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Abstract

This paper is concerned with monotone (time-explicit) finite difference schemes associated
with first order Hamilton-Jacobi equations posed on a junction. They extend the schemes
recently introduced by Costeseque, Lebacque and Monneau (2013) to general junction con-
ditions. On the one hand, we prove the convergence of the numerical solution towards the
viscosity solution of the Hamilton-Jacobi equation as the mesh size tends to zero for general
junction conditions. On the other hand, we derive optimal error estimates of order (Ax)% in
L. for junction conditions of optimal-control type at least if the flux is “strictly limited”.

Keywords: Hamilton-Jacobi equations, junction conditions, viscosity solutions, flux-limited so-
lutions, error estimates, reduced minimal action.
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1 Introduction

This paper is concerned with numerical approximation of first order Hamilton-Jacobi equations
posed on a junction, that is to say a network made of one node and a finite number of edges.
The theory of viscosity solutions for such equations on such domains has reached maturity by now
[28, 29, [T], 24}, 23]. In particular, it is now understood that general junction conditions reduce to
special ones of optimal-control type [23]. Roughly speaking, it is proved in [23] that imposing
a junction condition ensuring the existence of a continuous viscosity solution and a comparison
principle is equivalent to imposing a junction condition obtained by “limiting the flux” at the
junction point.

For the “minimal” fluz-limited junction conditions, Costeseque, Lebacque and Monneau [14] intro-
duced a monotone numerical scheme and proved its convergence. Their scheme can be naturally
extended to general junction conditions and our first contribution is to introduce it and to prove
its convergence.

Our second and main result is an error estimate a la Crandall-Lions [I5] in the case of flux-limited
junction conditions. It is explained in [I5] that the proof of the comparison principle between
sub- and super-solutions of the continuous Hamilton-Jacobi equation can be adapted in order
to derive error estimates between the numerical solution associated with monotone (stable and
consistent) schemes and the continuous solution. In the Euclidian case, the comparison principle
is proved thanks to the technique of doubling variables; it relies on the classical penalisation term
e~z — y|%. Such a penalisation procedure is known to fail in general if the equation is posed in
a junction; it is explained in [23] that it has to be replaced with a vertex test function. Here we
replace it by the reduced minimal action introduced in [24] for the “minimal” fluz-limited junction
conditions. We study and use it in the case where the flux is “strictly” limited.

In order to derive error estimates as in [I5], it is important to study the regularity of the test
function. More precisely, we prove (Proposition that its gradient is locally Lipschitz contin-
uous, at least if the flux is “strictly limited” and far away from a special curve. But we also see
that the reduced minimal action is not of class C! on this curve. However we can get “weaker”
viscosity inequalities thanks to a result in [23] (see Proposition . Such a regularity result is of
independent interest.

1.1 Hamilton-Jacobi equations posed on junctions

A junction is a network made of one node and a finite number of infinite edges. It can be viewed as
the set of NV distinct copies (N > 1) of the half-line which are glued at the origin. Fora =1,..., N,
each branch J, is assumed to be isometric to [0, +o00) and

J= |J Jo with JonJs={0} for a#p
a=1,....N

where the origin 0 is called the junction point. For points x,y € J, d(z,y) denotes the geodesic
distance on J defined as

d(z,y) = |z — y| if x,y belong to the same branch,
Y= |z| +|y| if z,y belong to different branches.

With such a notation in hand, we consider the following Hamilton-Jacobi equation posed on the
junction J,

ut+Ha(um) =0 in (OvT) X Ja\{O}, (1 1)
ut—l—F(%,...,a%Lv):O in (0,7) x {0}, '
submitted to the initial condition
u(0,x) =up(z), forxeJ (1.2)



where ug is globally Lipschitz in J. The second equation in ([1.1)) is referred to as the junction con-
dition. We consider the important case of quasi-convex Hamiltonians H, satisfying the following
conditions:

H, € C*(R) and H/(pg) >0
There exists p§ € R such that < +H/ (p) >0 for £+ (p —p§) >0 (1.3)
lim 400 Ha(p) = 400.

In particular H,, is non-increasing in (—oo, p§| and non-decreasing in [pg§, +00), and we set

Hy (p) = {H"‘(p

l forpﬁpg and  H*(p) = 4 HalPG)  forp<pf,
Ha(pg) for p > pj )

H,(p for p > pg

where H_, is non-increasing and H. is non-decreasing.
We next introduce a one-parameter family of junction conditions: given a flux limiter A € R U
{—oc0}, the A-limited flux junction function is defined for p = (p1,...,pN) as,

.....

Fa(p) = max (A, _max H (pa)> (1.4)

for some given A € R|J{—o0} where H_ is non-increasing part of H,.
We now consider the following important special case of (|1.1),

{ wp + Ha(ux) =0 in (O,T) x Jq \ {0}7 (1.5)

w4+ Fa(fe, .., 2%) =0 in (0,7) x {0}.
We point out that all the junction functions F4 associated with A € [—o0, Ag] coincide if one

chooses
Ap= max minH,. (1.6)
N R

As far as general junction conditions are concerned, we assume that the junction function F' :

R" — R satisfies
F is continuous and piecewise C1(R"),

va7vp:(p1’7pN)ERNﬂ§p%(p)<O7 (17)
F(p17-~-,pN)—>+oo as min p; — —o0.
i€{1,...,N}

Hypothesis in the following of the paper: p§ = 0. Without loss of generality (see [23]
Lemma 3.1]), we consider in this paper that pJ =0 for « = 1,..., N, i.e.,

min H, = H,(0). (1.8)

Indeed, u solves (L.5) if and only if (t, z) := u(t, z) — pgx for x € J, solves the same equation in
which H, is replaced by H,(p) = Hu(p+ pg). We have the same result for u” the solution of the

scheme (|1.14).

The optimal control framework. It is well known that the Legendre-Fenchel conjugate is
crucial in establishing a link between the general Cauchy problem — and a control problem
[26]. Through this link, we obtain the representation formula for the exact solution. Before treating
the case where the Hamiltonians H, satisfy 7 we first consider the case of Hamiltonians
satisfying the hypotheses of [24] i.e.,

(Regularity) H, is of class C?

(Coercivity) lim, o0 Ha(p) = +00

(Convexity) H, is convex and is the Legendre Fenchel transform of L,
where L, is of class C? and satisfies (BO0).

(1.9)



We recall that

H(p) = L3 (p) = Slelg(pq — La(q))- (1.10)

We consider the following hypothesis for L,
(BO) There exists a constant v > 0 such that for all « = 1,--- , N, the C?(R) functions L,
satisfy L >~ > 0.
An optimal control interpretation of the Hamilton-Jacobi equation (1.5)) is given in [7) [ 26] 25].
We define the set of admissible controls at a point x € J by

| Reg, ifxeJz,
Z/[((E) o { Ua:L..‘NR'*'ea if x =0. ’

For (s,y), (t,z) € [0,T] x J with s < t, we define the set of admissible trajectories from (s,y) to
(t,z) by

X(r)ed for all 7 € (s,t)
A(s,y;t,2) = X e Wh([s,1],R?) : | X(1) eU(X (7)) foraerte (st) p. (1.11)
X(s)=y and X (t) ==z

For P = pe; € U(x) with p € R, we define the Lagrangian on the junction

L(z,p) { éz((];)) gi i‘é:‘ (1.12)

with

a=1,...,

La(p) = min < — A, min NLa(p)).

The Hopf-Lax representation formula of the solution of (1.5)-(1.2) is given in [24] 2] by

toe(t, ) = inf {uo(y) + DO, y: t,)} (1.13)

with

D(0,y;t,z) =  inf {/OtL(X(T),X(T))dT}.

XeA(0,y;t,x)

1.2 Presentation of the scheme

The domain (0, +00) x J is discretized with respect to time and space. We choose a regular grid
in order to simplify the presentation but it is clear that more general meshes could be used here.
The space step is denoted by Az and the time step by At. If h denotes (At, Az), the mesh (or
grid) Gy, is chosen as

G = {nAt : n € N} x JA®

where

JA =) J2" with J,DJR" ~{iAz:ieN}
a=1,....N

It is convenient to write ¢ for iAx € J,.

A numerical approximation u" of the solution u of the Hamilton-Jacobi equation is defined in

Gn; the quantity u”(nAt,z$) is simply denoted by U™". We want it to be an approximation of

u(nAt, z$) for n € N, i € N, where a stands for the index of the branch.

We consider the following time-explicit scheme: for n > 0,
U?’"Jrl—Uia’" 4/, 0m — . amn _ . _
T—'—max{ﬂ-a (pi,—)vHoz (pi,-',-)}*O? [ ]-7 04—17...,N
Uy .=ug, i=0, B=1,...,N

urtt_ur 1,n N,n
-+ Fpos om0 ) =0,

(1.14)



where p;'}" are the discrete (space) gradients defined by

pl = 7@:”? - p" = 7[]?’“ — Uiy (1.15)
bt Ax ’ v Ax
with the initial condition
U =ug(2®), i>0, a=1,...,N. (1.16)

The following Courant-Friedrichs-Lewy (CFL) condition ensures that the explicit scheme is mono-
tone,

Ax / 1 N

~r 2o w0 me (VPG D D
a=1,..., N,
o<n<nr

where the integer np is the integer part of % for a given T > 0.

1.3 Main results

As previously noticed in [I4] in the special case F = Fg,, it is not clear that the time step At
and space step Az can be chosen in such a way that the CFL condition holds true since
the discrete gradients p;" depend itself on At and Az (through the numerical scheme). We thus
impose a more stringent CFL condition,

Ax

— > ! : -V )

~ {70 o, {9 Do (118)
P, <P<P, % <pa<P,

for some p ,ﬁa,po € R to be fixed (only depending on ug, H, and F'). We can argue as in [14]
and prove that P, Pas p € R can be chosen in such a way that the CFL condition 8|) implies
(L.17) and, in turn the scheme is monotone (Lemma [£.1]in Section [l [4). We will also see that it is
stable (Lemma [4.4)) and consistent (Lemma[4.5). It is thus known that it converges [I5] ]. Notice
that taking F' = F4, gives the following CFL condition

Az

== > d . .

Af 2 o nax |H,,(p)] (1.19)
p <p<p,

Theorem 1.1 (Convergence for general junction conditions). Let T > 0 and ug be Lipschitz
continuous. There exist P, ,pa,p €eR, a=1,...,N, depending only on the initial data, the
Hamiltonians and the ]unctwn functwn F, such that th satisfies the CFL condition , then
the numerical solution u" defined by - (1.16)) converges locally uniformly as h goes to zero to
the unique relaxed viscosity solution u of (1.1)-(1.2)), on any compact set KK C [0,T) x J, i.e.

limsup sup |u”(t,z) —u(t,z)| = 0. (1.20)
|h|—=0 (t,z)EKNG}
Remark 1. We know from [23] that the equation — may have no viscosity solution but
always a unique relaxed viscosity solution. Notice that the scheme has a junction condition which
is not relaxed. However the solution of the scheme converges to the unique relaxed solution of the
associated Hamilton-Jacobi equation.

The main result of this paper lies in getting error estimates in the case of flux-limited junction
conditions.

Theorem 1.2 (Error estimates for flux-limited junction conditions). Let T > 0 and ug
be Lipschitz continuous, u” be the solution of the associated numerical scheme (1.14 - and
u be the viscosity solution of — for some A € R. If the CFL condition (1.19)) is satisfied,
then there exists C' > 0 (independent of h) such that

C(Az)Y/2  if A> Ay,

C(AZ)25  if A= A,. (1.21)

sup  |ul(t,z) —u(t,z)| < {

[(],T) x JNGn



1.4 Related results

Numerical schemes for Hamilton-Jacobi equations on networks. The discretization of
viscosity solutions of Hamilton-Jacobi equations posed on networks has been studied in a few
papers only. Apart from [14] mentioned above, we are only aware of two other works. A convergent
semi-Lagrangian scheme is introduced in [§] for equations of eikonal type. In [21], an adapted Lax-
Friedrichs scheme is used to solve a traffic model; it is worth mentioning that this discretization
implies to pass from the scalar conservation law to the associated Hamilton-Jacobi equation at
each time step.

For optimal control problems, the numerical approximation of (HJ) has already been studied
using schemes based on the discrete dynamic programming principle. Essentially, these schemes
are built by replacing the continuous optimal control problem by its discrete time version. We refer
to Capuzzo Dolcetta [10], Capuzzo Dolcetta-Ishii [I1] for the results concerning the convergence
of up to u and the a priori estimates (of order Azx) , in the L™, giving the order of convergence
of the discrete-time approximation. We refer to Falcone [18] for the results related to the order of
convergence of the fully discrete (i.e. in space and time) approximation and for the construction
of the algorithm, we mention that under a semiconcavity assumption the rate of convergence is of
order 1. We cite also [I9] and references therein for discrete time high order schemes for Hamilton
Jacobi Bellman equations.

Link with monotone schemes for scalar conservation laws. We first follow [14] by empha-
sizing that the convergence result, Theorem [I.I} implies the convergence of a monotone scheme
for scalar conservation laws (in the sense of distributions).
In order to introduce the scheme, it is useful to introduce a notation for the numerical Hamiltonian
Hou

Ha(p™.p™) = max{H, (p"), Hy (p7)}.

The discrete solution (V™) of the scalar conservation law is defined as follows,

e e

. % ifi>1
A
ITIO ifi= 0.

In view of (|1.14)), it satisfies for all « =1,..., N,

Vil v ,
% + (Ax)_l (Ha( i?_g7 ii’g) - Hoz(‘/;i’g7 V;(i,g)) =0, i>1,

a,n+1 a,n
Vl _Vl

22—+ (Ax) ! (HQ(VQ’", ) — F( Lno %Nv”)) —0.

submitted to the initial condition

a,0 uo(mia) - uO(O) .
== > = .
Vi+% Ar , 120, a=1,...,N

In view of Theorem [1.1} we thus can conclude that the discrete solution v" constructed from (V")

converges towards u, in the sense of distributions, at least far from the junction point.

Scalar conservation laws with Dirichlet boundary conditions and constrained fluxes.
We would like next to explain why our result can be seen as the Hamilton-Jacobi counterpart of
the error estimates obtained by Ohlberger and Vovelle [27] for scalar conservation laws submitted
to Dirichlet boundary conditions.

On the one hand, it is known since 1979 and Bardos, Le Roux and Nedelec [5] that Dirichlet
boundary conditions imposed to scalar conservation laws should be understood in a generalized
sense. This can be seen by studying the parabolic regularization of the problem. A boundary
layer analysis can be performed for systems if the solution of the conservation law is smooth;



see for instance [20, 22]. Depending on the fact that the boundary is characteristic or not, the
error is hz or h. In the scalar case, it is proved in [17] that the error between the solution of the
regularized equation with a vanishing viscosity coefficient equal to h and the entropy solution of
the conservation law (which is merely of bounded variation in space) is of order h'/? (in L{°L!
norm). In [27], the authors derive error estimates for finite volume schemes associated with such
boundary value problems and prove that it is of order (Az)'/6 (in L] , norm). More recently, scalar
conservation laws with flux constraints were studied [I3] [12] and some finite volume schemes were
built [3]. In [9], assuming that the flux is bell-shaped, that is to say the opposite is quasi-convex,
it is proved that the error between the finite volume scheme and the entropy solution is of order
(Az)F and that it can be improved to (Az)z under an additional condition on the traces of the
BV entropy solution. It is not known if the estimates from [J] are optimal or not.

On the other hand, the derivative of a viscosity solution of a Hamilton-Jacobi equation posed on the
real line is known to coincide with the entropy solution of the corresponding scalar conservation
law. It is therefore reasonable to expect that the error between the viscosity solution of the
Hamilton-Jacobi equation and its approximation is as good as the one obtained between the
entropy solution of the scalar conservation law and its approximation.

Moreover, it is explained in [24] that the junction conditions of optimal-control type are related
to the BLN condition mentioned above; such a correspondance is recalled in Appendix It is
therefore interesting to get an error estimate of order (Az)'/? for the Hamilton-Jacobi problem.

1.5 Open problems

Let us first mention that it is not known if the error estimate between the (entropy) solution of
the scalar conservation law with Dirichlet boundary condition and the solution of the parabolic
approximation [I7] or with the numerical scheme [27] is optimal or not. Here, we prove an optimal
error estimate for A > Ay but we do not know if our error estimate is optimal or not for A = Ag.
Deriving error estimates for general junction conditions seems difficult to us. The main difficulty
is the singular geometry of the domain. The test function, used in deducing the error estimates
with flux limited solutions, is designed to compare flux limited solutions. Consequently, when
applying the reasoning of Section [6] the discrete viscosity inequality cannot be combined with the
continuous one. We expect that a layer develops between the continuous solution and the discrete
scheme at the junction point.

Organization of the article. The remaining of the paper is organized as follows. In Section [2]
we recall definitions and results from [23] about viscosity solutions for (L.I)-(T.2). Section [3] is
dedicated to the derivation of discrete gradient estimates for the numerical scheme. In Section
the convergence result, Theorem is proved. In Section [5] we study the recuced the minimal
action for a “strictly” limited flux and prove that the gradient is locally Lipschitz continuous (at
least if the flux is strictly limited). The final section, Section @ is dedicated to the proof of the
error estimates.

2 Preliminaries

2.1 Viscosity solutions

We introduce the main definitions related to viscosity solutions for Hamilton-Jacobi equations
that are used in the remaining. For a more general introduction to viscosity solutions, the reader
could refer to Barles [7] and to Crandall, Ishii, Lions [I6].

Space of test functions. For a smooth real valued function w defined on J, we denote by u®
the restriction of u to (0,7) x J,.
Then we define the natural space of functions on the junction:

C'(Jr) ={uecC(Jr) :Ya=1,...,N,u* € C*((0,T) x J,)}.



Viscosity solutions. In order to define classical viscosity solutions, we recall the definition of
upper and lower semi-continuous envelopes u* and u, of a (locally bounded) function u defined
on [0,T) x J:

u*(t,z) = limsup wu(s,y) Uy (t,z) = liminf wu(s,y).
(8,9)—(¢,2) (8,9)—=(¢,2)

Definition 1 (Viscosity solution). Assume that the Hamiltonians satisfy (1.3)) and that F
satisfies (1.7)) and let u: (0,7) x J — R.

(1) We say that u is a sub-solution (resp. super-solution) of (1.1) in (0,T") x J if for all test
function ¢ € C*(Jr) such that

u* <@ (resp. ux > ¢) in a neighborhood of (tg,z0) € Jr
with equality at (o, xg) for some ¢y > 0, we have
o1+ Hao(pz) <0 (resp. >0) at (tg,z0) € (0,T) X Jo
if xg # 0, else

Oy Oy

) PRI ) ) < 0 (I‘eSp. > O) at (t07x0) = (t070)

P+ Fa(
(ii) We say that u is a sub-solution (resp. super-solution) of (1.1)-(1.2) on [0,T) x J if
additionally

w(0,2) <wug(x) (resp. us(0,z) > ug(x)) forall ze

(iii) We say that u is a (viscosity) solution if u is both a sub-solution and a super-solution.

As explained in [23], it is difficult to construct viscosity solutions in the sense of Definition
because of the junction condition. It is possible in the case of the flux-limited junction conditions
F4. For general junction conditions, the Perron process generates a viscosity solution in the
following relaxed sense [23].

Definition 2 (Relaxed viscosity solution). Assume that the Hamiltonians satisfy (1.3) and
that F' satisfies (1.7) and let w: (0,7) x J — R.

(1) We say that u is a relaxzed sub-solution (resp. relazed super-solution) of (1.1)) in (0,T)x J
if for all test function ¢ € C*(Jr) such that

u* < ¢ (resp. uy > ¢) in a neighborhood of (tg,xo) € Jr
with equality at (o, xg) for some ¢ty > 0, we have
¢t + Holpe) <0 (vesp.  >0) at  (to,z0) € (0,T) x Jo

if xg # 0, else

either ¢ +F(§—“’1, ce %) <0 (resp. >0) at (to,z9) = (to,0)
or ¢+ Ha(gc—i) <0 (resp. >0) at (to,zo) = (tp,0) for some a.

(ii) We say that u is a relazed (viscosity) solution of (|1.1)) if u is both a sub-solution and a
super-solution.

Let us recall some theorems in [23].



Theorem 2.1 (Comparison principle on a junction). Let A € RU {—oo}. Assume that
the Hamiltonians satisfy (1.3) and the initial datum ug is uniformly continuous. Then for all
sub-solution v and super-solution v of (1.5))-(1.2) satisfying for some T > 0 and Cp > 0

u(t,x) < Cr(14+d(0,2)), wv(t,z) > —-Cr(l+d(0,z)), forall (t,z)€[0,T)xJ,

we have
u<v in [0,T) x J.

Theorem 2.2 (General junction conditions reduce to flux-limited ones). Assume that
the Hamiltonians satisfy (L.3)) and that F satisfies (L.7)). Then there exists Ap € R such that any

relaxed viscosity (sub-/super-)solution of (L.1)) is in fact a viscosity (sub-/super-)solution of (1.5
with A = AF.

Theorem 2.3 (Existence and uniqueness on a junction). Assume that the Hamiltonians
satisfy (1.3) and that F satisfies (1.7) and that the initial datum ug is Lipschitz continuous. Then
there exists a unique relaxed viscosity solution u of (1.1)-(1.2)), such that

lu(t,z) —uo(x)| < Ct  forall (t,x)€[0,T)xJ

for some constant C' only depending on H and ug. Moreover, it is Lipschitz continuous with respect
to time and space, in particular,
IVl < C.

The following proposition is a main tool in the proof of error estimates. Indeed, we use a test
function which is not C! with respect to the gradient variable at one point and this proposition
allows us to get a “weak viscosity inequality”. We don’t give the proof since it is the same as the
proof of [23 Proposition 2.16].

Proposition 2.4 (Non C! test function at one point [23]). Assume that H satisfies (1.3) and let
u be a solution of
ug + Ho(ug) =0 in (0,T) x Jy \ {0}.

For all xg € J, \ {0} and all test function ¢ € C1((0,T) x Ju \ {0,20})
u* <@ (resp. ux > @) in a neighborhood of  (to,xz0) € (0,T) x Ju \ {0}
with equality at (to, xo), we have

@i(to, mo) + max { H (pu(to, zg ), Hy (pa(to,zd)} <0 (resp. > 0).

3 Discrete gradient estimates

This section is devoted to the proofs of the discrete (time and space) gradient estimates. These
estimates ensure the monotonicity of the scheme and, in turn, its convergence. The discrete time

derivative is defined as 1
a,n a,n
Wt = Ui U .
v At

Theorem 3.1 (Discrete gradient estimates). If u" = (U™") is the numerical solution of

(1.14)-(1.16) and if the CFL condition (1.18) is satisfied and if

m = ﬁ_}nf N Wf’o (3.1)
CieN

is finite, then the following two properties hold true for any n > 0.



(i) (Gradient estimate) There exist p_,p*, gg (only depending on H,, ug and F) such that

{pagpzfgpa i21’01117~-~>N7 (32)

ngp&’zgﬁa 1=0,a=1,...,N.

(ii) (Time derivative estimate) The discrete time derivative W™ satisfies
mO Smn Smn—&-l SM"+1 SMn SMO

where
m™ = inf W", M" :=sup W".
[ ;

,t

In the proofs of discrete gradient estimates, “generalized” inverse functions of HI are needed;
they are defined as follows:

= sup{p : H; (p) = max(a, Aa)}

= inf{p: Hy (p) = max(a, A)} 33)

——
5 3
S o4
£E
[

with the additional convention that (HZ)~!(400) = +o0, where
A, :=min H,.
R
In order to define a “generalized” inverse function of F', we remark that (1.7]) implies that

for all K € R, there exists p(K) = (p1(K),...,pn(K)) € RY such that F(pi,...,pn) < K = po > p(K).

Remark that the functions p,, can be chosen non-increasing.

Remark 2. The quantities p_,p®, 132 are defined as follows

| 7wy (—mY) if —mgy > A,
Po = 7, (=m°%+1) if —mg = A,
_ | mf(=mY if —mg > A,
Pa = { i (—=mP+1) if —mg = A, (3.4)
20 :{ P, (—m°) if p_(-m°) <7,
La p (=m®+1) if p (—m°) =p,

where m? is defined in (3.1)).

In order to establish Theorem we first prove two auxiliary results. In order to state them,
some notation should be introduced.

3.1 Discrete time derivative estimates

In order to state the first one, Propositionbelow, we introduce some notation. For o € {+, —},
we set

a,n _o,n+tl a,n oz,n—i—l)]

Ia,n = [min(pi,a ’pi,a )7max(pi,a ’pi7a

1,0

with p"" defined in (L.15) and

Dy = sup [yl s { (9 ). on) (35)

e Pa €IS

The following proposition asserts that if the discrete space gradients enjoy suitable estimates, then
the discrete time derivative is controlled.

10



Proposition 3.2 (Discrete time derivative estimate). Let n > 0 be fized and Az, At > 0.

Let us consider (Ul a,i satisfying for some constant C™ >0 :

L,

2 for i>0,a=1,...,N.

We also consider (U™ 1), and (U?’”JFZ)%i computed using the scheme (1.14). If

A
D;’f_; for i>0,a=1,...,N, (3.6)
then

mn < mn+1 < Mn+1 < Mn
_)’

Proof. For 0 = + (resp. o = —o denotes — (resp. +). We introduce for n > 0, «a €
{1,...,N},ie{l,....N}, o0 € {+,-},

1
ct o= -0 / (Hy) (p?j;,”“ +7(5 —p?,;,”“)) dr > 0, (3.7)
0

Ca,n L ! oF ﬁn+1 B,n+1 dr >0
ot = =) ape +r(pyt =t hYs |dr > 0.

Notice that for ¢ > 1, C’a " is defined as the integral of (H, )" over a convex combination of
p € I;7". Similarly for CO + Wthh is defined as the integral of F’ on a convex combination of
pE I&f Hence, in view of (36), we have for any n >0, a =1,...,N and for any o € {+,—} or
for i =0 and o = +, we can check that

crt < 22 ifi>1,0€e{—,+}
5 (3.8)
Zﬁ 1 CO+ = Aftt
We can also underline that for any n >0, =1,...,N and forany ¢ > 1,0 € {+,—} or for i =0
and o = 4+, we have the following relationship
pz o pzaon—H _ Wzojkg Wiam (3 9)
At N Az ' '

Let n > 0 be fixed and consider (U;""),; with Az, At > 0 given. We compute (Uia’”ﬂ)a,i and

3

(U™+2), i using the scheme (T.14)).

Step 1: (m"), is non-decreasing. We want to show that WZ-O"”Jr1 > m" for ¢ > 0 and
a=1,...,N. Let i > 0 be fixed and let us distinguish two cases.

Case 1: ¢ > 1. Let a branch « be fixed and let o(i,,n + 1) = 0 € {4, —} be such that
max {HE G277 He G227 = Ho 002, (3.10)
We have

Wt w1
St = g (mae{ e sz ee ) | - wa{op ) 08 })
1 —o/, a,mn a,n+1

>At(Ha (pi,o)_H (pza+ ))

1 a,n+1

a,n a,n pza 7pza

:/(H )(pw+1+7(pw—pm+1))< At )dT

0

a,n a,n
o Ca,n Wi+a - Wz
=C\ T m

11



where we used (3.7) and (3.9) in the last line. Using (3.8]), we thus get

At At
a,n+1 a,n a,n a,mn a,n
W (1—0“7A )W + O Wi

>m".

n+l__rrn
Case 2: i = 0. We recall that in this case, we have U)"" := U’ and W,"" := W = %

for any 8 =1,..., N. We compute in this case:

W61+1_W0n _ 1 a,n+1 a,n
T—E(—F( Po a) + F({PG 1Y)

At / Zpﬁ ap {pa it + Tpa}a) dr with p = ({p(()l,’f _pg:—t-i_l}a)

W — W
a n+1 1 0
aJo d - A
[ % e ar (M)

N n n

=205ﬁ(wf’ ‘WO).

P ’ Ax

Using (3.8)), we argue like in Case 1 and get
Wgﬂrl Z m.

Step 2: (M"), is non-increasing. We want to show that W™""" < M” for i > 0 and
a=1,...,N. We argue as in Step 1 by distinguishing two cases.

Case 1: i > 1. We simply choose o0 = o(i,,n) (see (3.10)) and argue as in Step 1.

Case 2: i =0. Using (3.6), we can argue exactly as in Step 1. The proof is now complete. [

3.2 Gradient estimates

The second result needed in the proof of Theorem is the following one. It asserts that if the
discrete time derivative is controlled from below, then a discrete gradient estimate holds true.

Proposition 3.3 (Discrete gradient estimate). Let n > 0 be fized, consider that (U™, is

K2

given and compute (U)o using the scheme (L14)-(L.15). If there exists a constant K € R

3

such that for anyi >0 and a =1,..., N,

Uq,n+1_Uq,n
K<wii=—t—— "+
- ! At
then
T, (—K) < pilt < wf(-K), a=1,....N, >1,
Ba(—K)S p07’+ <(HNH Y-K), a=1,...,N

where p?f is defined in (1.15) and 7t and p are the “generalized” inverse functions of H, and
F, respectively.

Proof. Let n > 0 be fixed and consider (U;""),,; with Az, At > 0 given. We compute (U;" n“)a,i
using the scheme (1.14). Let us consider any ¢ >0 and a = 1,..., N.
If 4 > 1, the result follows from

K < W = — max HI(p);").
o=-+,— ’

12



If i = 0, the results follows from
K< WOn =-F <{p8,7—t a>~
This achieves the proof of Proposition [3.3] O

3.3 Proof of gradient estimates

Proof of Theorem [3.3] The idea of the proof is to introduce new Hamiltonians H, and a new
junction function F' for which it is easier to derive gradient estimates but whose corresponding
numerical scheme in fact coincide with the original one.

Step 1: Modification of the Hamiltonians and the junction function. Let the new
Hamiltonians H,, for all « = 1,..., N be defined as

) Ha(p,) - S—p,) ifp<p,
Ha(p) = { Ha(p) if p € [p D] (3.11)
Ha(p,)+ S (p—=Da) ifp>D,
where p and p,, are defined in (3.4]) respectively, and
Co= sup  [H(pa)l-
Pa€lpPal
These new Hamiltonians are now globally Lipschitz continuous: their derivatives are bounded.
More precisely, the H,, satisfy (|1.3) and
ga = Ha in [Baaf)a]
and ~
VpeR, [Hy(p)l < sup [H(pa)l. (3.12)

Pa€lp, Pl

Let the new F satisfy (1.7), be such that

N
F=FinQ:= H[ng?a]
a=1
and (See Appendix
VpeRY, (=V.-F)(p) <sup(—-V-F). (3.13)

Qo

In the remainder of the proof, when notation contains a tilde, it is associated with the new
Hamiltonians H, and the new non-linearity F'. We then consider the new numerical scheme
frantl_framn ~ ~
U Y bmax{HF (50"), Hy (507} =0, i21, a=1,...,N

oyt =uy, i=0, B=1,...,N

ot -og = ln ~2.n ~N,ny __
At +F(p0,+7p0,+7'”7p0,+)—0

with the same initial condition, namely,
U =ug(idz), i>0, a=1,...,N.

In view of (3.12) and (3.13), the CFL condition (1.18]) gives that for any ¢ > 0, n > 0, and
a=1,....,.N

. A
Dl <sup{ sup  [H(p)|isup(—V - F) p < -5 (3.14)

« =
P, <P<P, I5r At

where D{" is given by (3.5) after replacing H, and F with H, and F.
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Step 2: First gradient bounds. Let n > 0 be fixed. If m™ and M™ are finite, we have
mt < W for any >0, a=1,...,N.

Proposition [3.3] implies that

Ty (=m™) < piy < af(=m"), i>1, a=1,...,N,
p,(=m") < pot < 7wi(-m"), i>0, a=1,...,N

In particular, we get that
iyl <C" for >0, a=1,...,N

with
O = max (max (|7, (=m")|. 17 (=m")]. |2, (=m™)]) )

In view of ([3.14)), Proposition implies that
mr < m"tt < ML < MM for any n > 0. (3.15)

In particular, m™*1 is also finite. Since m® = m® and M%= MY are finite, we conclude that m™
and M™ are finite for all n > 0 and for all n > 0,

m® <m" < M™ < MO, (3.16)

Step 3: Time derivative and gradient estimates. Now we can repeat the same reasoning
but applying Proposition with K = m® and get

< " <p., i>1, a=1,...,N,
B2 Pur 2P U2 - (3.17)
Ba— Po,+ Spw 12> 0, Ol—l,...7N.

This implies that U™ = U>" for alli > 0, n >0, @ = 1,...,N. In view of (3.15), (3-16) and
(3.17), the proof is now complete. O

4 Convergence for general junction conditions

This section is devoted to the convergence of the scheme defined by (1.14)-(1.15)). In order to do
so, we first make precise how to choose p,,p_ and ]32 in the CFL condition ([1.18]).

4.1 Monotonicity of the scheme

In order to prove the convergence of the numerical solution as the mesh size tends to zero, we need
first to prove a monotonicity result. It is common to write the scheme defined by —
under the compact form

ul(t + At ) = SPul ()] (z)

where the operator S” is defined on the set of functions defined in J". The scheme is monotone if
u<v = S'u < S

In our cases, if t = nAt and z = iAx € J* and U(t,z) = U"" for x € J*, then S"[U] is defined
as follows,

i i—17 4

Ut = s [uen Uyt Ut fori>1,a=1,...,N,
Ugt = SolUg, (U™ p=1.....N]

14



where

SolUZ 3 UP )= U = At {1 (S ) iz () )
4.1

SolUg, (U™ gr,...on] = U — AtF(pg™t, .., g )

Checking the monotonicity of the scheme reduces to checking that S, and Sy are non-decreasing
in all their variables.

Lemma 4.1 (Monotonicity of the numerical scheme). Let (U") := (U;""),,; the numerical

solution of (1.14)-(1.16). Under the CFL condition (1.17)) the scheme is monotone.

Proof. We distinguish two cases.

Case 1: ¢ > 1. It is straightforward to check that, for any o = 1,..., N, the function S, is

non-decreasing with respect to U and Uy}. Moreover,

0S. { 1= RLHY (") if max{HJ (p]""), Hy (pi1)} = HY (")
ou;” L+ RECHL) (i) if - max{HJ (p3), Hy (p7])
which is non-negative if the CFL condition (1.17)) is satisfied.

—
I
S
=
SR
+%
N~—

Case 2: 1 =0. Similarly it is straightforward to check that Sy is non-decreasing with respect to
UP™ for B =1,...,N. Moreover,

9Sy
ouy Z apg Ja=1}

which is non-negative due to the CFL condition. The proof is now complete. O

A direct consequence of the previous lemma is the following elementary but useful discrete com-
parison principle.
Lemma 4.2 (Discrete Comparison Principle). Let (U™) := (U")q,i and (V™) := (V") o,
be such that

vn>1, U< SMUM and VT > SMVT.
If the CFL condition is satisfied and if U° < VO, then U™ < V™ for all n € N.

Remark 3. The discrete function (U™) (resp. (V™)) can be seen as a sub-scheme (resp. super-
scheme).

We finally recall how to derive discrete viscosity inequalities for monotone schemes.

Lemma 4.3 (Discrete viscosity inequalities). Let u” be a solution of (1.14)-(1.16)) with F =
Fy defined in . If u" — ¢ has a global mazimum (resp. global minimum) on Gy, at (t+ At,T),
then

0uo(t,T) + H(T, Dyo(t,T), D_p(t,Z)) < 0. (resp. >0)

where
_ Jmax{HJ(p-),H; (p+)} fT#0
e pep-) = {max{A,maXa H,(pH)} ifz=0

and

e 7+ Az) —p(t,T)} ifT#O
{v

(ﬁ *(t, Ax) — e*(£,0)}),, fT=0
Dpt7) = 3 Ap(ET) — plh.7 - Ar))
SiptT) = e+ A6T) — pl67)



4.2 Stability and Consistency of the scheme
We first derive a local L* bound for the solution of the scheme.

Lemma 4.4 (Stability of the numerical scheme). Assume that the CFL condition 18
satisfied and let u" be the solution of the numerical scheme (1.14)-(1.16)). There exists a constant
Co > 0, such that for all (t,x) € Gp,

lu (t, ) — ug(z)| < Cot. (4.2)
In particular, the scheme is (locally) stable.

Proof. If Cy large enough so that

)

,0 — ,0
Co +max{H} (p;"), H; (7))
1,0 2,0 N,0
CO + F(p0’+,p07+7 e >P0,+) 2 )

and
—C) —&—maX{Hi'(p;ff),H;(pgf)} <0, i>1, a=1,...,N

then U*" = U™ + ConAt is a super-scheme and U™" = U*? — CynAt is a sub-scheme (see
Remark . The discrete comparison principle, Lemma then implies

|US™ — U < ConAt
which is the desired inequality. This achieves the proof. O

Another condition to satisfy convergence of the numerical scheme (1.14]) towards the continuous
solution of (1.5]) is the consistency of the scheme (which is obvious in our case). In the statement
below, we use the short hand notation (??) introduced in Appendix.

Lemma 4.5 (Consistency of the numerical scheme). Under the assumptions on the Hamil-
tonians (L.3)), the finite difference scheme is consistent with the continuous problem (L.5)), that is
to say for any smooth function p(t, ), we have locally uniformly

SMel(s.y) — (s, y)
Al

— Ho(pz(t,x)) as Gp 3 (s,y) — (t,x)
if v € Jo \ {0}, and

Sh[sows,yA)t— p(5,9) %F@zw,,,ﬁ(t,m) as G 3 (s,y) = (£,0).

4.3 Convergence of the numerical scheme
In this subsection, we present a sketch of the proof of Theorem

Sketch of the proof of Theorem[I.1 Let T > 0 and h := (At, Az) satisfying the CFL condition
(1.18). We recall that

ul(0,2) = u(0,2) for x € G,

We consider u and u respectively defined as

a(t,y) = lir}?sgp Wy, ulty) = lim inf u(t,y).
Gn3(t ) (1) Gn3(t ) (1)

By construction, we have u < . Since the scheme is monotone (Lemma [4.1), stable (Lemma
and consistent (Lemma [4.5)), we can follow [15] [0 14] we can show that w (resp. @) is a relaxed
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viscosity super-solution (resp. viscosity sub-solution) of equation (1.1])-(1.2)), see for example the
proof of [I4, Theorem 1.8]. Using Theorem we know that w (resp. @) is a viscosity super-
solution (resp. sub-solution) of (1.5)-(1.2). Moreover, (4.2]) implies that

w(0,x) < up(z) < u(0,z).
The comparison principle (see Theorem then implies that
ususu

which achieves the proof. O

5 Study of the reduced minimal action

In this section, we consider that the Hamiltonians H,, satisfy (L.9)). We study the reduced minimal

action Dy which replace the classical term % in the doubling variable method. This function

allows us to prove that the error estimate is of order (A:c)%.

5.1 Reduction of the study

We start this section by the following remark, the analysis can be reduced to the case (s,t) = (0, 1).
Precisely, using the fact that the Hamiltonian does not depend on time and is homogeneous with
respect to the state, the reader can check that a change of variables in time yields the following
Lemma.

Lemma 5.1. For ally,x € J and s < t, we have

Yy X
D it =(t—-sD|0,—;1 .
(st = (0= 920, 21 )

where

D(s,y;t,x) =  inf ){/:L(X(T),X(T))dT}.

XeA(s,y;t,x
This is the reason why we consider the reduced minimal action Dy : J? — R defined by

Doy, x) =D(0,y;1,x). (5.1)
We also need the following lower bound on D.

Lemma 5.2. Assume (B0). Then

Dls, it ) 2 gt @,y) — At = 5)

where v is defined in (B0).
Moreover,
D(s,x;t,x) < La(0)(t — s).

Proof. We only prove the first inequality since the other inequality is elementary. As L. (0) = 0,
and Ly (0) > L4(0) = —A, we have

La(p) 2 30° + Lu(0)p + La(0) 2 1p* - A

Thus, we can write for X(.) € A(s, y;t, ),

/S L(X(r), X (r))dr > —A(t—s)+%/s (X (7))2dr.

Then Jensen’s inequality allows us to conclude. O
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5.2 Piecewise linear trajectories

We are going to see that the infimum defining the minimal action can be computed among piecewise
linear trajectories. In order to state a precise statement, we first introduce that optimal curves
are of two types depending on the position of y and = on the same branch or not: if they are, then
the trajectories are of two types: either they reach the junction point, or they stay in a branch
and are straight lines. For y € Jg, v € J, with § # «, the trajectories can spend some time at
the junction point.

Lemma 5.3. The infimum defining the reduced minimal action Dy can be computed among piece-
wise linear trajectories; more precisely for all y,x € J,

_ D'unc ion(y; Z‘) ZfO{ 7& ﬁ)
Doly, @) = { mjln(lfa(x -y), Djunction(yv r)) ifa=p, (5.2)

where for x € J,,y € Jg

Djunction(y,x) = _ inf {tlLB(;y)+(t2—t1)LA(O)+(1—t2)La< T )} (5.3)

0<t;<t2<1 1—15

Proof. We write Dy = inf x ¢ 4, (y,2) A(X), where A(X) = fol L(X(7), X (7))dr. In order to prove
the lemma, it is enough to consider a curve X € A(0,y;1,x) and prove that

A(X) Z min(La (l‘ - y)a Djunction (y7 .’IJ))
For « # 3, the trajectories can spend some time at the junction point, hence we can write
t1 . to . 1 .
Do(y,z) = inf { / Lg(X(7))dr + / L(X(7), X (7))dr + / La(X(T))dT}
0

X(0)=y t ts
D=z

)=z

t1 . to .

> . .

> 0§t111§1£2§1 { X(l(gl)f:y ; Lg(X(7))dr + X(ltrll)f=0 ; L(X(7), X (7))dr
X(tl):I X(tz):O

1
+ inf Lo(X(7))d
i, [ LalX() }
X(1

)=z

then using that L > L, for the second term and Jensen’s inequality for all terms, we conclude
that
Dy (y, 17) > Djunction(?Jv 1‘)

Now for oo = 3, we can deduce from the preceding that

1
Do(y, z) > min Djunction(yaz)yx(i(l)l)f y/ Lo (X (1))dr
=y Jo
X(1)==z

Then, by Jensen’s inequality once again, we can deduce (|5.2). This ends the proof. O

In view of (5.2), we see that the study of Dy can now be reduced to the study of Djunction-

5.3 Study of Djunction
We introduce a simpler notation of Djynction defined in (5.3,

,Djunction(yal') - Ogtllggzgl G(tlat23y7x)7 (54)
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where

G(t1,ts,y,2) = t1Lg (?) + (s — t1)La(0) + (1 — t2)Lq (x)

11—t

Asin [24], for (y,x) € Jj3xJ; the function (t1,t2) — G(t1,t2,y, ) is stricly convex on (0,1)x (0, 1).
Indeed, for t1,t2 € (0, 1), we compute

L' (=2 " T
2 B\ t T a\1-%; T
1) 2)y7$ T — - 4 4 xr - )
D*G(ty,t Vi, Vy ViVe>0
t1 Y 1—1t

where V,, = (3,0,1,0) and V; = (0 0,1) and in particular, we have

71t7

9? y2 —y
ty,t L
atQG(la 2,Y,T) = 3 B<t1)>0

and

0? x? T
t1,t L’ 0.
(‘%2 (17 2,Y,T ) (1—t2)3 a(l_tl) >

So we deduce that for (y,z) € Jj x Jg, if the function (t1,t2) — G(t1,t2,y, ) admits a critical

point, then it reaches its infimum at this point, else it reaches its infimum at the boundary.

Lemma 5.4. Let (y,z) € J, and Djynction(y, ) as in . We have the following equivalences
for the infimum,
r=0&t = ].,
{ y=0&1t; =0.

Proof. Tt is a direct consequence of the expression (5.3)). O

Definition 3 (Numbers &', &), We define &, & thanks to the following function (for I €

{1,..N})
K (z) = Li(z) — zLj(z) — La(0). (5.5)

We define (K; )~! (resp. (K;7)~!) as the inverse of the function K restricted to (—oo, 0] (resp.
[0,40)), in fact one can write

Kj(x) = —zL}(x) <0 on (0,+00) (resp. >0 on (—0o0,0)).
More precisely, we define & = (K;5)~1(0).

Lemma 5.5 (Explicit expression of Djunction(y,z)). It exists a unique function 7 :J x J —
(0,1) of class C! such that for (y,x) € Jg x Jo, we have

. 2)Ls (754) + (1= T a)lo (=) (2) € (5 X I\ Ao

Djunction (y,z) = 7yL23 (5'6 )+l (585) + La(0) Zf (y, ) € Agay
La(2) ify=0 and x > &,
Ls(y) if=0andy>-¢;,
(5.6)
where
A,Ba:{(y,x)eJﬂxJa, ai—y<1}
&g

We have a different expression of Djynction 00 each subset of the previous Lemma (see Figure [1).

Proof. Writing the optimal conditions of G associated with the infimum in (5.4)), we have
Ly, (%y) ~La(0)+ L (F£) =0,
L (125) = La(0) + La (25 ) =0,
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AyeJs

r € J,

Figure 1: Illustration of the several subsets for Djynction for a # S.

AyeJ,

r e J,

Figure 2: Illustration of the several subsets for Dy for a = 5.
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where t; and to are the quantities realizing the minimum. Hence from (5.7, we deduce

Y x
K (_tl) :0:Ka<1_t2>.

But Kp is a bijection on (—00,0), and so is K, on (0, +00). Therefore, setting (Kg)*l(O) =¢&5,
and (K)71(0) := ¢, we deduce for (y,x) € Agy\{zy = 0},

—y B T
Djunction(ya .’E) = TLﬁ(gﬁ ) + -t
& &
= —yLj(&5) +xLy(63) + La(0).
Now, for = 0 and y < —¢;, using the first condition of (5.7, we deduce that
Djunction(yu 0) = —yL%(&E) + LA(O)
Forz=0and y > fflg, we deduce from Lemma that to = 1. Using the first optiml condition
in (5.7), we have Kg (;—f’) =0so0t = g—,y > 1. We deduce that the optimal condition must be

8
satisfied at the boundary of the set {0 <¢; < 1}. Here using (5.3), we have t; = 1, so

Djunction(ya 0) = L[ﬁ(fy)'

La@i)+»<1—»7i4—li>.LAGD
« 55

Similarly, for y = 0 and = < £,
Djunction(ys ) = xLo(€7) + La(0).
For y =0 and = > £, we deduce that
Djunction(0, ) = L ().

In all other cases, that is to say for (y,x) € (J5 x J3) \ Aga, the infimum of G is attained at the
boundary of {0 < t; <ty < 1}, here for some t; =t5 =7 € (0,1). Hence we have

. -y z
Djunction(yax) = O<1£'1£1 {TL5 <T> +(1=7)la (1 _ 7—) }

Once again, writing the optimal conditions for G (7, 7,y, ), we deduce that
—y T
Ks | —= | =K, .. 5.8
- —y x
G —Kk;(2Y) -k, .
Deriving

aéi s YN Y y x z * *
E—Kﬂ <T>7‘2Ka ﬁ m>0 for (y,m)G(JﬂXJa)\ABa,

We define

by implicit function theorem, we deduce that there exists a unique ¥ € C'(0,1) satisfying

G(7,y,x) = 0. The proof is thus complete. O

Lemma 5.6 (Continuity of Dijunction). The function Djunction 18 continuous in J2.

Proof. From (j5.6)), we already know that Djynction € C((JE X JIN\Apa) UC(AgaU{z =0} U{y =
0}). Therefore in order to prove that Djunction € C(Jg X Jo), it is sufficient to prove that for
any given sequence (y*,z") € (J5 x J3)\ Apga such that (y*, %) = (y, ), where (y,z) € A :=
(& - & =102 €U {2 &), we have
a« &
Djunction (yk7 xk) — Djunction (y7 JJ)

Since the sequence {7(y*,z*)} is bounded, we can deduce that there exists a sub-sequence such
that 7(y*, z*) — 70. We distinguish the following cases.
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Case 1: 79 € (0,1). By continuity of K;, we have

K, <1_‘TTO> =K <T§/> . (5.9)

If z = 0, we have as K,(0) > 0 and (K5 )~" is increasing

= —(K5) 7 (Ka)(0) < =(K5)7(0) = —¢&5,

hence deduce that (y,0) ¢ A, so this case is not possible.
Similarly, if y = 0, we have
x

g = (KD ER)(0) < (K H0) = &1,

[e3

hence deduce that (0,) ¢ A, so this case is not possible.
Now if (y,x) € (J§ x J5)NA, then 5% - 5% = 1 and passing to the limit, we have (5.9). We know
a &

that K, (1) = Kp(€5) = 0, so if we set 7 = 75% =1-—2s01—7= 2 we have
5 a a

K <_Ty> OKa(lfT). (5.10)

By uniqueness of 7 satisfying (5.8]), we deduce that 7° = 7. So we have

Djunction(y",2*) = —yL(€5) + xLG(63) + La(0) = Djunction(y, ©)-

Case 2: 70 = 0. In this case using Lemmal[5.4} y* — y = 0, so z > & and with (5.8) we deduce
that

T(;ﬁk) = (K;)" (Ka (M)) 5 (K5) ! (K (2)) - (5.11)

Therefore Djynction (v*, 2%) = Lo(z) = Djunction (0, x).

Case 3: 70 = 1. In this case, 2¥ — 2 = 0. Arguing as in Case 2, we deduce that y > fﬁ_, and

. AR P -yt - -
T - e (Kﬁ <T(yk,xk))> = (Ka)™ (B (-y).- (5.12)

Thereforeg Djunction(yk7 mk) — LB(—Q) = Djunction(y7 .’17)
The proof is thus complete. O

Lemma 5.7. The function Djunction 5 Cl in J? and for (y,x) € Jg x Jo, we have

Ly (%) if (y,x) € (J5 x J5) \ Apas
L, (& if (Y, 2) € Agas

aszunction(y7$) = L;E(E) ) zfg(/ _ ()) aTLdB{E > gi, (513)
L, o(Kf) "o Kg(~y) ifz=0andy>—&5,

and
—L5(3) if (y,z) € (J5 x J5) \ Dga,
—L5(&5) if (y,x) € Dpa
) ) — BASB ’ ’

OyDiunction(y, ) = —Lyo(Kz) ' oKa(z) ify=0andx>¢f, (5.14)

—Lfg(—y) ife=0andy>—-;.

Proof. We compute the partial derivatives in domains where the function is naturally of class C'!
using that the function 7 is continuously differentiable in (0,1)? and using (5.8). We prove the
continuity of the partial derivatives using the same proof as Lemma [5.6 O
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5.4 Compatibility condition

In this subsection, we prove a compatibility result, which will be used in deriving error estimates.
Let us introduce the following shorthand notation

_ | Halp) ifzeJ;
H(x’m_{ Fa(p) ifz=0.

Remark 4. In J, x Jo, we give a description of {Djunction (¥, ) = La(x —y)} N Anq using [24],
see Figure 2] We have

{ Djunction(0,83) = &3 L (63) + La(0)

= La(£3),
,Djunction(ff(;a O) = 5(;Lix (5(;) + LA( ) =

01(504)

This means that the functions Djynction and (y,z) — Lo(x — y) coincide at the same points
Xo = (0,&F) and Y, = (=& ,0). Therefore we have

Lo(z —y) < Djunction(y,x)  on the open line segment | X, Yy [

because Djynction is linear and L, is strictly convex as a function of y — .
The function (y,x) — Lo(z — y) — Djunction (Y, ) being convex because Djynction(y, ) is linear,
we can consider the convex set

K = {(y,x) € Ja X Ja, La(l‘ - y) < Djunction(yvx)}-

Then the set
re = {(y,l‘) € Aozou Djunction(y7 Z‘) = La (JJ — y)}

is contained in the boundary of the convex set K®. More precisely, we have
= ((aKa) mAaa) C Jo X Jo
which shows that I'* is a curve which contains the points X, and Y.

Theorem 5.8. Assume the Hamiltonians are convex, with Legendre Fenchel transform satisfying

(BO). Then for all (z,y) € JxJ\ U T (i.e., everywhere except on the curves where Dy
a€{l,...,N}

is not C1), we have

H(y7 _ayDO(yv (E)) = H(l’, axDO(y7 .’E))

Proof of Theorem[5.8 First, notice that in the interior of K (i.e., in the regions where Dy (y, z) =
L. (x — y)), we have the result as

H(y, =0yDo(y, x)) = Ha(Lg(x = y)) = H(x,9:Do(y, 7))-

Now we prove the result in the regions where Dy = Djynction. We dibtinguibh different regions of
Jg X Ju, defined in the expressions of 0;Djunction and OyDjunction il - Let us first
point out that we have the following assertion

Ho(p) + La(q) = pq < q € 0Hy(p), (5.15)

where OH,(p) is the convex subdifferential of H,(p).
We distinguish several cases.
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Case 1 (y,z) € (J x J3) \ Apa. From ({5.15), on one hand, and from (5.14) we have

n(6(2))-26(2) 1 (2).

From (5.5)), we have then Hg ’ﬁ(Ty = —Kp (Z) — La(0).
/-

On the other hand, and from (5.13

me (1 (757)) = e () e ()

similarly, from (5.5, we deduce that H, (L’a (ﬁ)) =—-K, (ﬁ) — L4(0). Hence, from (5.8]),

the compatibility condition.

Case 2 (y,z) € (Jj x J3) N Apga. We argue as in Case 1, one can deduce that
Hp(Lj(€5)) = —Kp(€5) — La(0) = A
Ho(Ly(84)) = —Ka(&a) — La(0) = A

From the definition of £ and &5, one can deduce the compatibility condition.

Remark 5. We deduce that the functions 7}, 7, defined in [23] satisfy
ma(A) = Lo(6y)  and 7y (A) = Lj(5)-
Case 3 y =0 and = > £!. Let us check the following equality
’ N\ ’
max (A pmax Hy (LB ((Kﬁ> o Ka(x)>)> =H, (L,(x)).
On one hand, from the definition of K[;, we deduce that
e N1 , N1
H; (1L (Kﬁ) o Ko(w) ) ) = Hps (L (Kﬂ) o Ko(z)) ),
and arguing as previously, we deduce that
) ! -1
Hy (L, (Kﬁ) o Ko() ) - K, Kﬁ> o K. (w)) — LA(0) = —Ka(z) — La(0).
On the other hand from (5.15)), we have Hqo (L, (z)) = —
(

L
And for z > £, we have H (L., (z)) > H, L’a(g;r)) =
compatibility condition.

K. (x) — La(0).
H,(rF(A)) = A. So one can deduce the

Case 4 x =0 and y > —fg. Let us check the following equality

max | A, Lo H (fo ((K;L)_loKﬁ(—y))) Hy (Ly(—y)) | = Hs (L(—y)) -
a#pB

Similarly, as in the previous case, one can deduce that
max H (Lfl ((Kof)floKB(—y») =Ap < A
a=1,...,N

a#p
And for y > {5, we have H (L;(—y)) > Hg (75 (A)) = A.
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Case 5 y=0and 0 <z <. Let us check the following equality
maX(AB max | H3 (L(67)) = Ha(L4(ED)

On one hand, from H, (L, (§+)) =—-K, ( T) = La(0) = —LA(0) = A.

On the other hand, max Hg (Ly(&5)) = XN 5 (L(é5)) = B:Hll,é.l.}.(,N Hy (m;(A)) = A

Case 6 r=0and 0 <y < —55. Let us check the following equality

max(4, max,Hy (Lo(65) = Ha(Ly(€5)).

a=1

Similarly, as in Case 5, one can deduce the compatibility condition.

Case 7 x =0 and y =0. Let us check the following equality
Z ot fe—y — T/ (¢+
max(A, max Hpy(Lj(Eg)) = max(4, max Hy(Ly(E)-

In fact, it follows directly from Case 5 and Case 6.
The proof is thus complete. O

5.5 CObU! estimates for the reduced minimal action

In this section, we study the Lipschitz regularity of the gradient of the reduced minimal action
Dp. It turns out that its gradient is indeed Lipschitz if the flux limiter A is not equal to Ag, the
minimal flux limiter. Such a technical result will be used when deriving error estimates. It is also
of independent interest.

Proposition 5.9 (C!! estimates for the reduced minimal action). Let p > 0 and assume
that the Hamiltonians satisfy and . The function Dy associated with the flux limiter
Ao+p can be chosen C11(J2) for any K > 0 where J& = {(z,y) € J? : d(0,2) < K and d(0,y) <
K}. Moreover, there exists Cx and C' such that

Ck
||awijunctionHL°°(J§() S my (516)
and
| H. (85 D;umetion)Osa Dyunction| < % (5.17)
a\YVz Zjunction )Yzx & junction || L (J3.) = min(l, \/ﬁ) .
the constants C and Cl depends only on K and (1.9).
Moreover, in the case where for all o € {1,..., N}, min H, = Ay, we have
Haa::z:Djunction”Loo(J?() S CK (518)

Proof. In the following A denotes Ag + p. Using (5.13), we see that 0zzDjunction = 0 on Ag,
for all (8,a) € {1,...,N}? and 8puDjunction(y, ) = Lo (z) on {0} x {z € J, | x> &F}. So it is
sufficient to prove (5.16)) and (5.17) on T":= J3 x J3\Ag, for all (B,a) € {1,... ,N}2. By (5.13),

we deduce that on T,
1 x or x
OpzDjuncti = L' ——).
D) = (5 + 0 9) 4 ()
Let us compute also % using (5.8)),

1 / x
0T ) = i Ko ()
ox ’ Yy K/ ( -y ) _ T K! < T )
T(y,x)? "B\ T(y,) (A=7(y,x))? " \ 1-7(y,x)
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And as Kj (Z) = 2L (%) > 0 and K, (L) ==L (%) < 0 we deduce that

S 1—7 1—
—X 1 xT
or (1—T(y,x))2La (1—T(y,x))
%(y’x) - y? ! -y 22 ) x ’ (5'19)
T LB (ﬂw)) T T wa)? “a (H(y,w))
So we have on T
y> L ( T )L// ( —y )
—7(y,z))7(y,z)3 ~ —7(y,x T(y,z
D2 Dunction () = (1—7(y,z))7(y,2) 1-7(y,z) ) 7B \ 7(y,x) >0. (5.20)

y2 " -y 2 x
e Ls (r(w)) t =@ La (1—r<y,z>)

As the denominator is a sum of two positive functions, 0y2Djunction from above by the same
numerator over only one term of the denominator. We deduce in these two cases that,

" T : 1
8I:L’Djunction(yvl') S 2La8(217(y7‘/f/)> — lf T(y,$> S f (521)
B () et =
T—7(y,x

Moreover, we have on T,

’ ] ] _ ! / L = L
Ha (8$D]U7Lctlon(y7 I)) HO‘ (La <1 — 7‘(y7 .’1?))) 1-— T(y7 LE)’

and
R el o) LU LS
T~ Yzajunction\¥, T) = 8y? " _y . 1
1 T(y,.fL') 1—7714,3:) Lﬂ (‘r(ym)) lf T(y,l’) Z 29

In the case 7(y,z) < %, as 0 < #(yw) < 2z, we get the inequality (5.16]) and (5.17)). Let us prove
the following lower bound for (y,x) € T,

T
> ¢t 5.22
T (22
which helps us for the second case. For y € Jg, we see that x — #@x) has a non-negative

derivative using (5.19)), so it is a non-decreasing function. Therefore to prove ([5.22), it is sufficient
to show it on JT. Let (y,x) be in 0T. We distinguish three cases.
In the case where y = 0, necessarily z > £F and as 7(y, ) € [0, 1], we deduce

In the case where y €]0, = [, we have (y,z) € {(y,x) € Jg X Ju, 5% - % =1¢. So by (5.10

z — et
we deduce that ) — &r.

In the case where y > —¢;, we have x = 0. It is enough to prove that

1,/
iminf ———— > ¢, .
Ty 2 529

We have for (y,z') € T,

(i) = () < (7).

as K g is non-decreasing on | — 0o, 0]. We deduce that

z -1 —$5
T(y,x’)z(K‘j) OKB< ):




as (KJ)~! is non-increasing. As limo 7(y,2") = 1, taking the limit inferior in the preceding
z/—
inequality gives (|5.23)). So we deduce (5.22)) and

8y° - . 1
89690Djunction(yvx) < Y Ly <7_( i ) if 7(y,z) > 9

(&)? P \r(y,2)
8y° i —v . 1
T 7 N rzD'unc ton\Y, S —L N f ) Z a°
1—7‘(y,36)a junction(y, 2) & TP\ (y,x) if r(y,z) 2

If ¢ > 1, we deduce (5.16]). If £ < 1, let us prove that it exists a constant C' > 0 only depending

on (1.9) such that
(&5)? = Cp. (5.24)

As A= Ay + p we have
Ka(§) = La(§) — ELL(§) + Ao + p,
and
Ko (§) = —€La (&)
The function L” is bounded on [0, 1], it exists M > 0 such that
v < LI <M.
So we have K/ (§) > —M¢. We integrate from 0 to £ > 0 and get

Ka(€) — Kol0) = M5 (5.25)

Taking & = ¢F, as K, () =0 and as L, (0) + Ap > 0, we deduce that
2 2
N2> (L A > —p.
(€02 2 (Lal0) + Ao+ ) > 220
So we get (5.24]) and we deduce (5.16]) and (5.17)).

In the case where for all « € {1, ..., N}, min H, = Ay, we only have to consider the case 7(y, z) > %
in (5.21)) since the case 7(y,z) < % gives already the bound (5.21]). In order to get a bound for

( 832 E _ e ;Zz L let us prove that for all £ € [-2K, 2K], we have
== (5,2) a) ke T

the term

52
((Ka)~t o Kp(=¢))

where Cyx > 0 is a constant which depends on K. Let Myxk be such that on [-2K, 2K] we have
for all « € {1,..., N},

5 < (o, (5.26)

v < LI < Mog.

Replacing ¢ by (KJ)~1(¢) in (5.25), we deduce that
2

(KH)~1(9)

Mok 5

> =+ K, (0).

So we have )

((K3) ™' o Ks(=€))

Msg 5 > —Kp(—=§) + Ka(0).
As for (5.25)), we have the following inequality
52
Ks(0) ~ Ks(-) 275
So as K,(0) = K3(0) = p we deduce that
KH)~lo Ks(—¢))? 2 2
My )T ISCON 80— a0 245
That gives (5.26]) and we deduce (5.18]). O
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6 Error estimates

6.1 Proof of the error estimates

To prove Theorem [I.2] we will need the following result whose classical proof is given in Appendix
for the reader’s convenience.

Lemma 6.1 (A priori control). Let T > 0 and let u" be a sub-solution of the numerical scheme

(1.14)-(1.16) and u a super-solution of (L.1))-(1.2)) satisfying for some Cr > 0,
u(t,z) > —Cp(1+d(0,x)) for te(0,T).

Then there exists a constant C = C(T) > 0 such that for all (t,x) € Gy, t < T, and (s,y) €
[0,T) x J, we have
WM (t,2) < u(s,y) + C(1 + d(z,y)). (6.1)

We also need the following result [23, Lemma 4.4] where the proof is given in [23].

Lemma 6.2 (From non-convex to convex Hamiltonians). Let K € (0, +00). Given Hamiltonians
H, : [-K,K] — R satisfying (1.3), there exists a function 8 : R — R such that the functions
Bo H, satisfy (1.9) for a =1,..., N. Moreover, we can choose (3 such that 3 € C*(R) and 8’ > 1.

Remark 6. In [23] Lemma 4.4], the functions 5 o H,, satisfy in fact the following assumptions

H, € C*(R) with H” >0 on R,
H!, <0 on (—00,0) and H’, > 0 on (0, +00), (6.2)

which implies . Indeed, in the next proof on error estimates, we only need to consider
Hamiltonians on a compact set which only depends on ug and the Hamiltonians H,, thanks to
the fact that the solution is Lipschitz continuous, see Theorem and (3.2). So on [-K, K], the
functions (5o H,)"” are bounded by some constant C' > 0. We deduce that the functions L, are of
class C? and satisfy L > v = % Indeed, from the relation H,(p) + Lo (q) = pq with ¢ = H/ (p),
one can deduce that L/ (H!/(q)) = g, so

1

Fel = sty 7

We now turn to the proof of the error estimates in the case of flux-limited junction conditions.

Proof of Theorem [1.2. We assume that the Hamiltonians H,, satisfy (L.3)). Let u be the solu-
tion of (I.5)) and u” the solution of the corresponding scheme (1.14)) with F = Fj.
In order to get ([1.21)), we only prove that

CT(AZ)l/Q if A> Ao,

in [0,7) x J N
Or(Az)?/5  if A= A, n [0,7) x J NG

ul(t, x) —u(t, ) < {

since the proof of the other inequality is very similar. We are going to prove that

M) — ult ) < O () +0(A2) +0(e) + O(v) if A> A,
u'(t,x) —u(t,x) < . Ax)2 .

0 (&) +0 (A—ﬁ) +0 (%) +0(p) +Oe) + O(v) if A= A.
which yields the desired inequality by minimizing the right hand side with respect to € and v in
the case A > Ay and with respect to p, e and v in the case A = Aj. Let § be the function defined
in Lemma such that the functions o H, satisfy (1.9). In the following, we consider that the
function Dy is associated to the Hamiltonians 8 o H, and to the flux limiter 5(A) which satisfies
B(A) > B(Ap) in the case A > Ay.

The remaining of the proof proceeds in several steps.
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Step 1: Penalization procedure. Using the expression of Dy in (5.2]) and Djynction in (5.6)),
we deduce that it exists C' > 0, such that Vo € J

Do(0,0) = L4(0) = —A < Dy(z,z) < C.

Let Dy = Dy + A, we have that ~
0 < Dy(z,2) <C+ A.

For n, 8, e, v positive constants, let us define

~ t—s)? 0
M.s = ht,z) — —D(yf)—( 2
s Sl {U( ) —u(s,y) = Do (2, - 5 5
(s)€l0.T) %I

e ()

where the test function Dy is given in (5.2). In this step, we assume that M, s > 0. Thanks to
Lemma and the superlinearity of Dy (see Lemma , we deduce that for (x,y) such that the

quantity in the supremum is larger than M§’5, we have

M. s Y o[y T (t—s)? 4§ , 7
—= < C(1+ —&- e - = -
0< 2 C(1+d(y,x)) €2d (5’6) 7 2d (y,0) "

which implies in particular

and 5
§d2(y7 0) < C(l + d(ya 3?))
Notice that in the following, we use the notation Dy instead of Dy. Indeed we deal only with
partial derivatives of Dy which are equal to partial derivatives of Dy and differences between two
values of Dy at two points which are equal to differences between two values of Dy at these two
points.

We deduce from the two last inequalities that d(y,z) is bounded and d(y,0) is bounded, so the
supremum is reached at some point (¢, z,s,y) where y € Jz and x € J,. This estimate together
with the fact that —d,Do(%, ) — dd(y,0) lies in the viscosity subdifferential of u(t,-) at x and
the fact that dd(y,0) is bounded, implies that there exists K > 0 only depending on |Vul|« (see
Theorem such that the point (¢,z, s,y) realizing the maximum satisfies

T
= - < K. .
‘ayDO(E’s)‘_K (6:5)
If a =g, for £ or £ large, then (6.5) implies

h(t-2)|<x
€ g

As L, is superlinear, it implies that d (g, %) < C, for C' > 0 which is sufficient for the use in step

2 of the C1! estimates as Dy only depends on d (%, %) for £ or £ large. If o # 3, assume by
contradiction that ¥ or £ are not bounded when ¢ — 0. Then using (5.14) and (5.8) we get a
contradiction with (6.5). So ¥ and £ are bounded by a constant which only depends on ||Vu||
and the Hamiltonians H,,.

We want to prove that for n > n* (to be determined) the supremum in (6.4) is attained for ¢t = 0

or s = 0. We assume that ¢ > 0 and s > 0 and we prove that n < n*.
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Step 2: Viscosity inequalities. Since ¢ > 0 and s > 0, we can use Lemma [£.3] and get the
following viscosity inequalities.

If © # 0, then

If y # 0, then

If y =0, then

We now distinguish the case A > Ay and A = Ay.
Case A > Ay. Thanks to the C1! regularity of the function Dy, see Proposition and the

fact that the functions H(f, H,, are locally Lipschitz we obtain, for z € J, and y € Jg with a # 8
(le for DO = Djunction)a

if 20, t;s—%+Ha (6xpo(z,j))+o<iaj>§0 (6.6)
itz =0, t;s—%ﬂa (azDO(Z,o))JrO(AEx)@ 6.7)
if y £ 0, t;s + Hp (—aypo (g g)) +O(V3) > % (6.8)
ify=0, ° - L (—3yD0 (0, g)) > % (6.9)

Now for (y, ) € Jo X Jo, from (5.2)) and (5.6)), one can deduce that Dy is in fact C? far away from
the curve I'“ defined in Remark |4l hence the viscosity inequalities — remain true.

Now we treat the case where (£, ) is near the curve I', but not on it.

First if (£, £) is such that (£, %) € K*\I'® and (¥, Z=22) ¢ K*, we have

[ e’ 5

_A —Ag —
Dy <y7:c m) <L, (m x y)
€ € €

So as H is non-decreasing, we deduce that

(S (B2 S n (B ) <o (S (Y2 py (Y 2B L)
Ax € € Ax e € € €

Hence the viscosity inequalities (6.6)-(6.9) remain true. If (£, %) is such that (£,%) ¢ K* and

(L,2HA82) ¢ KT, we have

Do (y, v Ax) < Djunction (ya v Ax) .
3 3 g 3
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So as H is non-increasing, we deduce that

A A
Ha_ i Djunction gy rrar _Djunction g; E S H(; © DO ya rar _DO ya E
Az € € € e Ax € € e e

Hence the viscosity inequalities - remain true.
Now for (¥,2) on the curve I'*, we get the following viscosity inequalities, using Proposition

el e

If  # 0, then

t_S_g—l—maX H ° L, 7x+AJ;—y - L, i ,
v U Az € €

€ , x , x— Ax
(o {men? - sen(=20) ) | <o
If x = 0, then

oo (el (352) - =

If y # 0, then

_ﬁ n t_TS + max{H; (L’a (x ; y) _ 6d(y,0)) H (L'a(g;) - 6d(y,0)>} > 0.

If y =0, then
n t—s _ x
N + - + max <A,m3xHa (L/“(a>)> > 0.

We now simplify the above inequalities,

ite£0, % _ % +maX{Ha (L; <x€y>) ,H;(L;(gg))} +0 (A;”) < 0(6.10)

v
if x =0, t_s—At—l—maX(A,maxHa_(L’a(—y)))—|—O<Ax> <0 (6.11)
v 2v o € 15

. t—s _ T -y _ n
if y #0, > +maX{Ha (L;( . >>,JLI:{(L;(ga))}+O(\/5)z2T2 (6.12)
. t—s _ (X n

= — — > —. .
ify=0, ~— + max (Amnga (La<€)>> 2 573 (6.13)

Combining these viscosity inequalities and using Theorem with the Hamiltonians 8 o H,, we
deduce the same equalities for the Hamiltonians H, as (8 is a bijection. We use also the fact that
HY (L () = A and HI (L, (&) = Ao, we get in all cases

n<o (Af) +0 (f”) +O0(WV5) = 7.

Case A = Ay. In this case the function Djynction is not of class CY1, see Proposition So
we consider the function Dy associated with A = Ay + p where p is a small parameter. The main
difference with the case A > Ay is in the case z € J, and y € Jg with a # . We only treat the
case ¢ € J, \ {0} and y € Jz with « # §3 since in the other cases the arguments are the same as
in the proof of the case A > Ag. Since Dy(%,.) is nondecreasing and H (p) = Ao for p > 0, and
HY(p) = Hu(p) for p > 0, we have

— A - A
bos 20 g (=l (Y2) —py (¥, 2225 L) <, (6.14)
v 2v Ax € ¢ € €
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By using the Taylor expansion of the function Dy(¥,.) of class C*, there exists 61 € [0,1] such
that

y T y r—Ax y T y r—0,Ax
Ha (AJ} {DO (a a) Do <5 € )}) (8 Do (e 5) 2 52 0 <€ 5 >)
Using now a Taylor expansion of the function H, of class C?, there exists 6 € [0, 1] such that

€ Yy x y x— Ax
Ho =Dy (£,5) =Dy (2 =
Q(Ax{ 0(5’5) 0(5’ € )})
T Ax y x—601Ax Yy T
Ha (000 (2. 2)) = 52 0 (5’5 ) 2 (0:20(2:2))

2 2
+ 1 (A7) a,p, (LE0AT) i (a,m, (V2) - 2875, p, (1,204,
8 € € € €' € 2e € e

(6.15)

Using Taylor expansion for d,Do(., £) and H,, of class C! there exists 03,04 € [0,1] such that

Hlll (aerO (%7%)) H' (a D (g r— Z;Aac) _|_9 AmaszO (y T— 93A31'))
= H (0,0 (£ ==h0e))

1820, D (1, 080) Y (0, (2, 582 1,820, (1, =52

(6.16)

d ?—; are bounded independentely of

Notice that the terms in H] are bounded since £, £ an

Axr <1 aswetakez;‘:p:Ax%.
So combining (6.15)) and (6.16]), thanks to the C*! regularity of the function Dy, see Proposition
we deduce that

(5 o (2 -2 (2] o () w0 (7)o ((5) ),

So combining the viscosity inequality and using the fact that |Fa — Fa,| < p we have

n<0<ﬁt) +O(fjﬁ>+0<<$>2> +OW0) +p=:7" (6.17)

Step 3: Estimate of the supremum. We proved in the previous step that, if n > n*, then
either M, s < 0 or M, s is reached either for t =0 or s = 0.
If t = 0, then using Theorem we have

2
S
Me < up(w) = wo(y) = 5-d*(y,2) + Ors = .

2v
Using the fact that ug is Lo-Lipschitz, one can deduce

g r?
M, s < sup (Lor - —7‘2) + sup (Cr - )
r>0 2e r>0 2v

< O0(g) + O(v).
If s = 0, then we can argue similarly (by using the stability of the numerical scheme Lemma

and get
M. s < O(e) + O(v).
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Az [[u(T,.) — u™(T,.)]|oo
0.00250 1,192x10 2
0.00100 0,753x10~4
0.00075 0,644x1074
0.00050 0,503x10~*
0.00025 0,329 x10~*

Figure 3: Error estimates for A = Ag =0

Step 4: Conclusion. We proved that for > n*, M. 5 < O(g) + O(v). This implies that for all
(t,x) € Gy, t <T/2, we have
h L (T T 0 o 2n
WP (t,2) — ult, ) < Dy (7, 7) 4 222,00+ 21 1 O(e) + O(v)
€ € 2 T
Replacing 1 by 2n* and recalling that 250(:137 x) < C+Aforall x € J, we deduce that for (¢,x) € G.
and t < T/2 (after letting 6 — 0),

ul(t,z) —u(t,z) <O (f) +0 (A:> +0(e) + O(v).

Using the CFL condition (1.18]) and optimizing with respect to ¢ and v yields the desired result on
[0, %) Doing the whole proof with u the solution of (T.5) and u" the solution of the corresponding
scheme ([1.14) with F' = F4 on [0,2T) yields the desired result on [0,T).

O

Remark 7. If for all « € {1,..., N}, min H, = Ay, then in the case where A = Ay, thanks to the
CY! regularity of the function Dy, see Proposition we can conclude as the case A > Ay that
the error estimate is of order Az?.

6.2 Numerical simulations

In this subsection, we give a numerical example which illustrates the convergence rate we obtained
. . . . . 1
in the previous subsection. In the case A > Aj, we get an optimal error estimate of order Axz.
. . . 1 .
But in the case A = Ay we only have examples with an error estimate of order Azz when in the
2 . . . . . .

proof we have Ax3. So we wonder if the error estimate obtained in the proof is optimal for the
case A = Ay.

Here we consider a junction with two branches J; = Jo = [0, X]. We have the two following
Hamiltonians,
Hl (p) = p27
H2 (p) = p2 - la

and the initial data
sin(0.2z) if z € Jy,

uo(z) = { sin(z) if z € J,.

In the simulation we take X = 0.1 and we give the error ||u(T,.) — u"(T,.)||s at time T = 0.01.
Here we have Ag = 0.

For A=0, A=0.1> Ag and At = %’f we get the following result, see Figure [5| and |§| ploted in
logarithmic scale and the error values in Table [3 and [
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Ar (T, ) = u"(T s
0.00250 1,266x10~1
0.00100 0,719%x10~4
0.00075 0,616x104
0.00050 0,511x10~4
0.00025 0,350 x10~4

Figure 4: Error estimates for A = 0.1 > Ay

Error of order a=0.55941

O  exact error

log(Ilu(T,.)-u"(T,)Il_)

linear line of slope 0.5
linear regression line of the error

PR

10
log(A x)

Figure 5: Error estimates for A = Ay =0

34




Error of order «=0.55443

o

exact error
linear line of slope 0.5
linear regression line of the error

10
log(A x)

Figure 6: Error estimates for A = 0.1 > Ag
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A Proofs of some technical results

A.1 Proof of a priori control

In order to prove Lemma [6.1] we need the following one.

Lemma A.1 (A priori control at the same time). Assume that ug is Lipschitz continuous.

Let T > 0 and let u" be a sub-solution of (1.14)-(1.16) and u be a super-solution of (1.1])-(1.2)).

Then there exists a constant C' = Cr > 0 such that for all (t,x) € G, t <T, y € J, we have
Wh(t2) < ultyy) + Cr(1+ d(,y)). (A1)
We first derive Lemma [6.1] from Lemma [A1]

Proof of Lemma [6.1] Let us fix some h and let us consider the sub-solution u~ of (1.14]) and
the super-solution u™ of of (1.1)) defined as :

ut (t,2) = uo(z) + Cot

u” (nAt,iAx) = ug(iAzx) — ConAt
where

Co—max{|A|, max  max |Hy(pe)|; max F(pl,...,pN)}
[e3 |§L0 L

=1,...,N |pa [pa|<Lo

and L denotes the Lispchitz constant of ug. We have for all (t,z) € Gy, with t < T, (s,y) €
[0,T) x J
u” (t,z) —ut(s,y) < 2C0T + Lod(z,y).

We first apply Lemma to control u”(t,xr) — u~(t,z) and then apply Lemma to control
ut(s,y) — u(s,y). Finally we get the control on u" (¢, z) — u(s,y). O

We can now prove Lemma
Proof of Lemma [A.1] We define ¢ in J? as

o(z,y) = 1+ d*(z,y).

Since,

Py ={ Ew2 i () € Jax T
’ (x+y)? if (2,y) € Ju x Jg with a # 3

we see that d? (and consequently ¢) is in C! in J2. Moreover ¢ satisfies
e (@, 9)], |y (2, 9)] < 1. (A.2)
Recalling that there exists C' > 0 such that
|u(t, ) —ug(z)| < Ct and  |u(t,y) — uo(y)| < Ct

(see Theorem and (4.2)) and using that ug is Lp-Lipschitz continuous we deduce that for all
(t,l’) € gh7 t STv y€ J,
u(t,2) = ult,y) < 20t + Lo (x,y),

which yields the desired result. O
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A.2 Construction of F
Lemma A.2. There ezists F, such that
1. F satisfies ;
2. F=F inQo;
3. ForpeRN, (=V-F)(p) < supg, (=V - F).
Proof. Let I, denote [p;P,] so that Qo = [],, Ia. We then define

N
F(p) = F(Pl(pl)v- .- 7PN(pN)) - an(pa - Pa(pa))7

where

and
0

p) o ifr< Bﬁl»

Pa(ry=<r if rel,,

D, ifr>mp,.
Remark that in view of the assumptions made on F', we have C,, > 0 which will ensure that (|1.7)
holds true. It is now easy to check that (|1.7) and Item |3| are satisfied. This ends the proof of the
Lemma. O

A.3 Relation between the junction and BLN conditions

Consider the following scalar conservation law posed on (0, +00),
0w+ 0,(H(v)) =0, t>0,2>0,
U(ta 0) = Ub(t)a t>0,
v(0,z) = vo(z), x> 0.

The usual BLN condition asserts that the trace v, of the entropy solution at x = 0 (if it exists) of
the previous scalar conservation law should satisfy

Yk € [min(vy, v, ), max(vy, vr)], sgn(v; —vp)(H(v,) — H(k)) <0.
If H is quasi-convex, this reduces to
H(v,) = max(H (v,), H (v)).

This corresponds to a flux limiter A = H™(vy).
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