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ABSTRACT

The components of the land surface energy balance respond to periodic incoming radiation forcing with
different amplitude and phase characteristics. Evaporative fraction (EF), the ratio of latent heat to available
energy at the land surface, supposedly isolates surface control (soil moisture and vegetation) from radiation
and turbulent factors. EF is thus supposed to be a diagnostic of the surface energy balance that is constant or
self-preserved during daytime. If this holds, EF can be an effective way to estimate surface characteristics
from temperature and energy flux measurements. Evidence for EF diurnal self-preservation is based on
limited-duration field measurements. The daytime EF self-preservation using both long-term measurements
and a model of the soil-vegetation—atmosphere continuum is reexamined here. It is demonstrated that EF is
rarely constant and that its temporal power spectrum is wide; thus emphasizing the role of all diurnal fre-
quencies associated with reduced predictability in its daylight response. Oppositely, surface turbulent heat
fluxes are characterized by a strong response to the principal daily frequencies (daily and semi-daily) of the
solar radiative forcing. It is shown that the phase lag and bias between the turbulent flux components of the
surface energy balance are key to the shape of the daytime EF. Therefore, an understanding of the physical
factors that affect the phase lag and bias in the response of the components of the surface energy balance to
periodic radiative forcing is needed. A linearized model of the soil-vegetation—atmosphere continuum is used
that can be solved in terms of harmonics to explore the physical factors that determine the phase charac-
teristics. The dependency of these phase and offsets on environmental parameters—friction velocity, water
availability, solar radiation intensity, relative humidity, and boundary layer entrainment—is then analyzed
using the model that solves the dynamics of subsurface and atmospheric boundary layer temperatures and
heat fluxes in a continuum. Additionally, the asymptotical diurnal lower limit of EF is derived as a function of
these surface parameters and shown to be an important indicator of the self-preservation value when the
conditions (also identified) for such behavior are present.

Department of Civil and Environmental Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts

1. Introduction

Soil and vegetation control on evaporation results in
adjustments in the components of the surface energy
balance. The effects of these adjustments extend to the
soil and atmosphere profiles of temperature, moisture,
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and heat fluxes. The changes in these profiles in turn
affect the surface energy balance. Coupling of the soil
and atmospheric boundary layer (ABL) profiles of
temperature and heat fluxes can lead to the establish-
ment of feedback mechanisms. The soil and ABL
temperature profiles can reach states that would not be
evident if these feedback mechanisms were not allowed
to operate.

In this study, we focus on the partitioning of available
energy at the surface into turbulent and ground heat
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fluxes. The available energy has a strong diurnal cycle
that principally follows the incident solar radiation. We
are specifically concerned about the amplitude and
phase of the surface energy balance components with
respect to the principal forcing.

The evaporative fraction (EF) is a diagnostic of the
surface energy balance that is supposedly unaffected by
the strong periodicity in the forcing. Furthermore, it is
supposed to isolate soil and vegetation control on evap-
oration from factors that have strong links to available
energy and turbulence. If this is true, EF can be a very
useful target of estimation using surface temperature
measurements and energy balance modeling (Boni et al.
2001a,b; Caparrini et al. 2003, 2004a,b; Kustas et al.
2001; Margulis et al. 2002). It would isolate the soil and
vegetation control from other factors in the determi-
nation of latent heat flux and other components of the
surface energy balance. Evaporative fraction is defined
as the fraction of available energy partitioned toward
latent heat flux:

_AE
A

AE

EF .
H+A\E

1)

The evaporative fraction is also related to the Bowen
ratio B as

EF=(1+B)". )

Surface latent heat flux is governed by available en-
ergy (highly periodic), turbulence (highly variable but
less periodic), and surface control (slowly varying).
Surface control refers to root-zone soil moisture and
water available to plants that vary on longer time scales
than daytime. If EF truly isolates the surface control on
turbulent heat fluxes and is nearly constant during day-
time, it has major implications for sampling and esti-
mation.

Several studies based on limited-duration field ex-
periment observations (e.g., Shuttleworth et al. 1989;
Nichols and Cuenca 1993; Crago 1996; Crago and
Brutsaert 1996) show that EF could be considered to
be a constant during daytime hours. This is referred to as
the daytime self-preservation of EF. However, recent
modeling studies by Lhomme and Elguero (1999) and
Gentine et al. (2007) have shown that EF is nearly
constant during daytime under limited environmental
conditions. This study delves deeper into the underlying
causes and degree of the apparent near self-preservation
of EF during daytime.

The objective of the present study is to determine the
factors controlling the shape of EF. Common fair-weather
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shapes of EF are gleaned using daily sinusoidal repre-
sentation of the sensible heat flux and latent heat flux at
the land surface. The typically observed shapes of EF are
explained mostly by the phase and amplitude difference
between sensible and latent heat fluxes.

The diagnostic EF is a ratio of two components of
the surface energy balance that both have strong di-
urnal periodicities. We first use a simple mathematical
example (turbulent fluxes as sinusoids) to show that
the ratio diagnostic can easily take on a shape that is
often observed and not characterized by daytime self-
preservation if there is a phase lag or an offset among
the turbulent fluxes. We therefore focus our attention
on physical factors that cause phase lag and offsets be-
tween these two fluxes. To derive an expression for phase
lag and amplitude gain of the turbulent fluxes that is
in response to incoming radiation forcing and includes
physical parameters, we need a model that represents
the temperature and flux profiles in the soil-vegetation—
atmosphere continuum in terms of harmonics. Harmonic
decomposition (especially the phase response) of the soil-
vegetation—atmosphere continuum requires a linear model
of the continuum that captures the essential physics and
linkages. There is a long history of using simpler and an-
alytical models to gain insights into soil-ABL coupled
systems (e.g., see Mangian and Jinjun 1993; Brubaker
and Entekhabi 1994; Kimura and Shimizu 1994; Kim and
Entekhabi 1998; Margulis and Entekhabi 1998; Zeng and
Neelin 1999; Wang and Mysak 2000; Van de Wiel et al.
2002). In the present study, we use an extended version of
the linear model of the soil-vegetation-ABL continuum
introduced by Gentine et al. (2010) in order to analyze the
phase and amplitude responses of sensible and latent heat
fluxes at different temporal frequencies.

A distinct advantage of the analytical approach is
that the phase and amplitude changes of surface turbu-
lent heat fluxes can be studied as a function of environ-
mental parameters (friction velocity, water availability,
solar radiation intensity, relative humidity, and bound-
ary layer entrainment). In this paper, we quantify the
dependence of the critical phase lag and amplitude
gain between the turbulent fluxes on physical factors
in the environment. We show that EF is daytime self-
preserved only under very limiting conditions: cloud-
free, humid climate with intense solar radiation forcing.
In other circumstances, EF is generally not self-preserved
mainly because there is a difference in amplitude and
phase between sensible and latent heat fluxes induced
by their different response to radiative forcing. Even
under these conditions, the critical midday value of EF
is predictable based on environmental factors and mea-
surements. We derived this limiting and useful value in
this study.
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2. Observational evidence

Several studies based on limited-duration field ex-
periment observations have provided some evidence for
occasional self preservation (i.e., constancy) of EF (e.g.,
Shuttleworth et al. 1989; Nichols and Cuenca 1993;
Crago 1996; Crago and Brutsaert 1996). Short-duration
studies do not allow the diagnosis of recurrent anoma-
lous patterns in the EF diurnal cycle. In this study, we
begin with the analysis of a long-term field experiment
dataset that sets the stage for understanding the limits to
the self-preservation assumption in the same location
that are due to changes in the environmental conditions.

a. Dataset

The observational dataset corresponds to 101 (non-
continuous) days of measurements from the Sud Medi-
terannée (SUDMED) 2002 field campaign in Marrakech,
Morocco as described in Duchemin et al. (2006),
Gentine et al. (2007), and Chehbouni et al. (2008). The
study site is a wheat field with relatively sparse vegeta-
tion [leaf area index (LAI) = 0.4 m*> m ™~ and vegetation
height of 40 cm]. The R3 site is an irrigated 2800-ha area,
located 45 km east of Marrakech. Two fields were
equipped with instrumentation, namely the 123rd (R3-
B123 used in this study) and 130th (R3-B130) parcels.
The sowing date is 13 January (Julian day 13). The cli-
mate is characterized by a dry and warm period with very
few precipitation events in the summer and fall. Almost
all of the annual precipitation occurs in winter and spring.
The rainy period lasts six months from November to
April and the cumulative precipitation is generally of the
order of 250 mm yr~'. The site is periodically irrigated
by flooding the entire field. The induced significant change
in the energy partitioning at the land surface provides a
useful experiment design for our study. The parcel of in-
terest in this study is R3-B123. Irrigation events occurred
on 4 February (day 35), 20 March (day 79), 13 April (day
103), and 21 April (day 111), with a mean supply of 25 mm
each time.

Energy fluxes were continuously monitored, starting 4
February (day 35) and lasting the entire wheat season
until 21 May (day 141). The measurements covered the
entire phonological cycle: sowing, vegetative growth,
full canopy, and senescence. Vegetation appears around
7 February (day 38), with a growth peak on 20 April (day
110), followed by the senescence period until the end
of May. Near-continuous measurements have been re-
corded during the entire wheat season. Sensible heat
flux was measured with a Campbell Scientific, Inc., 3D
sonic anemometer (CSAT3) at 3-m height. A krypton
hygrometer (KH,O) measured the latent heat flux at
this height. The net radiation is monitored by a Kipp and
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Zonen CNRI radiometer located at 2 m above the
ground. The air temperature was monitored at 6-m height
using Vaisala temperature and humidity HMP45C probes,
and the shortwave incoming radiation was recorded by at
1 m height with a Kipp and Zonen CM5 pyranometer.

The meteorological conditions are highly variable. So-
lar incoming radiation varies between a diurnal maximum
of 200 W m~? for a February cloudy day to a diurnal
maximum between 900 and 1000 W m 2 at the end of
May. There is also a wide range of air temperatures with
a minimum of 0°C in February and a maximum of 38°C by
the end of May.

b. Typical EF patterns

Two time series of evaporative fraction containing
various solar conditions (fair, slightly, and highly cloudy)
are depicted in Figs. 1 and 2 along with the corre-
sponding solar radiation received at the land surface.
These time series have been selected since they display
typical courses of daylight EF in various conditions over
a relatively short period. The time series show that
daytime EF is rarely constant. Only in clear-sky condi-
tions is the course of EF smooth with a typical convex
shape (Lhomme and Elguero 1999; Gentine et al. 2007)
as seen in Fig. 2. With light cloud cover (days 101, 102,
and 106) EF displays a significant increase compared
to adjacent days. Under intermittent-cloudy situations
(days 104, 131, 134, 135, and 139), evaporative fraction
exhibits strong spikes when solar radiation is attenu-
ated by clouds. Its daytime pattern becomes erratic.
Even under fair-weather conditions, EF is generally non-
constant during daytime and takes on a typical convex
shape [day of year (DOY) 132, 133, 136, and 137]. To
further investigate the global diurnal behavior and self-
preservation of EF over the whole measurement period,
we perform a spectral analysis that isolates the strength
of variability (energy) in different time frequencies.

c. EF spectrum

The measurements of the SUDMED experiment are
particularly suitable for a spectral analysis of EF. In-
deed, only about 30 days out of the 101-day period of
measurements contain clouds, and only 12 days present
an attenuation of more than 20% of solar radiation for
more than 3 h. These conditions are typical of semiarid
climates, characterized by sparse clouds.

To investigate the EF spectrum and compare its shape
to the spectra of its constituent surface heat fluxes, we
introduce the daytime power spectrum for each vari-
able. The spectra are normalized by the total spectral
power (variance) in order to obtain dimensionless and
comparable values. The daytime power spectrum is the
average of the Fourier decomposition of the variable for
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FIG. 1. Observed time series of (a) solar incoming radiation and
(b) daytime EF after 10 days of the SUDMED field experiment
(Julian days 100 to 110; LAI ranges from 3.0 to 3.5). The conditions
are representative of scattered with few very cloudy conditions. EF
exhibits a strong convexity with a sharp rise in the afternoon (in-
ducing asymmetry in the daytime pattern). In very cloudy condi-
tions (e.g., day 104), EF becomes erratic.

each day across 70 gap-free days. The full daily cycle is
considered for the surface heat fluxes, whereas only day-
time hours are used for EF.

The normalized power spectra of evaporative frac-
tion, net radiation, and sensible and latent heat flux are
depicted in Fig. 3. These power spectra show that most
of the daytime spectral power of net radiation and tur-
bulent heat fluxes are located at the diurnal and semi-
diurnal frequencies. Therefore, during most of the diurnal
cycle, surface fluxes are explained by these low diurnal
frequency harmonics. This is simply a consequence of the
influence of the main solar radiation harmonic, which is
composed of a daily and semidaily period. Nonetheless,
this shape forms the reference for understanding the EF
spectrum.

Evaporative fraction displays a broad power spec-
trum across all harmonics. This means that all diurnal
frequencies have an impact on the EF diurnal response.
The relative response of each harmonic is relatively
weak (2% to 5%) and the average diurnal value of EF
accounts for 72% of its total power spectrum, compared
to 34% for net radiation, 35% for sensible heat flux, and
58% for latent heat flux. The construct of the EF dia-
gnostic has reduced the importance of the characteristic
diurnal and semidiurnal harmonics of solar radiation.
This is conditional on where the sensible and latent
heat fluxes respond in unison to solar radiative forcing
(see next section). The widening of the spectrum of
EF compared to that of turbulent heat fluxes is evi-
dent during cloudy conditions (Fig. 2). The important
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FIG. 2. Observed time series of (a) solar incoming radiation and
(b) daylight EF during 9 days of the SUDMED field experiment
project (Julian days 131 to 140; LAI ranges from 2.5 to 0.4 because
of senescence). Days 132, 133, 136, and 137 represent generally
cloud-free conditions that show a symmetric concave daytime EF
pattern. During the remaining days, passing clouds lead to spikes in EF.

contribution of the high frequencies is more complicated
to interpret.

Components of the surface energy balance that have
significant periodicities have a natural Fourier repre-
sentation:

n=+w

At 2)=A(z) + 2 A(nw,, z)e", 3)

n=—ow

n#0

with A the surface heat flux and wy = 2#/T the funda-
mental angular frequency. The tilde symbol represents
the complex Fourier harmonic. Sensible and latent heat
have strong periodicities owing to their direct depen-
dence on the periodic radiation forcing. Evaporative
fraction is thought to have less direct dependence on ra-
diation forcing and, hence, may exhibit less pronounced
periodicity.

Contrary to latent and sensible heat flux, there is no
simple relationship between each harmonic of EF and
their counterpart in the forcing of incident radiation
(Gentine et al. 2010). Since EF is a fraction defined
through (1) [i.e., EF(f) = AE@)/[H(t) + AE(t)] or
EF(t)[H(f) + AE(t)] = AE(?)], its spectral solution in-
volves a convolution in the frequency domain (tilde
represents the Fourier amplitude—that is, harmonic at
frequency w):

EF(0) X [H(w) + AE(0)] = 1E(w), 4

equivalent to
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FIG. 3. Normalized power spectrum of the daily harmonics [i.e., ratio of the square amplitude
of the harmonic <X2(T)) relative to the total daily power spectrum ZT(XZ(T»] of (a) EF,
(b) net radiation, (c) sensible heat flux, and (d) latent heat flux. The mean of the harmonic is
calculated across the 101-day extensive period, except for days with missing measurement.
Note that the surface heat fluxes are expressed on a 24-h basis, whereas EF is expressed only for
daylight hours only (i.e., on a 12-h basis). The text in the figures indicates the relative contri-
bution of the (a) mean-daytime EF and mean-daily heat fluxes (b) R , (c) H, and (d) AE to the

total power spectrum.

+ o0

D, [Al(n — mywy] + AE[(n — m)w,]JEF(ma,)

m=—oo

= AE(nw,). )

Because of the convolution in the frequency domain, the
spectrum of both sensible and latent heat flux impact
and diffuse across the whole spectrum of EF. The power
spectrum of EF is consequently much broader than that
of sensible and latent heat flux, as observed on Fig. 3a.
As a consequence, EF is generally nonpreserved during
daylight hours and all diurnal harmonics are important
components of its daylight response. This might lead to
complications for the predictability of EF, characterized
by important middle- to high-frequency components,
whereas turbulent heat fluxes are mostly influenced by
the daily and semidaily harmonic of the radiation forcing
in fair-weather conditions. In addition, the wider spectra
observed in the turbulent heat fluxes under cloudy and
intermittent-cloudy conditions leads to broader distribution

of power across frequencies for evaporative fraction be-
cause of the importance of all harmonics in the EF con-
volution in (4).

3. Factors affecting the shape of the EF diagnostic

Even under clear-sky conditions and in the absence of
intermittent clouds, the diagnostic EF has a character-
istic convex or U shape as shown in the SUDMED ob-
servations. Often the convexity is biased toward the late
afternoon and there is asymmetry in the convexity. A
sharp rise is evident in the afternoon.

Factors that can cause these anomalies in the daytime
pattern of EF can become evident in a simple mathe-
matical example of the ratio of two periodic signals. We
identify these factors and then reproduce them in
a model of the process physics. The physical factors that
amplify such anomalies are identified in this way.

We examine the diurnal response of an evaporative
fraction diagnostic when the turbulent heat fluxes are
pure sinusoids. The sensible heat flux is
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] b) With phase, no offset
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FIG. 4. Daytime patterns of EF resulting from a daily sinusoidal sensible heat flux
H(t)=H + h cos(w,t + ¢,;) and latent heat flux AE() = XE + Xe cos(w,t + ¢, ). (a),(c) The
situation without phase difference ¢z = ¢ . (b),(d) The situation including a phase difference
of 1 h between latent and sensible phase flux. (a) Both sensible and latent heat fluxes do not
have a mean component and have the same phase. (b) The phase difference between both
fluxes ¢y # ¢yr leads to strong departure from daytime EF self-preservation. We here use
ére — ¢ = 1 h. (c) There is no phase difference between H and NE but they have nonzero
mean value (value based on typical measurements). The daytime EF pattern exhibits the
typical concave U shape as seen in observations. (d) Both the phase and the mean component
are nonzero. Depending on the mean component, the shape can have either a U form or take

the form of a tangent function.

H(r)=H + h cos(wyt + ¢;p), (6)
and the latent heat flux is
AE(t) =AE + de cos(wyt + &, ), (7)

with H and AE representing mean-daily values, & and
Ae representing daily amplitudes, and ¢ and ¢, g repre-
senting phase lags. The principal frequency w is diurnal.
Using trigonometric identities and introducing the
phase difference between latent and sensible heat flux
¢ = ¢rp — ¢y, evaporative fraction can be rewritten

1
1+ H+h
AE + Ae[cos(¢p) — sin(¢) tan(wt + ¢;)]

®)

EF(r) =

It is clear from this formula that the diurnal course of
EF responds to several factors that include the relative
amplitude and phase of the harmonic of turbulent heat

fluxes. In addition, we expect a tangent-like shape of EF
when wot + ¢z ~ 0 and ¢ = 0 (i.e., around solar noon),
as observed in Fig. 2. EF is constant only when there
is no phase difference between sensible and latent heat
flux (i.e., ¢ = 0). In this case EF(¢)=[1+ (H + h)/
(AE + Ae)] ", which is composed of all constant terms.
Consequently, EF in this simple example is constant
only if the phase difference between sensible and latent
heat flux is negligible.

The daytime reconstructions of EF are presented in
Fig. 4a, which shows the self preservation of EF when
sensible and latent heat fluxes are in phase, ¢ = 0, and
when there is no average daily component H =AE = 0.
Yet once a phase difference is introduced (¢ # 0), as
shown in Fig. 4b, EF exhibits a tangent-like diurnal
course, as observed in slightly cloudy situations in Fig. 1
(days 101, 102, and 106). The phase difference between
sensible and latent heat flux is therefore an essential
factor controlling the daytime pattern of EF. Figure 4c
depicts the effect of nonzero average components of
sensible and latent heat flux H # 0 # AE without phase
difference ¢ = 0. Two values of (H + h)/(AE + Ae) are
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FIG. 5. Representation of the soil-vegetation—atmospheric boundary layer continuum for states and fluxes in the
coupled land—atmosphere. The equations in black correspond to the original Lettau (1951) formulation. In this study,
we added a discontinuity at the surface and the specific humidity state (equations in lighter gray) that are solved
simultaneously. Whereas Lettau (1951) specified the value of latent heat flux, in this extension of the model, the latent
heat flux is estimated based on gradients in humidity and temperature at the surface. Furthermore, the solution here
covers all the harmonics contained within a day, whereas Lettau (1951) solved the system for only one harmonic.

presented in Fig. 4c in order to emphasize the impor-
tance of the amplitude of the turbulent heat fluxes for
the daytime pattern of EF. The typical U shape of EF
observed for field experiment clear-sky conditions is
reconstructed with this simple model of the turbulent
heat fluxes. The relative amplitude of the turbulent heat
fluxes is essential to determine the minimum value of
EF. Figure 4d represents the effect of both the nonzero
phase and nonzero daily average sensible and latent heat
fluxes. The response is relatively similar to the case of
Fig. 4c, with a U shape, except that the phase difference
yields an asymmetry in the daytime response of EF. This
asymmetric pattern is often observed and it is evident in
the SUDMED observations.

The daytime self-preservation and shape of EF is in-
timately linked to the phase difference between sensible
and latent heat flux as well as to their relative amplitude.
The physical factors affecting the phase difference be-
tween the two fluxes cannot be readily isolated and di-
agnosed using field observations. Many factors are varying
at once and the isolation of key factors is not simple.
Models that explicitly derive the phase and amplitude
gains as a function of frequency need to be linear so that
they can be directly solved in the Fourier domain. Here
we use the land—atmosphere model introduced in Gentine

et al. (2010) that meets the requirements. Even though
this analytical model is simple and linear, Gentine et al.
(2010) use comparisons with field experiment observations
to show that the model adequately describes the intraday
energy partitioning at the land surface. It responds to
varying environmental conditions (wind speed, solar ra-
diation, soil moisture, and vegetation cover) in a realistic
fashion that is also evident in the field observations (see
Gentine et al. 2010).

4. Amplitude and phase harmonic responses across
the soil-vegetation—atmosphere continuum

a. Linear land—atmosphere model

A schematic representation of the land—atmosphere
system is shown in Fig. 5. The model links the one-
dimensional soil-vegetation—ABL continuum for the heat
and moisture state variables and fluxes. In essence, the
model used in this study is similar to the one introduced
by Gentine et al. (2010) and inspired by the work of
Lettau (1951). This model is used to analytically de-
termine the response of the coupled land—atmosphere
system to a daily periodic forcing of net radiation at the
land surface. Even though the model relies on major
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assumptions about some physical processes, it is shown
to well reproduce the daily course of land surface heat
fluxes and temperature, as well as the air temperature
at screen level compared to measurements from the
SUDMED project. The reader is referred to Gentine
et al. (2010) for a complete description of the model
construct and a list of the main assumptions. The most
important assumptions are i) the atmospheric profile is
in a near neutral-to-unstable turbulent state, ii) friction
velocity is assumed to remain constant throughout the
day, and iii) the ABL height is fixed. Since the factors
affecting the partitioning of energy balance are mostly
isolated in the surface layer (lower few meters of the
ABL) and the near-surface soil, the assumptions about
the profile stability and ABL-top height are not con-
sidered to be major factors that change the sensitivities
that are isolated. The fidelity of the identified harmonic
response of the energy partitioning in varying conditions
is the important factor. Even though the time series of
friction velocity are generally erratic, over the 70 days of
SUDMED turbulent heat flux observations, 73% of the
daily power spectrum of friction velocity is concentrated
in the daily average and 93% of its daytime power
spectrum is concentrated in the daytime average.

In Gentine et al. (2010), a constant EF was assumed.
The model used in this study improves the model of
Gentine et al. (2010) in several ways in order to study the
phase difference between the turbulent heat fluxes:

i) Latent heat flux at the land surface is expressed
using a bulk formulation (Deardorff 1978):

M8 gx(1y,) — ati))

a

AE(h) = )

The parameter 8 reduces the evaporation below its
limiting potential value corresponding to a moist

- —4
R,()=(0—-ay)S+ L, - SSUTS(] + (1
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surface. This parameter is related to the soil mois-
ture in the root zone and it is assumed to be con-
stant throughout the period T (one day). The main
difficulty of the latent heat flux formulation is
that the saturated-specific humidity is a nonlinear
function of the temperature state. To the first-
order approximation, this equation can be line-
arized around the mean land surface temperature
over period T:

dq*(T)
dT

q*(TsO) = q*(TSO) + (TSU - T‘\‘O)

=q*(T,) + v7 (T, = T,). (10)
S0

Introduction of dynamic latent heat flux term in the
surface energy balance necessitates inclusion of a
specific humidity variable in the ABL.

A diffusion equation governing the evolution of
specific humidity in the ABL is added and is similar
to the diffusion equation of potential temperature
presented in Gentine et al. (2010). The transport
of this state uses the same diffusion coefficient as
the temperature state. This equation has a Neuman
boundary condition on top of the ABL and a jump
condition at height A, which is given by the
expression of latent heat at the land surface.

In Gentine et al. (2010), the model was forced by
the periodic net radiation at the land surface. Here
we use the incoming radiation at the land surface,
defined as the sum of net solar S;(1 — «) and
incoming thermal components L as [,(f) = (1 —
a5)S,(f) + L (7). Net radiation is linearized around
the mean land surface temperature over period T:

iii)

=3
— a)AS| (1) + AL (1) — 4e,0T, AT, (1), (11)

R

n

where X represents the mean value of X over pe-
riod T and AX(¢) represents the temporal varia-
tions of X around its mean.

Entrainment is added on top of the ABL. We
introduce a parameter « such that H(z;) = —aH(h),
in order to account for the entrainment of warmer
air into the ABL from the free troposphere. In
addition, the entrainment of dry air is also repre-
sented on top of the ABL with AE(z,) =£H(z;)
(AAq/C,A0)H (z;), where Af is the potential tem-
perature jump and Agq is the specific humidity jump

AR
n

on top of the boundary layer (see Margulis and
Entekhabi 2004). This jump ratio is assumed to be
constant throughout the day to study the first-order
effects of entrainment.

After linearization, the model can be solved in the
temporal Fourier domain as in Gentine et al. (2010) that
yields both the steady-state and harmonic response of
the variables. In particular, the amplitude and phase of
all harmonics can be derived as a function of the land
surface parameters (vegetation height, soil diffusivity,
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TABLE 1. RMSE of surface turbulent heat fluxes from days 100 to 110.

Day 100 101 102 103 104 105 106 107 108 109

RMSE H (W m ™ ?) 221 27.9 23.9 26.5 16.7 25.1 243 26.7 26.9 29.7

RMSE AE (W m?) 26.1 34.9 55.1 452 39.7 425 69.1 34.3 482 48.8

etc.) as well as meteorological conditions (friction veloc-
ity, relative humidity, incident surface radiation, etc.).

b. Fourier development

The flux as well as state profiles (soil temperature,
ABL potential temperature, and ABL-specific humid-
ity) are assumed to be periodic over the period 7 so that
the different variables can be expanded using Fourier
basis functions. Any variable A(z, z) is then developed as
a weighted sum of harmonics:

n=+ow

AL =A@ + 2 Alnwy2)e™,  (12)
n=—o
n#0
with fundamental angular frequency wy = 27/T. By

projecting on the Fourier basis, the problem can be
solved componentwise—that is, each complex ampli-
tude A(nwo, z) is solved independently from the others
and responds to the harmonic forcing of incoming ra-
diation at angular frequency w,, = nw: i(wn).

The specification of the time series of incoming radi-
ation /| (,) (defined as net solar radiation plus longwave
incoming radiation) is sufficient to solve the entire har-
monic problem using the assumed temporal periodicity
of the solution. In addition to the mean incoming radi-
ation, the steady-state solution requires the knowledge
of the mean potential temperature 6(z,) and specific
humidity g(z,) at one given height. We constrain these
to be the observed meteorological values at screen-level
71 = 2 m.

The turbulent heat fluxes obtained by the analytical
model were compared to in situ measurements for days
100 to 110 (corresponding to Fig. 1) and days 131 to 140
(corresponding to Fig. 2). The root-mean-square er-
ror (RMSE) and coefficient of determination R* are
presented in Tables 1 and 2. There is relatively good
agreement between the analytical model and the in situ
measurements, especially considering the simplicity of
the model and the linearization assumption. During the

senescence period (days 131 to 140), the linearization of
the surface temperature is less valid because of the large
temperature amplitude induced by water limitation. The
RMSE is reasonable given the simple construct of the
model, further confirming that the daily fluctuations of
the turbulent heat fluxes are well captured and repro-
duced by the land-vegetation—atmosphere model.

c. EF reconstruction in clear-sky conditions

In the SUDMED dataset, 5 continuous days of in-
tensive measurements from 1 to 5 March were selected
because the flux measurements were gap free under
clear skies. Furthermore, the synoptic conditions over
this 5-day period were similar, consistent with the peri-
odicity constraints of the model.

The theoretical coupled land surface and boundary
layer model developed in this study is forced with the
incident radiation observed during this 5-day period
in Fig. 6. The model is assumed to be periodic over the
5-day period T. The root-zone soil water content did not
change appreciably during this period and the synoptic
conditions were similar during the duration. Figure 7 shows
the net radiation and surface ground heat flux com-
parisons between the model and observations. Figure 8
extends the comparison to the two turbulent heat fluxes.
The simple linearized model effectively captures the
diurnal course of the surface energy balance compo-
nents in terms of relative partitioning and dynamic
pattern. Figure 9 shows that the linearized model is also
able to represent well both soil surface temperature and
potential temperature at the height of reference z; =
2 m. The diurnal course of the two temperatures is re-
alistic and could be used as the lower boundary condi-
tion for the ABL domain. Finally, the diurnal course of
daytime evaporative fraction is very well captured by
the linearized model as shown in Fig. 10.

d. EF minimum—analytical derivation

More insights into the diurnal shape of EF may be
gained by deriving the limiting expression for EF.
Evaporative fraction is commonly written as

TABLE 2. RMSE of surface turbulent heat fluxes from days 131 to 140.

Day 131 132 133 134 135 136 137 138 139
RMSE H (W m™?) 342 21.7 29.4 46.4 57.8 33.0 39.5 39.1 58.9
RMSE AE (W m ™ ?) 39.0 17.7 25.8 40.7 38.6 255 38.6 34.1 29.3
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FIG. 6. Sample forcing of (a) shortwave incoming radiation and
(b) incoming longwave radiation at the land surface spanning the
1-6 Mar intensive observing period in 2003. The SUDMED ex-
periment covered 101 days and was located near Marrakech, Mo-
rocco.

1
EF =
Cp Iy, — 9, '
1+-£—0 7
AB CI*(TSU) - 4y

(13)

using bulk parameterizations for the turbulent heat
fluxes. The term in the denominator is the Bowen ratio.
This expression shows that EF mostly removes the ef-
fects of turbulence and isolates surface controls, as
stated in Gentine et al. (2007). EF is a complex function
of soil water availability through B, surface temperature
deficit 7, — 6,,, and water vapor deficit q*(TSO) —q,
The diurnal shape of EF can be diagnosed using (13)
and the spectral diagnostic response obtained with the
linearized model, namely the daily course of the surface
temperature and specific humidity deficits, 7, — 6, and
q*(TSO) — q,,- The deficits in temperature and humidity
at the surface are decomposed into steady-state terms
(6Ty and 6q) that are mostly a function of climate and
harmonic terms [§7(¢) and 6¢(¢)] that are mostly a func-
tion of incident radiation periodicity. The temperature
and water vapor deficit at the land surface respond sim-
ilarly to a forcing of incoming radiation at the land surface
(not shown). These results are obtained from the model
states and they are used to give insights into the magni-
tude and phase of the difference quantities—7} — 6, and
q*(Ts,) — q,—at different harmonics. Taking a well-
watered surface condition (B = 0.7), the ratio of the
amplitude remains relatively constant over the whole
spectrum (not shown). In addition, the harmonic differ-
ences are in phase (not shown). The harmonic responses
of 6 7(t) and 8¢(r) are mostly proportional at all frequencies.
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FIG. 7. Comparison of (top) net radiation and (bottom) soil heat
flux at the surface for field observations (circles) and the model in
this study (lines) from 1 to 6 Mar 2003 using reference values of
surface parameters shown in appendix A.

Consequently, the temporal responses induced by solar
radiative heating can be simplified as

+o0
8q(t) = _z_,j;]n cos(nwyt + ¢,)
"0
+o0
= FH nz 8T, cos(nwyt + ¢,) = FHST(I),

=—o

n#0
(14)
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FIG. 8. As in Fig. 7, but for (top) sensible heat flux and (bottom)
latent heat flux.
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Day

FIG. 9. As in Fig. 7, but for (top) land surface temperature and
(bottom) air potential temperature at 2 m.

with

2Krg — jom — 2p In(x,/2) — 2py N
2K,r§ — B(jpm +2p In(x,,/2) + 2py) exs
(15)

where Y1y is the slope of the saturation-specific hu-
midity at the mean land surface temperature T_S0 and

x, =2,/-[jw,(h—d)/Ky] (see detailed derivation in

appendix B). In most cases, I'7— ~ y7—.
EF is then rewritten as b !

I~y
TJO ’yTJO

BF - 1 - 1
C, 8T, +5T(1) C, 8T, +oT(1)

ABdq, + I7, 87() AB 8q, + v7,07(0)
(16)

When |8T(¢)| > max(|67,|, [6¢,|/vF ) (condition I), EF
tends to its asymptotical value: !

1 1
EFmin - 1 C ~ 1 Cc (17)
1+—-2 1+ —_2
FT_JO AB ‘)/TA_(J AB

which corresponds to the observed constant value of
evaporative fraction. This condition is approached around
solar noon as shown in Fig. 10 with the SUDMED data.
Indeed, at noon under strong solar heating, the temperature
difference reaches a maximum value and the temperature
deficit 8 7(¢) becomes large compared to the other param-
eters. Thus, EF reaches its asymptotical minimum value.
Therefore, in fair-weather conditions with strong solar
radiative forcing, EF rapidly approaches its asymptotic
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F1G. 10. The EF diurnal cycle (solid line) obtained from soil—
vegetation—atmospheric boundary layer continuum model com-
pared to field observations (circles). The theoretical minimum
value EF;, from (17) is shown as a dashed line.

value EF,,;, during most of the day. The specific hu-
midity deficit also plays a strong role on EF. In humid
regions, evaporation is not limited by the surface soil
and vegetation but is instead limited by atmospheric
aridity and available energy. The limiting condition
defined for EF cannot be reached in very arid regions
(see the subsection on dependency on specific humidity
deficit) since T, — 0, is not large enough to compensate
for the atmospheric aridity. The importance of these
factors is further discussed in the next section.

The power spectrum of incident radiation has a fun-
damental impact on the EF spectrum and on its diurnal
behavior. Indeed, any high order harmonic of incident ra-
diation will strongly influence EF. In the SUDMED dataset
used in this study, the main harmonic actually corresponds
to the principal daily harmonic wg = 27/T4ay. The second
daily harmonic also reaches its maximum around noon and
contributes to the asymptotic behavior of EF at that time.
The effect of the other harmonics on EF is negligible. This
behavior is due to the fact that the influence of the first daily
harmonic is almost sufficient to explain the diurnal shape of
EF, as demonstrated with the sinusoidal reconstruction.
However, any noticeable changes in the power spectrum of
solar incoming radiation, such as those induced by clouds,
will strongly modify the diurnal shape of EF, leading to an
erratic aspect with important high-frequency harmonics
(see Fig. 1 and Fig. 2).

e. Dependence on environmental factors

In this section, we investigate the dependence of the
phase and amplitude of the main daily harmonic of
turbulent heat fluxes at T = 24 h. Understanding these
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FIG. 11. a) Phase difference between latent heat and sensible heat flux as a function of water
availability. b) Amplitude ratio of sensible heat to latent heat flux as a function of water
availability. ¢) Evaporative fraction as a function of hour of day for water availability from 0.2

to 0.8. Phase is expressed in minutes.

dependencies on physical factors in the environment is
the pathway through which the degree of self preserva-
tion in EF and the convexity of EF during daytime are
isolated and diagnosed.

1) DEPENDENCE ON WATER AVAILABILITY S

Clearly, water availability increases EF (see Lhomme
and Elguero 1999; Gentine et al. 2007), yet its effect on
the diurnal shape of EF is less clear. As shown in Fig. 11,
at low water availability latent heat flux lags sensible
heat flux by about 40 min, whereas both fluxes are al-
most in phase when water is not limiting. This signifies
that there is an increased inertia in the latent heat re-
sponse at low water content compared to the sensible
heat flux response. The ratio of the amplitude of sensi-
ble to latent heat flux (H + h)/(AE + Ae) [h and Ae being
the amplitude of the daily (7' = 24 h) principal harmonic
of sensible and latent heat flux] depicted in Fig. 11b
shows that this ratio goes from about 1 at low water
availability (8 = 0.2) to 0.1 at very high water contents
(B = 0.8). Consequently, when water is not limiting and
the skies are cloud free, EF takes on a typical convex U
shape with a noticeable symmetry (induced by the re-
duced phase difference). When water is limiting and the
ratio (H + h)/(AE + Ae) has increased so much that the

effect of the phase is small, a distinct asymmetry in the
daytime pattern of EF develops. This asymmetry is
characterized by enhanced rise in late afternoon and it is
often observed in evaluations of EF using field obser-
vations.

2) DEPENDENCE ON SOLAR INCOMING
RADIATION

The influence of the magnitude of solar radiation is
significant and shown in Fig. 12. Solar radiation does not
have any direct effect on the phase difference between
sensible and latent heats for the linear model. However,
the magnitude of solar radiation has an important effect
on the energy partitioning between sensible and latent
heat fluxes (H + h)/(AE + Ae) as seen in Fig. 12. The
ratio (H + h)/(AE + Xe) increases with increasing solar
radiation. When the solar radiation is high, evaporation
becomes water limited, whereas it is an energy-limited
regime at lower values of solar radiation. The solar ra-
diation factor modifies in a subtle way both the daily
mean and the principal harmonic response of sensible
and latent heat fluxes.

The self-preservation of EF appears more clearly at
high values of solar incoming radiation. Under these
conditions, EF reaches its asymptotic value EF;,
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F1G. 12. (bottom) Diurnal course of EF for maximum diurnal
values of shortwave incoming radiation of 200, 400, 600, or 800
(W m™?), along with (top) the ratio of the mean-daily and first
harmonic of sensible to that of latent heat flux.

earlier in the day. EF reaches its asymptotical value
only when solar radiation is appreciable. High values of
solar radiation induce an important temperature gra-
dient (approaching condition I; see section 4d) at the
land surface. The diurnal course of evaporative frac-
tion in cloudy and intermittent-cloudy conditions de-
pends on the degree of attenuation and the duration of
coverage.

3) DEPENDENCE ON FRICTION VELOCITY

Friction velocity does not impact the midday value of
EF (not shown) but does impact its daytime shape. At
low values of friction velocity, EF is nearly constant, yet
there is a noticeable tendency toward a convex U shape
at high-friction velocities. Two simultaneous effects can
be the cause of these results. First, the impact of friction
velocity on the phase difference between sensible and
latent heat flux is negligible. It, however, modifies the
ratio (H + h)/(AE + Xe), inducing a more pronounced
U shape at higher values of friction velocity (not
shown). This is similar to the simple sinusoidal analog
of EF presented in section 4. Second, the expression
of the asymptotical value of EF is not explicitly de-
pendent on friction velocity. Therefore, the minimum
value is similar across a wide range of friction veloc-
ities. This confirms the conclusion of Lhomme and
Elguero (1999) but gives theoretical underpinning to
this lack of sensitivity.

4) DEPENDENCE ON RELATIVE HUMIDITY

Figure 13 shows the sensitivity of EF to the daily-
mean relative humidity deficit. Daily-mean relative hu-
midity is mostly a function of passing synoptic-scale
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FIG. 13. a) Ratio of sensible to latent heat flux as a function of
relative humidity. b) Diurnal course of EF as a function of hour of
the day for relative humidity from 50% to 90%.

weather systems and mean-daily solar radiation. The
subdiurnal fluctuations around this daily-mean value or
spectral amplitudes are instead mostly related to the
magnitude of radiation forcing. The mean relative hu-
midity does not affect the phase between latent and
sensible heat fluxes, but it does modify the energy par-
titioning (H + h)/(AE + Ae). The effect is to introduce
a pronounced concavity or U shape to EF at low daily-
mean relative humidity.

The diurnal course of EF remains fairly constant only
for the highest values of mean relative humidity (75%—
90% ). When the air is dry (<50%), the diurnal course of
EF is noticeably parabolic. Consequently, the use of
a constant EF during daytime should be more applicable
over humid rather than semiarid regions. The sensitivity
of EF to the mean relative humidity can also be ex-
plained by condition I: solar radiation has to be sufficient
to create a land surface temperature gradient that will
counteract the mean specific humidity deficit and the
atmospheric aridity. This is also confirmed by the fact
that the Bowen ratio, which appears in the denominator
of EF, decreases when the air is more humid.

5) DEPENDENCE ON BOUNDARY LAYER
ENTRAINMENT

The effect of a change in the entrainment on top of the
ABL is investigated in Fig. 14 by modifying the pa-
rameter «, which controls the rate of warm and dry air
entrainment at the ABL top. This and the Bowen ratio
at the top of the ABL exhibit intraday variability as
shown in Stull (1988), Peters-Lidard and Davis (2000),
Margulis and Entekhabi (2004), and Santanello et al.
(2005). Here we use constant parameters in order to
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FIG. 14. a) Phase difference between latent heat and sensible heat flux as a function of entrainment rate.
b) Amplitude ratio of sensible heat to latent heat flux as a function of entrainment rate. (c) Diurnal course of
EF as a function of the entrainment on top of the ABL (no-entrainment case corresponds to @ = 0 and ¢ = 0,
mild entrainment to « = 0.2 and £ = 0.5, and strong entrainment to « = 0.4 and ¢ = 2). Phase is expressed in

minutes.

study the first-order impact of the entrainment on EF.
The value of « is commonly reported to be between 0.2
and 0.4. Typical values of the parameter of entrainment
of dry air on top of the ABL are of the order of 0.5to 5
times that of potential temperature. We use three main
sets of parameters: no-entrainment case with « = 0 and
¢ = 0, mild entrainment a = 0.2 and ¢ = 0.5, and strong
entrainment o = 0.4 and & = 2.

Figure 14a shows that the main effect of the boundary
layer entrainment is to modify the phase between sen-
sible and latent heat flux. This is also accompanied by
a reduction of the ratio between sensible and latent heat
flux. This effect is due to the fact that during daylight
hours the entrainment of dry and warm air from above
simultaneously increases latent heat flux and decreases
sensible heat flux at the surface through the modification
of the near-surface air humidity and temperature. The
air temperature in the boundary layer is increased
with the entrainment of warmer air from above. This is
due to the sensible heat on top of the ABL. This con-
sequently reduces the temperature gradient at the

surface. Similarly, the entrainment of dry air from
above the ABL reduces the specific humidity in the
ABL, thus raising the specific humidity gradient at the
land surface and enhancing the surface latent heat flux.
Consequently, the effect of strong entrainment is to
reduce the concave or U shape of EF and to induce
stronger self-preservation. In addition, the midday value
of EF is increased with the enhanced entrainment as
shown in Fig. 14c.

5. Conclusions

This study investigates the physical factors and un-
derlying causes for the breakdown of daytime preser-
vation of evaporative fraction. Based on long duration
(>70 days) of field observations, we show that evapo-
rative fraction is seldom constant during daytime. It is
mostly characterized by broad (temporal) spectrum,
whereas sensible and latent heat fluxes have most of the
spectral energy at the daily and semidiurnal frequencies.
Evaporative fraction as a ratio of these fluxes (ratio of
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latent heat flux to sum of latent and sensible heat fluxes)
is, in the frequency domain, a convolution of the sensible
and latent heat fluxes. Hence, even though the turbulent
heat fluxes may be simple periodic functions, any phase
difference between them or any perturbations such as
those introduced by intermittent cloudiness will result in
a broad spectrum for EF. In time domain, we use
a simple sinusoidal analog for both latent and sensible
heat fluxes and show that any phase difference between
the two or any offset in their mean values or daily am-
plitudes will result in the typically observed concave
(often asymmetric) EF pattern.

The phase difference and amplitude ratios are key
determinants of the daytime shape of EF. We focus on
these two variables and introduce a model that can isolate
the influence of physical and environmental factors on
them. The phase and gain spectra of the profiles and fluxes
in a soil-vegetation—atmospheric boundary layer contin-
uum are derived. To express the states and fluxes in terms
of Fourier basis functions, the model has to be linear. We
extend the linear coupled soil-atmosphere model of
Gentine et al. (2010) and Lettau (1951) to apply to this
study. The addition of a dynamic evaporation model, in-
troduction of a vegetation layer, and solution across all
harmonics are the main enhancements that are needed.

The phase and amplitude dependency of the principal
harmonic (7 = 24 h) of the turbulent heat fluxes is in-
vestigated with the model. Evaporative fraction de-
creases with the mean-daily relative humidity and solar
radiation. Daytime self-preservation is mainly confined
to high values of relative humidity and solar radiation.
For lower values of solar incoming radiation, EF ex-
hibits a strongly parabolic and convex pattern during
daytime (limited to fair-weather and clear-sky condi-
tions). Evaporative fraction is not sensitive to the values
of friction velocity. The daytime pattern of evaporative
fraction is, however, sensitive to entrainment of warm and
dry air from above the ABL. Increased entrainment raises
the daylight evaporative fraction. Evaporative fraction
exhibits daytime self-preservation only under the limited
conditions of clear skies, humid air, and strong solar ra-
diation.

In this study, we derived the minimum asymptotical
value (17) of evaporative fraction based on the analyti-
cal model. This asymptotic value applies at midday when
the magnitude of latent and sensible heat flux are
highest and the knowledge of evaporative fraction is the
most relevant.
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APPENDIX A

List of Variables and Units

1

Mean (steady-state) value of variable X

Harmonic (Fourier transform) of variable X at
frequency w,

ay Albedo of the land surface (0.16)

X(w,)

n

a Potential temperature entrainment on top of
the boundary layer: H(z;)/H(h)
B Beta factor in the Deardorff (1978) parame-

terization of latent heat flux at the land sur-
face (0.6 dimensionless)

v Euler’s constant

Yr Partial derivative of saturation-specific hu-
midity with respect to temperature taken at
temperature T (kg kg~ ' K™')

A Specific latent heat of vaporization

AE, Latent heat flux at the land surface at canopy
height 4 (W m™?)

® Angular frequency of the harmonic (rad s~ ')

wo Fundamental harmonic 27/T (rad s~ 1)

p Density of air

0 Potential temperature (K)

05 Potential temperature at vegetation height
h (K)

3 Specific humidity entrainment parameter on
top of the boundary layer: A E(z;)/AE(h)

A Available energy at the land surface (W m™?)

C, Soil heat capacity (1.42 X 10° I m 3 K1)

Evaporative fraction at the land surface (di-
mensionless)

Gy Ground heat flux at the land surface (W m™~?)

H Vegetation height (0.45 m)

H,, Sensible heat flux at the land surface right
above the canopy (W m™?)
K. Product of Von Karman constant and friction

velocity K., = Ku,
K, Soil thermal diffusivity (2.5 X 1077 m? s~ 1)

L, Shortwave incoming radiation at the land sur-
face (W m ™ ?)

LAI  Leaf area index (0.4 m* m?)

0 Specific humidity (kg kg™ )

qa Specific humidity at screen level (kg kg™ ')

qn Specific humidity at vegetation height A

(kg kg™
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q* Specific humidity at saturation (kg kg ') Z Height in ABL and depth in soil (m)
G Canopy aerodynamic resistance between can- 73 Screen height (2 m)

opy and within canopy source height (50 z; Height of the boundary layer

sm 1)
R, Net radiation at the land surface (W m~?)
S, Shortwave incoming radiation at the land sur-

face (W m™?) APPENDIX B
T Time period (24 h)
La A1.r temperature at screen level (K) Derivation of Minimum Daylight Evaporative
T Soil temperature (K) Fraction
T, Land surface temperature 75, = 7,(0) (K)
Tgay Duration of a day The net radiation at the surface is linearized around
U, Friction velocity (0.1 m s~ ') the mean land surface temperature:

— —4 — —3 = iw
Rn(t) = Il N SSU-TS(J * k:z—oc [Ii(wk) B 48sa-TS0 T‘Y',(wk)]e] , (B1)
k40
R 5R, (1)

where I, = (1 — «,)S; + L is the incoming radiation Using a similar derivation to the one introduced by

minus the outgoing solar radiation from the surface, Ti()
is the mean land surface temperature over the period of

interest (five days in this experiment).

Gentine et al. (2010), it can be shown that the complex
amplitude of sensible heat flux at the surface can be
written as

H(w,) =

and the latent heat flux can be written as

AEy(w,) =

[re + p,BZ(wn)]{l +4e,0T, A(w,) + pA(w,)

where ﬁ(wn) is the complex amplitude of /() at fre-
quency w,,

(B4)
and

1 Hll(xi)H%(xh) — H%(xl.)Hé(xh)
#Xp H%(xi)H%(xh) - H%(xi)H%(xh) '

2(0,)= % (BS)

C A N
pC,A(w,) ), .
¢+ pZ(w,)]{ 1+ 4e oT, Alw )+ pA(w) S N AByz,
[ra p. n s So n p n rfl + pZ(wn) rfl + pBZ(a)n)
AByr A@,) |
T.vo Il e]oz(wn)7 (B3)

ABy7

50

re + pB(w,)

}

withx, =2,/- jo,(h—d)/K, and H} denoting the Hankel
function of the first order and first kind, representing an
inward wave for the z coordinate, and H? is the Hankel
function of the first order and second kind, which repre-
sents an outward wave.

Now the Fourier decomposition of ¢*(7,) — g, and
T, — 0, can be derived from (B2) and (B3) together
with the bulk definition of latent heat flux (9) and sensi-
ble heat flux H, =pC (T —6,)/r;. The ratio of the
complex amplitude of the deficit of specific humidity
8q(w,) = q*(Ts,)— q,(®,) to that of temperature at the
surface ﬁ(wn) 27Ty, — 0,(w,) can then be rewritten and
expanded in series form using (B2) and (B3) as

P
J’_
r$+ pZ(w,)
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N 14 PE@,)
L 6q(w,) _ re
TSU 5T(wn) Tso 1+ sz(wn)
i

} 2K,rg — jpm — 2plIn(x,/2) — 2py
T 2K, — B(jpm + 2pIn(x,/2) + 2py)|

(B6)

Under most conditions |[H}(x,)| < |H](x,)| by at least
two orders of magnitude as long as entrainment is
moderate. This value is not frequency dependent so that
the approximation can be evaluated at the principal
harmonic w,. It should be also noted that the value is real
and positive since the phase difference between the
specific humidity deficit and that of temperature is al-
most zero. In most cases, the term in the absolute value

is close to one and FT—m ~ yT—m.
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