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Interactions between moderately close inclusions
for the 2D Dirichlet-Laplacian

V. Bonnaillie-Noél, M. Dambrine and C. Lacave

February 24, 2015

Abstract

This paper concerns the asymptotic expansion of the solution of the Dirichlet-Laplace problem in
a domain with small inclusions. This problem is well understood for the Neumann condition in dimen-
sion greater than two or Dirichlet condition in dimension greater than three. The case of two circular
inclusions in a bidimensional domain was considered in [[1]. In this paper, we generalize the previous
result to any shape and relax the assumptions of regularity and support of the data. Our approach uses
conformal mapping and suitable lifting of Dirichlet conditions. We also analyze configurations with
several scales for the distance between the inclusions (when the number is larger than 2).

Keywords: perforated domain, Dirichlet boundary conditions, asymptotic expansion, conformal map-
ping.

AMS Subject Classification: 35B25, 35C20, 35J05, 35J08.

1 Introduction

In many application fields ranging from electrical engineering to flow around obstacles, one has to
consider Poisson equation in a domain presenting holes. The presence of small inclusions or of a
surface defect modifies the solution of the Laplace equation posed in a reference domain €2g. If the
characteristic size of the perturbation is small, then one can expect that the solution of the problem
posed on the perturbed geometry is close to the solution of the reference shape. Asymptotic expansion
with respect to that small parameter —the characteristic size of the perturbation— can then be performed.

The case of a single inclusion w, centered at the origin 0 being either in 2y or in 02y, has been
deeply studied, see [[18} 19,114} [15, 20,7, I8]]. The techniques rely on the notion of profile, a normalized
solution of the Laplace equation in the exterior domain obtained by blow-up of the perturbation. It
is used in a fast variable to describe the local behavior of the solution in the perturbed domain. In
usually dealt situations that is for Neumann boundary conditions in dimension greater than two and
Dirichlet boundary condition in dimension greater than three, convergence of the asymptotic expansion
is obtained thanks to the decay of the profile at infinity.

The case of some inclusions was considered for example in the series of papers of A. Movchan
and V. Maz’ya [16, [17] where an asymptotic approximation of Green’s function is built and justified
in a domain with many inclusions. The points where the inclusions are shunk are fixed in those works.
In [2], the Neumann case where the distance between the holes tends to zero but remains large with



respect to their characteristic size was investigated for two perfectly insulated inclusions: a complete
multiscale asymptotic expansion of the solution to the Laplace equation is obtained in a three scales
case.

Recently, V. Bonnaillie-No&l and M. Dambrine have considered in [1]] the case of two circular
defects with homogeneous Dirichlet boundary conditions in a bidimensional domain. They distinguish
the cases where the distance between the object is of order 1 and the case where it is larger than the
characteristic size of the defects but small with respect to the size of the domain. They have derived
the complete expansion and built a numerical method to solve the problem. Our aim is to extend their
result to any geometry for the inclusion as well as to richer geometric configurations. Note that L.
Chesnel and X. Clayes have proposed an alternative numerical scheme in [3].

Let us make precise the problem under consideration. Let {2y be a bounded connected and s1rnply
connected domain in R?. We consider N inclusions of size ¢: forany i = 1,..., N letw! := x¢ 4 cw’
where w' is a simply-connected compact set containing 0. The centers of the 1nclus1ons x are distinct,
belong to 2 and tend to z{ € Qy as ¢ — 0. We allow to have the same limit position z}, = z) for
some ¢ % j but we assume that the distance for any € > 0 is much larger than the size of the inclusion
(see in Section 4] for precise definitions). Therefore, for € small enough, we have wé C Qp and
wt Nw! = () for any i # j. The domain depending on ¢ is then :

N
Q. :=Q\ (Uwé)

i=1
We search an asymptotic expansion for the solution u, of the Dirichlet-Laplace problem in €.:

{—Aua = f in €,

u: = 0 on 0, (1.

where f € H=1#(Qq) with > 0. Since the H!-capacity of w! tends to 0 as ¢ tends to 0 (see e.g. [12]
for all details on the capacity), it is already clear that u. converges strongly in H(l](QO) to ug which is
the unique solution of the Laplace problem in £2j:

{—AUO = f in Qo,

ug = 0 on 0Q. (1.2)

In this convergence, we have extended u. by zero inside the inclusions. At order 0, we thus have
ue = ug + r? where ||r2||y1(q,) — 0 as € — 0. Let us notice that the remainder 2 satisfies

~Ar? =0 inQ,,
0 =0 on 09, (1.3)
rd=—uy ondwl, V1<i<N.

The purpose of this paper is to get the lower order terms in the expansion of u.. We follow the leading
ideas of [1] and generalize their results to any geometry of the defects while simplifying the proofs.
We also relax the assumption on the regularity of f and do not more assume that f is supported far
away the inclusions. The drawback is that the correctors built in this work are less explicit but remain
numerically computable.

The paper is organized as follows. In Section [2] we present the basic tools essentially of complex

analysis required for the sequel. Section [3]is devoted to the presentation of the strategy on the model
case of a single hole, while Section4ldeals with a finite number of holes separated by various distance.
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2 Basic tools

In this section, we introduce basic material which will be used in the following sections. The explicit
solution to the Laplace problem is well known in the full plane, and we can also find in literature the
Green function in or outside the unit disk. Conformal mapping is a convenient change of variable for
the Laplace problem in order to get a formula inside or outside any simply connected compact set. In
the sequel, we identify R? and C through (x1,22) = 21 + ix2 = 2.

2.1 Conformal mapping and Green function

By the Riemann mapping theorem, there exists a unique biholomorphism 77 from R? \ w’ to B(0, 1)0
such that ' ‘
T'(0) = and  arg(7")'(00) =0,

which reads in the Laurent series decomposition as
Ti(z)=p2+) =&, Vze B0 R) 2.1)
keN o

with 3 € R is called the transfinite diameter (or logarithmic capacity) of w’. In the previous equality,
the radius R is chosen large enough such that w’ C B(0, R). For example, a consequence of such a
decomposition is the existence of a constant C' > 0 such that:

IT°(2) = B*2[lLoe 2\wiy < C- 2.2)

For the Dirichlet problem in an open set €2, the Green function is a function G from {2 x Q2 to R
such that

where 0 is the Dirac measure centered at the origin. In the full plane, we have G2 (z,y) = % In|z—y
and outside the unit disk we have

1 |z —y
G—c = — _
B () = o N ol
with the notation y
Y=
ly[?

Thanks to the conformal mapping 7" we deduce the Green function in the exterior of w’:

G (1:9) = 5 I ety A P )]

Inside €2, let us introduce the function G defined by

Glpl(w) := - OnGay(z,y)p(y) do(y), Vz € Qo, (2.3)

where G, can be defined as in Gpe\ . replacing T by T a biholomorphism from g to B(0,1).
This function satisfies

—AGlp] =0 in Qy,
Glol = on 0.



Remark 2.1 For any shape Qg and w* we can compute numerically T°, T, only by solving once a
Laplace problem. This is discussed in [[I1, Chapter 16, section 5]. We can also explicit the conformal
mapping for some geometries.

In the particular case where W' is a segment, then the Joukowski function h(z) = (z + 1/z)/2 gives
an explicit formula for T*. Indeed, h maps the exterior of the unit disk to the exterior of the segment
[—1,1] x {0}. Then, up to a translation, dilation and rotation, we find that T*(z) = z + V22 — 1
(where & is chosen in order that | T*(z)| > 1, depending on the definition of \/) sends the exterior of
the segment to the exterior of the unit disk.

When W' is an ellipse {(x,y) € R?, a®z? + b*y? < c®} with a,b, c > 0, then we find

Cz+1/z+,cz—1/z , c o+ Ve 222402 — g2
bt s '

o -
(TG =5 b 0 ad T = a1+ b1

2.2 Dirichlet problem in exterior domain

Even if the main goal of the Green function is to produce an explicit solution of the Laplace problem,
we only use these functions to prove the following Lemma.

Lemma 2.2 Let w be a smooth compact set of R2. If F € H'/? (Ow), then the boundary value problem

—AVU =0 inR?\w,
v=Fr on Ow,
admits a unique weak solution U in the variational space

)
Hi, = 1 ®;
log { " (14X In(2 + | X))

€ L2(R?\ w) and V® € LX(R? \w)}.

Furthermore, we have the following properties:

1. Foranyn € N, the solution U can be decomposed as
U(X) =) Up(X) + Rpy1(X) 2.4)
k=0
ay, cos (k@) + by, sin(k0)

rk

[ X" [Rn (X)] < Crll F[ o0 (90) (2.5)

where U is constant, Y (r,0) = and

for some C,, > 0 independent of F.

2. Let T be the biholomorphism from R?\w onto the exterior of the unit disk (such that T (00) = oo
and arg T'(oc0) = 0), we have

27
Wy = Wo[F] = % /0 FoT™! <C°S 9) =L [ F)/det DT do(Y). (26)

sin 0 27 Jow

3. Wy = 0ifand only if there exist R > 0 and ¥ € H(R2 \ B(0, R)) such that



The well-posedness in the variational space is a standard result coming from Lax-Milgram

Proof:
theorem (see e.g. [10]).

Next, we note that V¥ = <gli> is divergence and curl free, so
p)
ﬁ(z) = 01¥(z,y) —i02¥(z,y)

is holomorphic because it verifies the Cauchy-Riemann equations. Hence, VU admits a Laurent series
decomposition on (0, R)¢, with R such that w C B(0, R), and as V'V is square integrable, we deduce

that
— +“Jck
VV¥(z) = — .
(2) Z R for all z ¢ B(0, R)
k=2
Obviously, the function
<« —Ck+1
g(Z) = kz_l kzk

is a holomorphic primitive of V. Decomposing the function g in real and imaginary part

9(2) = g1(z,y) +iga(z,y),

we verify that
dg

dz
where we have used the Cauchy-Riemann equations on g. Therefore, there exists ¥y € R such that

[e’] “+00
—C
U(z,y) = Vo + g1(z,y) = Yo + Re g(z) = Uy + Re (§ j k’;,jl) = U+ > Uy(z), @)
k=1 k=1

(2) = 3(0191 + 70291) + 5 (D192 + 70292) = D191 — iDagn,

where c c
ap = —Re%, and by = —Im%.

This ends the proof of the decomposition of Point[Il We establish (2.3)) at the end of this proof.
We use to prove the third point. If ¥y = 0, then ¥(x,y) = Re g(z) with g € H(C\ B(0, R))

and we compute by the Cauchy residue theorem that

/ g dz =0.
AB(0,R) #

At the opposite, assume that there exist R and U € H(C \ B(0, R)) such that

U =Re VU and / gdz:O.
dB(0,R) #

We decompose ¥ in Laurent series ¥ = ) keZ dkz_k, and the condition



reads as dy = 0. As ¥ = Re \Tl, we conclude that Uy = Re dy = 0 which establishes the Point 3
Concerning the second statement, we write the expression of the solution ¥ in terms of the Green
function:

U(X) = ; O.G(Y, X)F(Y) do(Y), (2.8)

where n is the outgoing normal vector of R? \ w. Thanks to the explicit formula of G, we compute:

1 TY)-T(X) TY)-T(X)*
30 ), PO DT 0 (G =9 ~ 7w =700 ) 0

When X — oo, T(X) — oo and 7 (X)* — 0, hence it is clear that

U(X) =

__1 T T(Y)
Vg = o/, FY)n(Y)-DT (Y)|T(Y)|2 do(Y).
A parametrization of Jw can be
_ 1 (cosf
Y=~0)=T <Sin9> for 6 € [0,2n].

Hence, (7'(0)) = —DT (T (Y))T (Y) where we have used the Cauchy-Riemann equations. Hence,
we compute again by the Cauchy-Riemann equations that

, B _ _ B _ B 1
Y OF =TX)-(DTHTY))) ' DT HTE)NT(Y) =det DT HTY)ITY)P = DT
We deduce that
n(Y) :(r;ffe)))r = —\/det DT(Y)DT Y T(Y)T(Y) = —/det DT(Y)(DT(Y))"'T(Y)
(DT(Y)" __ WTY))
T 4T Y T ey
Hence, we get
e T T(Y) ryy )
n(Y) - DT (Y) TR~ DT DT(Y)DT*(Y) TR det DT (Y)
This allows to conclude:
Uy = 2171 Y)ydet DT (Y) do(Y
1 2” 2m cosf
=5 T 0))\/det DT (v(6))|7 (6 \de_—/ FoT~ <Sm9> de.
An important consequence of this equality is the following estimate:
[Wo[F]| < [|FlLec (o) - (2.9)

Now, we note by the Laurent series decomposition (2.7)) that there exists R large enough such that
[U(X)]| < [Wo[F]| + [[F]|Lec (o) for all X € B(0, R)°. Therefore, ¥ is bounded by 2| F||e (5.
outside this ball, and in B(0, R) \ w we use the maximum principle to state that

[CX] < [[¥]lLeeawuono,r) < 2l FlLe@w) VX € B0, R) \w
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hence
[0 ®2\w) < 201 F (|00 (5)-

Next, we consider Ry > 1 such that w C B(0, Ry — 1). By harmonicity of ¥, the mean value formula
implies
IVl @8(0,r0)) < 20 llLee (B(0,Ro—1)) < 4IIF Lo (9)-

This estimate together with the Cauchy formulas gives that
1 = _
lck| = ‘22—71' /88(0R )V¢(z)zk ! dz‘ < 4R§||F||Lm(aw).
» 410

Therefore, for any | X| > 2Ry and any n > 1, we have

n G ’ck 1’ - Rk+1 n
XM R (X)] <) W < 4| F |l ow) Y (2]%(0)% < 8RG FllLoe (o)
k=n k=n

In B(0,2Ry) \ w, it is clear that

n—1
n n n ’ck 1‘ n—
X" R (X)] < X (X)] + [ X" [Wol + > T+!X\ < C(n, Ro)||F || (o) -
k=1

This ends the proof of 2.3)). m

Remark 2.3 The previous lemma is still available assuming less regularity on w. It is enough to
assume that w is CY® with a finite number of corners with openings in (0,2r) [I13) p. 20].

If w is less regular (with crack, for example), the main difficulty is to establish 2.6) or 2.8), see [4].
Nevertheless, to justify our construction for any inclusion, we only need and @2.3). In the case
of domain with cracks, decomposition 2.4) is still valid but it requires more sophistical tools to prove
estimates like 2.3) (see [4]) and we do not want to enter in this special feature.

Remark 2.4 When w is the unit ball B, then we recover the statement of [1l Lemma 2.1 (3)] and
ow

The property of the zero mean value is crucial in [[I]] in the case of circular inclusions : it implies the
profile decay at infinity and allows to construct the terms of the expansion. In the present paper, even
if the boundary condition has the zero mean value, the associated profile does not decay at infinity and
we have to lift U suitably (see Section [3)).

We end this section by recalling the following classical elliptic estimate (see e.g. [9, Theorem 2.10]).

Lemma 2.5 Let o € Qo and § > 0 such that B(zo,6) C Qo. Then, for any n € N, there exists
Cn(6) > 0 such that
D" |10 (B(w,6/2)) < CnlltllLee (Bzo,5))

for any harmonic u (i.e. such that Au = 0 on B(xg,0)).



3 Oneinclusion

In the case of one inclusion, we omit the index 1 and denote w, x., 7z, . ..

3.1 One iteration

To deal with Equation (L3) satisfied by 70, we consider the more general boundary values problem:

—Av, =0 in €,
Ve = on 09, (3.1
ve = f on dws.

At the first order, v, is approximated by vy = G|, see (2.3), and is solution of

—Avo =0 in QQ,
vy = @ on 0.

In order to gain one order in the remainder of the asymptotic expansion of u., we need to introduce
some notations. For any function f € H'/?(9w, ), we define F' € H'/?(dw) by

T — X,

F(X) = f(x), VX = € Ow.

By Lemmal[2.2] there exists a unique function ¥ € HllOg solution of

—AV = in R?
0 inR%\w, 32)
U=F on Jw.
This solution will be denoted by
FolF] = U. (3.3)

Outside w,, we can consider the associated problem

~AY =0 inR?\ w,,
Pv=f on Jws.

Then we have for any = € R? \ w,

T — X,

Fol[fl(@) :=(z) = ¥(X) = F [F)(X), with X = e R?\ w.

The function ¥ can be decomposed in polar coordinates (see (2.4)) as

U(r,0) = Vo +U(r,0) with W(r,0) = dp(0)r™" and dj, € Span(sin(k-), cos(k-)). (3.4)
k>1

Note that ¥ = R; and then satisfies estimate (2.3). Let us define

To(z) = sT(x_Exa) —eT(X), (3.5)



which maps the exterior of w; to the exterior of the disk (0, ¢).

Inspired by the case of the ball [1], we define the two main ingredients of our construction. The
first one is adapted to lift a constant function on Jw,. A trivial solution of the problem

~Av=0 inR%\w,
v=c on Ow,
could be v = c. But this generates a constant term on 9¢2y and the unique solution of

—AV =0 in Q(],
V=c on 08

is the constant c itself. Hence, we can’t reduce the remainder with this procedure.

When w is the unit ball, another way to lift the constant ¢ in R? \ w. is to consider the function

T > c%. Inspired by this lifting, we introduce, for general inclusion w, the function

0. (z) == In|T:(2)],

which is the solution of

l: =Ine on Ows.

{—Aﬁa =0 inR?\w;,

Thus the function £ allows to find non trivial harmonic extension of constant into w¢. The trace of the
function ¢, is non zero trace on the outer boundary 92 and it is described by the behaviour at infinity
of the Riemann mapping (2.1)), and one gets thanks to (2.2)

[0 —In B] - —c]||r,00 a0,) < Me. (3.6)

The second ingredient is to correct the main order of the traces on the outer boundary 0€2y. For this,
we consider the function w,, := G[In 3| - —x.|] (see (2.3)) verifying

—Aw, =0 in g,
wy =In Bl —xz| on 9.

Unfortunately this function w,, produces a trace on the small inclusion Ow.. To reduce it, we have to
determine a suitable combination of the profiles £, and w,,,.

Remark 3.1 The function w,, encodes two informations: the shape of w via the transfinite diameter
B and the location of the inclusion via x..

The main idea of the construction is that an appropriate linear combinaison of these two functions
L. and w,, allows to reduce the error on both dw, and 0€2.

In order to build an asymptotic expansion of the solution u., we first prove a technical proposition
allowing to start and iterate the construction of the expansion.

Proposition 3.2 Let v, be solution of (3.1). There is an harmonic function r. defined on (). such that

vo(we) — WolF]

wy(xe) —Ine

T — X

ve(z) = vo(x) + Fu[F < ) — Uy[F] + o, (x) +ere(x), (3.7)

€
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with vg = G|p] defined in @3), Vo[F] in 2.8), F,[F] in B2)-B.3) and, with T. given in (3.3),
e = le — wy, with le=In|T;| and w, =G[Inpg|  —z.|].

Thus we have

7 l|Lee (9020n0ws) < C [IIF e o) + lellLee o00)] -
Proof: The harmonicity of the remainder 7. follows from the harmonicity of vy, F,[F], w,, and
L. In order to establish the L°>° estimate, we compute the traces of the function 7. on each componant

Ow, and 0f) of the boundary.
e On the outer boundary 02, one has for any x € 0

ere(w) = p(z) —

o(z) + Fy,[F] <$ ;%) — Uy + %(&(w) —In Bz — a.|)

\T/<x—€:1:5> N vo(ze) — Wo (te(@) — Bz — a2l | |

wy(z:) —Ine

with \TJ(: R;) defined in (3.4) and ¥y = ¥[F]. Therefore, one has according to (3.6) and (2.3)),
1

ellrellnee000) < CrellFlliee (aw) + ehe M (Jvo(ze)| + [Wol) with he = m

Since [Wo| < ||F |10 (o) (cf. @2.9)) and [vo ()| < [@l|Lee (a0) (by the maximum principle), we get

e llee (9020) < C [I1F Lo (9w) + hell@llnee (96) ] -

e On the boundary of the inclusion dw,, one has for x € dw,

ere(a) = f(2) - [vo@c) w8 (L) w4 U (e wwu))]
== lvo(x) — Vo + ”

= —(vo(2) — vo(ze)) —

As soon as ¢ is small enough, there exists ¢ > 0 such that w. C B(z., g) C B(z.,d) C Q. Using the
mean value formula and Lemma[2.3] we get

EHTa”LOO(BwE) < |z — x| |’VU0HLOO(B(%%)) + he (Jvo(ze)| + [Wol) [z — 2| ”VWUJHLOO(B(%,g))
< C [ellellLee (900) + ehellF |1 (9] -
[

Remark 3.3 As in [[I], the coefficients («, B) in front of L. and w,, in (3.1) are uniquely determined
when we try to reduce the trace boundaries on 0€)y and Ow,. This gives respectively the two equations
of the following system

a+p=0,
alne + pwy,(z:) = —vo(ze) + Vo,
vo(:) — Yo

wy(x:) —Ine
case of circular inclusion in [ Relation (2.6)].

sothata = —f = . The scale h, = is analogous to those appearing in the

1
wy, (ze)—Ine

10



3.2 Recursive construction

Let us come back to the initial problems (LI)-(L2). As previously, we consider 70 = u. — uy which
satisfies (L3). This problem has the form with

¥ = 07 f = —Ug
Thus the function vy = G[p| = 0. Recall that we denote F'(X) = f(z) forany x = 2. + X € Ow.
Let us consider ¥y = W([F'] determined in Lemma[2.2] Applying Proposition [3.2] we have
Yo

ue(x) —uo(a) = re(e) = FulF] (45%) = Vo — iy

€

W, (x) + ET‘; (x), (3.8)

and
172100 (9020000.) < Clltto]l1 (01w )-
Notice that here
FulF] (#5%=) = = Fu. [uo] ().
By applying iteratively Proposition [3.2] with
oF(x) = r¥(z), Vo € oy,
{F’“(X) =rk(z), Vr=x.+eX € Ow,

we build a sequence of functions ¢* defined on 9 and F* defined on Ow such that, for any N > 1,

F(2) — k
ue () )+ Zg [ @) + Fu[F] (552) — Wo[F*] + g[(pwi((xa)) —\fHOLF ] e (@)

+ VTN (1)) (3.9)

where
7 Lo 000m0we) < ClITE oo (o) < CF M luo]| oo (910 -
Since f € H1#(Qp) (see (L2)), then ug € H ¥ (Qp) and [|ug||r0 (0g) < Cllfl[a-141(0p)-

An important point to notice is that we obtain estimates of the remainders in the .°°-norm by this
method. By properties of harmonic functions, it means convergence in the energy norm H' on any
compact subset of {Jg. Such a restriction also appears in the method developed by M. Dalla Riva and
P. Musolino in [5} 6].

Nevertheless, estimates in the energy norm in the full domain can be obtained following the stra-
tegy used in [2, [1] where one decomposes the correctors on homogeneous harmonic functions. Using
[2, Proposition 3.2], one estimates trace of functions on the singular boundary Ow:.

Remark 3.4 In [1|], the support of f is assumed to be far away the inclusions. With this assumption
the first term of the expansion can be simplified since the term F,,[F°] (m xs) Uo[FO) in is of
the same order of the remainder € r(x) and then can be removed. Indeed, using Lemma[?jl we have

1 21
_%@+%A (%HT($@>@

< el Vuollree (B(wo.0/2) < Celluollree Beao,8))s
Yz € 99, ‘./." [FO] (m acg) — \IIQ[FOH < EHUOHLO"(QO)'

Vo € Ow., | Fu[F°] (£22) — Wo[F]| =

11



In the same way, we also have
| = uo(z=) — Wo[F*]| < Celluollros (a)-
Therefore we recover the expansion in [|1|]:

up(ze)

_ uplxe) 1
wole) —Tne ., (x) +er;(x).

us(z) = uo(x) +

4 N inclusions well separated

We come back now to the framework of the introduction, that is we consider /N inclusions (w2)1gz’§ N
of size ¢ centered at points x2. We shall consider two cases depending on the limits of the distance
between centers 2 when & — 0:
d: := min |z — z1].
i#]

1. The first case is the fixed limit centers: when ¢ — 0, the centers tend to wé € Qg and there exists
C' > 0 such that
d. > C.

2. The second case presents a third scale 77(¢) between ¢ and 1 such that
dE 2 077(5),
with a positive constant C'. This scale 7)(¢) is assumed to satisfy

n(e) =0 and @ — 400 ase — 0. 4.1)

A typical choice for 7)(¢) is €* with o € [0, 1) as made in [2} [T].

Our aim is to apply the strategy introduced in the case of a single defect in this geometric con-
figuration. For any 1 < ¢ < N, we associate w; and t.; as we have introduced w,, and to. , in
Proposition [3.2]in the case of a single inclusionl!]

;.= In|T7| — G[ln B| - —ai[],

with 3? the transfinite diameter of the conformal map 7 which sends R? \ w! onto R? \ B(0,¢). We
aim at constructing an asymptotic expansion of the solution u. of (L.I).

To catch the second term of the asymptotic expansion, we superpose the contribution of each
inclusion:

us(z) = up(x) + Z (.sz- [F] (x_axé> — \Ilo,i) + g: e ite i (x) + erl(z),
' i=1

where

FulF) (522 = = Fugluol (@),

!For shortness, we replace the index w® by i
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which behaves at infinity as U ; + O(1/|z|). We look for coefficients a. ; such that the remainder 7.
is of smaller order than the first two terms on 0f)..
e Let us first consider the boundary 0€2y. By construction, we have

erl(z) = — ivj (FurlP] (222) = wo,) - éawmm(m) ~0 <<1 + max |a€,2-|> z—:> .

1=1

eletl <i< N.Wehave forany z € Gwé

ET;(%) = —up(z) — (—up(x) - Vo) — ae o i(x)
-y <]:wj [F] (mf) - ‘I’o,j) = ac e (@)
i i

=Wo; — ac; (lne — w;(zl) + O()) + O <di>

- Zag,j (111 ‘E’Tj (%) ‘ —w;(2L) + O(E))
j#i

=W0; — aci(lne — w;(2L)) — Z Qe j (ln Flat — xl| — wj(xé))
J#i

+ (1 + max \%,j\) (@ <i> :
J ds

Then, one cancels the leading terms (up to the order €) by solving

Qe,1 Yo,
M| | = : ; (4.2)
ae,N Wo,n
with ,
Ine — wi (x}) In 7|zt — 2| — wj(zl)
M. =
In 37|zt — a1 — wj(xl) Ine — wy(z)

In the following, we distinguish several configurations according to the behavior of d. and the confi-
gurations of the inclusions. In each case, we prove that the matrix M. is invertible. Then we deduce
the existence of coefficients a. ; and a good estimate for the remainder 7’51.

Remark 4.1 For a single inclusion (N = 1), we recover that a. = lnsf’(ﬁ see (3.9).

4.1 First case: N inclusions at distance O(1)

Let us first assume that d. = O(1): there exists ¢ > 0 such that

2l -2l € [ehe],  Vi#j

13



Note that In 37|z — 21| — w;(zt) = O(1), then the matrix M, reads
M:=lneIy+ O(1),

which is invertible and verifies
1 1
-1
=7 Ol — .
M e v + (1112 E)

Consequently, the coefficients a. ; satisfy

1
max lac ;| = O <E> .

For the asymptotic construction, we do not use the main term of the inverse of M. otherwise the
remainder would be in O(1/In¢€). Solving exactly gives convenient coefficients a. ; so that the
remainder is in O(e):

U = UQ + g: <]:wz' [F] (~—€x§) - ‘I’o,z‘) + g: ac ;e ; + O(e) on 0f)..
i=1 =1

We can adapt the construction at any order using the inverse MZ! to construct a suitable linear
combination of the lifting terms and decrease the order of the remainder terms.

Remark 4.2 Let us consider N = 2. Then M_ Lis given by

] e —w(?)  —Inpat — o2 + ws(al)
e _@ )

—In gtz — 22| 4wy (22) Ine — wy(a?)
with
5() = (Ine —wy(2})) (Ine — wo(2?)) — (In Bzl — 22| — wi(22)) (In B3|zl — 22| — wa(al)) .

If w!' and w? are unit ball, then B = % = 1 and we recover the expressions obtained in [I} p. 211]
when f is supported far away the inclusions. Indeed, Remark 34 allows to replace Wy ; by —ug(zL)

and to remove F_; [ F| <'_€xé) — Uy,

4.2 Second case: N inclusions at distance O(7)(¢))

We assume now that the distance between any two inclusions is of order 7)(¢): there exists ¢ > 0 such
that

n(e)lzt — il € [¢he],  Vi#i
Since In 37|z — x| = Inn(e) + O(1) for any i # j and w; () = O(1) for any 4, §, the matrix M.
satisfies
M. =Ine Iy +Inn(e)( Hy — In) + O1) = MY + O(1),
where M? = (Ine — Inn(e)) Zy + Inn(e) Hy and Hy is the square matrix of size N with every
coefficients equal to 1. Since the rank of H v is one, there exists an orthogonal matrix P such that

1 ... 1 N 0

Hy=|: =P ) P



Thus

M2=P <1n€ +<N 0 Dt (Ine — 1n2(g)) IN_1> P
which is clearly invertible for € small with inverse
I S 0
(MO)1=p <lna+(N61)lnn(a) | . IN_1> p-1
Ine—Inn(e)
= —F—~IN+ E ! - ! ] HN.
Ine — Inn(e) N |Ine+ (N —1)lnn(e) Ine—Inn(e)

Consequently, M. is invertible and, by Neumann series, we can remark

1 1 1 1 1 1
o L _ L
M= Ine (1_%IN+N 14 (N —1)mae) g lnn(E)] HN) +O<ln25>'

Ine Ine Ine

The asymptotic expansion of u, is thus given by

ue(r) = o () + i (Pl ( - "””) - Wo,)

IS
\If071 me,l(:n) .
—1 . .
+<M€ . ) . >+O<77(€)1H6>’

Vo N . ()

where we have expressed the coefficients a. ; according to the resolution of the system .

In order to compute the leading corrector, one has to consider the limit of Ine M2 ! when ¢ — 0.
The limit matrix depends on the ratio In7(e)/Ine. If this ratio has a finite limit [, then [ € [0,1)
according to (4.1) and

o 11 1 1 1
Me Ine 1—ZIN+N I+(N—-1) 1-1 Hy ). 4.3)

As an example, the model case 7(¢) = £ yields [ = a.. For N = 2, one has

ue(e) = wo(w) + Y (FualF] (52 — To,)

e (o 1) () (i) o ()

If f is supported far away the inclusions, we obtain, using Remark [3.4] the expansion of [I, Section
4.2]:

_l’_

- ug(xd) 1
ue () = ug(x) — m(mal(m) + 1. 5(z) + O <%> :

4.3 More complex geometrical settings

There are many and many situations which can be dealt by our approach. In order to show that the
method is versatile let us shortly consider two more complex geometrical setting.
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4.3.1 Two inclusions at distance O(=*) and the others at distance O(1)

We assume N > 3 and, with a possible renumbering, that the first two inclusions are at distance O(¢®)
whereas the others are at distance O(1), namely there exists ¢ > 0

e

at—aZelcl,d  and |zl —al| el d, Vi<j(i,5) #(1,2).

In this case, M. has the expansion

1 « 0
a 1
M, =1Ine ] +0(1),
0 1
with inverse satisfying
1 -« 0
1 —a 1 1
M =—— ol— .
€ Ine(l —a?) * <ln2€>

0 1

Remark 4.3 If we use the expansion of M;l, we have the weak asymptotic expansion for u. with a
worse remainder:
) =)

Ues =Ug + Z ( (
Vo1 —a¥po Voo —a¥q

) 1
+71n5(1—042) m571+71n6( 1—o ) me2+271n6( )me,]“‘O(l 3 >

This expansion sheds light the fact that at the first order, there is only an interaction between the
first two inclusions.

4.3.2 Particular case with 3 inclusions

Let us analyze a last situation with three inclusions and three scales. We consider 0 < § < o < 1 and
¢ > 0 such that
el — 22 e, ¢, e Pl — a3 elet,d, fori=1,2.

The matrix M. is such that

1 o
M., =1Ine Maﬁ + 0(1) with Ma,ﬁ =|la 1 B
g B1

Computing the determinant of M, g, we have

det My = (o —1)(28% —a — 1),

16



which does not vanish when 0 < 3 < a < 1 (since the trinomial function o —+ 202 — v — 1 is negative
on (0, 1)). Consequently M. is invertible and there exists an orthogonal matrix P such that

2 0
a+2++4/a?+832

0 | PL
1
11—«

-1 _ 2
MOC,B =P 0 a+2—+/a2+832
0 0

When o = 3, we recover the main term in for N = 3.
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