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junction
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Abstract

This paper is concerned with monotone (time-explicit) finite difference schemes associated
with first order Hamilton-Jacobi equations posed on a junction. They extend the schemes
recently introduced by Costeseque, Lebacque and Monneau (2013) to general junction con-
ditions. On one hand, we prove the convergence of the numerical solution towards the weak
(viscosity) solution of the Hamilton-Jacobi equation as the mesh size tends to zero for general
junction conditions. On the other hand, we derive error estimates of order (Aw)% in L3, for
junction conditions of optimal-control type.

Keywords: Hamilton-Jacobi equations, junction conditions, viscosity solutions, flux-limited so-
lutions, error estimates, vertex test function.
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1 Introduction

This paper is concerned with numerical approximation of first order Hamilton-Jacobi equations
posed on a junction, that is to say a network made of one node and a finite number of edges.
The theory of weak (viscosity) solutions for such equations on such domains has reached maturity
by now [20, 21} [T I8 [I7]. In particular, it is now understood that general junction conditions
reduce to special ones of optimal-control type [I7]. Roughly speaking, it is proved in [I7] that
imposing a junction condition ensuring the existence of a continuous weak (viscosity) solution and
a comparison principle is equivalent to imposing a junction condition obtained by “limiting the
flux” at the junction point.

For the “minimal” fluz-limited junction conditions, Costeseque, Lebacque and Monneau [10] intro-
duced a monotone numerical scheme and proved its convergence. Their scheme can be naturally
extended to general junction conditions and our first contribution is to introduce it and to prove
its convergence.

Our second and main result is an error estimate & la Crandall-Lions [I1] in the case of flux-limited
junction conditions. It is explained in [II] that the proof of the comparison principle between
sub- and super-solutions of the continuous Hamilton-Jacobi equation can be adapted in order
to derive error estimates between the numerical solution associated with monotone (stable and
consistent) schemes and the continuous solution. In the Euclidian case, the comparison principle
is proved thanks to the technique of doubling variables; it relies on the classical penalisation term
e~ 12 — y|%. Such a penalisation procedure is known to fail in general if the equation is posed in
a junction; it is explained in [I7] that it has to be replaced with a vertez test function.

In order to derive error estimates as in [I1], it is important to study the regularity of the vertex
test function. More precisely, we prove (Proposition [5]]) that it can be constructed in such a way
that its gradient is locally Lipschitz continuous, at least if the flux is “strictly limited”. Such a
regularity result is of independent interest.

1.1 Hamilton-Jacobi equations posed on junctions

A junction is a network made of one node and a finite number of infinite edges. It can be viewed as
the set of N distinct copies (N > 1) of the half-line which are glued at the origin. Foraa=1,..., N,
each branch J,, is assumed to be isometric to [0, 4+00) and

J= | Jo with JanJs={0} for a#p
a=1,...,.N

where the origin 0 is called the junction point. For points z,y € J, d(z,y) denotes the geodesic
distance on J defined as

d(z,y) = |z —y|  if 2,y belong to the same branch,
Y= |z| + |y| if @,y belong to different branches.



For a real-valued function u defined on J, d,u(x) denotes the (spatial) derivative of u at z € J,\{0}
and the gradient of u is defined as follows,

| Oqu(x) if x € JZ,
Uz (%) = { (O1(0), ..., Onu(0)) ifz = 0. (1.1)

With such a notation in hand, we consider the following Hamilton-Jacobi equation posed on the
junction J,

{ u + Ho(uy) =0 in (0,7) x Jy \ {0}, 1.2)
w+ F(F . 2) =0 i (0,T) x {0}, (L.

submitted to the initial condition
u(0,2) = up(x), forxzelJ (1.3)

where ug is globally Lipschitz in J. The second equation in ([[2]) is referred to as the junction
condition. We consider the important case of Hamiltonians H,, satisfying the following conditions:

(Regularity) H, is Lipschitz continuous
(Coercivity) im0 Ha(p) = +00 (1.4)
(Quasi-convexity) {H, < A} is convex for all A € R.

In particular, there exists p§ € R such that H, in non-increasing in (—oo, p§] and non-decreasing
in [p§,+00), and we set

H, () = {H“(p

l forpSp(z and  H*(p) = 4 HalpB)  forp <pf,
Ha(pg)  for p > pj )

Ho(p)  forp>pf
where H, is non-increasing and H; is non-decreasing.

We next introduce a one-parameter family of junction conditions: given a flux limiter A € R U
{—o0}, the A-limited flux junction function is defined for p = (p1,...,pn) as,

Fa(p) = max (4, max | H7(0)) (15)

for some given A € R{J{—oo} where H. is non-increasing part of H,.
We now cousider the following important special case of (L2,

ur + Ho(ug) =0 in (0,7) x Ju \ {0}, 1.6)
{ut+FA(§—;,...,aigv)_o in (0,7) x {0}. (L.

We point out that all the junction functions F4 associated with A € [—oo, Ap] coincide if one
chooses
Ap = max minH,. (1.7)
N R

As far as general junction conditions are concerned, we assume that the junction function F' :

R™ — R satisfies

(Regularity) F is piecewise C*(R™)
(Monotonicity) Va,p.+— F(p1,...,pn) is strictly decreasing (1.8)
(Coercivity) F(p1,...,pn) =+ as  (p1)-+---+ (pn)= — +00.

1.2 Presentation of the scheme

The domain (0, +00) x J is discretized with respect to time and space. We choose a regular grid
in order to simpifly the presentation but it is clear that more general meshes could be used here.



The space step is denoted by Az and the time step by At. If ¢ denotes (At, Ax), the mesh (or
grid) G is chosen as
G. = {nAt:n € N} x JA7

where

JA = J2" with J,DJR" ~{iAz:ieN}.
It is convenient to write xf' for iAx € J,.
A numerical approximation u of the solution u of the Hamilton-Jacobi equation is defined in
Ge; the quantity u®(nAt, z$) is simply denoted by U;"". We want it to be an approximation of
u(nAt,x¢) for n € N, i € N, where « stands for the index of the branch.
We consider the following time-explicit scheme: for n > 0,

Uoc,n+1 Ua n

iT—l—maX{HJr( )H&(pzf)}:(), i>1, a=1,...,N
Uﬂn UO) Z:Oa ﬂ 9 'aN (19)
U"“—U n
7°+F(p0+,...,pé\{q_) =0,
where p [ are the discrete (space) gradients defined by
Uﬂ?l anz anz_l]qm
o,n 1+1 1 a,n 7 i—1
. S R} 1.10
P 0 Pl Az (1.10)
with the initial condition
U =ug(2®), >0, a=1,...,N. (1.11)

The following Courant-Friedrichs-Lewy (CFL) condition ensures that the explicit scheme is mono-
tone,

Ax " am 1,n N,n

o zma] ma (HGDE mx (VPG D 0
a=1,...,N,
O<n<nT

where the integer nr is assumed to be defined as ny = L%J for a given T > 0.

1.3 Main results

As previously noticed in [I0] in the special case F' = Fj,, it is not obvious that the CFL con-
dition ([LI2) can be satisfied; the reason is that, for «, ¢ and n given, the discrete gradients pf‘f
depend itself on At and Az through the numerical scheme. For this reason we will consider the
following more restrictive CFL condition that can be checked from initial data,

Az

—-— > ! ; -V - .

rr 2o max JHEE mox {CV-PELem}b ] (3)
P, <p<P, -

for some P, ,pa,p € R to be fixed. We can argue as in [I0] and prove that P, ,pa,p eR
can be chosen such that the CFL condition (T2 is satisfied and, in turn, the scheme is mono-
tone (Lemma 1] in Section M]). We will also see that it is stable (Lemma AA) and consistent
(Lemma [A3]). It is thus known that it converges [I1], [].

Theorem 1.1 (Convergence for general junction conditions). Let T > 0 and ug be Lipschitz
continuous. There exist P, ,pa,p e R, a=1,...,N, depending only on the initial data, the
Hamiltonians and the junctmn functzon F, such that zfa satisfies the CFL condition (LI3), then
the numerical solution u® defined by ([L9)-II)) converges locally uniformly as & goes to zero to
the unique weak (relazed viscosity) solution u of (L2)-L3), on any compact set K C [0,T) x J,
i.e.

limsup  sup |u(t,z) — u(t,x)| = 0. (1.14)

le] =0 (t,z))eXNG.



The main result of this paper lies in getting error estimates in the case of flux-limited junction
conditions.

Theorem 1.2 (Error estimates for flux-limited junction conditions). Let ug be Lipshitz
continuous, u® be the solution of the associated numerical scheme (L9)-{II) and u be the weak
(viscosity) solution of (LG)-L3) for some A € R. If the CFL condition (LI3) is satisfied, then
there exists C' > 0 such that

sup  |uf(t,z) —u(t, )| < C(Ax)'/3. (1.15)
(0,T) x NG

1.4 Related results

Numerical schemes for Hamilton-Jacobi equations on networks. The discretization of
weak (viscosity) solutions of Hamilton-Jacobi equations posed on networks has been studied in
a few papers only. Apart from [I0] mentioned above, we are only aware of two other works. A
convergent semi-Lagrangian scheme is introduced in [6] for equations of eikonal type. In [15], an
adapted Lax-Friedrichs scheme is used to solve a traffic model; it is worth mentioning that this
discretization implies to pass from the scalar conservation law to the associated Hamilton-Jacobi
equation at each time step.

Link with monotone schemes for scalar conservation laws. We first follow [I0] by empha-
sizing that the convergence result, Theorem [[T] implies the convergence of a monotone scheme
for scalar conservation laws (in the sense of distributions).
In order to introduce the scheme, it is useful to introduce a notation for the numerical Hamiltonian
Hon

Ha(p™.p™) = max{H, (p"), Hy (p")}.

The discrete solution (V™) of the scalar conservation law is defined as follows,

U™ a,n

o % ifi>1
Vikd T\ uengg s
ITIO 1fZ:O.

In view of (9], it satisfies for all a =1,..., N,

peontl_ya,

[ i 1 — a,n yroamn a,n yram .
St Q07 (VIR VED - HaVIR VD) =0 iz L

a,n+1 a,n
Vy -V

A Q) (Ha Ve Ve = POV V) =0,

submitted to the initial condition

Ve
Az ’

K3

wl= O

In view of Theorem [[LT] we thus can conclude that the discrete solution v® constructed from (V™)
converges towards u, in the sense of distributions, at least far from the junction point.

Scalar conservation laws with Dirichlet boundary conditions and constrained fluxes.
We would like next to explain why our result can be seen as the Hamilton-Jacobi counterpart of
the error estimates obtained by Ohlberger and Vovelle [19] for scalar conservation laws submitted
to Dirichlet boundary conditions.

On one hand, it is known since [3] that Dirichlet boundary conditions imposed to scalar con-
servation laws should be understood in a generalized sense. This can be seen by studying the
parabolic regularization of the problem. A boundary layer analysis can be performed for systems



if the solution of the conservation law is smooth; see for instance [I4] [I6]. Depending on the fact
that the boundary is characteristic or not, the error is 2 or . In the scalar case, it is proved
in [13] that the error between the solution of the regularized equation with a vanishing viscosity
coefficient equal to € and the entropy solution of the conservation law (which is merely of bounded
variation in space) is of order £'/3 (in L{°LL norm). In [19], the authors derive error estimates for
finite volume schemes associated with such boundary value problems and prove that it is of order
(Az)'/® (in L,})m norm). More recently, scalar conservation laws with flux constraints were studied
[9, 8] and some finite volume schemes were built [2]. In [7], assuming that the flux is bell-shaped,
that is to say the opposite is quasi-convex, it is proved that the error between the finite volume
scheme and the entropy solution is of order (Az)3 and that it can be improved to (Az)z under
an additional condition on the traces of the BV entropy solution.

On the other hand, the derivative of a weak (viscosity) solution of a Hamilton-Jacobi equation
posed on the real line is known to coincide with the entropy solution of the corresponding scalar
conservation law. It is therefore reasonable to expect that the error between the viscosity solution
of the Hamilton-Jacobi equation and its approximation is as good as the one obtained between
the entropy solution of the scalar conservation law and its approximation.

Moreover, it is explained in [I§] that the junction conditions of optimal-control type are related
to the BLN condition mentioned above; such a correspondance is recalled in Appendix [Al Tt is
therefore interesting to get an error estimate of order (Axz)'/? for the Hamilton-Jacobi problem.

1.5 Open problems

Let us first mention that it is not known if the error estimate between the (entropy) solution of
the scalar conservation law with Dirichlet boundary condition and the solution of the parabolic
approximation [I3] or with the numerical scheme [T9] is optimal or not. Similarly, we do not know
if our error estimate is optimal or not.

Deriving error estimates for general junction conditions seems difficult to us. The main difficulty
is the singular geometry of the domain. The vertex test function, used in deducing the error
estimates with flux limited solutions, is designed to compare flux limited solutions. Consequently,
when applying the reasoning of Section [6] the discrete viscosity inequality cannot be combined
with the continuous one. We expect that a layer develops between the continuous solution and
the discrete scheme at the junction point.

Organization of the article. The remaining of the paper is organized as follows. In Section 2]
we recall definitions and results from [17] about viscosity solutions for (L2)-(L3]) and the so-called
vertex test function. Section Blis dedicated to the derivation of discrete gradient estimates for the
numerical scheme. In Section M, the convergence result, Theorem [[1] is proved. In Section [l it
is proved that the vertex test function constructed in [I7] can be chosen so that the gradient is
locally Lipshchitz continuous (at least if the flux is strictly limited). The final section, Section [G]
is dedicated to the proof of the error estimates.

2 Preliminaries

2.1 Viscosity solutions

We introduce the main definitions related to viscosity solutions for Hamilton-Jacobi equations
that are used in the remaining. For a more general introduction to viscosity solutions, the reader
could refer to Barles [5] and to Crandall, Ishii, Lions [12].

In [I7], the following assumption on F is imposed, which is weaker than ([.8]) above (no coercivity
is needed in the theory developed in [I7]).

{ (Continuity)  F € C(R") (2.1)

(Monotonicity) Va,p,+— F(p1,...,pN) 1S non-increasing.



Space of test functions For a smooth real valued function u defined on J, we denote by u®
the restriction of u to (0,7T) X J,.
Then we define the natural space of functions on the junction:

C'(Jr)={ueC(Jr):Ya=1,...,N,uc C'((0,T) x Ja)}.

Viscosity solutions In order to define classical viscosity solutions, we recall the definition of
upper and lower semi-continuous envelopes u* and u, of a (locally bounded) function u defined
on [0,T) x J:

w*(t,z) = limsup wu(s,y) Uy (t,x) = liminf wu(s,y).
(s,y)—(t,x) (s,y)—=(t,x)

It is convenient to introduce the following shorthand notation

[ Hu(p) forp=pa if v e Jx,
H(z,p) = { F(p) for p = (p1,...,pn) ifx=0. (22)

Definition 1 (Viscosity solution). Assume that the Hamiltonians satisfy (L4) and that F'
satisfies [2I)) and let u: (0,7) x J — R.

(1) We say that u is a sub-solution (resp. super-solution) of (IL2) in (0,7") x J if for all test
function p € C'(Jr) such that

u* <@ (resp. ux > ¢) in a neighborhood of  (tg, o) € Jr
with equality at (¢, xo) for some ¢y > 0, we have

ot + H(x,p,) <0 (resp. >0) at (to,zo)

(ii) We say that u is a sub-solution (resp. super-solution) of (L2)-(L3) on [0,T) x J if
additionally

w(0,2) <wug(x) (resp. ux(0,2) > ug(x)) forall =z e

(iii) We say that u is a (viscosity) solution if w is both a sub-solution and a super-solution.

As explained in [I7], it is difficult to construct viscosity solutions in the sense of Definition [
because of the junction condition. It is possible in the case of the flux-limited junction conditions
F4. For general junction conditions, the Perron process generates a viscosity solution in the
following relaxed sense [17].

Definition 2 (Relaxed viscosity solution). Assume that the Hamiltonians satisfy (4] and
that F satisfies (20 and let w: (0,7) x J — R.

(1) We say that u is a relaxed sub-solution (resp. relazed super-solution) of (L2) in (0,7) x J
if for all test function ¢ € C1(Jr) such that

u* <@ (resp. ux > ¢) in a neighborhood of (g, z0) € Jr
with equality at (tg,xo) for some ¢y > 0, we have
¢t + Ha(pz) <0 (resp.  >0) at (o, o)

if o # 0 and,

either @+ F(py) <0 (resp. >0) at (to,20)
or @+ Ho(Oap) <0 (resp. >0)  at (tg,z9) for some a.



(ii) We say that u is a relaxed (viscosity) solution of (L2) if u is both a sub-solution and a
super-solution.

Theorem 2.1 (Comparison principle on a junction). Let A € RU {—oc0}. Assume that
the Hamiltonians satisfy (L4) and the initial datum ug is uniformly continuous. Then for all
sub-solution u and super-solution v of ([LO)-[L3) satisfying for some T >0 and Cr >0

u(t,z) < Cpr(1+d(0,z)), wv(t,z)>—-Cr(1+d(0,z)), forall (t,x)e€l[0,T)xJ,

we have
u<wv in [0,T)x J.

Theorem 2.2 (General junction conditions reduce to flux-limited ones). Assume that
the Hamiltonians satisfy (L) and that F' satisfies ). Then there exists Ap € R such that any
relaxed viscosity (sub-/super-)solution of (L2 is in fact a viscosity (sub-/super-)solution of (L6l

Theorem 2.3 (Existence and uniqueness on a junction). Assume that the Hamiltonians
satisfy (LA) and that F satisfies @10) and that the initial datum g is Lipschitz continuous. Then
there exists a unique relaxed viscosity solution u of (L2)-3)), such that

lu(t, z) —up(x)] < Ct  forall (t,x)€[0,T)xJ

for some constant C' only depending on H and ug. Moreover, it is Lipschitz continuous with respect
to time and space, in particular,

[Vullos < C.

2.2 Inverse functions of Hamiltonians and junction functions

In the proofs of discrete gradient estimates, as well as in the construction of the vertex test
functions, “generalized” inverse functions of H are needed; they are defined as follows:

{ma) = sup{p : H (p) = max(a, Aa)}

m, (a) :=inf{p: H, (p) = max(a, A)} (23)

with the additional convention that (HX)™!(4-00) = +o00, where A, := ming H,,.
In order to define a “generalized” inverse function of F', we remark that (L8] implies that

for all K € R, there exists p(K) € RN such that F(p,...,pn) < K = pa > p (K).

Remark that the functions p,, can be chosen non-increasing.

2.3 Vertex test function

In this subsection, we recall what is a vertex test function. It is introduced in [I7] in order to
prove a comparison principle for (L2). This function G plays the role of |z — y|? in the classical
“doubling variables” method [12].

Theorem 2.4 (Vertex test function — [I7]). Let A € RU{—oo} and v > 0. Assume the Hamil-
tonians satisfy (LA) and p§ = 0, that is to say,

min H, = H,(0). (2.4)
Then there exists a function G : J*> — R enjoying the following properties.
(i) (Regularity)

G(z,.) e CH(J) forall x¢€lJ,

2
GeC(J*) and {G(.,y)ecl(J) forall yeJ.



(i) (Bound from below) G >0 = G(0,0).
(iii) (Compatibilty condition on the diagonal) For all z € J

0<G(z,x) <.

(iv) (Compatibility condition on the gradients) For all (x,y) € J?
H(y7 —Gy(ZC, y)) - H(:I;a Gw(‘ru y)) S -

(v ) (Superlinearity) There exists g: [0, +00) — R non-decreasing and s.t. for (x,y) € J>

gld(z,y)) < G(xz,y) and  lim 9ta) = +o00.

a——+00 a

(vi) (Gradient bounds) For all K > 0, there exists Cxc > 0 such that for all (z,y) € J?,

dlz,y) <K = |Gu(z,y)| +[Gy(z,y)| < Ck.

Remark 1. Following [17], the vertex test function G is obtained as a regularized version of A+ G°
where GY is defined as follows: for (z,y) € J, x Jg :

G':= sup (P —paY — A) (2.5)
(p,A)€EG(A)

where G(A) is referred to as the germ and is defined as follows

G(4) = {(p,\) eRN X R, Hy(pa) = Fa(p) =X for a=1,...,N} if N>2
- {1, \) ER xR, Hyi(pr) =\ > A} if N=1.

3 Gradient estimates for the scheme

This section is devoted to the proofs of the discrete (time and space) gradient estimates. These
estimates ensure the monotonicity of the scheme and, in turn, its convergence.

Theorem 3.1 (Discrete gradient estimates). If u¢ = (U;"") is the numerical solution of
@) -@CII) and if the CFL condition ([([LI3)) is satisfied with m® finite, then the following two
properties hold true for any n > 0.

(i) (Gradient estimate) There exist p_,p®, Bg (only depending on H,, ug and F') such that

p <pil'<p*  i>1l,a=1,...,N,
o (3.1)

ngp&’ﬁgﬁa 1=0,a=1,...,N.

(i) (Time derivative estimate) The discrete time derivative defined as

W.(lqn _ UiOLerl _ Uiocm
v At
satisfies
where

m" = inf W™", M"™ :=sup W™".
a,i

a,t



Remark 2. The quantities P, D, 22 are defined as follows

[ 7w (—mY) if —mgy > A,
b = 7, (—=m%+1) if —my= A,
_ i (—m ) if —mg > A,
po‘_{w;( m®+1) if —mg = A, (3.2)
0 _{ p(=m ) if p(—m°) <P,
- p(=m°®+1) if p(-m°) = p,

where 71 and p are the “generalized” inverse functions of H, and F' respectively, and where

m® = inf WP (3.3)
B=1,...,N,
1€eN

In order to establish Theorem [3.I] we first prove two auxiliary results. In order to state them,
some notation should be introduced.

3.1 Discrete time derivative estimates

In order to state the first one, Proposition B2 below, we introduce some notation. For o € {+, —},
we set

197 = [min(pfy)', pf ), max(pg oy, i)
with pj " defined in (LI0) and
Dl = sup{ sup |H! (po)|, sup {—(V-F)(pl,...,pN)}}. (3.4)
Po If:rn Pa I:r

The following proposition asserts that if the discrete (space) gradients enjoy suitable estimates,
then the discrete time derivative is controlled.

Proposition 3.2 (Discrete time derivative estimate). Let n > 0 be fized and Ax, At > 0.
Let us consider (Uﬁ&")%i satisfying for some constant C™ > 0 :

lpi'| <" for i>0, a=1,...,N.

We also consider (U™ )i and (U ?), i computed using the scheme (L3). If

A
D“"<Kf for i>0,a=1,...,N, (3.5)

then
mn S anrl S MnJrl S Mn

Proof. We introduce forn >0, a=1,...,N,
1
vizloe{+, -}, O} =-0 / (Hy7) (7 + 7l =™ ) dr 20, (36)
0
1
Cg,’.;- = _/ | Wo, +1 + T(pO:—i- _p0,7++1)}0¢ dr > 0.
o Ops

Notice that for ¢ > 1, CO‘ " is defined as the integral of (H, %) over a convex combination of
p € I} Similarly for CO which is defined as the integral of F’ on a convex combination of

10



p € Iy Hence, in view of ([B), we have for any n >0, a =1,..., N and for any o € {+, -} or
for ¢ = 0 and 0 = 4, we can check that

ot < &2 ifi>1,06€{—+}
N B,
Zg 100}:— Agf

We can also underline that for any n > 0, « =1,...,N and for any i > 1,0 € {+,—} or for i =0
and o = 4, we have the following relationship:

(3.7)

p(i)f;r p?a'n—i_l _ Wf%: Wiam (3 8)
At N Ax ' '

Let n > 0 be fixed and consider (U*"™),.,; with Az, At > 0 given. We compute (U>"), ; and

2

(U™ +2), i using the scheme (T3).

2

Step 1: (m"), is non-decreasing. We want to show that W™ > m™ for i > 0 and
a=1,...,N. Let i > 0 be fixed and let us distinguish two cases.

Case 1: i > 1. Let a branch a be fixed and let o € {4, —} be such that
o {240, 00 = H27 02, (3.9)

We have

W_O‘v"'i‘l_W_oz,n 1 a,n —/ am a,n — /o
- (max {H;f(]%,’ ), H,; (Pi,;)} — max{H;(pzy-i-l)’Ha (Pi,3r+1)})

1 pa n pa n+1
=/ (Hy ) 0+ 7l = pi ™) (7” NS )dT
0
Wa ,n W_a,n
. a,n i+o [3
- Oi,a ( N )

where we used (30) and (B8) in the last line. Using ([B7), we thus get
At At
W_a,n-i—l > Ca n Wa n Ca n Wa \n
[3 - ( 1,0 A ) 1,0 A i+o
>m".

n+l__grn
Case 2: ¢ = 0. We recall that in this case, we have Ug’" = Uy and W)™ .= Wi = %
for any 5 =1,..., N. We compute in this case:

WnJrl_Wn 1 a,n a,n
o — = (P ) + F(pE 1))

At N

1 N
_ i/ Zpﬁa_F ({po‘,nJrl —+ Tpa}a) dr with p= ({pa, pa n+1}a)
At Jo B=1 Ops ot 0,+ 0,+
1 N B
or « n+1 Wik —wp
- I a [} e d _
/Ozapﬁ( +7ha}a) T< Az

-yee(Mt)

B=1

11



Using [B7), we argue like in Case 1 and get
Wit > mn.

Step 2: (M™), is non-increasing. We want to show that WZ-O""H < M™ for i > 0 and
a=1,...,N. We argue as in Step 1 by distinguishing two cases.

Case 1: i > 1. Instead of (89) we simply choose o such that
max{HJ (p; "), Hy (i)} = Hy 7 (p7,")  forone o € {+,—}

and argue as in Step 1.

Case 2: i =0. Using B3], we can argue exactly as in Step 1. The proof is now complete. O

3.2 Gradient estimates

The second result needed in the proof of Theorem [B.1]is the following one. It asserts that if the
discrete time derivative is controlled from below, then a discrete gradient estimate holds true.

Proposition 3.3 (Discrete gradient estimate). Let n > 0 be fized, consider that (U™ )a; is

2

given and compute (US" ) o using the scheme [LI)-IQ). If there exists a constant K € R
such that for any i >0 and o« =1,..., N,

Ua,nJrl_Uan
K <w®" L v
- At
then
T, (—K) < pilt < nl(-K), a=1,....N, i>1,
p,(~K)< po} < (HI)TN-K), a=1,...,N

where pff_f is defined in (LI0) and 75 and p are the “generalized” inverse functions of Ha and
F, respectively.

Proof. Letn > 0 be fixed and consider (U""),,; with Az, At > 0 given. We compute (U™ *1), ;
using the scheme (L9). Let us consider any ¢ > 0 and o = 1,..., N.
If 4 > 1, the result follows from

K <W = - max HI(0).

o

If © = 0, the results follows from
o= r(og).
This achieves the proof of Proposition [3.3] O

3.3 Proof of gradient estimates

Proof of Theorem [3.1 The idea of the proof is to introduce new Hamiltonians H, and a new
junction function F' for which it is easier to derive gradient estimates but whose corresponding
numerical scheme in fact coincide with the original one.

12



Step 1: Modification of the Hamiltonians and the junction function. Let the new
Hamiltonians H,, for all « = 1,..., N be defined as

Holp)—S(—p,) ifp<p,
Ho(p) = { Ha(p) it p € [p_P.] (3.10)
Holp)+S(p—D.) ifp>D,

where p_ and p,, are defined in (B.2]) respectively, and

Coa= sup [Hy(pa)l
paE[BaﬁEa]

The modified Hamiltonians H, satisfy () and

H,=H, in [Baaﬁa]

and ~
VpeR, [Ho(p)| < sup  [Hg(pa)l- (3.11)

Pa€lp, Pl
Let the new F satisfy (L), be such that

N

F =Fin QO = H[£27§06]
a=1
and (See Appendix [C) )
Vp e RN, (=V.-F)(p) <sup(-V-F). (3.12)
Qo

We then consider the new numerical scheme

Uf“"Jrlfo"" [T+ (=0 I7— (~a,n .

g tmax{H(p; "), Hy (p; ')} =0, i>1, a=1,...,N

ugrm.=ug, i=0, B=1,...,N

uptt-og So-ln <2n ~N,ny __
= + F(Bo Py - Poy) =0

with the same initial condition, namely,
U0 = ug(iAx), >0, a=1,...,N.

K2

In view of BII) and BI2), the CFL condition (LI3]) gives that for any ¢« > 0, n > 0, and
a=1,...,N

. A
D" <supq sup |H(p)|;sup(=V - F)p < = (3.13)
’ p, <p<P. Qo At

Step 2: First gradient bounds. Let n > 0 be fixed. If m™ and M™ are finite, we have
mt < W for any >0, a=1,...,N.

Proposition implies that

7 (—m™) < ﬁf‘f <af(-m"), i>1, a=1,...,N,
:a(—m”)g ﬁg‘y’f <7r(-m"), i>0, a=1,...,N

In particular, we get that

pirl<ct for i>0, a=1,...,N



with
¢ = max (max (|7, (=", 7 (=), |, (~™)]))
In view of [BI3), Proposition B2l implies that

<m"tt < ML < M for any n > 0. (3.14)

0

In particular, ™! is also finite. Since m° = m® and M? are finite, we conclude that m™ and

M?™ are finite for all n >0 and for all n > 0,

m® <m" < M™ < MO, (3.15)

Step 3: Time derivative and gradient estimates. Now we can repeat the same reasoning
but applying Proposition B3] with K = m® and get

p. < iy <Pa =1, a=1,...,N,
{gg N, (3.16)

< Py <Par 120, a=1,...,

This implies that U™ = U>" for alli > 0, n >0, @ = 1,...,N. In view of (3Id), (I5) and
I8, the proof is now complete. O

4 Convergence for general junction conditions

This section is devoted to the convergence of the scheme defined by (L9)-(LI0). In order to do
so, we first make precise how to choose p,,p_ and Bg in the CFL condition (ILI3]).

4.1 Monotonicity of the scheme

In order to prove the convergence of the numerical solution as the mesh size tends to zero, we
need first to prove a monotonicity result. It is common to write the scheme defined by (9)- (10
under the compact form

us(t + At,x) = ST[u’(t)](z)

where the operator S¢ is defined on the set of functions defined in J°. The scheme is monotone if
u<v = S%u] < S[v).

In our cases, if t = nAt and = iAz € J* and U(t,x) = U"" for z € J*, then S¢|U] is defined
as follows,

1+1

Uttt = S [Usn Ut U fori > 1, a=1,..., N,
Ugtt = SolUg, (U™ p=1,....w]

where

S UL VP U] = U = At (B (S ()
4.1
SolUg, (U ™) por,.v] = UG — AtF(py™, . ppt)

Checking the monotonicity of the scheme reduces to checking that S, and Sy are non-decreasing
in all their variables.

Lemma 4.1 (Monotonicity of the numerical scheme). Let (U") := (U;/"")4,; the numerical

solution of (LI)-(CII). Under the CFL condition (LI2) the scheme is monotone.

Proof. We distinguish two cases.

14



Case 1: ¢ > 1. It is straightforward to check that, for any o = 1,..., N, the function S, is
non-decreasing with respect to U; and Uy} Moreover,

9Sa { 1= 2LHLY (P i max{H} (p{"), Hy (p5])
U™ L+ AL(HDY (8 if max{HF (p0"), Hy (03°7)} = Hy (097)
which is non-negative if the CFL condition ([LIZ) is satisfied.

Case 2: ¢ =0. Similarly it is straightforward to check that Sy is non-decreasing with respect to
Ulﬁ’n for $=1,...,N. Moreover,

95, Az L OF | wny
:1 —_ [ ’ _
N + 7 g—l 05 (Po " )a=1}

which is non-negative due to the CFL condition. The proof is now complete. |

A direct consequence of the previous lemma is the following elementary but useful discrete com-
parison principle.

Lemma 4.2 (Discrete Comparison Principle). Let (U") := (U"")a,i and (V") := (V""" )a.i
be such that

Yn>1, U< S[U"] and VT > SV,
If the CFL condition (I12) is satisfied and if U° < VO, then U™ < V™ for all n € N.

Remark 3. The discrete function (U™) (resp. (V™)) can be seen as a super-scheme (resp. sub-
scheme).

We finally recall how to derive discrete viscosity inequalities for monotone schemes.

Lemma 4.3 (Discrete viscosity inequalities). Let u® be a solution of ([L9)-([I1)) with F' = F4
defined in (I3H). If u® — ¢ has a global maximum (resp. global minimum) on G. at (t + At,T),
then

6t90(¥7 f) + H(f7 D+90(¥7 f)u D_cp(f, E)) <0. (T@Sp. > 0)

where
max{HJ (p-), H; (p+)} fT#0
max{A4, max, H, (p)} fT=0

H(xvp-i-ap—) = {

and

P ~{pt, T+ Az) — o(1,7)} if T #0
D+(p(t7 ) { (ﬁ{@a(za Ax) - 4/7&(%’ O)})a fo =0
Dpt7) = - AelT) - ph7 - A2))

Spt7) = e+ ALT) - o7}

4.2 Stability and Consistency of the scheme
We first derive a local L bound for the solution of the scheme.

Lemma 4.4 (Stability of the numerical scheme). Assume that the CFL condition (I.13) is
satisfied and let u® be the solution of the numerical scheme (LA)-(CII)). There exists a constant
Co > 0, such that for all (t,x) € G,

[uf(t, ) — ug(z)| < Cot. (4.2)

In particular, the scheme is (locally) stable.
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Proof. If Cy large enough so that

[0}

Co —i—max{H;(pgf),H_(pfff)} >0, i>1, a=1,...,N
Co+ Flpo.po .- po) >0,

and

=77 o

—Co + max{H (p>") H_(pf‘f_))} <0, i>1, a=1,...,N

then U*" = U™" + ConAt is a super-scheme and U™" = U™? — CynAt is a sub-scheme (see
Remark [B]). The discrete comparison principle, Proposition 2] then implies

U™ — U*°| < ConAt
which is the desired inequality. This achieves the proof. O

Another condition to satisfy convergence of the numerical scheme (L9) towards the continuous
solution of (L6 is the consistency of the scheme (which is obvious in our case). In the statement
below, we use the short hand notation (22 introduced in the preliminary section.

Lemma 4.5 (Consistency of the numerical scheme). Under the assumptions on the Hamil-
tonians ([A), the finite difference scheme is consistent with the continuous problem ([LZ6), that is
to say for any smooth function o(t,x), we have

Sepl(s,y) — (s, 9)
At

— H(z,0,(t,x)) as G: 3 (s,y) = (¢ ).

4.3 Convergence of the numerical scheme

In this subsection, we present a sketch of the proof of Theorem [Tl

Sketch of the proof of Theorem [Tl Let T > 0 and ¢ := (At, Ax) satisfying the CFL condition
([CI3). We recall that
u®(0,2) =u(0,2) for x€g..

We consider u and u respectively defined as
u(t,y) = limsup  uc(t,y), u(t,y) = liminf  wu(¢,y).

e—0 e—0
Gea(t'y")—=(ty) Gea(t' )= (ty)

By construction, we have u < . Since the scheme is monotone (Lemma []), stable (Lemma 7]
and consistent (Lemma [L.3]), we can follow [111 [, [10] we can show that u (resp. @) is a relaxed
viscosity super-solution (resp. viscosity sub-solution) of equation (L2)-(T3]). Using Theorem 221
we know that u (resp. @) is a viscosity super-solution (resp. sub-solution) of (LL6)-([L3)). Moreover,

([#2) implies that
(0, z) < ug(z) < u(0,x).

The comparison principle (see Theorem [2.1]) then implies that
U usu

which achieves the proof. O
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5 (CbY! estimates for the vertex test function

In this section, we study the Lipschitz regularity of the gradient of the vertex test function con-
structed in [I7]. It turns out that its gradient is indeed Lipschitz if the flux limiter A is not equal
to Ag, the minimal flux limiter. Such a technical result will be used when deriving error estimates.
It is also of independent interest.

Proposition 5.1 (C*! estimates for the vertex test function). Let v > 0 and assume that
the Hamiltonians satisfy (L) and @Z4). The vertex test funtion G associated with the small
parameter vy and with the fluz limiter Ay + v obtained from Theorem[Z) can be chosen C11(J%)
for any K > 0 where J3 = {(z,y) € J? : d(z,y) < K}. Moreover, there exists Cx such that
C
ID?*GAH || e g2y < —,
K v
the constant Cx depends only on K and (L4).

Proof. In the following A denotes Ag + 7. We first get the desired estimate in the smooth convex
case and then derive it in the general case.

Step 1: the smooth convex case. We first assume that Hamiltonians satisfy

H, € C*(R)
min H, = H,(0) (5.1)

min H/! =: my > 0.

In this case, the vertex test function G(z,y) is constructed in [I7] in two different ways if x, y are
in the same branch or not. If they are, then G is a regularization of

Go(x,y) = (max A, H,)*(x — y)

when x and y are on the branch J,. This regularization implies an error v in the viscosity
inequalities and the second derivatives of G in J2 can be bounded by O(y~1).
For z € J, and y € Jg with a # 8, G is defined in [I7] by the following formula,

G(x,y) = igg{ﬂi(k)x — 75 (Ny — A}

The supremum is reached for some A > A which depends on = and y. In the region where A = A,
the function G is linear and there is nothing to prove. In {\ > A}, the function A(z,y) is implicitly
defined by the following equation

(o (V)@ = (75 (\)'y =1 (5.2)
and the gradient of G is given by
0:G(z,y) =7y (N, 9,G(z,y) = —m5(N)
with A = A(z,y). We thus can easily compute the second order derivatives of G,

PRG(x,y) = !

7y2
gy g ()
Hy ‘1+ng B ()2
2 _ 1
8yG(Ia y) - 72
(Hpg)
x B v_ g (53)
w e G )2+7H/ 8
o «
2 —
axyG(x7y) - 7 T

’ o <]
~HH Gl e T

where H,, and Hg respectively denote H,. (7 (\)) and Hg (75 (N).
We distinguish cases.
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Case 1: min H, > Ap and min Hg > Ag. Then

Hi (73 (Ao)) #0  and  Hj(my (Ag)) #0

and o o
1" H 1" 1" H
y_gr sJZme(HwHﬁ( ?>2> <il_i/),
—H, P (H) (Hg)?) \Hy  Hj
—————

H/

«

using the fact that H. are bounded from below,

1
0;G| < = 0(1).
. " //( l)2
min (H H,B & )2>
Similarly,
€T " (H[;)Z < 12 (H[;)Q //> < €T y >
H min ( H,———, H —_— - =
7 « 7 o 7 y 448
Ha (Ha) - (Ha)2 H<IJ¢ H[/j
—_———
=1
implies
1
102G < =0(1)
Y . 1" (HZ-})z "
min (HO‘W’Hﬂ)
and
" H” x . " —y Hl "
—aH! + H, = —PH 4+ T H
IB( a) (H/) Ha H& HB _H[j g
—H ” Hl " X
8 a Y
> H — _
mm( H, ' ~H] 5) (H; H
—_——
=1
implies
1
0;,G| < = 0(1).

. —Hy e HL e

min <—H; H,, —H;HB>

Case 2: min H, = Ap and min Hg > Ap. In this case
H! (tF(A)) =0 and Hé(ﬁg (A)) #0.

Using a second order Taylor expansion for H, we assume that

H, (73 (Ao +7)) = /7.
Now reasoning as in the previous case, one can deduce that:

192G = O (l)
5

0;G| = 0(7)

02,61 % ) = O (35)-

18




Case 3: min H, > Ap and min Hg = Ag. In this case
H,(rf(A))#0 and Hj(mz (A)) = 0.
Arguing as in the previous case, we have
Hy(m5 (Ao +7)) = /7
H, (7 (Ao +7)) = O(1)

from which we deduce

107G = O(v)
02G| = O (5)
02,G| = O (m—)) ~0(%).
Case 4: min H, = Ay and min Hg = Ap. In this case
H!(tF(A)) =0 and Hj(mg (A)) = 0.
We have

Hy(5 (Ao +7)) =~
H, (7} (Ao + 7)) =

55

from which we deduce

|02G] = 0(1),
0;G| = 0(1),
|02,G| = 0(),

Step 2: the smooth case. We now weaken (G.]) as

H, € C2(R), H!(0):=m4y >0
+H!(p) >0 for £p>0 (5.4)
H,(p) — 400 as |p| = +o0.

In this case, it is explained in [I7] that the smooth convex case can be used by considering

H, = Bo H, for some C? convex function 3 such that 3(0) = 0 and 8’ > § for some § > 0.
Indeed,

—~
>
N
—~
s
~—
N
S
~
+
=
>
~—
—
3
~—

(ﬁa)”(p) =p"

with A = H,(p) and S such that

B—/,/()\) > —H—/‘l’:2 Oﬁi()\) + R owi(/\)
VA > Ha(0), 8 (HY) 2(HY)

B >2>0.
In this case, the vertex test function studied in Step 1 and associated with the Hamiltonians H,
satisfies

f{(y, —Gy(ilf,y)) < f{(:l?, Gx(xvy)) +
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which implies that
H(y,~G,(x.y) < B~ (BH (@, Gu () +7) < H(w, Ca(w,y)) + 5

(where the short hand notation H(x,p) is associated with Ag + 7) since 0 < (371) < 1/2. We

proved in Step 1 that
Ck

may’

| D2GAMY| oo (1) <

The general case. If the Hamiltonians H,, merely satisfy (), we can construct H, such that

|Ho — Ho| < /3
H1(0) > 1
+H! (p) >0 for +p > 0.

If we consider now the vertex test function G constructed in the smooth case associated with the
small parameter v/3 and A = Ay + v, we get

H(y,—G,) < H(z,G.) + /3.

This implies
H(y, _Gy) < H(‘Tv GI) + .

Hence G is a vertex test function for the Hamiltonians H, and it satisfies the desired gradient
estimate. The proof is now complete. O

6 Error estimates

To prove Theorem [[.2] we will need the following result whose classical proof is given in Appendix
for the reader’s convenience.

Lemma 6.1 (A priori control). Let T > 0 and let u® be a solution of the numerical scheme

CI)-@CID) and w a super-solution of (L2)-L3) satisfying for some Cp > 0,
u(t,z) > —Cp(1 +d(0,z)) for te(0,T).

Then there exists a constant C = C(T) > 0 such that for all (t,x) € G, t < T, and (s,y) €
[0,T) x J, we have
us(t,x) < uls,y) + C(1+d(z,y)). (6.1)

We now turn to the proof of the error estimates in the case of flux-limited junction conditions.

Proof of Theorem [1.2 Before deriving the error estimate, we remark as in [I7] that we can
assume without loss of generality that the Hamiltonians satisfy the additional condition (24]).
Indeed, if u solves (L2]) then

u(t,x) =u(t,x) —pgz for zeJ
solves the same equation in which H, replaced with
Ha(p) = Ha(p§ +p)-
We next remark that the solution . of the associated scheme satisfies

s (t,x) =u(t,x) —pjx for (t,z) € Ge..

20



Hence, if
sup  |af — @] < C(Ax)Y/?
[0,T)x JNGe

then the same estimate between u® and u holds true. We thus assume from now on that (24
holds true.
In order to get (LI%)), we only prove that

u(t, ) —u(t,z) < Cp(Ax)'/? in [0,7) x RNG.
since the proof of the reverse inequality is very similar. Let

M= sup {u(t,z)—u(t,x)}.
[0,T7)x JNG.

The remaining of the proof proceeds in several steps.

Step 1: Penalization procedure. For o >0, n >0, 6 > 0 let us define

=9 _ 90— - 05} (6.2)

. et (B YY)
Mes=  sup {u (t.2) —u(sy) -6 (£,2) - L8

(t,2)€G., £ €
(s,y)€[0,T)xJ

where the vertex test function G > 0 is given by Theorem 2.4] associated with the small parameter
~ and with the flux limiter A, = max(A, Ay + 7). Thanks to Lemma and the superlinearity
of G (see Theorem 2.4]), we deduce that

M d(z,y) (t— 5)2 0 n
< _ _ _ 2 __+r _
0< 5 C(1+d(z,y)) ag( a ) 55 2d (y,0) S os

which implies in particular that the supremum is reached at some point (¢, z, s,y) and

0d*(y, 0) < 2sup(C(1 +d) — eg(d/e)) < C
d>0

where C only depends on ¢ (in particular, it does not depend on ). This estimate together with
the fact that —G,(z/e,y/e) — dd(y,0) lies in the viscosity subdifferential of wu(¢,-) at x implies
that there exists K > 0 only depending on ||Vul|s (see Theorem [Z3)) and g such that the point
(t,z,s,y) realizing the maximum
iz D)+l (3 D) +]e (52| = ©3)
ele ee ele

We want to prove that for o > ¢* (to be determined) that the supremum in ([G2)) is attained for
t =0 or s =0. We assume that ¢ > 0 and s > 0 and we prove that o < o™*.

Step 2: Viscosity inequalities. Since ¢ > 0 and s > 0, we can use Lemma [£3] and get the
following viscosity inequalities. If z = 0, then

t—s At [ € r+ Az y Ty
v +5+m“{ﬂa (E{G( - vg>‘G(g’;)})’

If x =0, then

t—s At A Az y Y
At S (BT Y\ _ (Y -
” + 5 +max{A,m§X{Hﬂ (Aw{G ( . ,€> G (Oag)}>} <0.




If y # 0, then
n t—s Ty
e — - — — ) — > 0.
(T—s)2+ » U—l—H(y, Gy(g,g) 5d(y,0))_0
If y =0, then

Ui t—s T
- - -G, (= > 0.
T3 +— o+ Fa( Gy(E,O))_o

By Proposition 5], Estimate and the fact that [F4 — Fa | <, we obtain,

if 7 #0, t;s+%+Ha(Gz(§,§))+O(§—j>§O (6.4)
if 2 =0, t;s+%+mv(Gz(o,g))+7+o(§—j>go (6.5)
ify£0, " im, (—Gy (gg)) +OWd) >0 (6.6)
ify—0 =% + Fy, (—Gy (go)) fy>o0. (6.7)

Combining these viscosity inequalities, we get in all cases:

a§g+0(£>+0(\/3)+7—:0*.
2v ey

Step 3: Estimate of the supremum. We proved in the previous step that, if ¢ > o*, then
M, s is reached either for t =0 or s = 0.

If t =0, then
2

s
M. s <up(x) —uo(y) +Cs — %"

Using the fact that ug is Lo-Lipschitz and d(z,y) = O(e) (see ([@3])) one can deduce

2
M. s < Lod(z,y) + sup <CT — T—>
r>0 2v
< O(e)+O(v).
If s = 0, then we can argue similarly (by using ([&2])) and get

M. s < O(E) + O(V)

Step 4: Conclusion. We proved that for o > o*, M. s < O(e) + O(v). This implies that for
all (t,x) € G, t <T/2, we have

ut(ta) —ult,2) < G D) 4 2 (,0) + 2 4ot 4 0(e) + O()

Replacing o by 20*, say, and recalling that G(x, ) < « for all x € J, we deduce that for (¢,2) € G.
and t < T/2 (after letting 6 — 0 and n — 0),

At A
u®(t,z) —u(t,z) <O (—) +0 (E_x> + O() + O(e) + O(v).
v ¥
Using the CFL condition (ILI3]) and optimizing with respect to € and v yields the desired result. O
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A Relation between the junction and BLN conditions
Consider the following scalar conservation law posed on (0, +00),

Ov+ 0y (H(v)) =0, t>0,2>0,
v(t,0) = vp(t), t>0,
v(0,2) = vo(x), x> 0.

The usual BLN condition asserts that the trace v, of the entropy solution at x = 0 (if it exists) of
the previous scalar conservation law should satisfy

Vk € [min(wvy, v, ), max(vp, v, )], sgn(v, —vp)(H(vy) — H(k)) <0.
If H is quasi-convex, this reduces to
H(v,) = max(H (v;), H (v)).

This corresponds to a flux limiter A = H ™ (uvp).

B Proofs of some technical results

In order to prove Lemma [6.1] we need the following one.

Lemma B.1 (A priori control at the same time). Assume that ug is Lipschitz continuous.

Let T > 0 and let u® be a sub-solution of (L9)-CII) and u be a super-solution of (L2)-(L3).
Then there exists a constant C = Cp > 0 such that for all t € [0,T), z,y € J, we have

u®(t,x) <u(t,y) + Cr(1 +d(x,y)). (B.1)
We first derive Lemma [6.1] from Lemma [B.1]

Proof of Lemma 6.1l Let us fix some € and let us consider the sub-solution v~ of (L9) and
the super-solution u™ of of (L2) defined as :

ut(t,2) = uo(z) + Cot
u” (nAt,iAx) = ug(iAx) — ConAt
where

Cy = A H ; F
0 max{l |’a:rﬁlﬁfzv|p{fl|?io| a(pa)|7‘pgl@)20 (p1, ,pzv)}

and Ly denotes the Lispchitz constant of ug. We have for all (¢t,z) € [0,T) x J, (s,y) € G-
u (t,x) —ut(s,y) < 20,T + Lod(z,v).

We first apply Lemma [Bl to control u¢(¢,z) — v~ (¢,2) and then apply Lemma to control
ut(s,y) — u(s,y). Finally we get the control on u®(t, ) — u(s,y). O

We can now prove Lemma [B.1]

Proof of Lemma [B. 1l We define ¢ in J? as

p(z,y) = 1+ d*(z,y).

Since,
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we see that d? (and consequently ) is in C! in J2. Moreover ¢ satisfies

@ (z, )]s lpy(z,y)] < 1. (B.2)

For constants C,Cy > 0 to be chosen let us consider

M = sup (u(t, ) —u(t,y) — Cat — Crp(z,y)).
te[0,T7),x€Ge, yeJ

The result follows if we show that M is non-positive for C; and Cs large enough. Assume by
contradiction that M > 0 for any Ci and Cy. Then for 1,0 > 0 small enough, we have M, 5 >
4> 0 with

1)
Mad = pmrak (“€(t’w) —ult,y) = Cat = Crpla,y) — ——— — Sd(y, 0>> (B3)
te[0,T),z€Ge, yeJ T —t 2

Recalling that there exists C' > 0 such that
[uf(t,z) —up(z)] < Ct and |u(t,y) —uo(y)| < Ct

see eorem an and usin at uo 1s Lipschitz continuous, we see that 5 1s reache
Th d d using that wug is Lipschi i , hat M, s i hed
for Cy large enough (larger than the Lipschitz constant of uy) and

§d*(y,0) < C. (B.4)

Then the classical time penalization (or doubling variable technique) implies the existence of
a,b € R such that

a+ H(w,Clgow(;E,y)) S CAz
b+ H(y, —Croy(z,y) — 6d(0,)) >0

with
G—b:OQ+T7(T—t)72 Z CQ.

Substracting these inequalities yields
Co < H(y, —Chrpy(z,y) — 0d(0,y)) — H(z, Crea(2,y)) + SAz

Using bounds (B.2) and (B4) yields to a contradiction for Cy large enough. O

C Construction of F
Lemma C.1. There exists I:", such that
1. F satisfies (LR);
2. F=F inQo:
3. For a.e. pe RN, (=V - F)(p) < supg, (—V - F).
Proof. Let I, denote [Bg;ﬁa] so that Qo =[], Io. We first define F for p in the following set
D,={peRY:3aec{l,...,N} suchthat p,¢ I, and VB#a, pscls}.

For p € D, we then define

F(p) = F(plu---upa(pa)a-“apN) - Ca(pa _Pa(pa))
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where
oF

Ca = min (—%(m,-.-,Pa(pa),--.,pzv)) ,

and
: 0
ifr < P,
Poa(r)=<r if r e 1,,
P, ifr>p,.
Remark that in view of the assumptions made on F', we have C’, > 0 which will ensure that (L8]

holds true.
For p ¢ U]BV:1DB= let p,, denote po, — Po(pa) and p = (p1,...,pn). We next define

2

Ag = ————————.
[p1]| + -+ [Pw]

We first remark that A\, = 0 if p, € I,. We next remark that for all o, there exist P, € D, such
that

It is now easy to check that (L) and Item Bl are satisfied. This ends the proof of the Lemma. [
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