N

N

Observations on Gaussian upper bounds for Neumann
heat kernels
Mourad Choulli, Laurent Kayser, El Maati Ouhabaz

» To cite this version:

Mourad Choulli, Laurent Kayser, El Maati Ouhabaz. Observations on Gaussian upper bounds for
Neumann heat kernels. Bulletin of the Australian Mathematical Society, 2015, 92 (3), pp.429-439.
10.1017/S0004972715000611 . hal-01119643

HAL Id: hal-01119643
https://hal.science/hal-01119643
Submitted on 23 Feb 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01119643
https://hal.archives-ouvertes.fr

OBSERVATIONS ON GAUSSIAN UPPER BOUNDS
FOR NEUMANN HEAT KERNELS

MoURAD CHOULLI, LAURENT KAYSER

Institut Elie Cartan de Lorraine, UMR CNRS 7502, Université de Lorraine
Boulevard des Aiguillettes, BP 70239, 54506 Vandoeuvre les Nancy cedex -
Ile du Saulcy, 57045 Metz cedex 01, France

EL MAATI OUHABAZ

Institut Mathématiques de Bordeaux, UMR CNRS 5251
Université de Bordeaux, 351 Cours de la Libération
F-33405 Talence, France

ABSTRACT. Given a domain €2 of a complete Riemannian manifold M and define A to be the Laplacian
with Neumann boundary condition on 2. We prove that, under appropriate conditions, the corresponding
heat kernel satisfies the Gaussian upper bound

2 s 2z,
C - (1+d(1‘7y)) e,d(“y)’ £>0, 2.y €.
[Va(z, Vi) Va(y, V1)] a4t

Here d is the geodesic distance on M, Vo (x,r) is the Riemannian volume of B(z,r) N Q, where B(x,r) is
the geodesic ball of center x and radius r, and § is a constant related to the doubling property of €.

h(t,z,y) <

As a consequence we obtain analyticity of the semigroup e~*4 on LP(Q) for all p € [1,00) as well as a
spectral multiplier result.

1. INTRODUCTION AND MAIN RESULTS

This short note is devoted to the Gaussian upper bound for the heat kernel of the Neumann Laplacian.
Let us start with the Euclidean setting in which € is a bounded Lipschitz domain of R™. Let Ay be the
Neumann Laplacian. It is well known that the corresponding heat kernel h(t, z,y) satisfies

lz—y|?

(1) 0<h(t,z,y) <Ct™™2ete ™ 7 | t>0, z,y €.

One can replace the extra term e’ by (1 + t)"/2 but the decay h(t,z,y) < Ct="/? cannot hold for large ¢
since e~ 1 = 1. We refer to the monographs [5] or [17] for more details.

In applications, for example when applying the Gaussian bound to obtain spectral multiplier results one
can apply (1) to —Ax + I (or el for any ¢ > 0) and not to —Apy. It is annoying to add the identity
operator especially it is not clear how the functional calculus for —Ay can be related to that of —Ayx + 1.
The same problem occurs for analyticity of the semigroup ¢!~ on LP(Q) for p € [1,00). One obtains from
(1) analyticity of the semigroup but not a bounded analytic semigroup. This boundedness (on sectors of
the right half plane) is important in order to obtain appropriate estimates for the resolvent or for the time
derivatives of the solution to the corresponding evolution equation on LP. In this note we will show in an
elementary way how one can resolve this question. The idea is that (1) can be improved into a Gaussian
upper bound of the type

C _clzmul®

(2) h(t,z,y) < e
P VateviValy V]

, t>0, x,y € Q,
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2 MOURAD CHOULLI, LAURENT KAYSER AND EL MAATI OUHABAZ

where Vi (x, r) denotes the volume of QN B(xz,r) and B(x,r) is the open ball of center  and radius . There
is no extra factor in (2) and one can use this estimate in various applications of Gaussian bounds instead of

(1).

We shall state most of the results for Lipschitz domains of general Riemannian manifolds.

Let (M, g) be a complete Riemannian manifold of dimension n without boundary. Let Q be a subdomain
of M with Lipschitz boundary I'. That is, I' can be described in an appropriate local coordinates by means
of graphs of Lipschitz functions. Specifically, for any p € T', there exist a local chart (U, ), ¥ : U — R™ with
¥(p) = 0, a Lipschitz function X : R"~* — R with A(0) = 0 and € > 0 such that

PUNQ) ={(a' Nz/)+1); 0<t<e 2’ eR"Y, |2!| <€},
YU NT) = {2, \2)); @ e R"™, |2'] < e}
We use in this text Einstein summation convention for repeated indices. We recall that, in local coordinates
= (T1,...,Tn),
g(x) = gijdx; @ dz;.
If f € C°(M), the gradient of f is the vector field given by
iy Of 9
6:51- 6,Tj
and the Laplace-Beltrami operator is the operator acting as follows

L D 0
af=lol o (12751

0z

V=g

where (¢*) is the inverse of the metric g and |g| is the determinant of g.

Let p be the Riemannian measure induced by the metric g. That is
dp = |g|"?dxy ... day,.
We set L*(Q) = L?(Q,du). Let H'(Q) be the closure of C§°(Q) with respect to the norm

1l = ( [ @ran) + [ IVf(w)|2du(w)) "

Here
IVf12=(Vf, V),
where
. af 69
_ ] It
<Vf, vg> g 8{EZ 8Ij '

We consider on L?(2) x L?(Q2) the unbounded bilinear form
a(f.9) = [ (V1.Va)inta)

with domain D(a) = H' ().
Since I" is Lipschitz, the unit conormal v € T* M is defined a.e. with respect to the surface measure do.
Let 0,f = (Vf,v) = gijl/i% and

Ha(Q) = {f € L*(); Af € L*(Q)}.
We recall the Green’s formula

/ (Vf. Vg = — / Afgdy+ / 9, fgdo, feCF@), geH'(Q).
Q Q T
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In light of this formula, we define 8, f, f € Ha(Q), as an element of H~/2(T"), the dual space of HY/?(T),
by the following formula

Ovf,9)1/2 = /Q Afgdp+ /Q<Vf, Vg)du, g€ H'(Q).
Here (-,-)1 o is the duality pairing between H/*(I') and H~/2(T).
We define the operator Au = —Aw with domain
D(A) ={u e Ha(Q); d,u = 0}.
Then it is straightforward to see that A is the operator associated to the form a.

Let d be the geodesic distance and B(z,7) be the geodesic ball with respect to d of center z € M and
radius r > 0, and set V(z,r) = u(B(z,1)).

We assume in what follows that M satisfies the volume doubling (abbreviated to VD in the sequel)
property: there exists C' > 0 so that

V(z,2r) <CV(z,r), x €M, r>0.
We shall assume that the heat kernel p(¢, x,y) of the Laplacian on M satisfies the Gaussian upper bound
C 4@

VOV VD]

in which C and ¢ are positive constants.

(3) p(t,z,y) < , >0, 2,y eM

A typical example of a manifold which satisfies both properties is a manifold with non negative Ricci
curvature. The volume doubling property is then an immediate consequence of Gromov-Bishop theorem.
The Gaussian upper bound can be found in [14].

We define Vo by
Va(z,r) = p(B(z,r)NQ), r>0, ze.
The main assumption on €2 is the following variant of the V' D property: there exist two constants K > 0
and § > 0 so that

5
(4) Val(z,s) SK(E) Va(z,r), 0<r<s, ze.
r

Note that this doubling property holds for all bounded Lipschitz domains of R™ (with § = n). We shall
discuss this in Section 3.

Most of the results we will refer to are valid for metric measure space with Borel measure. In our case
this metric measure space is nothing else but (€2, d, u). Here, we keep the notations d and p for the distance
and measure induced on Q by d on M and p on M.

Now we state our main results which we formulate in following theorem and the subsequent corollaries.

Theorem 1.1. (1) —A generates a symmetric Markov semigroup e~** with kernel h € C°°((0,00) x 2 x Q).
(2) Suppose that M satisfies V.D and (3) and Q satisfies the VD property (4) and diam () < co. Then h
has the following Gaussian upper bound

2 s 200,
h(t,z,y) < ¢ 73 (1+d(jt’y)> e* Elt’), t>0, x,y € Q.
[Va(z, VD) Va(y, V1))

Since p € [0,00) — (1 + p)®e~*/2 is bounded function, an immediate consequence of Theorem 1.1 is

Corollary 1. Suppose that M satisfies VD and (3) and §) satisfies the VD property (4) and diam (Q) < oo.

Then
C _d%(z.y)

h(t,x,y) < 56 5, >0, 3,y €.
[Va(z, VB Ve (3, VD)
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We note that for unbounded domains, Gaussian upper bounds for the Neumann heat kernel are proved
in [9].

Theorem 1.1 (2) or its corollary has several consequences.

Corollary 2. Suppose that M satisfies VD and (3) and §2 satisfies the V D property (4) and diam () < co.
Then

(1) the semigroup e *A extends to a bounded holomorphic semigroup on CT on LP(Q, 1) for all p € [1,00),
(2) the spectrum of A, viewed as an operator acting on LP(2), p € [1,00), is independent of p.

t

Assertion (1) is a consequence of Corollary 1 combined with [17, Corollary 7.5, page 202]. It was originally
proved in [16]. Assertion (2) follows from a result in [6] which asserts that a Gaussian upper bound implies
p-independence of the spectrum. See also [17, Theorem 7.10, page 206] for the general form needed here.

Let (E)) be the spectral resolution of the non negative self-adjoint operator A. We recall that for any
bounded Borel function f : [0,00) — C, the operator f(A) is defined by

= [ FNaEs.
0
An operator T on the measure space (€2, u) is said of weak type (1,1) if
1T @)=L (o) = sup{Au({z € Q; [To(x)| > A}); A >0, [[o|piq) =1} < oo,
In light of [7, Theorem 1.3, page 450 and Remark 1, page 451], another consequence of Corollary 1 is

Corollary 3. Suppose that M satisfies VD and (3) and §2 satisfies the V D property (4) and diam () < co.
Let s > §/2, where 0 is as in (4), ¢ € C§°((0,00)) non identically equal to zero and f : [0,00) — C a Borel
function satisfying

sup [[(-) f (&) [[ws.e < 00

>0
Then f(A) is of weak type (1,1) and bounded on LP(Q) for any p € (1,00). Additionally,

£ (A2 -1 @) < Cs (St1>1]g () f () [[wsoo + |f(0)|> :
A particular case of this corollary concerns the imaginary powers of A. Precisely, A", r € R, extends to
a bounded operator on L?(Q), p € (1,00), and, for any € > 0, there is a constant C, > 0 so that
(5) A" (| Loy < Ce(1+ |r[)°1/2=1/plte,
Indeed, an application of the previous corollary with f(\) = A" shows that
A" Lrey— 1 (o) < Ce(1 + |r|)2/2Fe,

On the other hand, the standard functional calculus for self-adjoint operators gives

A" | L2y < 1.
Therefore, (5) follows by interpolation. We refer to [17, Corollary 7.24, page 239] for more details.

2. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.1. (1) We first recall that —A generates on L?(Q) an analytic semigroup e *4. Note
that

+oo
e tA = / e_t’\dE,\, t>0.
0

Proposition 1. (a) e =% is positivity preserving.
(b) et is a contraction on LP(Q) = LP(Q,du) for all 1 < p < oo and t > 0.
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Proof. (a) We recall that if u € H*(Q), then u™,u~ € H*(Q) and V|u| = Vu™ + Vu~. Hence
a(lul, |ul) = a(u,u), ue H(Q).
In light of [5, Theorem 1.3.2, page 12], we deduce that e~*A is positivity preserving.

(b) If 0 < w € H'(Q2), then one can check in a straightforward manner that u A 1 = min(u,1) € H'(Q)

and
[ Vu  infu > 1],
V(““)_{o in [u < 1].

~tA is a contraction semigroup on LP(R2) for all 1 < p < oo by [5, Theorem 1.3.3, page 14]. O

Therefore e

This proposition says that e *4 is a symmetric Markov semigroup.

We have for any integer k,
+oo
(6) Ake=tA = / Mee= A aE,.
0

Therefore, e "*Af € D(A), for all f € L*(Q) and ¢ > 0.
On the other hand, we get from the usual interior elliptic regularity
ﬂ D(A*) c C>=(Q).
keN

Hence, * — e~ *Af(x) belongs to C>°(Q) for any fixed t > 0. But, ¢t — e *f is analytic on (0,00) with
values in the Hilbert space D(AF). Consequently, (t,2) — e~ *Af(x) is in C°°((0,00) x Q).

From now on, the scalar product of L?(Q) will be denoted by (-, -)2.q and the norm of LP(), 1 < p < oo,
by || - ||p,o. The norm of LP(M) is simply denoted by || - ||, 1 < p < oc.

We fix t > 0. Using that A\ — Ae~* attains its maximum value at A = k/t, we obtain from (6) for

feL*Q)
(7) AR A f|2 = / e N2 By f 2

< sup[AFe M / TN

A>0

L 2k
<(3) e

Again by the interior elliptic regularity, D(A*) is continuously embedded in C(£2) when k is sufficiently large.
This and (7) entails: for any w € €, there exists C' = C(Q w, k) so that

(8) sup |e” A < Hsz Q.

In particular, for any fixed x € Q and ¢t > 0, the (hnear) mapping f — e A f(x) is continuous. We can then
apply the Riesz representation theorem to deduce that there exists £(t,z) € L?(Q2) so that

e Af(x) = (Ut 2), fl2n, T€Q t>0.
Therefore, (t,z) — {(t,x) € L?(Q) is weakly C* on (0, oo) x 2 and hence norm C* by [4, Section 1.5].
Let h(t,z,y) = (£(t/2,x),L(t/2,y)). Then h € C*°((0,00) x Q x ) and

(€"4f,9)p0 = (6_%Afae‘%f‘ / / (t, 2, y) f (2)g(y)du(x)duly), f,g € C(9Q).

By the density of C5°(Q) in L?(Q), we derive from the last identity that

e M f(x) = / h(t,z,y)f(x)du(z), t>0, € Q, fe L*Q).
Q
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(2) We start with the following proposition.

Proposition 2. e ™' satisfies the Davies-Caffney (abbreviated to DG in the sequel) property. That is, for
any t > 0, Uy, Uy open subsets of Q, f € L*>(Uy,du) and g € L*(Ua, dpu),

7‘2
(74, 9)2.0] < e fll2llgll2,0-

Here
r = dist(Uy, Us) = zeUleeUz d(z,y).
Proof. We omit the proof which is similar to that of [3, Theorem 3.3, page 515]. O

We now observe that  has the l-extension property (see for instance [15, Theorem C]). In other words,
there exists £ € B(H* (), H*(M)) satisfying (Eu)jo = u, u € H* ().

On the other hand, since M has the volume doubling property and the Gaussian bound (3), it follows
from [1, Theorem 1.2.1] that the following Gagliado-Nirenberg type inequality holds: for 2 < ¢ < 400, there
exists a constant C' > 0 so that

9) 1f V25 (n)llg < C(Iflz +7IIVANZ) , r >0, f € CE2(M).
In light of (9) and using that Vo (-,7) < V(-,7) in €2, we obtain for r > 0, f € H*(Q) and fixed 2 < ¢ < o0,

1V )l < 1FVE 3 ()l
<€V,
< C(IEfll2+ rlIVERIII2)
< ClENA+ ) fll2.e + 7V Fll2.e)-
Here ||€]| is the norm of £ in B(H'(Q), H'(M)). Hence
(10) 1#Va(, ) 0 llge < C(Ifllzg + 7llIVSll20), v>0, f € H'(Q),

where we used the fact that Vo (-, 7) = Va(-,70) = p(£2), for all r > ry = diam ().

We then apply [1, Theorem 1.2.1] to derive that h possesses a diagonal upper bound. In other words,
there exists a constant C' > 0 so that

C
1/2°
[Va(z, V) Va(x, V)]
Since e~*A has the DG property by Proposition 2 we get, from [3, Corollary 5.4, page 524],
C d?
& 7 <1 + (Zta y)
[‘/Q (Ia \/E)‘/Q (yv \/E)]

The proof is then complete. O

h(t,z,y) <

0 _d?(z,y)
e 4 t>0, z,ye

3. DOMAINS WITH VOLUME DOUBLING PROPERTY

Flat case. It is known that any bounded Lipschitz domain of R™ satisfies the volume doubling property.
We discuss this again here. We consider R" equipped with its euclidean metric g = (d;;). Let

Gy, §0) ={z€R"; (2 —y) - = (cose)lz —yl, 0 < |y — z[ <},

where y € R", £ € S~ ! and 0 < e. That is, C(y, &, €) is the cone, of dimension e, with vertex y, aperture e
and directed by &.

We say that ) has the e-cone property if
for any x € T, there exists &, € "' so that, for ally € QN B(x,€), € (y,&x,€) C Q.
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Let Q be a bounded Lipschitz domain of R™. Then, by [12, Theorem 2.4.7, page 53], Q has the e-cone
property, for some € > 0. This implies that there exist ¢cg > 0 and p > 0 so that
(12) Va(z,r) = |B(z,r) NQ > cor”, 2€Q, 0<r <p.

An immediate consequence is that Q (equipped with its euclidean metric) satisfies the volume doubling
property. Indeed, let 9 = diam (£2) and 0 < r < s. Then (12) entails

(13) Va(z,s) <c1s™" = (—S) < & (_S) Va(z,r), 0<r<p,
r Co \T
where ¢; = |B(0,1)].

Also, when p < rg,

(1) Vale.s) < 2 (2) Vo) < 2 (2) (2) Vot p<r <
Finally, it is obvious that

S n
(15) Valz, s) = Q) = Valz, ro) < (;) Vala,r), > r0.

Estimates (13), (14) and (15) show the volume doubling property.

Manifold with sectional curvature bounded from above. Let T, M be the tangent space at x € M,
Sy C T, M the unit tangent sphere and SM the unit tangent bundle. Let ®; be the geodesic flow with phase
space SM. That is, for any t > 0,
Dy SM — SM:(2,€) € SM — O4(x,8) = (V2,6(t), e (1))

Here 7,.¢ : [0,00) — M is the unit speed geodesic starting at = with tangent unit vector £ and 4, ¢(t) is the
unit tangent vector to v ¢ at vy ¢(t) in the forward ¢ direction.

If (z,€) € SM, we denote by r(x,§) the distance from x to the cutlocus in the direction of &:

r(z,&) =inf{t > 0; d(x, D¢(z,§)) < t}.
We fix ¢ € (0,1] and r > 0. Following [18], a (J,r)-cone at x € M is the set of the form
(7, we,7) = {y = Y0,e(s); § €wy, 0 < s <7},

where w, is a subset of S, so that r < r(z,§) for all £ € w, and |w,| > § (here |w,| is the volume of w, with
respect to the normalized measure on the sphere S ).

A domain D which contains a (6, 7)-cone at x for any = € D is said to satisfy the interior (9, )-cone
condition.

Let .
sin(y/kr n= .
( NG ) if Kk >0,
se(r) =4 rm7t itk =0,
n—1
sinh(y/—kr .
(7\/1 ) if K <0.

We assume that the sectional curvature of M is bounded above by a constant x, x € R, and ) satisfies
the interior (9, 7)-cone condition. Let J(z,&,t) be the density of the volume element in geodesic coordinates
around x. That is

dV(y) = J(@,& 1)ds, dt, y=2e(t), t <r(z,8).

By an extension of Giinther’s comparison theorem (see for instance [13]), J satisfies the following uniform
lower bound

J(x,8,1) > si(t).
Consequently, for some ¢ > 0,

(16) Valz,r) > V(€ (x,we,r)) > cor”, € Q, 0<r <rg,

We proceed similarly to the flat case to prove the following lemma.
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Lemma 3.1. Assume that M has sectional curvature bounded from above and satisfies following volume
growth condition

Viz,r) <er™, 0<r <rq,

for some constants ¢1 and 1. If Q is of finite diameter and satisfies the (§,1)-cone condition, then Vg is
doubling.

(1]

[10]
[11]
(12]

[13]
[14]
(15]

[16]
(17]

(18]
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