on T, ¢, ||ao|ec.r, fo, E[eﬂgz], E[ezﬁgz], B, |Bol1, the sparsity index
s of Bo and Ky a constant that comes from the Birkholder Inequality (see Theorem 6.9).

We refer to Subsection 6.3.2 for the proof of Proposition 6.3. This propositions are directly used in
the proof of Theorems 4.1 in Subsection 6.2.

Usually, in model selection (see for instance Massart (2007)), the penalty is obtained by using the
so-called Talagrand’s deviation inequality for the maximum of empirical processes. In the empirical
process (23), the martingales M;, i = 1,...,n, are unbounded, Thus, we cannot directly use the
Talagrand’s inequality. We consider the following proposition proved in Comte et al. (2011). To
obtain an uniform deviation of v,(.), Comte et al. (2011) have used tools from van de Geer (1995)
to establish Bennett and Bernstein type inequalities and a L?(det) — L°° generic chaining type of
technique (see Talagrand (2005) and Baraud (2010)).

Proposition 6.4. Let m,m’ € M,,. Define
Bl (0,1) = {a € Sy + Spy ¢ ||t |aes < 1} (29)

Under the assumptions of Theorem 4.1, there exists k > 0 such that for
K

p(m,m’) = Fo(pen(m) + pen(m’)), (30)

where the constant Ky and pen(m) are defined in (16), then
2 / Cs
S OE(( swp w2(e)—plmm)) 1a,) <2
m'eM,, aGB;inEim, (0,1) + n

for n large enough, where C3 is a constant depending on fo, E[eﬁgz], B, |Bol1; ||ao||so,r and the choice
of the basis.

These propositions are applied to prove Theorem 4.1. We admit the proof of this proposition and
refer to Comte et al. (2011) for a detailed proof of this result.
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We need Proposition 6.5 to prove Theorem 4.1: the empirical centered process ny,(a, aﬁ?), defined
by

Z (Ui(a,aﬁf) — ]E[UAO[,O{E{’)]),
where

Ui(o, aP0) = (/OT a(t)alo (t)eﬂoTZiY;(t)dt>2.

appears in the proof of Theorem 4.1, when we control the difference between the scalar products
(., Yrand —{-, '>mnd(ﬁ) (see Subsection 6.2.1). Proposition 6.5 allows to control this process.

Proposition 6.5. Let introduce the ball B (0,1) C S,, defined by
Bat(0,1) = {a € Sp + ||a]|ger < 1} (31)
Under Assumptions 2.2.(i)-(iv) and Assumption 3.1, we have

1 Ele?85 Z1|| B0 |4
E sup 17n(oz,ozf',?)2 < - L B ]Hamlb
a€Bdet(0,1) n  (e~Blbol fy)

Proposition 6.5 is proved in Subsection 6.3.3.

6.1.2 Technical lemmas for the proofs of Proposition 77 and 6.3

In order to prove Proposition 6.3, we need three lemmas:

Lemma 6.6. Under Assumptions 2.2.(i)-(iv), Assumptions 3.1 and Assumptions 3.5.(1)-(iii), we have
E[la) 4114) < Con*
mﬁ 2] = b )

where Cy, is constant depending on ||a||oc,r, T, E[e?0 Z] and E[e*P5 2], Ky, the constant of the Biirkholder
Inequality (see Theorem 6.9) and on the choice of the basis.

Lemma 6.7. Under Assumptions 2.2.(1)-(iv) and Assumptions 3.5.(i)-(iii), we have

C’gAl)

P(A]) < ey VR 21,

where C’IEAI) is a constant depending on fo, B and |Bol;.

Lemma 6.8. Under Assumptions 2.2.(i)-(iv), Assumptions 3.1 and Assumption 3.3, we have for n
large enough,
(A2)

P(AS) < Zk Yk > 1,

where the constant CIEAQ) depends on 7, ||ao||oo,r and E[eﬂgz].

These three lemmas are required to prove Proposition 6.3. There are proved in Subsection 6.3.
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6.1.3 A classical inequality: the Biirkholder Inequality

The last technical result is a Biirkholder Inequality that gives a norm relation between a martingale
and its optional process. We refer to Liptser and Shiryayev (1989) p.75, for the proof of this result.

Theorem 6.9 (Biirkholder Inequality). If M = (M, Fi)e>0 is a martingale, then there are universal
constants v, and Ky (independent of M) such that for every t > 0

Wy IM]ell2 < |[Milla < s/ [M]i |2,

where [M]; is the quadratic variation of M.

This theorem is used to prove Lemma 6.6 and in the oracle inequalities of Theorem 4.1, the
constants depend on k.

6.2 Proofs of the main theorems
6.2.1 Proof of Theorem 4.1

In the following, we consider the sets Ay, As and 2 defined by (25) and (26) and the set Q¥ defined
by (27). For sake of simplicity in the notations, we denote X the intersection between the four sets:
N, =A1NANON Q’f{ We have the following decomposition:

— ap®|[Ger L] + 2E[lI67 5 — @[, e ).

E[|167 ; — aol ) < 2llao - af2 |13, + 2E[ |47 ,

The first term is the usual bias term. From Proposition 6.3, we deduce that the last term is bounded

by ¢1/n. We now focus on the term E[Hdié — aglonet]lNk]. From Lemma 6.2, for all m € M,, the
matrices Gén are invertible on A1NAsNOQN Q];I as soon as n > 16/(foe>PR)2 and thus the estimator
&fhﬁ of ap is well defined. From (22) and (24), with 8 = 37 we have for all m € M,,

|62 , — abol|?

~B
" § 2up (&

B - 'HO) + 2<&ig - Oér'@noaa() - 04'80>rcmd

rand
+ pen(m) — pen( P)+ 2067 — 00,680} 0na — 2(67 s — a0 00) s

where the empirical process vy,(.) is defined by Equation (23) and the random norm by (21). For
Bf,ffm,((), 1) defined by (29), using the classical inequality 2zy < bx? + y2?/b with b > 0, we obtain

N: 1, .5 R
167 5 = 02212 ap) < 1611008 — @0 Fana + 16]/a0 — af?|[24q + pen(m) — pen(in)
1 AA
+1gllahs —aellie +16  sup  vi(a)

aEBdEt (0 1)

mB

=+ 2(<OA‘§1§ - arﬂr{)a agz0>rand - <OA‘/B - O‘ﬁ arﬁn())rand([}))'
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Consequently, using the relations between the random norms |[.|[_ 4(p) and ||-||rana and between the
random norm ||.||;qng and the deterministic norm ||.||ger on Ny, we obtain

B 3.8 3
162, — 080 l3 < 1162, — afklf3 +16]la0 — a2 + pen(m) — pen(iin?)
1
+ocllal, iR, 416 s i)
acBt  (0,1)
m,rﬁﬁ
+2((a], — ale,al)rans — (60 5 — a0, 00), nugay)
also be rewritten for p(m,m’) defined by (30) for all m’ € M,,, as
3 4
SE[lla?, - aﬁfuzem < 16]|ao — afe|[3.; + 16p(m, n?)

+ pen(m) — pen (1 —1—16 Z (( sup V,%(a)—p(m,m/)> ]lNk>
+

m/'eMy, aEB‘jrftm/(O,l)
+ 2E[(<dfh§ — aﬁlo,afn‘))mnd — <d§ﬁ — afn‘),aﬁf}mnd(ﬁ))]l}zk}.

We fix Ky > 16k such that 16p(m,m’) < pen(m) + pen(m’), for all m,m’ in M,,, so that

3
SE[l62, — a3 x| < 16100 — afel i + 2pen(m)
+ 16 Z E(( sup  v2(a) —p(m,m')) ]lNk)
meM,  a€BI ,(01) *
+ 2]E[(< mﬂ — aﬂo Oéﬂ0>rand - <di[§ - aio aﬁ?0>rand(ﬁ))]lz‘(k}’
that is
3 N
QE[H — a0||FeIn,] < 16lao — af®[[Ge, + 2pen(m) + A(m) + E[B(m,m”)1y,]  (32)
where

m) = 16 Z E(( sup 2 (a) —p(m,m’)) ]lNk), (33)
+

meEM,, aeBet | (0,1)

B(m,im?) = 2((a”

B - 045?, agmo>rand - <CAV;C:L§ - 0550 Bo

200 o))

It remains to study the terms A(m) and B(m,m?).

Study of (33). According to Proposition 6.4, for n large enough

Z E(( sup  v2(a) —p(m,m’)) ]lNk> < %
"

m'€EMp aEBf’l:tm, (0,1)
where p(m,m’) is defined by (30) and Cj is a constant depending on fo, |Bol1, B, E[e®s 2], |0l oo,r
and the choice of the basis. Hence, for C%5 = 16C5, we conclude that
Gy
-

A(m) < (35)
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Study of (34). Using again the classical inequality 2zy < bxz? + y?/b with b > 0, we obtain

A A 1 A
~B Bo B ~B Bo B Aﬁ Bo |2
<am;§ - an~?705n?>r‘and - <amﬁ else 0>rand(,8) =39 H n"?Hdet
1 (7 2
+32 sup (=) / a(t)abo (t)(cPo i —eﬂTZi)Yi(t)dt) . (36)
aEBdet 3(0,1) ni57J

Now, from Assumption 3.5.(iii) and by definition (31) of B%(0, 1), we write that

2
1 T "
S )<n2 / a(t)aff@)(eﬂgzi—eﬁTZWt)dt)
aeB*t (0,1 i=1
'm,rhfa

is less than

2

sup (1 > [ atafemes =i - eﬁTZi-ﬂgzwﬂdt) |
0

aeBiet(0,) \ " =1

We have

R
0

<1y 3 ’1 _ ATZi L7
g

/0 " a(t)alo (1P 7 ()t

Using the fact that |e® — eY| < |z — y|e*V¥ for all (z,y) € R? and applying Assumptions 2.2.(i) and
Assumptions 3.1, we obtain that

Z/ e 0 Zi(1 — F BB 2y, (1)t

lz 4T 7, — BT Z;| "% B5 2
n_

| attiafe @2y, 0)ar

a(t)alo (£)eo ZiY;(t)dt|.

Now, write

2
1 n T N
sup (Z/O a(t)afo (1) 7 (1 — " ZFG Zim(t)d’f)

aeBlet(0,) \ " ;51

n

2
A 1 T
<B2BRIG fof sup =3 ( / a(t)affu)eﬂgzin(wdt)

aeBiet(0,1)™ ;21

<B%*PR|B — Bofi  sup  {nn(a, ) + Dy(a,abo)} (37)
a€Bdet(0,1)
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where 7, (o, @9) is defined by

and
Do(a,0f) =& [( /0 " a(t)abo ()8 ZY(t)dtﬂ .

We first claim that the term sup,epgdaet(o,1){Dn(c; a20)} is bounded, by using that from the Cauchy-
Schwarz Inequality,

r 2
& |( [ oz 2y )| < o
aeBdet(0,1) 0

Thus, gathering bounds (36) and (37, we obtain that

By~ 1B
B(m, ) < |87 5 — ale|[G; + 64

BQe4BR],3 — ﬁd%( sup  {mn(a, agf)} + Haglouglet)]-
aer,iLez(Ozl)

So, taking the expectation and applying Proposition 6.5 to control

E[SupaeBgEt(O,l) (nn(% aTIBnO ))2] )
we get
1 A

E[B(m7 mﬂ)]lNk] < EE[HOA‘:;;% - agf"?let]lNk]

+64BQe4BR{E1/2HB ~ BoltL BV sup  {n2(a, af0)}|+]]af 2, E(15 - ﬂor%nm}. (39)
a€BRet(0,1)
Finally, combining (32), (35) and (38) we conclude that
1 /

~B C
TINS5 — [y, ] < 16]Jao — a2 |Gy +2pen(m) + 2

+64B% a0 [[3,4E[| B — BolTLx,]
E'/2[e*0 7]||afo |3 1

e—BWOth \/ﬁ

On QNO%,, using that, from definition (15) and Proposition 6.1, [|a80]|2, < 2||ao]|der < E[efo” 27|y |oo, 7
we have

+64B%' PRE2(| B — Bol i1y, ]

A T log(pnF¥
G452 3 E[1B — Bolfl,] < Ols. B, R E[ 7], [lag]|s -, 7) B,

and that
E!/2[e*% 2]||afo |13 1
e_B|ﬂ0|1f0 %

5 T T log(pn®
< Clo. B, ol BB 68, ol ) 50,

64526 BRE (|5 — Bol 1,
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where s is the sparsiy index of B¢ and
C(s, B, R,E[% 7], ||ag||ocr, ™) and  C(s, B,|Boli, R, E[e® #],E[e*% 7], ||ag||oc,r, T, fo)

are constants depending on the elements in brackets. Combining the previous bounds with Proposition
6.3, we conclude that Theorem 4.1 is proved since

)

A | Ci__, log(pn)
B[1a2, — o) < ko inf {llao — a3, +2pen(m)} + = + G2 P

where C and C, are constants depending on the sparsity index s of 8o, B, |Bo|1, E[e?0 Z], E[¢*%0 Z], ||| |oo,7s
7, fo-

O
6.2.2 Proof of Corollary 4.2
From Proposition 6.1 and the proof of Corollary 1 in Comte et al. (2011), we deduce that
5 B|Bol1 " . D N 1
R e R . _ og(np)
E[l|a” , — aoll3] < T E[l|a7 ; — aollZe] < Clmler}\f/ln{DmZ’Y + n’”} + Cals)—
and since
inf {D;IQ"/ + l)m} — n_2~2,117
meMy n
we finally get the corollary. O

6.3 Proofs of the technical propositions and lemmas
6.3.1 Proof of Lemma 6.2

Let m € M,, be fixed and let v be an eigenvalue of Gén. There exists Ay, # 0 with coefficients (a;);
such that anAm :AvAm and thus A%G&Am = vA%Am. Now, take h := Zj ajp; € Sp. We have
[|h Hmnd B = = AT GP AT and ||h||3 = AT A,,. Thus, on A; N Ay defined in (25) and (26) and from
Proposition 6.1:

1 _
ALGE AT = ||n|? > S 1Al[Fana > IIthet> foe Blbol||n[3.

Tand

Therefore, on A1 N Ay, for all m € M,,, we have min Sp(Gél) > foe 3BR /4. Moreover, on €2, we have
fo > 2fo/3 and max(foe 35 /6,n"1/2) = foe 3BE /6 for n > 36/(foe P12, which is equivalent on
Q to choose n > 16/(foe 3P%)2. O

6.3.2 Proof of Proposition 6.3
We have the following decomposition :
B 2 B 2 ~B 2
Efll6?, - afol3tng] <Ell6?, - afoll3tag + EfIa2 , — afo|3tag

E[l|62 , — afe||Zeloe] + E[l|67 , — afl |Gl o ]
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We deduce that
Eflla2 , — afo]ty] < 2(EllI6° , - aollZlag] + Elllaf® — aolFlag]
+E[Ildf;,§ — aol|ZetLag] + Elllafe — aol|Zlag)
TE[Ia° ; - aol3lac] + Elllaf - aollZtor]
B 2 2
TE[162 , — a0l PurLios o] + Elllof? — aoll3ed s c])-

From definition (15) of a0 and Proposition 6.1, we have ||a80 — ag||%,, < [|ao|/%; < E[eﬁgz]|]ao||2.
From this relation and using Cauchy-Schwarz Inequality, we have

E[f|a2 , — oo |3l < 4E[SZ][E2((107 ,]13) (BY2(A5)+PV2(A)
+PY2(Q0) + PY2((9)%)) + el BP(AS) + P(AS)HP(Q°) + P((%)%))]-

From Assumption 3.4, Proposition 3.2, Lemmas 6.6, 6.7 and 6.8 with k = 6, we conclude that

R (A1) (A2)
A T C C C() &
E[l|a” ; — afo |G lng] < 2E[e% 7] [ Cbn4<\/ ot \/ 5t \/;—i- ,/nﬁ>

R SR
—i—HaoH%( 26 + (; t 5T %

nb

which ends the proof of Proposition 6.3. O

6.3.3 Proof of Proposition 6.5

The proof is inspired from the paper of Brunel et al. (2010). If we denote (¢;);jek, the orhonormal
basis of the global nesting space S,, (see Assumption 3.5.(iii)), since a belongs to B%(0,1) C S,,, we
can write a(t) = > ek, ajpj(t), with dim S, = D,, = |[Ky,|. With this definition, we obtain

N (a, 20 = Za]aJ / p;(t)alo(t ﬁO Yi(t dt/ pjralo gZiY;(t)dt

—E[/O oDl OA DY ()t [ pal et A Yi(t)ar))

For sake of simplicity, we introduce the notation

i T T, T T 7.
A5y = [ el eB B0t [ oy e Ey bt

Applying the Cauchy-Schwarz Inequality, we get

|7 (v, 20| < /Za \IZ (% > (A% —E[A;l’j,]))Q.
gil =1
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From Proposition 6.1, we have

n

1 . , 2
B - A L
aezsso}:})(o l)nn(a ap?)? < (aj)’silp 2o (e B\Bo\ 1fo)2 Za ;(n ;(Am/ E[A]»J/]))
, 2
< *< T o) QZ( >4l — Bl
=1

Taking the expectation, it follows that

E[ sup M (a, abo)?
aeBdet(0,1)

< o p v [R;AM]
1
< —BETr Z—E (4] ;)|
Ty 2 4]

Thus, from the definition of A! ,,, we obtain that E[supgepdet 0,1y (@, aP0)?] is less than

3,3

2 2
(e Bmo% ZEK / (e °<t>eﬁng<t>dt> ( | enttra ﬁ°<>ﬂ52Y<t>dt> ]

From Brunel et al. (2010) p.301, Equation (2.7), we have

T
> ([ ewatot 2y >dt> < [ (@ 2y (1) at < 282 oo,
JEKR 0
From this inequality, we obtain

E[c"% Z]||afe|l3 1

(e*B|ﬂ0|1f0)2 E H

El sup nn(a,ag{’)ﬂg
a€Blet(0,1)

6.3.4 Proof of Lemma 6.6
From Assumption 3.1, we recall that |B — Bol1 < 2R. On ?:[ZB, we have

N At 3 \—
Pl =3 @) =114l =G )7'T 4113
je‘]mﬁ

< (min Sp(th,g))_QHFmBH%

IN

1 [T ’
. 36 1 n T 2
min (fge—QBﬁol—‘lBR’n) - Z Z (/0 @j(t)sz‘(t)> .

36
min | — — . n Z
fgeﬂB\ﬁohfZBlﬁofﬁh jer

IN
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So we have

2
n

a2t s ([ emana) <n212<2 (/OTsoj@)dNi(t))Q)Q,

i=1 \jeJ 4 i1 \jeKkn
m

where C,, is a set of indices of the global nesting space S,,, defined in Assumption 3.5.(iii),

dim S,, = D,, = |[K,|. Thus, we deduce that

6 it <ntD, 23" 3 ([ st (t)>4.

i=1jeK,

Now,

E [ié;]; (/OT @j(t)dNi(t)ﬂ < fﬁj 3 E K OT sog-(t)sz-(t)ﬂ

Using the Biirkholder Inequality (see Liptser and Shiryayev (1989)), we get

Z > (/0 t)dM;(t )4] < ﬁbfz > E (/OTcp?(t)dNi(t)f_

i=1jek, i=1jey

<ﬁb—ZZE Ni(r) Y ¢5(s)

i=1jey, L s:AN; #0

SﬁbiZE[Ni(T) PO IRCHOIE
=1 i

SANZ;&O ]GICn

which is finally bounded from Assumption 3.5.(ii) by

15 5 ([[aomno) | < nenil e i

i=1je,

# 1]
s:AN;#0
< mbgbz Di E[N1(7)2].

Then, we can write that
T 2
[Ny (7)]2 = {Ml(f) + / ao(t)e® ZY(t)dt}
0
2

(M (7))2 + 2 < /0 ’ ao(t)eﬂng(t)dt)Q ,

and
E[(Mi(r)’] <E { /0 an(t)e’s ZY(t)dt] < 7|0~ E[e 7],
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so that . .
E[(N1(7))?] < 2[|ao]|co,r TE[e?0 7] + 2||axg| 2, . (E[eP0 7])*72.

So, by using Cauchy-Schwarz Inequality, we obtain

FEE (]

i=1je,
4

< 8rp* DEE[(N1(7))*] +8 > EK/ w;i(t)a ()e/’oTZY(t)dt> ]

JEKR
< 8, ¢* DZE[(N1(7))?] + 8] [aol |4 , El[e* Z172D,,.
Eventually, under Assumption 3.5.(i), we get
E[[162 ,|14] < 0Dy [85,6°D2 (20 loor TEH 2] + 2o %, , (B[ 7])?72)
+ 8llaol 5, Ele* Z]r2D, |
< C’anDf’l

< Cbn47

where Cj, is a constant that depends on kp, ||ao||cc,rs s E[ef6Z] and E[e*% 2] and on the choice of
the basis. O
6.3.5 Proof of Lemma 6.7

The event A; defined by (25) can be rewritten as

Alz{weﬂ,VaGSn\{O} |H onate) _ <

Hdet

3

-1y | (a2 () ~ Bla(e® 2y, 0)) dt = [IVala = IValZe  (39)
1=1

N =

and consider

If w € (A1)¢, then there exists o (which can depend on w) such that

[lol[? 1

5"

rand(w)

-1 >
It e

Taking v = o/||a||%,;, we have that

1

veSN0} hllaew =1 and  [IWlFanae) — 11> 5

So, if w € (A1)¢, then

1
wE {WEQ: sup H’7||gand(w)_1|>2}
’YESn\{OLII’YHZet:l
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From this, we deduce that,
1
P((A1)%) < IP’( sup  [Un(a®)] > 1 - ) ,
aeBdet(0,1) P1

where B2(0, 1) is defined by (31). Since o € BI(0,1) C S,,, then we can write a(t) = ik, ajpi(t),
where IC,, is a set of indices of S,, and dim S,, = D,, = |K,,|. With this notation, we have

n(0?) =D ajapdn(e;en)-

J.k
From Proposition 6.1, we have
1
sup [In(0?)] € g s | agaa(pien)|
acBEEH(0,1) Joem POl () 57 i a2 ]z/;

Let consider the process (Ui(j ’k)) defined by
v :/0 o5 (t)pr(t)e %Y (t)dt,
We have |Ui(j k) | < eBlBoli and from Cauchy-Schwarz Inequality, we have

UFP)2 < 2o [ G2yt [ g tyar < o2,
0 0

We can apply the standard Bernstein Inequality (see Massart (2007)) to the process (Ui(j ’k)), and we
obtain

P ﬁn@ k 26B|ﬂ0|1x+ 2623|,80\1x Sze—nz’ 40
3P

Let introduce
fge—QB\ﬁo l1

= i . B|Bol1 B|Bol1 . Jo®
O = {V4,k, |[Un(pjer)| < e T +e V2z} and z: [6D2e2B 1Bl

On O, we can write that Supaegget(0’1)|19n(a2)| is less than

1
v eI UL CRC R e
’ (@9):2jexc, 951 Gk
1 2
S S (Dlal) @ el Vo),
0 (aj)’ZjeICn a?gl j
which is less than
<¥ eB‘BOhfge*QBWo‘l eB\BOh \/ifoefB‘ﬂO‘l
_foe_B‘BO‘l m 16D%623|ﬂ0‘1 4DneB|ﬂ0|1

A

1/1 1
—2(89,23|/3’o|17)n+\@>
1/1 1
<4+¢§>

IN

INA
N — N

(41)
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From Inequality (41), we deduce that P((A1)¢) < P(O°). So using Inequality (40), we can conclude
that

P((A1)9) < ZP(|’19n(<Pj<Pk)| > BBl 4 eBWOll\/%)

Jik
nf26—23|ﬂ0|1

< 9PD2 _Jor

~ 2DTL exp ( 16D%G2B‘ﬂ0‘1

g n
< 2nexp <_16e43|ﬁ|2>2

18
S 2n exp <_16€“W'}0|1 logn

Ay
< C

—£— k>1
[— nk? v — )

as D,, < y/n/logn from Assumption 3.5.(iii), which ends the proof of Lemma 6.7 with CkA ! a constant
depending on p1, fo, B and |Bg]:. O

1
<1l-——73.
P2}

~ 1& T AT 7. T 7.
Ju@) = Y- [ Y1) - R BVt = VA, 5 Vel P
=1

6.3.6 Proof of Lemma 6.8

For po > 1, let define
2
Ha”rand(ﬁ)

e Fand

A§2:{VO£ESHZ -1

Let consider

Following the same approach as in the proof of Lemma 6.7, we have
~ 1
P((A%*)) <P < sup  [Jn(a?)| > 1~ ) ; (42)
a€Bdet(0,1) P2

where B4(0,1) = {a € S,, : ||a||ger < 1}. The process ¥, (a?) is bounded by

BeBlBol1g2BR

o B BR|A 3
90 (a?)| < BePIPole2BRIB — goly]|al3 < |B - ﬂdlm”aﬂzet-

So we get
~ R Be2BlBoli g2BR
sup  [Jn(a®)] < |B - Boh
a€BLt(0,1) fo
From Proposition 3.2, we have with probability larger than 1 — cn™*
~ log(pn*
1B — Bol1 < C(s) (n)
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Then we have with probability larger than 1 — en™*

log(pn¥) Be?BlBol1g2BR

sup  |Jn(a?)] < C(s)
a€BL(0,1) n fo

log(pn¥) Be?BlBoli2BR

n fo
P((A5?)¢) < en™.

Thus, by taking 1 —1/ps = C(s) n (42), we obtain

From Assumption 3.3, we deduce that for n large enough,

1 1
1-— <=,
p2 2
so that Ay defined by (26) verifies P((Ag)¢) < P((A5?)¢) < C,gm)n*k, with C,EAQ) =c¢>0. O

A Prediction result on the Lasso estimator B of 3, for unbounded
counting processes

To obtain a non-asymptotic prediction bound on the Lasso estimator ,3 of the regression parameter
in the Cox model, we rely on Theorem 3.1 of Huang et al. (2013), that we recall here.

Let consider the classical Lasso estimator B defined by (3) when p > n.

We define l;(ﬂ) = (',’;71(ﬂ), ,l;‘w(ﬂ))T = 0l (B)/0B the gradient of the Cox partial log-likelihood
I%(B) defined by (4) and I*(B) = 0%I%(B)/9B9B" the Hessian matrix.

Let us now describe the result of Huang et al. (2013), on which we rely for our study, starting with
the notations. Let O = {j : Bo; # 0}, O° = {j : fo; = 0} and s = |O| the cardinality of O. For any
& > 1, we define the cone

C(&,0)={beR":|boc|1 <&|boli}-

For this cone, let us define the following condition:

1/2( i 1/2
0< i€ 0)= inp > Oln(B0)b)
0£beC(€,0) lbo1

This term corresponds to the compatibility factor introduced by van de Geer (2007). It is one of the
classical condition used to obtain non-asymptotic oracle inequalities. See also Bithlmann and van de
Geer (2009) for more details about this compatibility factor and the comparison of this criterion with
other assumptions such as the Restricted Eigenvalue condition among other.

With these notations, we can state the following theorem established by Huang et al. (2013).

Theorem A.1 (Huang et al. (2013)). Let k > 0 and v = B(§ + 1)sTy 1 /{26%(€,0)}.  Suppose
Assumption 2.2.(1) holds and v < 1/e. Then, on the event

_E-1

¢+1 [, log(pnt)

£E-1 n

@ = {1 (o)l < S Tusf o with T = CoB (43)
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we have

(e 1 1)s
0

where n <1 is the smaller solution of ne™" = v and Cy > \/THoonOO,TE[eBgZ].

1B — Bol < 5.2

We refer to Huang et al. (2013) for the proof of Theorem A.1. Huang et al. (2013) have calculated
the probability of Q% only in the case where maxj<;<, |N;(7)| < +0o. We extend the result to the
unbounded case in the following lemma.

Lemma A.2. Let consider, for k > 0, the event ﬁ’f{ defined by (/3). Then, under Assumptions 2.2. (i)
and (iv), there exists a constant ¢ > 0 depending on T, ||ag||eo,r and E[eﬁgz] such that

P((Qf)°) < en™*.
The proof of this lemma follows. From this lemma, we can rewrite Theorem A.1 as:
Corollary A.3. Let v = B(£+ 1)sD 1 /{26%(€,0)}, k > 0 and ¢ > 0. Suppose Assumptions 2.2.(i)
and (iv) hold and v < 1/e. Then, with probability larger than 1 — cn™"

n k
DSy it Ty = CoBET L [2108PR0)

2k2(£,0) " £E-1 n

1B — Bol <

where n < 1 is the smaller solution of ne=" = v and Cy > \/THaOHOO,TE[eBgZ].

From Corollary A.3 and Assumption 2.2.(i), we deduce a prediction inequality given by the fol-
lowing proposition.

Proposition A.4. Let k > 0 and ¢ > 0. Under Assumptions 2.2.(i) and 2.2.(iv), with probability
larger than 1 — en™F, we have

O nk
1B~ Bols < sy 8B (44)

n

where C(s) > 0 is a constant depending on the sparsity indez s.

Remark A.5. From Proposition A.J and Definition (27) on Y, we deduce that Q’}{ C Q’}{

Proof of Lemma A.2 To prove Lemma A.2, we start from Lemma 3.3. p.10 in the paper of
Huang et al. (2013), that we enounce below.

Lemma A.6 (Lemma 3.3 from Huang et al. (2013)). Suppose that Assumption 2.2.(i) is verified. Let
I*(B) be the gradient of the I},(B) defined by (4). Then, for all Cy > 0,

i=1

In particular, if max;<, N;(7) <1, then P(‘i:(BO)‘oo > Br) < 2pe*m«”2/2_

Before proving the lemma that is in interest, we recall the Bernstein Inequality for martingales
(see van de Geer (1995)).
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Lemma A.7 (Lemma 2.1 from van de Geer (1995)). Let {M;}i>0 be a locally square integrable
martingale w.r.t. the filtration {F;}i>0. Denote the predictable variation of {M} by V; = (M, M),
t > 0, and its jumps by AM; = M; — M;—. Suppose that |AM(t)] < K for allt > 0 and some
0 < K <oo. Then for each a >0, b >0,

a2

P(M; > a and V; < b* for some 1) < exp [_Q(aK—l—Z)Q)

From Lemma A.6, to prove Lemma A.2, it remains to control

P (; | viwan@ > C&n) ,

Using the Doob-Meyer decomposition and since,

n T
5 [ ¥iaa(eB A0t < el e,
=170

we obtain for Cp > \/T||a0||oo,TE[eﬂgZ],

P(iZZ;/OT}Q(t)dNi(t) > o§n> < P(;/;Yi(t)dMi(t) > C2n — m||ao\|oo,7e3|ﬂ01>.
Then, we apply Lemma A.7 to the martingale > [ Yi(t)dM;(t), with K =1 and
V= E[Z [ ¥2 @0 A ;0] < ool 7B 4.
We obtain
P(Z /O Yi(t)dM;(t) > C3n — nrl|ao||o ~Ele Z])

i=1
2 wrE BT Z1\2
geXp<_n<Co rlaolle EFF))"Y,
0

Finally, we get

P(|ix (Bo) oo > CoBx) < 2pe™™"/? + exp ( — (3 - THOJOHOO’TE[eﬁgZ])>.

72
2C¢
Taking x = /2log(n¥p)/n, there exists a constant ¢ > 0 depending on 7, ||o||eor and E[ef0 2]

such that N
P((2)°) < en”",

which leads to the expected result of Lemma A.2. O
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