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NUMERICAL ANALYSIS OF A ROBUST
ENTROPY-DIMINISHING FINITE VOLUME SCHEME FOR
PARABOLIC EQUATIONS WITH GRADIENT STRUCTURE

CLEMENT CANCES AND CINDY GUICHARD

ABSTRACT. We present a numerical method for approximating the solutions
of degenerate parabolic equations with a formal gradient flow structure. The
numerical method we propose preserves at the discrete level the formal gradient
flow structure, allowing the use of some nonlinear test function in the analysis.
The existence of a solution to and the convergence of the scheme are proved
under very general assumptions on the continuous problem (nonlinearities,
anisotropy, heterogeneity) and on the mesh. Moreover, we provide numerical
evidences of the efficiency and of the robustness of our approach.

1. INTRODUCTION

Many problem coming from physical (like e.g. for porous media flows model-
ing [8, 7, 17]) or biological modeling (like e.g. for chemotaxis modeling [32]) lead
to degenerate parabolic equations or systems. Many of these models can be inter-
preted as gradient flows in appropriate geometries. The gradient flow structure can
be encountered in many situation of great interest, like for instance porous media
flows [37, 16], in chemotaxis processes in biology [10], in supraconductivity [3, 2],
or in semiconductor devices modeling [35] (this list is far from being complete).

Designing accurate numerical schemes for approximating their solutions is there-
fore a major issue. In the case of porous media flow models — used e.g. in oil-
engineering, water resources management or nuclear waste repository management
— the problems may moreover be highly anisotropic and heterogeneous. As an
additional difficulty, the meshes are often prescribed by geological data, yielding
non-conformal grids made of elements of various shapes. This situation can also be
encountered in mesh adaptation procedures. Hence, the robustness of the method
w.r.t. anisotropy and to the grid is an important quality criterion for a numerical
method in view of practical applications.

In this contribution, which is mainly academical, we focus on the numerical
approximation of a single nonlinear Fokker-Planck equation. Since it contains cru-
cial difficulties arising in the applications, namely degeneracy and possibly strong
anisotropy, the discretization of this nonlinear Fokker-Planck equation appears to
be a keystone for the approximation of more complex problems.

1.1. Presentation of the continuous problem. Let ) be a polyhedral con-
nected open bounded subset of R? (d = 2 or 3), and let #; > 0 be a finite time

This work was supported by the French National Research Agency ANR (project GeoPor,
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2 CLEMENT CANCES AND CINDY GUICHARD

horizon. In this contribution, we focus on the discretization of the model problem

Ou— V- (n(w)AV (p(u) +V)) =0 in Q := 2 x (0, ),
(1) (n(w) AV (p(u) +V)) - n =0 on 082 x (0, tg),

Uj,_, = Uo in €,
which appears to be a keystone before discretizing more complex problems. We do
the following assumptions on the data of the continuous problem (1).

(A1) The function n : Ry — Ry is a continuous function such that n(0) = 0,
n(u) > 0 if u # 0 and 7 is non-decreasing on Z. The function 7 is extended
on whole R into an even function.

(A2) The function p € L{ (R) is absolutely continuous and increasing on
(0,+00) (ie., 0 < p’ € LL ((0,+00))), and satisfies lim, 40 p(u) = +o0.

loc
In the case where p(0) = lim,\ 0 p(u) is finite, the function p is extended

into an increasing absolutely continuous function p : R — R defined by
(2) p(u) =2p(0) = p(-u),  Vu<O.
From now on, we denote by

R if p(0) = —oo0,
1, = .
R if p(0) > —oc.

and by Z, its closure in R. We additionally require that the function
/1P’ belongs to L (Ry) (and is in particular integrable near 0) and that

lim,~ 0 /7(w)p(u) = 0.
(A3) The tensor field A : Q — (L>=(R))?*? is such that A(zx) is symmetric for

almost every & € ). Moreover, we assume that there exist A, > 0 and
A* € [\, +00) such that

(3) M|VI2 < Am)v - v < M |v|?, Vv € RY, for ae. x € Q.

(A4) The initial data ug is supposed to belong to L'(Q2). Moreover, defining the
convex function I': Z,, — Ry by

(1) MW= [ (@) -p)a,  Vue,
1
we assume that the following positivity and finite entropy conditions are
fulfilled:
(5) ug > 0 a.e. in €, / ugdx > 0, / INug)de < +o0.
Q Q

(A5) The exterior potential V' : @ — R is Lipschitz continuous.
Throughout this paper, we adopt the convention

(6) I(u) =400 if p(0) = —o0 and u < 0.

In order to give a proper mathematical sense to the solution of (1), we need to
introduce the function ¢ : Ry — R, defined by

(7) £u) = / ' @y (@da,  Yu>0.
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Note that £ is well defined since we assumed that /7jp’ belongs to Li, . (R4.). More-

loc
over, in the case where p(0) is finite, then the formula (7) can be extended to the

whole R, leading to an odd function. We additionally suppose that the following
relations between &, n and I" hold:

(A6) There exists C' > 0 such that
(8) 0<&u) <C(1+T(u), VYuel0,+00).

Moreover, we assume that
9) ——= = 400 as u — +00,

and that
(10) v/n o &~ tis uniformly continuous on the range of &.

Definition 1 (weak solution). A measurable function u is said to be a weak solution
to problem (1) if

i. the functions u and n(u) belong to L>°((0,T); L(Q2));

i. the function &(u) belongs to L2((0,tr); HY(Q));

i. for all function ¢ € C(Q x [0,%);R), one has

(11) //Qtf u@twdwdt—i-/guow(-,O)dw
- / /Q ) DAYV - Vidadt — / /Q ) AVE®) - /n(w) Videdt = 0.

Following the seminal work of [1], there exists at least one weak solution u to
the problem (1). Denoting by

ou) = / n@p(@de,  Vue,

the uniqueness of the solution (and even a L'-contraction principle) is ensured as
soon as o ¢ =1 € C%/2 (see [36], and [5] for a slightly weaker condition in the case
of a smooth domain ). Moreover, u belongs to C([0,T7; L1.(2)) (cf. [13]).

1.2. Formal gradient flow structure of the continuous problem. Let us first
highlight the gradient flow structure of the system (1). Following the path proposed
in [37, §1.3] (see also [35, 38]), the calculations carried out in this section are formal.
They can be made rigorous under the non-degeneracy assumption n(u) > « > 0 for
all uw > 0.

Define the affine space

m = {u:Q—>R ‘/Qu(m)dcc—/ﬂuo(:c)dm}

of the admissible states, called state space.
In order to define a Riemannian geometry on 91, we need to introduce the
tangent space T, 0, given by

Tuim_{w:Q—HR ‘/Qw(m)dm_()}.
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We also need to define the metric tensor g, : T, x T, — R, which consists in
a scalar product on T, M (depending on the state u)

(12)  gu(wrws) = | drwpda = / wndade = / N(u)Vér - AV, da,
Q Q Q

for all wy,wy € TN, where ¢; are defined via the elliptic problem

=V-(n(u)AV ;) = w;in Q,
(13) n(u)AV¢; -n =0 on 99,

/Qqﬁidw:O.

Note that T,,9% does not depend on u, but that the metric tensor g,,(-,-) does, so
that we are not in a hilbertian framework.
Define the entropy functional

M — RU {400}

(14) ur E(u) = /Q (T(u(x)) + u(x)V(x)) de,

and the free-enthalpy function

. {Ip x Q=R
(u, @) = b(u, @) = p(u) + V(x) = Du€(u),

then given w € T, one has
(15 Dt w= [ pu@). @) de = [ 4w Tou.) AV da,
Q Q

where ¢ is deduced from w thanks to the elliptic problem (13). Moreover, thanks
to (12), one has

(16) gu(Oru,w) = | Owug de, Yw € T, 9.
Q

In view of (15) —(16), the problem (1) turns to
(17) gu(Oru, w) = =Dy €(u) - w = —g, (V& w),  VYwe T,M,

where the cotangent vector D, &(u) € (T,9)" has been identified to the tangent
vector V,,E(u) € T, thanks to Riesz theorem applied with the scalar product g,.

Choosing w = d;u in (17) yields the classical entropy/dissipation relation: Vt €
[0, ¢],

(18)  &(u(-,t)) — &(up)
+/O /Qn(u(m,T))A(w)Vh(u(m,T),g;) - Vh(u(z,7), )dzdr = 0.
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1.3. Goal and positioning of the paper. The goal of this paper is to provide
a numerical scheme that mimics at the discrete level the gradient flow structure
highlighted in §1.2. Since the point of view adopted in our presentation concerning
the gradient flow structure is formal, the rigorous numerical analysis of the scheme
will rather rely on the well established theory of weak solutions in the sense of
Definition 1.

Our scheme is able to handle highly anisotropic and heterogeneous diffusion
tensor A and very general grids (non-conformal grids, cells of various shapes),
relying on the recently developed VAG method [25, 27, 26, 12]. This was already
the case of a nonlinear scheme proposed in our previous contributions [15, 14], but it
appeared in the numerical simulations that the convergence of the scheme proposed
in [15, 14] was too slow, in particular in presence of strong anisotropy. The main goal
of this paper was to propose a scheme that preserved some important features of
the scheme introduced in [15, 14] (allowance of some nonlinear test function, decay
of physically motivated entropy, convergence proof for discretization parameters
tending to 0), without jeopardizing the accuracy of the scheme compared to the
more classical approach consisting in approximation the weak formulation (11).
Convincing numerical results are provided in §5 as an evidence of the efficiency of
our approach, while two theorems are stated in §2.4 (and proved in §3 and §4) in
order to ensure the following properties.

(1) Theorem 2.3. At a fixed mesh, the scheme, that consists in a nonlinear
system, admits (at least) one solution. This allows in particular to speak
about the discrete solution provided by the scheme. Moreover, we take ad-
vantage of the gradient structure of the scheme for deriving some nonlinear
stability estimates.

(2) Theorem 2.4. Letting the discretization parameters tend to 0 (while con-
trolling some regularity factors related to the discretization), the discrete
solution converges in some appropriate sense towards the unique weak so-
lution to the problem (1) in the sense of Definition 1.

2. DEFINITION OF THE SCHEME AND MAIN RESULTS

As already mentioned, the scheme we propose is based on the so-called VAG
scheme [25]. In §2.1, we state our assumptions on the spatial mesh and the time
discretization of (0,¢). Then in §2.2, we define the nonlinear scheme we will study
in this paper. The gradient flow structure of the discretized problem is highlighted
in §2.3, where a variational interpretation is given to the scheme. Finally, in §2.4, we
state the existence of discrete solutions to the scheme and its convergence towards
the unique weak solution as the discretization parameters tend to 0.

2.1. Discretization of ();, and discrete functional spaces.

2.1.1. Spatial discretization and discrete reconstruction operators. Following [26,
12], we consider generalized polyhedral discretizations of ). Let M be the set of
the cell, that are disjoint polyhedral open subsets of €2 such that J,.. \ % = Q. Each
cell kK € M is supposed to be star-shaped with respect to its “center”, denoted by
x,. We denote by F the set of the faces of the mesh, which are not assumed to be
planar if d = 3 (whence the term “generalized polyhedral”). We denote by V the

set of the vertices of the mesh. We denote by x5 € 2 the location of the vertex
s € V. The sets V,, F, and V, denote respectively the vertices and faces of a cell &,
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and the vertices of a face . For any face o € F, one has V, C V,,. Let Mg denote
the set of the cells sharing the vertex s. The set of edges of the mesh (defined only
if d = 3) is denoted by € and &, denotes the set of edges of the face o € F, while
&, denotes the set of the edges of the cell k. The set V, denotes the pair of vertices
at the extremities of the edge e € £. In the 3-dimensional case, it is assumed that
for each face o € F, there exists a so-called “center” of the face x, such that

(19) Lo = Z BU,S$U7 with Z ﬁa,s =1,

s€EV, s€EVo
and B, > 0 for all s € V,. The face o is then assumed to match with the union of
the triangles T}, o defined as by the face center , and each of its edge e € &,.

The previous discretization is denoted by D, and we define the discrete space
Wp = {’U = (v,ﬁ,vs)neMysev S R#M+#v} .

In the 3-dimensional case, we introduce for all ¢ € F the operator I, : Wp — R
defined by

Ia’('v) = Z ﬂa’,S’USv Yv € WDa
SEV,
yielding a second order interpolation at @, thanks to the definition (19) of x,.
We introduce the simplicial submesh T defined by

o T ={Tso,k € M,o € F.}in the two-dimensional case, where T}; , denotes
the triangle whose vertices are x,, and x4 for s € Vy;
o T ={Thoe, i € M,o0 € Fs, e € E} in the three-dimensional case, where
T 0,0 denotes the tetrahedron whose vertices are x,;, €, and x for s € V..
We define the regularity 67 of the simplicial mesh T by
h
(20) 07 = max —,
TeT pr
where hp and pr respectively denote the diameter of T and the insphere diameter
of T. We denote by

21 hr = h
. ™= paphe

the maximum diameter of the simplicial mesh. We also define the quantities ¢,, and
{s quantifying the number of vertices of the cell K and the number of neighboring
cells for the vertex s respectively:

(22) Ly = #VI{; ls = #Ms, VK € M, Vs e V.

This allows to introduce the quantity

23 lp = 7 Fut |
(23) D = max (ﬂglﬁgv 5, max{# }>
controlling the regularity of the general discretization D of (.

Denoting by Hy € W1°°(2) the usual P;-finite element space on the simplicial
mesh 7, we define the reconstruction operator w3 : Wp — Hy by setting, for all
v € Wp and all (s,k,0) €V x M x F,

(24) 7"-7—’0(;35) = Us, 7T7"U(.’13,€> =0, and WTU("BU) = L—,('U)-
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This allows to define the operator V7 : Wp — (L>=(Q2))? by
(25) Vv = Vv, Yv € Wp.

We aim now to reconstruct piecewise constant functions. To this end, we in-
troduce additional parameters that appear to play an important role in practical

applications [27]. Let x € M, then we introduce some weights (as),c, such that
(26) ars >0, and Y o <1, Vs€E V.
SEVi

Denoting by meas(x) = [_da the volume of «, then we define the quantities

Mys = QO seas(k), Vk € M,Vs € V,,
(27) me = ZKGMS Mg, s5 Vs eV,
m, =meas(k) — oy Mys, VK EM,

so that one has
For all k € M, we denote by w,, and wy s some disjointed open subsets of x, such

that
W, U ( U wm> =7,
sEVy

meas(wy) = m, and meas(wy s) = My s, Ve € M, Vs € V..

and such that

Note that such a decomposition always exists thanks to (26) —(27). Then we denote
by
Wy = U W, s Vs e V.
KEMs
In what follows, we denote by

28 = in ————,
( ) ¢ BEI?\}lILlJV fQ WTeBd.’I:

where eg, 5 € MUYV is the unique element of Wp such that
mres(zs) =1,  mreg(ws) =0, VB e MUV, f'#5.
We can now define the piecewise constant reconstruction operators np : Wp —

L® N BV(Q) and maq : Wp — L= NBV(Q) by

(29) mp(v)(x) = Z vk ly, () + szlws(a}), Ve e Q, Yve Wp.
KEM seV

mg

and

(30) Tm@)(@) =Y vde(z) Vo eQ, VveWp.
KEM

Let f: R — R be a possibly nonlinear function, then we denote by

f() = (f(ve), f(vs))neM,SGV’ Vo = (UN7US)I{€M,S€V €Wp.

Notice that in general,

mr(f(v)) # f(rr(v)) and  V7(f(v)) # Vf(rr(v)),
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but that
(31)  m(f(v)) = f(rp(v)) and 7m(f(v) = flrm(v)), Vv € Wp.

2.1.2. Time-and-space discretizations and discrete functions. Let N > 1 and let
0=ty <t; < - <tny-1 <ty =t be some subdivision of [0,¢]. We denote by
Aty =t, —t,_1 foralln e {1,...N}, by At = (Atq,...,Aty)T € RY, and by

(32) At = max At,.
1<n<N

The time and space discrete space is then defined by

Wp,ar = {” = (vg, Ug)nGM,SEV,lSngN € RN(#M+#V)} .

For v € Wp a, and n € {1,..., N}, we denote by
v = (v:7vg)n6./\/l,s€v € Wp.

The time and space reconstructions operators mp ar, 77,a1 : Wo ar — L°(Qy,)
yield to be constant w.r.t. time functions defined by

oA, 1) = Tp(®") and Traw(,t) = Tr(®") i€ (a1, ta),

the gradient reconstruction operator Vo ar : Wp ar — (L° (Qtf))d is then defined
by
V1 .av=Vmr A, Vv € Wp .

2.2. The nonlinear scheme for degenerate parabolic equations. For x € M,
we denote by A, = (as’is/)s vev, € R > the symmetric definite positive matrix
whose coefficients are defined by

(33) aly = / A(x)Vres(z) Vryey(z)dr = ag .

It results from the relation

mre.(x) + Z mres(x) =1, Vo € k, Yk € M.
s€Vx
that, for all u,v € Wp and all kK € M, one has

(34) /A(m)VTu(:B) -Vrv(x)de = Z Z al g (U — us) (v — vy ).
® SEV. 8'EV,
For k € M, we denote by &, : Wp — R the linear operator defined by
(0,V), = Vs — Vs, Vs € V., Vv € Wp.
With this notation, we obtain that (34) rewrites

/A(:B)VTU(:B) -Vrv(x)de = d.v - ALdgu, Yu,v € Wp, V& € M.

In order to deal with the nonlinearities of the problem, we introduce the sets
Wwad c Wp and W%?At C Wp,a¢ of the admissible states defined by

veWsd iff v, €I, WweMu,

and
'UEW%?A,& iff v e WA, Vne{l,... N},
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while we denote by W' C Wp the set of finite entropy vectors:
(35) ve Wy iff €Ep(u):= / I'(mpu) + 7p(uw)mp(V)de < oo,

Q
where V = (V,;, Vi)xs € Wp is defined by

(36) Vi =V(xs) Vi=V(xs) Vk € M,Vs e V.

It is easy to check that, thanks to assumptions (A2) and to the definition (4) of
the convex function T, one has Wit C W
Given u € Wil and V € Wp, we define the discrete free-enthalpy h(u) =

(B (us), hs(us))ms € Wp by
(37) be(un) = plug) + Vi, ba(ug) = plug) + Vs,  VeeM,Vse V.

The initial data ug is discretized into an element u® € W2" by

(38) u% = 1 / ug(x)de, Ve MUYV,
wg

mg

so that, thanks to (5),

(39) /Q mp(u’)dx = / updz > 0.

Q

Let us state a first lemma that ensure that the discretized initial data has a finite
discrete entropy.

Lemma 2.1. Let ug € L'(Q) be such that (A4) holds, let V be such that (AA5)
holds. Let u® be defined by (38) and V defined by (36), then there exists C depend-
ing only on |luo||r1(q) and |V V|| L (q)e such that

(40) Ep(u®) < &(ug) + Chr < €(up) + Cdiam(Q),

where the entropy functional € is defined by (14) and its discrete counterpart E€p
is defined by (35). In particular, u® belongs to W2

Proof. We deduce from Jensen inequality that

I‘(u%) < L/ Iug)de,

mg

whence, thanks to (A A4) and to the definition (35) of the discrete entropy func-
tional €p, one has

Ep(u’) < &(ug) +/ ug(mpV — V)de + / (rpu’ — u)TpVde.
Q Q

The last term in the above inequality is equal to zero thanks to the definition (38)

of u® = (u),u), .. The Lipschitz regularity of V' yields

|7V = V|| L) < HVVHL“’(Q)th’

so that
Ep(u’) < &(uo) + [luoll () [V VI Lo ()ahr-
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With all this material, we can present the scheme we will analyze in this contri-
bution. For u € W%‘}At, we introduce the notation
ut) +n(ul
T w Vi €M, Vs €V, ¥ne{l,... N}
Given u"~! € W, the vector u” € WAL is obtained by solving the following
nonlinear system:

n_ ,n—1
(41a) mﬁ% + 3 Fus(u™) =0,  VkeM,
n sEV,
n_ ,n—1
(41b) ms% + Y Fu)=0, VseV,
n KEMg

(Alc) Fus(u™) = /mi, Y afoy/nly (p(up) + Vi —p(ul) — Var),

s'€Vy
Vk € M, Vs € V,,

(41d) Fs(u") 4+ Fy u(u”) =0, Vk € M, Vs € V,..

The scheme (41) is clearly a finite volume scheme. As a direct consequence of the
conservativity of the scheme, one has

(42) / mp(u™)de = / 7p(u")de.
Q Q
Defining, for all kK € M and © = (ux, us)x,s € Wp, the diagonal matrix M (u) €
Réﬁxéﬁ by

n(ue)+nus) e oo
(M (w)) o = { ? ’

0 otherwise,
the systems (41) is equivalent to the following compact formulation: Yo € Wp,
(43) / mpu"Tpvde + At, Z 6.h(u™) B.(u")dv = / mpu™ lrpuvde,
2 KEM a2
where
(44) B.(u) := My (u)A M, (u), Ve € M, Yu € Wp
is a symmetric semi-positive matrix since A,; and M, (u) are.
2.3. Gradient flow interpretation for the scheme. The goal of this section

is to transpose the formal variational structure pointed out in §1.2 to the discrete
setting. A natural discretization of the manifold 9t consists in

(45) Mp = {u € Wp / mpudr = / uodm} ,
Q Q
leading to
(46) T, Mp = {’U € Wp / mpvdr = 0} .
Q

In order to define the discrete counterpart gp . of the metric tensor g, defined
by (12) —(13), one needs a discrete counterpart, of
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e the classical L?(Q) scalar product: for reasons appearing in the analysis,
one will use

(wl,UJg) — / Tpwy Tpwodax, Vw1, ws € Wp;
Q

e the weighted H!(Q) “scalar product” with weight n(u) : this can be done
by choosing

(wl,UJg) — Z 5Nw1 . BN(U)JNU}Q, le,’lUQ (S WD.
KEM

This allows to define the discrete metric tensor gp . by: Yu € Wp, Ywi,wo €
TumDv
(47)

gou(wrwe) = [ mpwrimodyde = [ mogimovade = 3 5.6, Bu(wd.d,
Q

Q KEM

where ¢, € Wp solves the discrete counterpart of (13), that is

(48) Z 6n¢1 : Bn(u)én";b = / TpW; 7TD1/J dm, V’l,b e Wp.
Q

KEM

In this setting, we can define the semi-discrete in space gradient flow by

(49) QD,u(atU,w):/Wp(atu)ﬂ'pvdcc
Q

= pu(—Va&(u), w) = /

mph(u) Tpw de = Zéﬁh(u) ‘B (u)d v,
Q .

where v solve the discrete elliptic problem

> bev - Bi(u)dutp = / mpwrpYde, Vi € Wp.
Q

KEM

In order to recover (43) from (49), one applies the implicit Euler scheme.

Remark 2.2. In their seminal paper [31], Jordan, Kinderlehrer and Otto proposed
to approximate the solution of gradient flows thanks to the minimizing movement
scheme

o(u,u" 1)
50 u" € argmi {’7
(50) rgmin SAL

where 0 denotes the distance on Mp induced by the metric tensor field gp. Several
practical and theoretical difficulties arise when one aims at using (50). First of all,
the Riemannian structure is formal, even in the continuous case. It is unclear if
one can define rigorously a distance 0 if n(0) = 0. But even if 0 is a distance,
yielding a metric structure for Mp, computing this distance is a complex problem
we avoid by using an implicit Euler scheme rather than (50).

2.4. Main results. The first result we want to point out concerns the scheme for
a fixed mesh. The following Proposition states that the scheme (41) admits at least
one solution, and justifies the entropy-diminishing denomination for the scheme.
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Theorem 2.3. Let u"~! € WgR, then there exists (at least) one vector u" € Wad
solution to the system (41), and the following dissipation property holds:

(51) Ep(u”) + At Y d.h(u") B(u")d.h(u") < Ep(u"),
KEM

where €p is defined by (35) and h(u™) = (b, (ul), bs(ul)), . is defined by (37).

K,S

Since u® € W& and since WAL € W, Theorem 2.3 allows to define the iterated
solution u = (u")1<n<n € W', to the scheme (41).

The proof of Theorem 2.3 is contained in §3, together with some supplementary
material that allows to carry out the convergence analysis when the discretization
steps tend to 0. More precisely, we consider a sequence (Dp,),,~1 = (M, Tm),>1
of discretizations of {2 as introduced in §2.1.1, such that

52 hr = h — 0
(520) T = Jag b 22 0.

and such that there exists §* > 0 and £* > 0 satisfying

(52b) sup 01, < 6%, sup {p, <%,
m>1 m>1

where 07, and (p, are defined by (20) and (23) respectively.
Despite it can be avoided in some specific situations, we do the following as-
sumption, allowing to circumvent some technical difficulties:

(52¢) 7gﬂzf1 (p,, =C*>0.

This means that there is a minimum ratio of volume allocated to the cell centers
and to the nodes in the mass lumping procedure.

Concerning the time-discretizations, we consider a sequence (Aty,),, -, of dis-
cretizations of (0, ¢f) as prescribed in §2.1.2 : N

Atm = (Atl,m7"'7Atl,Nm)a VYm > 1.
We assume that the time discretization step tends to 0, i.e.,

(52d) Aty = max At,,, — 0,

1<n<N,, m—r+00
where Aty is defined by (32).

Theorem 2.4. Let (D,,, At,,),, be a sequence of discretizations of Qy; satisfying
Assumptions (52), and let (Un,),,~;, With Wy, € ngmAtm, be a corresponding
sequence of iterated discrete solutions, then

D, Aty Um — u  strongly in L'(Qy,),
m——+o0
where u is the unique weak solution to (1) in the sense of Definition 1.

Proving the Theorem 2.4 is the purpose of §4. The practical implementation of
the scheme (41) is discussed in §5, where we also give evidences of the efficiency of
the scheme.

3. PROOF OF THEOREM 2.3 AND ADDITIONAL ESTIMATES

In order to ease the reading of the paper, several technical lemmas have been
postponed to Appendix.
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3.1. One-step A priori estimates.

Lemma 3.1. Let u"~ ' € W, and let u™ € W2 be a solution to the scheme (41),
then (51) holds.

Proof. Substituting v by h(u") = (b, (uy), bs(uf)), o, defined by (37), in (43) yields

(53) /(ﬂ'pun — mpu ) mph(u”)dx + Atnz d:.h(u”) B, (u")d h(u") =0.
Q KEM
It follows from the convexity of I' that
I'(a) —T() < (a—b)p(a), Va,beR st. T'(a),T(b) < +o0,

whence
/ (wDu" — wDu"_l) mph(u")dx
Q
= / (rpu” — mpu™ ) (p(rpu™) + mp(V)) da
Q

< / (C(rpu™) = T(rpu" ") + mp(u” —u" HpV) da
Q
= Ep(u") — Ep(um ).
Using this inequality in (53) provides (51). O
Lemma 3.2. For all € > 0, there exists C. € R depending on € and p such that
lu] < el(u) + Ce, Yu € W3

Proof. Fix € > 0, then in view of Assumption (A2), the intermediate value theorem
ensures the existence of ue > 1 such that p(u.) = p(1) + 1/e. Then for all u € Z,,

one has
u

P(u) = / " (pla) - p(1))da = T(u,) + [ vta) = pi1))da.

€

The function p being increasing, we deduce that
1 —
P(u) 2 Plue) + (p(ue) = p())lu = uel 2 T(ue) + = (Jul = luel),  Vu €Iy,
Lemma 3.2 follows with C¢ = |u| — eI'(ue). O

Lemma 3.3. For all € > 0, there exists C. € R depending on € and n and I' such
that

n(u) < el'(u) + Ce, Yu € Z,.

Proof. The function u — % tends to 0 as |u| — oo thanks to Assumption (AG).

Let € > 0, then there exists r. > 0 such that
lul >r. = 0<nu) <el(u).
The function 7 being continuous and nonnegative following Assumption (A1), we

know that
0<Ce:= max 7n(u) < +oo.

UE[—Te,Te]

The result of Lemma 3.3 follows. O
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Lemma 3.4. There exist C; and Cs depending only on p, V and £ such that
1
() Ep(w)+Cr< / P(rpu)dz < 2€p(u) + o, Vau € WS
Q

In particular, the discrete entropy functional Ep is bounded from below uniformly
w.r.t. the discretization D.

Proof. Recall that the discrete entropy functional €p is defined by
Ep(u) = / (C(mpu) + mpV mpu) de, Yu € Wp'
Q

whence
63 [ Mmoupa < €p(w) + [mo Vi~ moul,  Ya e WE.

Q
Let € > 0 a parameter to be fixed later on. Thanks to Lemma 3.2, there exists a
quantity C¢ depending only on p and € such that

lu] < el'(u) + Ce, Vu € Z,,

ensuring that
(56) H7T’D'LL||L1(Q) < el'(mpu) + Cemeas(2), Yu € Wi

On the other hand, Assumption (A4) together with the definition (36) of V =
(Vie, V) . s provide that

[TV Lo (@) < [V ]]oo-
Setting € = m in (56) and injecting the resulting estimate in (55) ends the
proof of the second inequality of (54). The proof of the first inequality of (54) is
similar, hence left to the reader. (]

Lemma 3.5. There exists C depending only on A, Q, 01, (p, {p, n, p and V such
that, for all v = (v, vs)ks € WAL, one has

IS (z |a:,s,|) s () olen) — o)

KEM SEV,, \s'€Vy;
<C <1 +Ep(v)+ Y .h(v) ~BK(v)6,€h(v)> :
KEM
where we have set 1), s(v) = w forallk € M and all s € V.
Proof. Let v € WAl € WP, then it follows from the definition (37) of h(v) =
(hﬁ(vﬁ)) bS(vS))ﬁ7s € WD tha’t
0,:p(v) By (v)dp(v) <28.h(v) B,(v)d.h(v)+26,.V -B,(v)d,.V, VK € M.

It follows from Lemma A.2 stated in appendix that there exists C' depending only
on A, 6+ and /p such that

< Z |a;s,|> nn,S('U) (p(ve) _p(US))2 < Cénp('v) ) BN(”)JNP('U)v Vk € M.

s'EVy
Therefore, it only remains to prove that

(58) > 8.V -B.(v)8,V < €p(v) + C
reEM
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for some C' depending only on the prescribed data. Using Lemma A.3, we get that
for all

(59) ZJV B..( 5V<Zmaxn,€b Z<Z|a55’> V)2,

KEM KEM seV s'ey
It results from Lemma A.2 that for all Kk € M,

60) > (Z lal ) (V. = Vo)’ < C/VTV AV Vdx < CX|VV|2

s€EV. \s’€V
whence, denoting by 7(v) = (7,,(v),75(v)),. ; € Wp the vector defined by
7,.(v) = max (n(vk) max n(v )> , 7(v) =0, Ve € M, Vs eV,
and remarking that

rrelgxnm( v) <7, (v), Vk € M,

we deduce from using (60) in (59) that

> 6.V -B,(v)s V<O/7rMﬁ(v)dcc,
KEM Q

for some C depending only on 01, A, ¢p and ||[VV] , the operator maq being
defined by (30). Let us now use Lemma A.8 to obtain that

(61) > 6,V B,(v)d,.V < c/ rpn(v)de

KEM Q

for some C depending only on the prescribed data, namely 0+, A, ¢p, (p and
[VV]|oo. Using Lemma 3.3, we know that for all € > 0, there exists C. depending
only on ¢, 7, I' and meas(Q2) such that

/ mpn(v)de < e/ I(rpv)de + C..
Q Q
Combining this result with Lemma 3.4 and (61), we deduce that for all € > 0, there
exists C, depending only on ¢, A, Q, 01, (p, {p, n, p and V such that
> 6.V B.(v)d,V <eCep(v)+Cc,  VYoeW,
KEM

We obtain (58) by choosing € = =. This ends the proof of Lemma 3.5 O

Qel

Lemma 3.6. Let u"~' € W, and let u™ € W2 be a solution to the scheme (41),
then there exist Cy and Cy depending only on A, Q, 01, (p, {p, n, p and V such
that

>N (Z |ass,>n“ plut) — p(ul))?

KEM eV, \s’'€V

<O (T+€w™™h) <0 (1 +/Qr(7rpu"1)dm) :
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Proof. Since u™ is a solution of the scheme (41), the nonlinear discrete stability
estimate (51) holds. Therefore, taking (51) into account in (57) yields

> 2 < > |a§,sf|> mes (pluf) = p(ul)® < Cy (14 €(u"1))

KEMSEV, \s’'€Vy

for some C; depending on the prescribed data. Then it only remains to use
Lemma 3.4 to conclude the proof of Lemma 3.6. O

3.2. Existence of a discrete solution. The scheme (41) can be rewritten in the
form of a nonlinear system
f(u") = 0R#M+#V.

In the case where p(0) = —oo, the function F is continuous on W32, but not uni-
formly continuous. The existence proof for a discrete solution we propose relies on
a topological degree argument (see e.g. [33, 21]), whence we need to restrict the set
of the possible u"™ for recovering the uniform continuity by avoiding the singularity
near 0. This is the purpose of the following lemma, which is an adaptation of [14,
Lemma 3.10].

Lemma 3.7. Let u"~' € W2 be such that [, mpu™ 'dx > 0 and let u™ be a
solution of the scheme (41). Assume that p(0) = —oo, then there exists ep at, > 0
depending on At,,, D, A, Q, n, p, V, and Ep(u""') such that

Uy, > €D Aty s Yve MUV.
Proof. First of all, remark that proving Lemma 3.7 is equivalent to proving that
there exists Cp a¢, > 0 such that
(62) p(uy) > —Cp At Yve MUV.

Because of the conservation of mass (42), we have

/wDu"dw = / mpu” tda > 0.
Q Q

Therefore, we can claim that there exists v; € M UV such that
1
(63) Uy, > 7meas(ﬂ) /Q mpu™ tdx > 0.
Let (v¢) € MUYV be arbitrary, and let let (v4)q=0
o vy =1, vy = vy, and vy # vy if p # g
e forall ¢ € {0,...,¢ — 1}, one has:
Vg EM = vgp1 €V, and v, €V = vg1 €M, .

q+1?
Let g € {0,...,0—1}
It follows from Lemma 3.6 that there exists Cp a¢, depending on D, At,, A, ,
n, p, V, and Ep(u"~1t) such that

DD ursp(r) = p(ul)* < Cpoac,.-

KEM SEV,

¢ be a path from v; to vy, i.e.

.....

This ensures in particular that

/-1
(64) D o () = p(ul, ) < Cp,au,,
q=0
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where we have set 1y, = mn if {vg,vg41} = {x,s}.
We can now prove (62) thanks to an induction along the path. Assume that
n(uy,)

Vg+1 — 2 .

n n
Uy > €D,At, for some ep Ay, > 0, whence M,

follows from (64) that

CD At ! "
p(uzq+1) 2 p(uzq) - e/ Z _CD,Atn - qu+1 2 E'D,Atn > O'
\/ D, At

We conclude as in [14, Lemma 3.10] thanks to the finite number of possible paths.
O

> €p pg, > 0. Then it

Thanks to Lemma 3.7, one can apply the same strategy as in [14] for proving
the existence of a solution to the scheme (41).

Proposition 3.8. Let u"~! € W&, then there erists (at least) one vector u™ €
Wad solution to the system (41).

The proof is similar to the one proposed in [14, Proposition 3.11], it is there-
fore omitted. Putting together the results of Lemma 3.1, Lemma 3.10, we get
Theorem 2.3.

3.3. Multistep a priori estimates. As a by-product of the existence of a discrete
solution u™ for alln € {1,..., N}, we can now derive a priori estimates on functions
reconstructed thanks that the discrete solution uw € Wp a¢.

The first estimate we get is obtained by summing Ineq. (51) w.r.t. n, and by
using the positivity of the dissipation. This provides
(65) max  Ep(u") < Ep(u’) < E(ug) + C < C,

ne{l,...,N}

and where C only depending on V', ug, p and  thanks to Lemma 2.1. Since the
discrete entropy functional €p is bounded from below by a quantity depending only
onp, V and Q (cf. Lemma 3.4), we deduce also from the summation of (51) w.r.t.
n that there exists C' depending only on p, V, Q, and uo (but not on D) such that

N
(66) > AL, Y 8.h(un) - By(u")dh(u") < C.
n=1 KEM
Mimicking the proof of Lemma 3.5, this yields
N
(67) D AL, Y Sup(u”) - By(u")dup(u) < C
n=1 KEM

for some quantity C' depending on A, Q, 01, (p, {p, n, p, V and ts.
The following lemma is a direct consequence of Estimate (65) and Lemma 3.4.
Its detailed proof is left to the reader.

Lemma 3.9. There exists C depending only on Q, p, V', ug and  (but not on the
discretization) such that

IT (D, act)| oo (0,711 (02)) < C-
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Lemma 3.10. There exists C' > Odepending only on A, n, V', 01 and {p, Q, t,
ug such that

/ AV T a(u) V1 a(u)de < C,
Qt,

where the function & is defined by (7).

Proof. Since the function 1 was supposed to be nondecreasing, cf. Assumption
(A1), we know that for all interval [a,b] C Z,, max,cjq) 7(c) = max{n(a),n(b)},
hence, denoting by Z!  the interval with extremities u; and ug, we obtain that

1
(68) nmz—rg%; n(e), V€M, Vs € V.

The definition (7) of the function & implies that

(E(ul) — €ul))? < (max n<c>) () — plu)?

n
CGZ,{,S

whence we obtain that for all K € M,

|M ( Z 77/-@ .S s - (U’Z))2
SEV
1 n ny\2 1 ny|2
23 D (Eul) = €(up)® = 3 10xE(u")I".
seV
Using that
v-Agv>w- Agw, Vo,we R st. |vf> > Conda(A,)|w)?,
and that B, (u) = M, (u)A;Mg(u), we get that for all kK € M,
1
ny . n ny> -
Bup(u”) - Bu(u")o,p(u”) > 5o i L) A ()

=200nd2 / AV £ - Vré(u)dae

Thanks to Lemma A.1 stated in appendix, we know that C' > 0 depending only
on A, 07 and ¢p such that Conda(A,) < C, for all kK € M, so that: Vk € M,
Vne{l,...,N},

(69) / Vrbn) - AVrE(u)de < C8,p(u”) - By (u")8,p(u”).

In order to conclude the proof, it only remains to multiply (69) by At,, and to sum
over K € M and n € {1,..., N} and to use (67). O

Combining Estimate (67) and Lemma A.2 yields the following lemma, whose
complete proof is left to the reader.

Lemma 3.11. There exists C' depending only on A, Q, 01, Cp, {p, n, p, V and ts
such that

ZN > > <Z |a§,s/|> s (p(uyt) = p(u))* < C.

KEMSEV, \s€V,
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4. PROOF OF THEOREM 2.4

In what follows, we consider a sequence (D, Aty )m>1 of discretizations of Qy,
such that (52) holds. In order to prove the convergence of the reconstructed discrete
solution 7p,, A, Um towards the weak solution of (1) as m tends to co, we adopt the
classical strategy that consists in showing firstly that the family (7p,, At,, Wm),,~;

is precompact in L'(Qy,) (this is the purpose of §4.1), then to identify in §4.2 the
limit as a weak solution of (1) in the sense of Definition 1.

As a direct consequence of Theorem 2.3, one knows that the scheme admits
a solution w,, = (u?,,,uf,,) that, thanks to the regularity assumptions (52b) —

(52¢) on the discretization and thanks to Lemmas 3.9, 3.10 and 3.11, satisfies the
following uniform estimates w.r.t. m:

(70) ||7T,Dm1Ath(um)||L00((07tf);L1(Q)) <C,

(71) / V.o, E(Uum) AVT A E(wy)dedt < C|
Qg

N,
(12) Y Ataw DY <Z Ia;‘,s'|> s (puf ) = p(uly)” < C,
n=1

KEMm sEVe \sEV,

where C' may depend on the data of the continuous problem, and on the discretiza-
tion regularity factors *, £* and ¢* but not on m.

4.1. Compactness properties of the discrete solutions.

Lemma 4.1. Let (D,,, Aty,) be a sequence of discretizations of Qq, satisfying As-
sumptions (52), there exists C' depending only on A, 6%, £*, Q, t¢, p and uy such
that, for all m > 1, one has

17T At €W L2 0,0y, m10)) € and 7D, A, E(Um)l 12 (q,,) < C-

Proof. Tt follows from the Estimate (71) and from Lemma A.5 stated in appendix
that for all m > 1,

(73) 7D, &(wm) — 77, ()l L2 (0, 7)1 (02))
< meas(Q)"? ||np, E(um) — 7T7—m§(um)|\Lz(Qtf) <C
for some C depending only on A, Q, t¢, £* and 0*, p and up (but not on m).
Moreover, it follows from Assumption (8) that
||7TDm,Atm§(um)||Loo((07T);L1(Q)) <C (1 + ”ﬂ-Dm,Ath(um)HLOO((O,T);LI(Q))) <C
thanks to the estimate (70). Combining this inequality with (73) provides that
H7T77mAtm§(“m)HLl(Qtf) <C,

whence the sequence (77,, at,,&(Um)), -, is bounded in L*((0,7); W'1(Q)) thanks

o (71). A classical bootstrap argument using Sobolev inequalities allows to claim
that it is bounded in L2((0,T); H*(2)), thus in particular in L?(Qy,). One concludes
that (7., at,,&(m)),,>; is also bounded in L?(Qy,) thanks to (73). O
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Remark 4.2. An alternative way to prove the key-point of Lemma 4.1, namely
H7TTm,Atm§(“m)HL2((0,T);H1(Q)) <C,
would consist in using [30, Lemma A.1], that claims that
v e LY Q) and VEW) € LX) = £(v) € HY(Q).

As a consequence of Lemma 4.1, we know that the sequence (77, at,.&(%m)),,>;
is relatively compact for the L?((0,t¢); H'(£2))-weak topology. Moreover, the space
H'(Q) being locally compact in L?(Q2), a uniform information on the time translates
of 77, At,,{(wm) Will provide the relative compactness of (77,, ¢, &(%m)),,~; in
the L?(Qy,)-strong topology (see e.g. [39]). Such a uniform time-translate estimate
can be obtained by using directly the numerical scheme (see e.g. [24, 14]). One
can also make use of black-boxes like e.g. [4, 6]. Note that the result of [28] does
not apply here because of the degeneracy of the problem. We do not provide
the proof of next proposition here, since a suitable black-box will be contained in
the forthcoming contribution [6]. A more calculative possibility would consist in
mimicking the proof of [14, Lemmas 4.3 and 4.5].

Proposition 4.3. Let (D, Aty,) be a sequence of discretizations of Qq, satisfying
Assumptions (52), and let (Um,)m>1 be the corresponding sequence of solutions to
the scheme (41), then there exists a measurable function u : Q¢ — R with {(u) €
L2((0,T); H*()) such that, up to a subsequence, one has

(74) TD,, Aty Um — U G.e N Qy,
m—r 00

Corollary 4.4. Keeping the assumption and notations of Proposition 4.3, one has

Dy Aty Ui > U strongly in L*(Qy,).

Proof. As a result of Proposition 4.3, the almost everywhere convergence prop-
erty (74) holds. On the other hand, it follows from Assumption (A2), more pre-
cisely from the fact that lim, . p(u) = 400 that the function I defined by (4) is
superlinear, i.e.,

) U

lim ——* = +o0.

u——+o00 u

Therefore, Estimate (70) implies that (7p,, At,, Wm),,~; is uniformly equi-integrable.
Hence we can apply Vitali’s convergence theorem to conclude the proof of Corol-
lary 4.4. O

Lemma 4.5. Let u be the limit value of Tp,, At,, Um exhibited in Proposition 4.3,
then

(75) D, Aty N (Wm) e n(u)  strongly in L'(Q;).
and
(76) TM,, At (W) — n(u)  strongly in Ll(Qtf).

Proof. Let us first establish (75). Thanks to the entropy estimate (70), we know

that the sequence (mp,, at,,I'(%m)), <, is uniformly bounded in L>°((0, t¢); L*(2)),
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thus in L*(Qy,). Then Assumption (9) allows to use the de la Vallée-Poussin theo-
rem to claim that (7p,, A¢,, 7(%m)),,~, is uniformly equi-integrable on Q. More-
over, the continuity of 7 and Proposition 4.3 provide that

(T, AL (W) 51 = n(u) ae. in Q.
Therefore, we obtain (75) by applying Vitali’s theorem. 0
Lemma 4.6. Under the assumptions of Proposition 4.3, one has
T Al & (Wi, = E(u)  weakly in L*((0,T); H'()),
where u s the solution exhibited in Proposition 4.3

Proof. Thanks to Lemma 4.1, the sequence (V7,, a¢,,&(%m)),,~ is uniformly bounded
in L2(Qy,)?. Therefore, there exists = € L2((0,T); H*(Q2)) such that

7 A f(wn) — E weakly in L*((0,T); H*(2)).

m—r o0
But in view of Proposition 4.3 and of the continuity of &, we know that
E(mp,, At Um) = TD,, At & (Wm) — E(u) a.e. in Q.

Since 77, At E(Um) and 7o, at,, £(y,) have the same limit (cf. Lemma A.5), we
get that = = £(u). O
4.2. Identification of the limit as a weak solution.

Proposition 4.7. Let u be a limit value of the sequence (Tp,, At,, Wm),,~, exhibited

in Proposition /.3, then u is the unique weak solution to the problem (1) in the sense
of Definition 1.

Proof. In order to check that u is a weak solution, it only remains to check that the
weak formulation (11) holds. Let 1 € C2°(Q x [0,T)), then, for all m > 1, for all
B e My, UV, and all n € {0,..., Ny}, we denote by Aty,, = (At1m, ... AlN,,.m),
b tpm = 7'1 Atimub 5= s bnym b (n e w P

Y Un, 21_1 , Yy % Y(xp,t ), by by, wg BEMuUVin D
and by ¥,, = (¥.)o<n<n, € Wn,. at,,. Note that since (-, t¢) = 0, one has
PYNm =0 for all m > 1.

Setting v = " ' in (43) and summing over n € {1,...,N,,} leads, after a

classical reorganization of the sums [24], to
(77) Am + By + Cp + Dy, = 0,

where we have set

n—1 _ n
ZAtnm [ v, (Y50 ) @a,

By = — /ﬂmu(mw()

NW‘L
Cn = Z Atn m Z énp n(u:ln)énwzl_lv
KEMp,
NW‘L

m_ZAtnm > 6V Ba(up)dyn

KREM,
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where Vi, = (V(x), V(Zs)) cern,, sev,, -
Since for all m > 1 and all n € {0,..., N,,,}, one has

/WDMI‘(u"m)dw:/l"(meuﬁl) dwﬁ/l"(uo(w))dw<+oo,
Q Q Q

the sequence (7p,, At, Um),,~; is uniformly equi-integrable on Q. Therefore,
Proposition 4.3 together with Vitali’s theorem yield that

D, At, Wm — u strongly in L'(Qy,).

m—r oo

The regularity of ¥ yields

N wn—l _ ¢n
Zﬂbm (7) i mtnim) m:; —0yp  uniformly on @,

n=1 Atn’m
where t,m = > At;m, so that
(78) lim A4, =— // udpp dadt.

The function mp, u®, () tends strongly in L'(Q) towards ug and 7p,, % con-
verges uniformly towards ¢(-,0) as m tends to 400, leading to

(79) mlgnOO B, = — //Q uo(x)(x,0) de.

We split the term C,, into three parts
(80) Cm = Cl,m + C2,m + C3,m7 m > 1,
~0 ~n
where, setting 1,, = ¥°,, ¥, = "' € Wp, for all n € {1,...,N,}, and

= € Wp,. At , one has
P (’l’bm)OgnSNm oSt

Cim = // T Mo At V(U )V T At E(Um) - AV T, Av,, P dadt,
Qi

zmnm Y Y u)) a,
KEM i SEV, '€V
( /TIKS/ / un) U)n 1_ n 1)
OBm—ZAtnm Z \Yali un Z nns Uy, —p(u?))—({(uﬁ)—{(u:)))

KEMm SEVi
> Z U)n 1 1/}71 1)

s"€Vi

Thanks to Lemma 4.5, we know that

T, Aty V1T (Wim) v/n(u)  strongly in LQ(Qtf).

m~>oo

Hence, it follows from the weak convergence in L?(Qy,) of V1., as,, &(wr,) towards
V&(u) (cf. Lemma 4.6) and from the uniform convergence of V- ay, 1, towards
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Vi) as m tends to +oo (see for instance [20, Theorem 16.1]) that

(81) lgn Cim = / Vn(u)VE(u) - AVY dedt.
m Qg
Let us focus now of Cs ,,. Using the inequality ab < ea® + ﬁb{ one gets that
C//
(82) Coym < €Ch i + % Ve > 0,
where
Com = ZAtnm > > <Z |ag s ) (&(up) = &(ul))?,
KEM, s€EV, \s'EVy
ZAtan Z (Z ‘as,s/>(«/77m VN un) ( _1/);171)2
KEMyy sEV, \s’'EVy

Using Lemma A.2 stated in appendix, one gets that there exists C' depending
only on A, 6* and ¢* such that

. <C / Vo an () AV, an E(um)dadt,  Vm > 1.
Qtp

Hence, in view of Estimate (71), one gets that
(83) Cym <C, Ym > 1,

for some C depending only on ug, p, 2, A, 6* and ¢*.
Define Moy, = (uﬁ, H?)H,S,n € WDmﬁAtm by

u =0, Vs € Vi,
/’Lz = MaXsey, (\/ 77/@ s \/ un ) ’ VK € Mm7

then thanks to Lemma A.2 again, there exists C' depending only on A, 6* and ¢*
such that

oy <C / / Tt bt V7 a0 B - AV A Bodzdt, V> L.
Q¢

Yn € {0,...,Nn},

Since T, At, By converges to 0 strongly in L'(Q,) as m tends to oo (this is
the purpose of Lemma 4.8 hereafter), and since V1, a¢, 1, remains bounded in

L>®(Q¢,) uniformly w.r.t. m > 1, one gets that

m

(85) lim Cy,, =

m—r oo

Therefore, it follows from (82) —(85) that

limsup Cs 1, < C, Ve > 0,

m— 00

(86) lim Cs,, =0.

m—r oo
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As a preliminary before considering Cf ., let us set, for all kK € M,,,, all s € V,,
and all n € {1,..., N},

-n

Ne,s =

(€(UZ) —&§(ug)
p(ug) — p(ug)

nup) if up = ul.

2
M n n
)it

Thanks to the mean value theorem, we can claim that, for all K € M,,, all s € V,

and all n € {1,..., Ny, }, there exists u ; € I} . = [mln(un, ull), max(ull, ul)] such
that 7! ¢ = n(uy ;). Then it follows from (68) that
(87) 0<mnrs <2, VK € M, Vs € V,Vn e {1,..., Np}.

Introducing v, = (U2, 18), ¢

2
V n:,s’ - 77275/
(88) 1" =0 and v = max | —— V"0 ) Yk e My, Vs €V, V0 > 1,
S’GVK A /nn,s’

we deduce from (87) that

(89) 0<vi <1, VBEMyuUVy, Vne{l,...,Ny}.

€ Wp,, At,,, defined by

We can now overestimate C3 ,,, by

CSmSZAtnm Z VY un

KEM
<Y e lpup) = p(ul)] > fal|lwpt =yl Vm > 1.
seEV,. s'€Vy

Using again that ab < ea® + ib{ one gets that
1
(90) C3.m < €Ch .+ 4—C§’m, Vm > 1, Ve > 0,
. e 3

where we have set

cs,m:ZAtnm > (Z s

) 77»“ :) _p(u?))27

KEMp, s€EV, \s'€V
" & —~1 —1\2
i =3 Mt 3 o) T (3 bl ) (2 -t
n=1 KEM seV s'eV

Estimate (72) yields the existence of C' depending only on the data of the continuous
problem and on the regularity factors 8* and ¢* such that

(91) ch. <C, VYm>1.

3m —=

It follows from Lemma A.2 stated in appendix that there exists C' depending
only on A, 0*, ¢*, and HV?/)HLGO(Qtf) such that

Z < Z |“§,s/|> (O ¢§_1)2 < Cmeas(k),

SEV. \s’€Vy
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so that

<cC / / Taty A, (V) () daz.
Qt,

Then thanks to Lemma 4.9 stated hereafter, we can claim that

lim Cy,, =0,

m— 00

and thus, thanks to (90) and (91), that

limsup C3 ., < C, Ve > 0.

m—r o0

This ensures that

(92) lim Cj,, =0.

m—r oo

Putting (80) together with (81), (86), and (92), one gets that

m— 00

(93) lim C, = /Q Vn(u)VE(u) - AVY dedt.

Now, we will focus on the term D,,, that can be decomposed into
(94) D, = Dl,m + D2,m + D3,m7 Ym > 1,

where we have set

Dlm—// TN At W)V T Vi - AV 7 A B pdadt,
Q

3 At XS e (VI - VAED) (W

KEMm sEV, '€V
< (o + V) (it =)

ZAtnm S Z Z o (Vs + V) (Ve = 1)
) s

It follows from Lemma 4.5, from the uniform convergence of V. 'V, towards
VV and of V7., A, 9, towards Vi) as m tends to +oo that
(95) 1511 Dy = / n(uw)VV - AV dadt.
m o0 Q

tf
Let € > 0, then it follows from the inequality |ab| < ea® + Z—z that

1
(96) Do < €D} + DS

16¢ 2,m» vm Z 17
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where we have set

D, = ZAtnm > (Z Iais/|>( s+ n(UZ))2(¢2’1—¢§’1)27

KEM oy s€EV, \s’'EV,
D// ZAtnm Z Z(Z|a”:b>(vnﬁb \% un)
KEMy, sEV, s’€Vy

Define by 9,,, = (71,75 )rs € W, A, by
Ty = max (n(uﬁ),gégfu;‘), =0, Vi€ Mp, VsEVp,
then one has
( Mes+ ") <mn, Yk € My, Vs € V.,

whence
D/27m < C// T Mo At M AV T AL, Y - VT, AL, W, dedt, VYm >1
Qt

thanks to Lemma A.2. Using Lemma A.8, we know that there exists C' depending
on the data of the continuous problem and of the regularity factors 6*, ¢* and ¢*
such that

||7TMm,Atmﬁm||L1 (Q+ ) ~ O Ym Z 1,
while the regularity of ¢ ensures that
HVvaAtm,l[JmHLOO(Qtf) <C, Ym > 1.

Therefore, there exists C' depending only on the data of the continuous problem
and the regularity factors 6*, £* and ¢* such that

(97) D;,, <C, Ym > 1.
The term Dy ,, can be studied as Cy ,,, was, leading to
"o
(98) i DY, =0,
whence, taking (97) —(98) into account in (96), one gets that
(99) lim D, =0.
m— 00
Reproducing the calculations carried out for dealing with Dy ,,, allows to show that
(100) lim Ds,, = 0.
m—r o0
Combining (94) —(95) and (99) —(100), we obtain that
(101) lim D,, = // w)AVV - Viypdadt.
m—r oo Q
Finally, it follows from (77), (78) —(79), (93) and (101) that the limit u of the
discrete reconstructions (7p,, A, “m)m>1 is a weak solution to the problem (1) in
the sense of Definition 1. N O

Lemma 4.8. Let p,, = (uj}, u2) € Wp,, at,, be defined by (84), then

K,s,n

T‘—vaAtm Nm m:zo O St,rongly Zn Ll(Qtf)?
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Proof. Notice that for all K € M,,, all s € V,; and all n € {1,..., N,,}, one has

(Vs — V) < (Vatz) — /i) < 2 nus?) + n(uf)

Therefore, one gets that

002t = g (Vs = V).
< max (\/ \/n(uﬁ))Q <2 (77(”2) + Z 77(“:)) .

seV
" SEVy

Then, one obtains that

N,
0 < Ty Aty By <2 At Y meas(k) (n(UZ) +> n(US)> :

n=1 rEM seEV,.
Using (52b) —(52c¢), which ensure that
* *
my, > Emeas(fi) and  mg > Wmeas(fi)

we deduce that there exists C' depending on d, ¢* and (* such that
0 < T, At My, < CTD,, At (W), Vm > 1.

As a particular consequence of Lemma 4.5, we know that (7p,, A, 7(twm))
uniformly equi-integrable, whence

m>1 18

(103) (T Mo, At Bo) > 18 uniformly equi-integrable.

Let us introduce w,, = (W}, wl)ksn € Wn,, ar,, defined for all K € M,,, all
s€Vyandallne{l,...,N,} by

(104) Wl =0, wl = max|€(up) - €(ul)].

It follows from a straightforward generalization of Lemma A.9 and from esti-
mate (71) that maq,, Ar,, Wi converges strongly in L?(Qy,) towards 0. Therefore,
up to an unlabeled subsequence, it converges almost everywhere. As a consequence,

(105) TM, At P(W,) — 0 ae. inQ
for all continuous function ¢ : Ry — R such that ¢(0) = 0.
Since the function /1o &1 is supposed to be uniformly continuous (cf. (10)),

it admits a non-decreasing modulus of continuity w € C(Ry;Ry) with w(0) = 0
such that, for all v,v in the range of &,

(106) Vo &) = Vo & 1(®)| < Cx(lo ),
Using (102), we obtain that

pt < (w(wh)?, Ve e My, Vne{l,....Ny},
so that

0 < MM At i < Th, Aty (W)
Thanks to (105), we obtain that

(107) TMy Aty by, — 0 ace. in Q.
m—r o0
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In order to conclude, it only remains to remark that (103) and (107) allow us to
use Vitali’s convergence theorem. O

Lemma 4.9. Let u,, € Wp,, A+, be the solution to the numerical scheme, and let
U € Wp,, v, be defined by (88), then, up to a subsequence,

T, At, Umn(un)) — 0 strongly in L' (Qy,).
m—»00
Proof. On the one hand, remark that due to the mass lumping, one has

T Mo, Aty (VmD(Um)) = (Ta,, AL, Vi) X (TM,, A, 1 (Wm)) Vm > 1.

Thanks to Lemma 4.5, we know that (maq,,,a¢, 7(%m)),,~; is relatively compact

in LY(Q,), whence it is uniformly equi-integrable. Now it follows from (89) that
(T M, At Vm),y> i uniformly bounded in L*°(Qy,). Therefore, the sequence

(108) (T M, At VmD(Wm))),,~, is uniformly equi-integrable.

On the other hand, since n(uj!) < 257 ., we know that

2
109) " n(u™) < 2 ( o Nn), v Ve {1,... Ny},
(109) vy m(uy) < 2max{\/ng s — /1 K € M, Vn € { }
The continuity of y/n o &~1 provides the existence, for all kK € M,,, all s € V,; and
all n > 1, of €, and &7, in [min(€(u), €(ur), max(€(up), €(u)] such that

K

nogt(gn) =t and mog ! (&) =ik
In particular, we know that

n n n
K,S K,S Sw

= We)

Vi € My, Vs € Vi,Vn e {1,...,Nn},

where w? is defined by (104). Since /1o &~1 is uniformly continuous, we deduce
from (109) that

v () < 2(@@)?, Yk € Mo, Yn € {1,..., N},

where w denotes the modulus of continuity of 1/no &1 introduced in (106). We
conclude as in the proof of Lemma 4.8 that, up to an unlabeled subsequence,

(110) (MM At Wmn(Um))),s) — 0 ace. in Q.

Combining (108) with (110) to apply Vitali’s convergence theorem allows to con-
clude the proof. O

5. NUMERICAL IMPLEMENTATION AND RESULTS

This section is devoted to the numerical resolution of the nonlinear system (41).
First, we discuss in §5.1 the strategy that we used for solving the nonlinear sys-
tem (41). Then we present in §5.2 two 2-dimensional cases with analytical solutions
in order to illustrate the numerical convergence of the method.
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5.1. Newton method, Schur complement and time-step adaptation. The
nonlinear system (41) obtained at each time step is solved by a Newton-Raphson al-
gorithm. Given u"~! € Wp, this leads to the computation of a sequence (u"’z)i>0 C

Wp such that ™ = lim; o, u™" is a solution to (41). The variation of the discrete
unknowns between two Newton-Raphson algorithm iterations is denoted as follows,
i p 1. it p )
du™" = (du;”, , duﬁz)seVWeM_u"Z —u™ Vi > 0.

Les us briefly detail the practical implementation of the iterative procedure allowing

to deduce u™ from uw™!.

(1) In the case where p(0) is finite, the initial guess for the Newton algorithm
is, as usual, taken as u™? = (uf "', up') foralls € V,k € M. In the
singular case p(0) = —oo, it was proved in Lemma 3.7 that the solution
u” = (uy, ul)y,s of (41) is such that minge puy ujy > 0. Therefore, we can
initialize the Newton algorithm by

u™? = (max (e, ugfl) , max (e, uzfl))ms .
In the computations, we fixed e = 10710,

(2) The Newton-Raphson algorithm iterations are done until a convergence
criterion on the L°°(€2) norm of the variation of the discrete unknowns is
reached or until the maximum number of iterations is reached. At each
iteration, the Jacobian matrix resulting of (41) is computed and has the
following block structure

A B\ ., (b
c D) T b))

where the sub-matrices have the following sizes: A € R#¥Y @ R#*V B ¢
R#V @ R#M C e RFM@R#Y, and D € R¥M @R#M . The sub-vectors at
the right hand side have thus the following sizes: b; € R#Y and by € R#M.
The dependence of the sub-matrices and the sub-vectors w.r.t. n and i was
not highlighted here for the ease of notations. A main characteristic of this
block structure is that the block D is a non singular diagonal matrix, thus
the Schur complement can be easily computed without fill-in to eliminate
the variation of the cell unknowns. This allow to reduce the linear system
to the variation of the vertices unknowns as usual when using the VAG
scheme. The resulting linear system that we have to solve in order to
obtain the variation of the vertices unknowns is given by,

(111) (A —BD 'C)(du™")sey = by — BD 'by,

and then the variation of the cell unknowns can be easily deduced by the
matrix-vector product below,

(112) (du')wem = D™ H(bz — C(du")sev).
As for the initial step, we have to take into account the singular case at
each Newton-Raphson iteration by,
w™ = max(u™ + du™’ | ).

(3) If the Newton-Raphson algorithm iterations stop before the maximum num-
ber of iterations is reached, the next time iteration is proceeded by increas-
ing the time step. Otherwise, the current time iteration is recomputed by
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reducing the time step.

Remark. The increase of the time step is bounded by a maximum value denoted
Atlmax and a maximum number of convergence failures of the nonlinear methods
imposed in order to abort the simulation in case of a non-convergence.

5.2. Definition of the test-cases and numerical results. We present here
three 2-dimensional numerical cases where (2 is the unit square. The space domain
is discretized by using meshes issued from a benchmark on anisotropic diffusion
problem [29]. In the following numerical experiments, the tensor is defined by

l O
(5 0)

where [, and [, are chosen constant in {2, and the exterior potential is defined by
V(z) = —g -z for all x € Q where g = (g,0)" with g € R;. For these cases, the
weights of the VAG scheme defined in (26) are computed here by oy s = é)Ti for
all k € M, s € V. Such an equi-distribution of the measure of 2 is suitable in our
experiments since we deal with a constant in space tensor A. The question of the
mass distribution in the case of heterogeneous problems is discussed in [27, 11]. The
linear solver applied to resolve (111) is a home-made direct solver using a gaussian
elimination with an optimal reordering. Thanks to the construction of analytical
solutions, errors can been computing in the classical discrete L?(Q,), L' (Qy,) and
L>®(Q¢,) norms. All the results are presented in the Tables below. Each table
provides the mesh size h, the initial and maximum time steps, the discrete errors,
their associated convergence rate and the minimum value of the discrete solution.

5.2.1. Test 1: Linear Fokker-Planck equation with no-fluz boundary condition. This
first test case matches with the problem defined by (1) with the functions n(u) = u
on Ry and p(u) = log(u) and the constant g is fixed to 1. In this case, note that
(1) leads to the linear equation

(113) Ou—V- (A (Vu—ug))=0 in Qy

with the same boundary and initial conditions as in (1). Therefore we compare the
results obtained by (41) with those obtained using, instead of (41c), this particular
definition of the fluxes

n n
(114) Fualu) = 3 al(ul —u) + 5 3 aty (Ve = Vo),
S'EV, S'EV,

Ve € M, Vs € V.

The resulting scheme is called the “linear scheme”. The numerical convergence of
both scheme has been compared on the following analytical solution (built on a
1-dimensional case),

(115)  w(z,y,t) = exp (—at + gx) (wcos(mc) + gsin(mc)) + Texp (g(gc — %)) ,

V((z,y),t) € Q x (0,t),
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where a = I, (7% + %) This function satisfies the homogeneous Neumann bound-
ary condition and the property u(z,y,t) > 0 for all (z,y,t) € Q.

In order to make a numerical convergence study, we have used a family of tri-
angular meshes. These triangle meshes show no symmetry which could artificially
increase the convergence rate. This family of meshes is built through the same
pattern, which is reproduced at different scales: the first (coarsest) mesh and the
third mesh are shown by Figure 1. For the tests on triangular grid , the final time

FIGURE 1. First and third mesh used in the numerical examples.

ts has been chosen to 0.25 and an anisotropic tensor has been consider: [, = 1 and
l, = 10.

h #YV | Atinit Almax errz2 rate erry. rate eIy, rate | Umin ‘
0.250 37 0.001  0.01024 | 0.196E-01 - 0.754E-02 - 0.216E+00 - 0.022
0.125 129 | 0.00025 0.00256 | 0.512E-02 1.935 | 0.178E-02 2.084 | 0.600E-01 1.848 | 0.004
0.063 481 | 0.00006 0.00064 | 0.129E-02 1.986 | 0.430E-03 2.050 | 0.157E-01 1.931 | 0.001
0.031 1857 | 0.00002 0.00016 | 0.324E-03 1.997 | 0.107E-03 2.007 | 0.473E-02 1.734 | 0.000

TABLE 1. Triangles. Nonlinear scheme (41).

h #V Atinit Al max erry2 rate erry rate erIT 0 rate | Umin
0.250 37 0.001  0.01024 | 0.187E-01 - 0.708E-02 - 0.225E+00 - -0.155
0.125 129 | 0.00025 0.00256 | 0.469E-02 1.993 | 0.165E-02 2.100 | 0.786E-01 1.515 | -0.046
0.063 481 | 0.00006 0.00064 | 0.117E-02 1.999 | 0.406E-03 2.023 | 0.228E-01 1.784 | -0.012
0.031 1857 | 0.00002 0.00016 | 0.293E-03 1.999 | 0.102E-03 1.999 | 0.611E-02 1.901 | -0.003

TABLE 2. Triangles. Linear scheme, fluxes defined by (114).

Let us first observe that, in this case where the continuous solution is regular, the
numerical order of convergence is close to 2, using the scheme developed in this pa-
per or the scheme (114). Moreover the nonlinear scheme has better approximation
of the lower bound of the solution, since its minimum value is always nonnegative,
unlike the linear scheme. This numerical behavior is a verification of the theoretical
result mentioned in the Lemma 3.7.

Now, in order to exhibit the ability of the VAG scheme to deal with all type of
meshes, the same test case has been applied on a so-called Kershaw grid illustrated
on the Figure 2. A numerical convergence study is not relevant on such family
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of grids due to the difficulty of defined a factor of refinement. On this grid, the
final time ¢¢ has been chosen to 250 and an anisotropic tensor has been consider:
l; =0.001 and [, = 1. The results are listed on the Table 3 and we can check again
the property of the nonlinear scheme which satisfies the lower bound.

| #V | Atinit | Atmax | eIry,2 ‘ €Irp1 | €IT [ 0 | Umin |
nonlinear scheme [ 324 [ 2E-04 | 1 [ 3.99E-02 | 0.404 | 1.42E-02 | 8.92E-04 |

linear scheme [ 324 [2.E-04[ 1 |3.47E-02]0.377 [ 2.01E-02 | -1.49E-02 |
TABLE 3. Kershaw grid. Nonlinear and linear scheme, with an
anisotropic tensor.

Denoting by w = 7 exp (g(:z: — %)) the long-time asymptotic of @ defined by (115),
then the relative entropy of a function u : Q — R} w.r.t. w is defined by

(116) E¥(u) = /Q (ulog (%) —u+ w) de.

Note that E* is undefined (or is set to +00) if u < 0 on a positive measure set.
Following [34], the anisotropic Fokker-Planck equation has a rigorous gradient flow
structure for some Wasserstein metric, for which the entropy u — [, (ulog(u)—u)da
is geodesically d-convex for some § > 0 (this relies on the fact that A does not
depend on «, see [34, Remark 1.6]). Moreover, the relative entropy E* (u(-,t)) con-
verges exponentially fast towards 0 as ¢ tends to +o0c. A closely related exponential
convergence result was transposed to the discrete setting in [19, 18] in the case of
a monotone discretization of the diffusion equation (see also [9]). In order to check
this asymptotic behavior at the discrete level, we introduce the discrete relative
entropy Ej(u) defined for all nonnegative u = (ux,us), . € Wp (i.e., such that
ug > 0 for all 5 € MUYV) by

w0 Epw = S me (utor (L) st i)

BEMUY w(z

The exponential convergence towards equilibrium is recovered as it appears clearly
on Figure 2.

10 . — ,
™~ T nonlinear scheme
T~ {1
I L~
L LN 1
N 2
L] S T~
mEN g o
- >
T ~
N ey b=
1~ 0.01
L LA
L
T 1 0.001
T T 0 50 100 150 200 250
I N L~ )
time

FIGURE 2. Left: Kershaw mesh. Right: Evolution of the relative
entropy t — EB(u(-,t)) on a logarithmic scale in function of time.
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5.2.2. Test 2: Porous medium equation with Dirichlet boundary condition. In this
second test case, the functions are n(u) = 2u? on Ry and p(u) = log(u), and the
potential V' is set to 0, so that the problem turns to

(118) du—V-(AV@W?))=0 inQ,
Note that since the function 7 is strictly convex, the rigorous gradient flow structure
of the problem corresponding to this choice of mobility function 7 is unclear [22].

The problem is closed here with Dirichlet boundary conditions. We compare the
results obtained by (41) with those obtained using, instead of (41c), this particular
definition of the fluxes
(119) Fes(u™) = 3" af ((up)? = (ul)?), Vi€ M, Vs €V,

s'EVy

The resulting scheme is called the “quasilinear scheme”. The numerical convergence
of both schemes has been compared thanks to the following analytical solution
(again built in 1-dimension),
(120) Uz, y,t) =max 2,z —t, 0), V((z,9),t) € Q.
Note that (120) is the unique weak solution corresponding to the initial condition
uo(x,y) = u(x,y,0) and to the Dirichlet boundary condition up(x,y,t) = u(z,y,t)
on 0N x (0, ). Our numerical convergence study makes use of the family of trian-

gular meshes presented on the previous test case. Once again, the final time ¢¢ is
fixed to 0.25 and an anisotropic tensor is given by [, =1 and [, = 10.

h #Y | Atinit Almax erry2 rate erry. rate eIT [, rate | Umin ‘
0.306 37 0.001  0.01024 | 0.523E-02 - 0.997E-03 - 0.105E+00 - 0.000
0.153 129 | 0.00025 0.00256 | 0.205E-02 1.352 | 0.344E-03 1.535 | 0.522E-01 1.013 | 0.000
0.077 481 | 0.00006 0.00064 | 0.898E-03 1.190 | 0.123E-03 1.490 | 0.259E-01 1.012 | 0.000
0.038 1857 | 0.00002 0.00016 | 0.380E-03 1.240 | 0.417E-04 1.554 | 0.128E-01 1.012 | 0.000

TABLE 4. Test 2. Nonlinear scheme (41).

h #V | Atinig Almax errye rate erry rate eIT [, rate | Umin
0.306 37 0.001  0.01024 | 0.116E-01 - 0.371E-02 - 0.764E-01 - -0.065
0.153 129 | 0.00025 0.00256 | 0.423E-02 1.461 | 0.116E-02 1.672 | 0.388E-01 0.977 | -0.039
0.077 481 | 0.00006 0.00064 | 0.149E-02 1.501 | 0.337E-03 1.788 | 0.233E-01 0.737 | -0.021
0.038 1857 | 0.00002 0.00016 | 0.524E-03 1.513 | 0.932E-04 1.856 | 0.129E-01 0.856 | -0.010

TABLE 5. Test 2. Quasilinear scheme, with fluxes defined by (119).

We first observe that second order convergence is destroyed because of the lack
of regularity of the exact solution. Here again, the discrete solution of the nonlinear
scheme studied in this paper remains positive as expected by the Lemma 3.7, while
the discrete solution to the quasilinear scheme suffers from undershoots. Despite
the convergence for the nonlinear scheme seems to be slightly slower than the con-
vergence for the quasilinear scheme, the accuracy of the nonlinear scheme is better,
cf. Tables 4 and 5.

The Figures 3 illustrate the iso-values of the piecewise affine function defined on
the triangular mesh M reconstructed thanks to its nodal values (u),.,, for the
coarsest triangle grid at the final time ¢;. In the case of the nonlinear scheme, the
iso-values are chosen from 0 to 0.025 by step of 0.05 and then from 0.1 to 0.5 by
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FIGURE 3. Test 2. Coarsest grid. Discrete unknown (us)sey,, and
its iso-values. Left: Nonlinear scheme. Right: Quasilinear scheme.

step of 0.1. For the quasilinear scheme, the iso-values are taken from —0.025 to
0.025 by step of 0.05 and also from 0.1 to 0.5 by step of 0.1.

5.2.3. Test 3: Porous medium equation with drift. In this third test case, we have
set n(u) = w on Ry and p(u) = 2u and g = 1, leading to the degenerate problem

(121) du—V- (A (V) —ug) ) =0 inQy.

The problem is endowed with Dirichlet boundary conditions. The tensor A is chosen
to be diagonal with I, = 1 and I, = 100. We compare the results obtained by (41)
with those obtained using, instead of (41c), this particular definition of the fluxes

fal n K n n “Z + ug K
(122) FH7S(U ) = Z a’s,s’((un>2 - (us’>2) + T Z as,s’(VH - ‘/;’)7

s'€Vi s'€Vy
Ve e M, Vs € V.

The resulting scheme is again called the “quasilinear scheme”. The numerical con-
vergence of both schemes has been compared on the sequence of triangular meshes
already used in the previous tests, thanks to the following analytical solution (again
built in 1-dimension),

(123) u(z,y,t) =max (Bx —t, 0), V((xz,y),t) € Qx(0,t),
with 8 =1,(2+ g). The profile (123) is the unique weak solution corresponding to

the initial condition ug(z,y) = w(z,y,0) in  and the Dirichlet boundary condition
up(z,y,t) = u(z,y,t) on 9 x (0, ).

h #YV | Atinit Almax erry2 rate erry. rate eIT [, rate | Umin
0.306 37 0.001  0.01024 | 0.130E-01 - 0.423E-02 - 0.890E-01 - -0.046
0.153 129 | 0.00025 0.00256 | 0.495E-02 1.398 | 0.133E-02 1.675 | 0.496E-01 0.843 | -0.032
0.077 481 | 0.00006 0.00064 | 0.184E-02 1.428 | 0.397E-03 1.741 | 0.283E-01 0.808 | -0.017
0.038 1857 | 0.00002 0.00016 | 0.660E-03 1.479 | 0.116E-03 1.771 | 0.145E-01 0.970 | -0.009

TABLE 6. Test 3. Nonlinear scheme (41).

Here again, the convergence orders of both scheme are similar, but strictly lower
than 2 because of the lack of regularity of the exact solution. We also remark
that both schemes violate the positivity of the solution in this case, but that the
amplitude of the undershoots is slightly smaller for the nonlinear scheme . There
is no contradiction here with Lemma 3.7 since p is not singular at « = 0.
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h #V | Atinis Almax erry2 rate erry. rate eIT [, rate | Umin
0.306 37 0.001  0.01024 | 0.154E-01 - 0.568E-02 - 0.939E-01 - -0.068
0.153 129 | 0.00025 0.00256 | 0.671E-02 1.201 | 0.213E-02 1.416 | 0.613E-01 0.615 | -0.048
0.077 481 | 0.00006 0.00064 | 0.271E-02 1.309 | 0.702E-03 1.600 | 0.326E-01 0.910 | -0.027
0.038 1857 | 0.00002 0.00016 | 0.104E-02 1.384 | 0.212E-03 1.725 | 0.170E-01 0.938 | -0.015

TABLE 7. Test 3. Quasilinear scheme, fluxes defined by (122).

APPENDIX A. SOME LEMMAS RELATED TO THE VAG DISCRETIZATION
In this section, D = (M, T) denote a discretization of Q as prescribed in §2.1.1.

Lemma A.1. Forx € M, let A, = (a:xs’)ss'ev. be the matriz defined by (33),
then there exists C depending only on A, 01 and ¢p (but not on k) such that
Conda(A,) < C.

Proof. Following [12, Lemma 3.2], there exist C7, Co > 0 depending only on 67 and
{p such that, for all u € Wp and all Kk € M, one has

meas(K meas(k
017(2) 37 (s —un)? < IVrulfag, < 0279 7 (us —un)®,
(fu) SEVs (hre) SEV.
where h,, denotes the diameter of the cell K € M. As a consequence, one has
ACy m(eas)( meas(r) s wf? < 6,iu~A,{5,€u:/AV7—u Vrude < A*OQm(eas)( meas() s 2.
Since the application d,. : Wp — R is onto, we deduce that
Ae 01%3()| 2<v Aw< /\*02%8(:” 2, VweRS,
(hx)? (hw)
and thus that Conds(A,) < 322 O

Lemma A.2. There exists C' > 0 depending only on A, 81 and {p such that, for
all k € M and all v = (vs),,, € R, one has

Z(Zmbb,) *<Cv-Auw.

s€EV, \s'€V

Proof. Denoting by || - ||4 the usual matrix g-norm, one has
3 (3 el o < o
SEV. \s'€Vy

Since the dimension of the space R’ is bounded by ¢p, there exists C'; depending
only on ¢p such that ||A|1 < Ci]|As|l2, so that

(124) > <Z lag ) * < Cul|Allylvl.

s€EV, \s'€Vy

On the other hand, since A, is symmetric definite and positive, one has

| Axlly 2
> —= .
v-A, U_Condg( )|v|
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Using Lemma A.1, we obtain that there exists Co > 0 depending only on A, 61
and /p such that

(125) v- A > Ol Ay, v

Putting (124) and (125) together, we conclude the proof of Lemma A.2 by choosing

C =%, O
Cy

Lemma A.3. Let k € M and A, = (af)ssev, € Rt be the matriz defined
by (33). Let p,, = (b,s)gey, € R’ and v € Wp, then

Z Z Vs — U ) b, sQ¢ o P s! vy —v,) < né%x(,u,{ s Z ( Z |a’;s,|> (vs — vﬁ)2.

SEV, 8’ €V, s€EV, \s'€V,

Proof. Using ab < % —|— %, we obtain that

Z Z - UN Mk, sa:, o' Mr,s’ (Us’ - UN)

s€EVy, '€V,
<ma'X MN:; Z Z |Ub UN”ass’Hvb - ’f|

SEV, s’EV,
< ey )’ $ (Z Ia;”:s«|> (vs = v0)’
SEV, \s’EV,
+% Z (Z |CLSS/> Vg —Un)2'
s’€V, \s€V,

One concludes the proof of Lemma A.3 by noticing that, since A, is symmetric,
the two terms in the right-hand side of the above inequality are equal. 0

Lemma A.4. There exists C depending only on 61 and p such that
meas(T') < meas(x) < Cmeas(T), Ve e M, VT € TwithT C k.

Proof. Let k € M, then there exist T1,..., T, simplexes, with r = {,; if d = 2 and
r = 2#¢&, if d = 3, such that

UTi=r  TinT;=0if i #j.

The Euler-Descartes theorem ensures that r < 4(¢p — 1) if d = 3.
If T; and Tj share a common edge, one gets that
meas(7;) < 0% meas(T}).
Let ig,i1 € {1,...,7«} be arbitrary but different, we deduce from the previous
inequality the following non-optimal estimate:
meas(T},) < 4P~ meas(T;, ).

Let imax be such that meas(T;

Tmax

) = maxj<;<, meas(7;), then

meas(k) < 7 meas(T},. ) < 4(lp — 1) P Vdmeas(T;),  Vie {1,...,r}.

Tmax
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We state now a slight generalization of [12, Lemma 3.4], where the same result
is proven in the particular case ¢ = 2. The straightforward adaptation of the proof
given in [12] to the case g # 2 is left to the reader.

Lemma A.5. There exists C' depending only on ¢p and 01 defined in (23) and (20)
respectively such that

||[rpv — 7TT'U||Lq(Q) < Chr ”VT'UHLQ(Q) , Yv € Wp, Vq € [1,00].

Lemma A.6. Let D be a discretization of 2 as introduced in §2.1.1 such that
(p > 0, then there exist C; > 0 depending only on q, 81 and {p and Cy depending
moreover on (p such that

(126) Cillmpvl|Leq) < [Im7vllLa) < Collmpv|La), Vv € Wp.

Proof. Let T be a reference tetrahedron, and let v : T — R be an affine function
with nodal values v;, i € {1,...4}, then for all ¢ > 0, there exists C' depending on
q such that

4 4

1 ~

=3l Rl gy < Ol
=1 =1

Therefore, using classical properties of the affine change of variable between sim-
plexes, one gets the existence of C' depending only on ¢, 87, and ¢p such that, for
all v € Wp,

(127) é > meas(x) <|v,€|q + > |vs|q>

KEM s€EVy
< ”777"‘7”%11(9) <C Z meas(r) <|Ur~|q + Z |US|q> :
KEM s€EVx
On the other hand, one has
HWD'U”%q(Q) = Z mﬁlvfi'q + Zmb"Us'q'
KEM scV
A classical geometrical property and (28) yield
d
(128) m,, < meas(k) = d/ mre,(x)de < C—m,i Vk € M,
Q D
and similarly
d
mg < d/ mres(x)de < —my, Vs e V.
Q (p

Notice now that the following geometrical identity holds:

d/ mres(z)de = Z meas(T), Vs e V.
Q

TeT
x0T

Lemma A.4 yields the existence of C' > 0 depending on 67 and ¢p such that

% Z meas(k) < d/ mres(x)de < Z meas(k), Vs eV,
KEMs @ KEMs

and the result of Lemma A.6 follows. O
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Lemma A.7. Let D be a discretization of 2 as introduced in §2.1.1 such that
(p >0, then, for all g € [1,00], one has

d 1/q
et oy < (C—D) Irovllpe, Vo € Wo.

Proof. Let v = (v, vs) v € Wp, then it follows from (128) that

KEM s€

Imal Loy = 3 meas(s) Jul?
KEM

d q d d
<(5) X melod” < (& ) Imortine

KEM
(I

Lemma A.8. Let v = (vﬁ,vs)ﬁ7s € Wp be such that vg > 0 for all € MUYV,
and define v = (Uﬁ,ﬁs)ﬁys € Wp by

Vs = Vs, 7, = max <v,€, I,Ig}x vs/) , Vs € V,Vk € M.
s’ €V

Then there exists C' depending only on 01, {p and (p such that
1Tl 1) < Cllmpoll () -

Proof. Let v € Wp be a vector with positives coordinates, and let © be constructed
as above. It follows from the construction of © that

T Svnt D U5,  VKEM,
seEV,.
whence, applying (127) with ¢ = 1, one gets
[mr] 1) < Cllmrovl i)
The result now directly follows from Lemma A.6. O
Lemma A.9. Let u = (uUw,Us)wemscy € Wp, then for all K € M, we define
du = (gﬁu’gsu)neMsev € Wp by
Ssu=0 and d,u= max |1, — s, Ve e M, Vs €V,

then, for all q € [1,00], there exists C' depending only on q, 01, and {p such that
(129) HT‘—MEUHLQ(Q) < Chrl|Vrul Lo

Proof. Let k € M and s € V,, then there exists a simplicial sub-element T" € T of
k € M such that x, and x4 are vertices of T'. Then it follows from classical finite
element arguments (see e.g. [20, 23]) that

(hr)?

meas(T)"/9|u, — ug| < Cp—THVTu”Lq(T) < Chr|Vrullpae),

where ¢ depends only on the dimension d and on ¢, while C' depends additionally
on O1. Thanks to Lemma A.4, we get the existence of C' depending on d, ¢, 7 and
{p such that,

Ve € M, Vs € V.
Summing over £ € M provides that (129) holds. O

meas (k)Y |u, — us| < Chr IV rull e

k)
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