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METASTABILITY FOR THE CONTACT PROCESS ON THE
PREFERENTIAL ATTACHMENT GRAPH

VAN HAO CAN

ABSTRACT. We consider the contact process on the preferential attachment graph. The
work of Berger, Borgs, Chayes and Saberi [BBCS1] confirmed physicists predictions that
the contact process starting from a typical vertex becomes endemic for an arbitrarily
small infection rate A with positive probability. More precisely, they showed that with
probability A | it survives for a time exponential in the largest degree. Here we obtain
sharp bounds for the density of infected sites at a time close to exponential in the number
of vertices (up to some logarithmic factor).

1. INTRODUCTION

The paper aims at proving a metastability result for the contact process on the prefer-
ential attachment random graph, improving [BBCS1]|’s result in two aspects: obtaining a
better bound on the extinction time, and estimating more accurately the density of the
infected sites.

The contact process is one of the most studied interacting particle systems, see in
particular Liggett’s book [L|, and is also often interpreted as a model to describing how a
virus spreads in a network. Mathematically, it can be defined as follows: given a locally
finite graph G = (V, F) and A\ > 0, the contact process on G with infection rate A is
a Markov process (&)i>0 on {0,1}V. Vertices of V' (also called sites) are regarded as
individuals which are either infected (state 1) or healthy (state 0). By considering & as a
subset of V' via & = {v : {&(v) = 1}, the transition rates are given by

& — &\ {v} for v € & at rate 1, and
& — & U {v} for v € & at rate A degg, (v),

where deg,, (v) denotes the number of edges between v and other infected sites (Note that
if G is a simple graph, i.e. contains no multiple edges, then degy, (v) is just the number of
infected neighbors of v at time t). Given that A C V, we denote by (/)i the contact
process with initial configuration A. If A = {v} we simply write (&}).

Originally the contact process was studied on integer lattices or homogeneous trees.
More recently, probabilists started investigating this process on some families of random
graphs like the Galton-Watson trees, configuration models, random regular graphs, and
preferential attachment graphs, see for instance [P, CD, CS, D, MVY, MV, BBCS1]|.

The preferential attachment graph (a definition will be given later) is well-known as a
pattern of scale-free or social networks. Indeed, it not only explains the power-law degree
sequence of a host in real world networks, but also reflects a wisdom that the rich get
richer - the newbies are more likely to get acquainted with more famous people rather
than a relatively unknown person. Therefore there has been great interest in this random
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graph as well as the processes occuring on it, including the contact process. In [BBCS1]|,
by introducing a new representation of the graph, the authors proved a remarkable result
which validated physicists predictions that the phase transition of the contact process
occurs at A = 0. More precisely, they showed that there are positive constants 6, ¢ and

C, such that for all A > 0

(1) <P, <§gXpW J # @) <A

where (/') is the contact process starting from a uniformly chosen vertex.
Recently, in [BBCS2| they used their new representation to show that the preferential
attachment graph converges weakly to a limit, called the Polya-point graph.

In this paper we will use this convergence as well as the new representation to improve
(1). Here is our main result.

Theorem 1.1. Let (G,,) be the sequential model of the preferential attachment graph with
parameters m > 2 and o € [0,1). Consider the contact process (&) with infection rate
A > 0 starting from full occupancy on G,. Then there exist positive constants ¢ and C,
such that for A small enough,

2) P, <cx+i| oA+ < [l < oy logw) —1-0(1).

where ¥ = ﬁ—g and (t,,) is any sequence satisfying t, — oo and t, < T, = exp <(1O;’\%> :

By a well-known property of the contact process called self-duality (see |L], Section I.1)
for any ¢t > 0 we have

3) Y 1er # o)) Dlel.

veEV
Therefore the survival probability as in (1) is just the expected value of the density of
infected sites as in Theorem 1.1, so that our result is a stronger form of the one in [BBCS1]|.
Additionally we get a more precise estimate of the density and we allow (t,) to be larger.
Let us comment on its proof now.

First, to obtain the time 7,, we will use the maintenance mechanism as in [CD] instead
of the one in [BBCS1]. In the latter the authors used that in the preferential attachment
graph the maximal degree is of order /n, plus the well-known fact that for any vertex
v, the process survives a time exponential in the degree of v, once it is infected, yielding
(1). In the former, on the other hand, when considering the contact process on the
configuration model, Chatterjee and Durrett employed many vertices with total degree of
order n'~¢, for any € > 0, and derived a much better bound on the extinction time. Here,
our strategy is to find vertices with degree larger than C'd(G,,), where C' = C(\) > 0is a
constant and d(G,,) is the diameter of GG,,, which is of order log n. Thanks to Proposition 1
in [CD], we can deduce that the virus propagates along these vertices for a time exponential
in their total degree. Moreover, the degree distribution of the graph, denoted by p, has
a power-law with exponent v = 2 + 1/¢. Thus the number of these vertices is of order
n(logn)'™" and their total degree is of order n(logn)~'/%, which explains the bound on
t,, in Theorem 1.1.

It is worth noting that for any graph with order n edges, like G,,, the extinction time
of the contact process is w.h.p. smaller than exp(Cn), for some C' > 0. Hence our bound
on t, is nearly optimal.



CONTACT PROCESS ON THE PREFERENTIAL ATTACHMENT GRAPH 3

Secondly, to gain the precise estimate on the density, we use ideas from [P, BBCS1, CD,
MVY]: if the virus starting at a typical vertex wants to survive a long time, it has to infect
a big vertex of degree significantly larger than A\=2. Then the virus is likely to survive
in the neighborhood of this vertex for a time which is long enough to infect another big
vertex, and so on. We can see that the time required for a virus to spread from one big
vertex to another is at least A™®() (corresponding to the case when the distance between
them is constant). Besides, it was shown that if deg(v) > K/)\?, then the survival time
of the contact process on the star graph formed by v and it neighbors is about exp(cK).
Hence the degree of big vertices should be larger than CA~2|log A|. Then we consider A,
the set of vertices which have a big neighbor. The probability for a vertex in A to infect
its big neighbor is of order A. Moreover, we will show in Section 4 that any big vertex
has a positive probability to make the virus survive up to time 7},. This means that the
probability for the dual process starting from any vertex in A to be active at time T, is
of order A. Furthermore, we will see that these events are asymptotically independent.
Therefore the density of vertices from where the dual process survives up to 7,, is about A
times the density of A. This is of order A x p([A72|log A[, 00) ) A72|log A| = )\1+%| log )\|_%
yielding the desired lower bound.

We notice that the density of big vertices is of order p([)\*2| log Al, oo)), which is not
optimal. Hence we need to consider also their neighbors. In fact this idea of using A was
first introduced in [CD] for the configuration model (CM).

For the upper bound, we look at the local structure of GG,,. In particular, we will show
that its weak limit, the Polya-point graph, is locally dominated by Galton-Watson trees.
Then the results in [MVY] will be applied to deduce our desired bound.

It is interesting to note also that if we consider the contact process on the CM with the

same power-law degree distribution, the density is of order )\1+%| log )\|7% (see [MVY,
Theorem 1.1]), which is slightly smaller than the one in (2). This difference is due to the
fact that the distance between big vertices in the CM is about |log A|, instead of constant
here.

Finally, the above strategy works properly when studying the contact process on the
Poélya-point graph. In fact, proving the following result helped us pave the way to potential
solutions for Theorem 1.1.

Proposition 1.2. Let (£7) be the contact process on the Pdlya-point graph with infection
rate A > 0 starting from the root o. There exist positive constants ¢ and C, such that for
A small enough,

ATV Tog A7V < P(E0 # @ VE) < CATHY ) log A7V,

Theorem 1.1 (resp. Proposition 1.2) implies that for all A > 0, the contact process
becomes endemic (resp. survives forever) with positive probability. We say that the
critical values of the contact process on the preferential attachment graph and its weak
limit are all zero. This is a new example of a more general phenomena that there is
a relationship between the phase transition for the contact process on a sequence of
finite graphs and the one on its weak local limit in the sense of Benjamini-Schramm’s
convergence. Here are some known results on this topic: the contact process on the
integer lattice Z? and on finite boxes [1, n] exhibit a phase transition at the same critical
value A\, = \.(d), see |L, Part I| for all d > 1; the phase transition of the process on the
random regular graph of degree d and its limit, the homogeneous tree Ty, occurs at the
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same constant A;(T,), see [MV]; the phase transition of the contact process on T4 (the
d-homogeneous tree of height ¢) and its limit, the canopy tree CTy, happens at Ay(T,),
see [CMMV, MV]; the critical value of the contact process on the configuration model
with heavy tail degree distributions or on its limit, the Galton-Watson tree, is zero, see

[P, CD, MVY, MMVY, CS].

Now the paper is organized as follows. In the next section, based on [BBCS2|, we give
the definition of the sequential model of the preferential attachment graph as well as its
weak local limit, the Polya-point graph. We also prove preliminary results on the graph
structure and fix some notation. In Section 3, we prove Proposition 1.2. Finally, the main
theorem is proved in Section 4.

2. PRELIMINARIES

2.1. Construction of the random graph and notation. Let us give a definition
following [BBCS2]| of the sequential model of the preferential attachment graph with
parameters m > 2 and a € [0,1). We construct a sequence of graphs (G,,) with vertex
set Vi, = {vy,...,v,} as follows:

First GG; contains one vertex v; and no edge, and Go contains 2 vertices vy, vy and m
edges connecting them. Given G,_, we define GG, the following way. Add the vertex
v, to the graph, and draw edges between v,, and m vertices wy, 1, . .., Wy, (possibly with
repetitions) from G,,_; as follows: with probability all ), the vertex w,, ; is chosen uniformly
at random from V,,_;. Otherwise, w, ; = v; with probability

degy)) , (v1)
7 ) ’
where
0) { Q@ ifi=1,
Q" = 2m(n—1) o 1 ip o
a2m(n72)+2ma+(lfa)(i71) =a+ O(n ) if 1 > 2’

deg” | (o) = deg,_, (vg) + #{1 < j <i—1:w,; = v},

is the degree of v, before choosing w,, ;, and

n—1 n—1
7, = degy)y () = Y deg, (i) +i—1=2m(m—2) i1,
k=1 k=1

with deg,,_,(vx) the degree of vy in G,,_1.

This construction might seem less natural than in the independent model where with
probability o we choose w,,; uniformly from V,,_; and with probability 1 — «a it is chosen
according to a simpler rule: w,; = v, with probability deg, ,(vy)/2m(m — 2). However
the sequential model is easier to analyze because it is exchangeable, and as a consequence
it admits an alternative representation which contains more independence. In [BBCS2],
the authors called it the Polya urn representation which we now recall in the following
theorem. To this end, we denote by ((a, b) the Beta distribution, whose density is propor-
tional to ¢~ 1(1 — 2)*~! on [0, 1], and by I'(a, b) the Gamma distribution, whose density
is proportional to z% *e=* on [0,00). For any a < b, U([a,b]) stands for the uniform
distribution on [a, b].
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Theorem 2.1. [BBCS2, Theorem 2.1.| Fix m > 2, a € [0,1) and n > 1. Set r =
af/(1—a),y =1, and let s, ... 1, be independent random variables with law

W ~ B(m+2mr, (2§ — 3)m + 2mr(j — 1)).
Define

n k
90]' :Q/JJ- H (1—1/125), Sk:ZQOj, and [k = [Sk,l,Sk).
t=j+1 j=1
Conditionally on n, ... 1y, let {Uki}tk=1. ni=1..m be a sequence of independent random
variables, with Uy,; ~ U([0,Sk—1]). Start with the vertex set V,, = {vi,...,v,}. For
J <k, join v; and v by as many edges as the number of indices i € {1,...,m}, such that
Uk, € I;. Denote the resulting random graph by G,,.
Then G, has the same distribution as the sequential model of the preferential attachment
graph.

From now on, we always consider the random multi-graph G,, constructed as in this
theorem.

We now look at the local structure of G,,. It was shown in [BBCS2| that G, is locally
tree-like, with some subtle degree distribution that we now recall. First we fix some
constants:

142 1— 1
e and V= X .
2+ 2r X 14 2r

Note that 1/2 < x < land 0 <t < 1. Let F' ~ I'(m+2mr, 1) and F’' ~ I'(m+2mr+1,1).
We will construct inductively a random rooted tree (7, 0) with vertices identified with
elements of Uy>;N* (where vertices at generation ¢ are elements of N¥) and a map which
associates to each vertex v a position z, in [0,1]. Additionally each vertex (except the
root) will be assigned a type, either R or L.
e The root o = (0) has position x, = U}, where Uy ~ U([0, 1]).
e Given v € T and its position z,, define

X:

oy m if v is the root or of type L,
"1l m—1 ifvisof type R.

and
F it v is the root or of type R,
T F’" if v is of type L.

The children of v are (v, 1),...,(v,m,), (v,m,+1),...,(v,m,+q,), the first m,’s are

of type L and the remaining ones are of type . Conditionally on ., T(y1); - - -, T(v,m.)
are i.i.d. uniform random variable in [0, z,], and 2 m,+1), - - -, T(wm,+q,) are the
points of the Poisson point process on [z, 1] with intensity
Pp—1
x
po(x)de = %%d:c.
Loy

This procedure defines inductively an infinite rooted tree (7', 0), which is called
the Polya-point graph and (x,),er is called the Polya-point process.

For any vertex v in a graph G and any integer R, we call Bg(v, R) the ball of radius R
around v in GG, which contains all vertices at distance smaller than or equal to R from v
and all edges connecting them.
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Theorem 2.2. [BBCS2, Theorem 2.2.| Assume that the random graph G, is constructed
as in Theorem 2.1. Let u be a vertex chosen uniformly at random in G, and let R be some
fized constant. Then Bg, (u, R) converges weakly to the ball Br(o, R) in the Pdlya-point
graph.

Now we introduce some notation. We call P,, a probability measure on a space in which
the random graph G,, is defined together with the contact process. Since we will fix A,
we omit it in the notation. We also call P a probability measure on a space in which the
Polya-point graph as well as the contact process are defined.

We denote the indicator function of a set A by 1(A). For any vertices v and w we write
v ~ w if there is an edge between them (in which case we say that they are neighbors or
connected), and v % w otherwise. We call size of G the cardinality of its set of vertices,
and we denote it by |G].

A graph in which all vertices have degree one, except one which is connected to all the
others is called a star graph. The only vertex with degree larger than one is called the
center of the star graph, or central vertex.

If f and g are two real functions, we write f = O(g) if there exists a constant C' > 0,
such that f(z) < Cg(x) for all x; f = g (or equivalently g < f) if g = O(f); f < g if
f=0(g) and g = O(f); f =o(g) if g(x)/f(x) — 0 as © — oo. Finally for a sequence of
r.v.s (X,) and a function f : N — (0, 00), we say that X,, =< f(n) holds w.h.p. if there
exist positive constants ¢ and C, such that P,(cf(n) < X, < Cf(n)) — 1.

2.2. Preliminary results on the random graph. We first recall a version of the
Azuma-Hoeffding inequality for martingales which we will use throughout this paper (see
for instance [CLY).

Lemma 2.3. Let (X;);>0 be a martingale satisfying | X; — X;—1| <1 for alli > 1. Then
for any n and t > 0, we have

P (| X, — Xo| > 1) < 2exp(—t*/2n).

From this inequality we can deduce a large deviations result. Let (X;);>1 be a sequence
of independent Bernoulli random variables. Assume that 0 < 2p < E,,(X;) < Mp for all
i. Then there exists ¢ = ¢(M) > 0, such that for all n

(4) P <np < ZXi < 2an> > 1 — exp(—cnp).

i=1
Now we present some estimates on the sequences (¢;), (¢;) and (Sk).
Lemma 2.4. Let (;);, (¢;); and (Sk)i be sequences of random variables as in Theorem

2.1. Then there exist positive constants ju and 0y, such that for all @ < 6y, the following
assertions hold.

(i) Ea(y) = X+ O(%), E,(2) = 5.

J

(ii) For any e > 0, there exists K = K(g) < oo, such that
]P)n(ga) Z 11— g,

where

E=A{|Sk — (k/n)X| <e(k/n)X VK(e) <k<n}.
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) J
(iii) For any i < j, define SY' = T (1 —1). Then

E,(S9) < (i/§)X.
(iv) P (u/§ > ;> 6/5) > 26.

(v) En(pi1(v; > 0/35)) > OB, (p;).
Proof. Let us start with Part (i). Observe that if ¢ ~ (a,b), then
o N ala+1)
Bw) = ad B = parer )

Hence the result follows from the fact that ¢; ~ B(m + 2mr, (25 — 3)m + 2mr(j — 1)).

Part (ii) is exactly Lemma 3.1 in [BBCS2]. We now prove (iii). From the first observa-
tion in Part (i), we have E, (¢) > x/t for all t > 1. Moreover, the (¢;) are independent,
hence we get that

Here we have used that if 0 < x,z <1, then (1 — xx) < (1 — x)X.
For Part (iv), Markov’s inequality gives that for any ¢ € (0, 1)

P, ([¢); — En ()] > (1 — 8)E, () < Var, (¢;)

(1= 0)’En(v)*
Moreover, if ¢ ~ 3(a,b), then
Var(w)_E(wZ)_l_(aJrl)(aer)_l_ b <1
Ep)? E@)? =~ ala+d+1) ~ alat+b+1) T a

Therefore for any j
Pty € (0B (1), (2 — )Ba(t)) = 1 -

1
(1—=10)2(m+2mr)’

Hence thanks to (i) we can choose positive constants p and 6, such that for all j

(5) P, <¢j € (? g)) > 2.

For (v), we notice that

En(pj1(¥; = 0/35)) = En(v;1(¥; = 0/7))En, ( ITa- @Dt))

t=j+1

> CE,(¢)E, ( ITa- m))

t=j+1
= CEN(SOj)v
for some ¢ > 0, independent of j. Thus the result follows by taking 6 small enough. [
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The preferential attachment graph is known as a prototype of small world networks
whose diameter and typical distance (the distance between two randomly chosen vertices)
are of logarithmic order. In fact, these quantities in the independent model were well-
studied, see for instance [DVH] or [V]. In the following two lemmas, we prove similar
estimates for the sequential model. These estimates are in fact weaker but sufficient for
our purpose.

Lemma 2.5. Let d(G),) be the diameter of the random graph G, i.e. the maximal distance
between pair of vertices in G,,. Then there exists a positive constant by, such that

P.(d(G,) < bjlogn) =1—o0(1).
Proof. Let e € (0,1/2) be given, and recall the definitions of K (g) and &. given in Lemma
2.4 (ii). We first bound d(vy,v,). Define a decreasing sequence (n;);>o by no = n, and
the condition that v,, , and v, are neighbors (note that the choice of (n;) is not unique
in general). Define
Denote by

on, = inf{i: n;q <logn}.

If i < o,, then n; > logn > 2K (g). Therefore due to the construction of the graph, for
such 7 we have on &,
Sz o _L1—¢ 1

Eulnea < m/2 1 F) =g 702 (T oax = g

=p> 0.

In other words, on &, we have
(6) En(Xipa | Fi)L(i < 0q) = pl(i < 04).

Let
k

Y= (Xi—E.(X; | Fir1)).
i=1
Then (Y)) is a martingale with respect to the filtration (F;) and |Y; — Y1 < 1. By
using Lemma 2.3 we get that

which implies by using (6) that on &

(7) P, (Z Xi <kp/2,00 > k| (%)) < 2exp(—kp®/8).

Moreover, if Zlf X; > (logyn — logylogn), then n, < logn (or equivalently o, < k).
Hence it follows from (7) that on &,

C'logn
P.(o, > Clogn| (¢)) <P, ( Z X; <logyn —log,logn | (got)> = O(n™?),

i=1
for some C' = C(p) > 0.

On the other hand, if ¢, < C'logn, then d(vy,v,) < (C + 1)logn. We thus obtain that
on &,

(8) Py (d(vi,va) = (C+1)logn | (¢r)) = O(n™?).
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Let dg, (vi,v;) be the distance between v; and v; in Gy, for 7, j < k < n. Note that
de, (vi,v;) > d(v;,v;) = dg, (vi, v)).
Similarly to (8), we deduce that on &, for all i > C'logn,
P, (d(vi,v;) > (C + 1) logi | (p1)) < Pi(de, (vi,vi) > (C + 1) logi | (¢1)) = O@?).
Hence on &,
P, (d(vy,v;) < (C+1)logn Vi> Clogn | (p)) =1—o0(1).
Therefore by taking expectation with respect to (¢;) and using Lemma 2.4 (ii), we get
P,(d(Gn) <2(C+1)logn) > 1 — 2¢,
which proves the result by letting ¢ tend to 0. U

Before proving the lower bound on the typical distance, we make a remark which will
be used frequently in this paper. It follows from the definition of GG,, that for all i < j,

P (vi % v | (1)) = (1 B Sfil)m.

Hence
my;

S];l

g < P (v ~ ;| (1)) <
-1

Then by using the following identities

j—1 n n
Sii=Y ¢i=[[0—w) and gi=v; ] Q-
t=1

t=j t=i+1
we obtain that
9) i8IV < By(vi ~ vy | (1)) < mapiSY Y,

where we recall that
J
s =TI a—w.

t=i+1

Lemma 2.6. Let wy and wy be two uniformly chosen vertices from V,,. Then there is a
positive constant by, such that w.h.p.
by logn
d —
(wr, w5) 2 loglogn
Proof. We will use an argument from [V, Lemma 7.16]. We call a sequence of distinct
vertices m = (my,..., ) a self-avoiding path. We write 7 C G, if m; and ;. are
neighbors for all 1 <i <k —1. Let I1(4, j, k) be the set of all self-avoiding paths of length
k starting from v; and finishing at v;. We then claim that for all ¢, j, k > 1,
(1) Pn(d(viavj) = k) < gk('L,]) = Z Pn(ﬂ- C Gn)a

WEH(Z,]J{I)

(11) gk+1(i7j) < ;}gl(lys)gk(saj)'
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The first claim is clear, because if d(v;,v;) = k then there exists a self-avoiding path in
I1(7, j, k) which is in G,,. For the second one, we note that for any self-avoiding path

= (m1,..., 7k,

P.(m C G,) =P,(m ~ m)P, (7T C G,),

where T = (7o, ..., 7). Indeed, if j < k, then the event that v; ~ v;, depends only on the
(Uy.i)i<m- Hence this result follows from the facts that the vertices in 7 are distinct and
that the {(Uk;)i<m }r are independent. We are now in position to prove (ii):

Gr41(2,7) Z Z (v; ~ s, T C Gy)

SHFL,]  UET
well(s,j,k)

<Z Z (v; ~ )P (T C Gp)

s#i,5 well(s,j,k)

= Z g1(i, 5)gr(s, 7).

g
We prove by induction on k that there is a positive constant C', such that

(C'logn)k

For k = 1, thanks to (9) and Lemma 2.4 (iii), for all i < j we have

g1(2,7) = Py (vi ~ v;)
< mE, (¢;)E, (S ")

< mE, (m)(y_l)x

(11) < %

for some C' > 0. The existence of C' follows from the facts that E,(;) < 1/i and x > 1/2.
Assume now that the result is true for some k, and let us prove it for k£ + 1. By using
the induction hypothesis, (ii) and (11) we get that

Ir+1(i,7) Zgllsgksj
SF4,]

Z Clogn
By \/_ Vsj
< (C'logn)k+t
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which proves the induction step. Now it follows from (i) and (10) that

P, (d(wy,wy) < K) < %Z Z 9k (%, 5)

k=1 1<i,j<n
K
1 (Clogn)k
<Ly gy (Cloen)t
n* o 1<i,j<n Vij
< (Clogn)KH.
n
Therefore if K = logn/(2C loglogn), then P, (d(wy,ws) < K) = o(1). This gives the
desired lower bound with by = 1/(2C). O

Remark 2.7. The bound in the above lemma is probably not sharp. Indeed for the
independent model, it is proved in [DVH] or [V] that if & > 0 (or equivalent y > 1/2),
then w.h.p. d(wy,wy) > clogn; and otherwise, w.h.p. d(wq,ws) > logn/(C + loglogn),
for some positive constants ¢ and C.

2.3. Contact process on star graphs. We will see that star graphs play a crucial
role in the conservation of the virus on the preferential attachment graph. Hence, it is
important to understand the behavior of the contact process on a single star graph as
well as the transmission between them. These have been studied for a long time by many
authors, for instance in [P, BBCS1, CD, MVY]. The results we need will be summarized
in Lemma 2.8 and 2.9 below, but first a definition: we say that a vertex v is lit (the term
is taken from [CD]) at some time ¢ if the proportion of its infected neighbors at time ¢ is
larger than A/(16e).

Lemma 2.8. Let (&) be the contact process on a star graph S with center v. There exists
a positive constant ¢*, such that the following assertions hold.

(i) P (v is lit at time 1 | &(v) = 1) > ¢*(1 — exp(—c*AlS))).
(ii) P (3t > 0: v is lit at time t| {(v) =1) — 1 as [S| — oo.

(iii) If A*|S| > 64e?, and v is lit at time 0, then v is lit during the time interval
lexp(c*A%|S]), 2 exp(c* A% S|)] with probability larger than 1 — 2 exp(—c*A?|S]).

Proof. Parts (i) and (ii) are exactly Lemma 3.1 (i), (iii) in [MVY]. For (iii) we need an
additional definition: a vertex v is said to be hot at some time ¢ if the proportion of
its infected neighbors at time ¢ is larger than A/(8¢). Then in [CD| the authors proved
(with different constants in the defintion of lit and hot vertices, but this does not effect
the proof) that

e if v is lit at some time ¢, then it becomes hot before ¢ + exp(c*A\? deg(v)) with
probability larger than 1 — exp(—c*A? deg(v)),
e if v is hot at some time ¢, then it remains lit until ¢ + 2 exp(c*\* deg(v)) with
probability larger than 1 — exp(—c*A? deg(v)).
Now (iii) follows from these results. O
The following result is Lemma 3.2 in [MVY].

Lemma 2.9. Let us consider the contact process on a graph G = (V, E). There exist
positive constants ¢* and Ny, such that if 0 < X\ < Ao, the following holds. Let v and w be
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two vertices satisfying deg(v) > L5 log (1) d(v,w). Assume that v is lit at time 0. Then

w is lit before exp(c*\? deg(v)) with probability larger than 1 — 2 exp(—c*\? deg(v)).

3. PROOF OF PROPOSITION 1.2

In this section we study the contact process on the Pdlya-point graph (7',0). In fact
like with other examples mentioned in the introduction, we will see in the next section
that the results and proofs on this graph will give us some insight in dealing with the
original finite graph’s problem.

We first make some observation on the degrees of the neighbors of the root (0). We
denote by wy = (0), and x¢y = z,,. For any i > 1, let

w; = (0,1,...,1) and z; = x,,.
Then w;’s degree conditioned on z; is m+1 plus a Poisson random variable with parameter
1 ¥
11—
lw/ Yt = g,

where v is a Gamma random variable with parameters a = m + 2mr + 1 and 1. Therefore
letting k = (1 — ) /x¥, we have

al | ;) = P(deg(wi) =m+1+k | 2;) = (k' (m)* ‘”) = ffk'?fr?lw
(12) = Lg(ga;;) (1 —a})'af,

where I'(b) = [ 2" e "dx.

3.1. Proof of the upper bound. The idea of this part is to show that locally the Polya-

point graph can be viewed as a subgraph of a certain Galton-Watson tree and then apply
some proofs from [MVY]. For all i and k£ > 0, we denote by

¢i(k) = P(deg(w;) =m+ 1+ k).
The following lemma gives estimates on the tail distributions of these laws.
Lemma 3.1. There exist positive constants ¢ and C, such that for all k > 0
(13) ek < qo(k) < CRmEY and
(14) k™17 < qi(k) < Clog k) k=YY for all i > 1.
Moreover, the sequence (q;) is stochastically increasing i.e. q; = qiv1 for all i > 0.

Proof. Assume that ¢ > 1. Due to the construction of the Pélya-point process, x; is

distributed as U; . ..Uonl/(Hw), where (Uj);>0 is a sequence of i.i.d. uniform random
variables in [0, 1]. Hence by changing the order of integration,

¢i(k) = E(P(deg(w;) =m +1+k | z;))

1 xo d Ti—2 d i Ti—1 d ;
= [ agan, [ [T [ g )
0 o %o 0 Ti—2 Jo Tiq
1 ld - ld 1
(15) = (1/14‘1)/ Q<k ‘ xz)dl’@/ il / ﬂ/ xz)pfldxo.
0 ;. Vi1 zo L1 Jag

7
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By induction we can show that

b L d$1/ 1—2" & (logay)
x;) = 2 — 4 =
9() /x Tio1 / o deo = (=1 (G4 ; Yyl

G PRI < YU 0
16 = . 11—z + —.
(16) = D
=
By combining (12), (15), (16) and using the change variables y = z¥, we obtain
(v + DI'(k+a) /1 k,at+3—1
17 (k) = 1— v h(y)dy,
(17) ¢(k) i), A9y (y)dy
where
1)t X (logy)
h(y) ( ) 1 y—l—z< .,)
(8 =
Since g(-) is decreasing, so is the function A(-). Therefore
1 ) 1/2 1
(13) [ = thdy = ) [ gty
0 0

On the other hand for k > a — 1+ 1/4, we have

! k, a++—1 12 k at+3—1 2 k, at++—1
/(1—y)y v dy:/ y(L—y)" dyé/ (1—y)%" v dy.
1/2 0 0

Hence,

1/2 L 1 e
/ (1—y)ky* 1dy2/ (1 —y)ky* s ay.
0 0

Combining this with (18) yields that

1
(19 / (1= )95 hiy)dy 2 W1/ B+ La+ 1/0),
0
where B(a, b) fo — )yt ldy = )F(I;) Note that
I'(k+a)
2 — =k
(20) T(k)

By using this in (17) and (19) we deduce that
qz<k> Z kilil/wv

which implies the lower bound in (14). For the upper bound, observe that

1/k ‘ . |
/ [logy (1 — )"y ¥~ 1dy</ |10gyVy“+i‘1dy+//k|1ogyV(1—y)’“y‘”%—l
0 1

< C(logkyIk*/?,

dy

13
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for some C' = C(j) > 0, where we have used that the function | logy|ya+%_1 is increasing
in a neighborhood of the origin to bound the first term and the approximation (20) for
the second term. On the other hand by using (20) again, we get

1
/ (1= )ty o tdy < ko,
0

Now the result follows from these estimates and by using (20) again for the term in front
of the integral in (17).

When i = 0, the proof is simpler, as the distribution of zq is just Uy. We safely leave
it to the reader.

For the last assertion, we note that deg(w;) is m+1 plus a Poisson random variable with
parameter v(1 — 2¥) /2, with 4 ~ T'(m + 2mr + 1,1). On the other hand, z;,, < ; for
all i > 0 (as x;.1 ~ U([0,z;])). The result now follows from the well-known monotonicity
property of Poisson random variables. O

Remark 3.2. The logarithmic correction in (14) can not be droped, at least not com-
pletely. For instance, it follows from (17) and (20) that

1/k )
g (k) Z k! // (Nogy| +y —1)(1 —y)ky** v 'dy
1/2k

> Y og k.

We are now ready to show the relation between the Polya-point graph and Galton-
Watson trees. To do that we introduce some new notation and definition. Given distri-
butions p, p’, p”, we denote by GW(p, p’, p”) the Galton-Watson tree defined as follows:
the root o has degree distriution p, all children of o have degree distribution p’ and all
other vertices have degree distribution p”. Then for ¢ > 2, we let

(Tiu 0) - GW(q07 d1, qi*l)a

where we recall that q; is the degree distribution of w;.

Let (71, 01) and (T3, 09) be two random rooted trees. We say that (77, 0;) is stochasti-
cally dominated by (73, 0,), and write it (73, 01) =< (Ts,02), if there exists a coupling of
the two trees such that a.s. 77 is a subgraph of T, and 0; = 0s.

Lemma 3.3. For any integer i > 2, the ball in the Pdlya-point graph of radius i around
the root is stochastically dominated by the corresponding ball in the Galton-Watson tree
GW(qo, q1,9i-1), i.e. Br(wo,i) = Br,(0,1).

Proof. We first observe that

(i) By construction of the Poélya-point graph, for any n > 0, conditionally on the
positions of the vertices at generation n (i.e. at distance n from wy), their degree
distributions are independent.

(ii) If v and w have the same type and x, =< x,, then deg(w) < deg(v). Indeed,
this follows from the construction of the graph and the monotonicity property of
Poisson random variables.

(iii) If w = (v,¢) with £ > m,, then deg(w) < deg(v). Indeed, since w is of type R,
we have x,, > x, and 7, < v, (recall that I'(«, 1) is stochastically increasing in «,
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and thus F' < F”). Hence the claim follows as well from the monotonicity property
of Poisson random variables.

We now prove the lemma by induction on ¢. Let us start with ¢« = 2. The claim follows
from the following facts:

e The degree distribution of the root is qq.

e If v = (0,¢) is some child of the root of type L (i.e. with ¢ < m), then v has the
same degree distribution as (0, 1), which is q;. Otherwise by using (iii) above, we
get that deg(v) < deg((0)) = qi (recall that qo < q1).

e Conditionally on (z,), the random variables {deg(v) : d(wq,v) = 1} are indepen-
dent.

Suppose now that the result holds for some i, and let us prove it for i+ 1. Let S(i) = {v €
Br(wyg, i) : d(wy,v) = i}. Then as above the induction step follows from the following
three facts:
° BT(’UJ(), Z) = B’]I‘Z(O, ’l) = B’]T
Qi = Qit1-

0,1) by using the induction hypothesis and that

i+1<

e Conditionally on (x,), the random variables {deg(v) : v € S(i)} are independent.

o If v € S(i), then deg(v) = q;. Indeed,
— if v is of type R, then v = (w,?), with ¢ > m,,. By using (iii) above and
the induction hypothesis, we obtain that deg(v) < deg(w) = q;_1.

— if v is of type L, there are two possibilities. First, if v = (0,¢y,...,¢;),
with ¢; < m((0,01,...,4;_1)) for all 1 < j < i, then x, has the same distri-
bution as x; (note that for simplicity, here we use the notation m(v) for m,).
Therefore, deg(v) ~ q;. Otherwise, there are indices 1 < k < ¢ — 1 such that
l > m((0,0q,...,0,_1)). Let j be the largest such index, and let w = (0,...,¢;_;)
and v’ = (w,1,...,1) (with (i — j)’s 1). We now see that x, has the same law as
T(we;)Ut .. Ui_j and x,/ has the same law as x,,U; . .. U;_;, where (U;) is a sequence
of i.i.d. uniform random variables in [0,1]. As £; > m(w), we get T(we;) > Ty
and hence, z,, < x,. Since both v and w’ are of type L, it follows from (ii) that
deg(v) < deg(w’) < q;_; (note that w" € Byr(wy,1)).

This concludes the proof of the lemma. 0
Proof of the upper bound. We first recall a key estimate on the survial probability of the
contact process on (Ty,0) = GW(qq,q;). Note that qo(k) < k™ and q;(k) < k="' with
v =2+ 1/1. In [MVY], more precisely in Sections 6.1,6.2 and 6.3, the authors proved

that when the exponent v is larger than 5/2, there exist positive constants C' = C(v) and

R = R(v), such that
(21) P(Lr, (0, B)) < CX[log A*,

where
Lr,(0, R) = {(0,0) <> Br,(0, R)* x R, },

is the event that the contact process starting from o infects vertices outside Br, (o, R).
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Importantly, all their proofs involve only what happens inside the ball Br,(o, R) with
R = R(v) fixed. On the other hand, it follows from Lemma 3.1 that

(22) cqi(k) < qro1(k) < C(log k)™ 2aqu(k),

with ¢ and C' independent of A. In fact the logarithmic term on the right-hand side does
not make any difference in all the proofs in [MVY] (we refer to their Sections 6.2 and 6.3
for more details) ' . Hence one can prove exactly as (21) that

(23) P(Lr, (0, R)) < CX*?|log \|*™,
with the same constant R = R(v) and a possibly different C' = C(v), and where
Ly, (0,R) ={(0,0) > Br,(0,R)° x R, }.

Thanks to Lemma 3.3, Br(wy, R) < Br,(0,R). Hence it follows from (23) and the
monotonicity property of the contact process that

(24) P(Lr(wo, R)) < P(Lr, (0, R)) < CAXT2/¥|log A|~1/Y,
where
LT(U}O, R) = {(wo, 0) — BT(U}O, R)c X R+}

On the other hand, the contact process starting from w, survives forever only if the virus
infects vertices outside the balls Br(wy, R) for all R. Therefore

P(¢ # @Vt > 0) < P(Lp(wy, R)) < CAFY|log A| 7YY,
which proves the desired upper bound. 0
Remark 3.4. In the case v > 3, in [MVY], the authors improved (21) as follows
P(Lr,(0, R)) < CA*~3|log A\|**¥),

for some positive constants C' = C'(v) and R = R(v, \). Although in the case of (Tg, 0) the
exponent v = 2+ 1/1) is larger than 3, we can not apply this result, since here R = R(\)
depends on A. Therefore the distribution qr_; also depends on A and (22) does not hold
anymore, so the proof in [MVY] can not be used here.

3.2. Proof of the lower bound. In this part, we first estimate the probability that
there is an infinite sequence of vertices, including wy, with larger and larger degree and
a small enough distance between any two consecutive elements of the sequence. We then
repeatedly apply Lemma 2.8 and 2.9 to bound from below the probability that the virus
propagates along these vertices, and like this survives forever. To this end, we denote by

71 1
25 AN =——1 —
(25) () C*Azog@),
with ¢* as in Lemma 2.8 and 2.9.

1

e In their proof, we need to replace the event {£7 # @ Vt > 0} by {(0,0) <+ B(o, R)® x Ry}.
e In Section 6.3 of their proof, in order to estimate the probability of BS and B3, take ¢ =
min(2v — 5,2)/2 instead of €] = (2v — 5)/2.



CONTACT PROCESS ON THE PREFERENTIAL ATTACHMENT GRAPH 17

Lemma 3.5. There is a positive constant ¢, such that for X\ small enough,
PV) > cp(A) 7,
where
N = {305)521 “h = 17deg(wjz> 2 26“@()\)/1? > @(A)d<ijwjz+1) Ve > 1}'
Proof. 1t follows from Markov’s inequality that for any k£ > 1,
(26) P(U, ... Uy > 27 *FD/2) < 9=(k=D/2)

where (U;) is a sequence of i.i.d. uniform random variables in [0, 1].
Now recall that for any 1,

I'(k
P(deg(w;) =m+1+k | x;) = %(1 — a)kg,
with a = m + 2mr + 1. Let C' be some constant, such that for all £ > 1,
I'(k+a) ~1
——= < Ck* .
C(a)k! — ¢

The existence of C' is guaranteed by the fact that '(k + b)/T'(k) =< k* when b is fixed.
Then

c/:v;p

(27) P(deg(w;) < m+ 1+ (c/af) |2) <> Ck*'af¥ < Cc”,
k=0

for any ¢ > 0. Set j; = 1 and j, = 4¢/+) for £ > 2. Then define

Ne = {aj, < @ o)/ ()Y, deg(wy,) > 2 p(N) v}

for all £ > 1, where ¢ is a positive constant to be chosen later.
As 20(N) /Y = 4p(N) /¢ = p(N)d(wj,, w),,, ), we have

(28) NS (N
(=1

Since z;, is distributed as z1U; ... Uj,_1, applying (26) gives that
P(z;, < x,477%) > 1 —2(477).
Therefore
(29) P (23, < (p(N)/(c0)) V¥ | M) > 1 — 204,
By using (27) with (2'7*¢) instead of ¢ we obtain that
(30) P (deg(wy,) = 2" p(N)/¥ | 25, < (4p(N)/(cv)) V") 21— C2" )"
Then it follows from (29) and (30) that

(31) P <ﬂ/\/g | /\/1> >1-2> 47— (2 ) > 1/4,
=2 =2 =2
provided ¢ is small enough. We now estimate P(N;). Let
YN = (4 (N)/(ev)) ",
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Recall that z; is uniformly distributed on [0, o], with zo ~ Uy and Uy ~ U([0,1]).
Therefore

> Y (A)P(zo = (X))

=71 —7(N)X)
(32) > 7(A)/2,
for A small enough. On the other hand, (27) gives that for ¢ small enough
(33) PNy |21 <y(N\) >1—-Cc* >1/2.

We thus can choose ¢ such that the two inequalities in (31) and (33) are satisfied. Now it
follows from (28), (31), (32) and (33) that

PN) Z 7v(A),
which implies the result. 0

Proof of the lower bound. By repeatedly applying Lemma 2.9 to the couple of vertices
(w;,, w;,,, ), we obtain that

(e}

P(& # @Vt > T | N,w is lit at some time T) > 1 — 2 Zexp(—c*)?Z”lgo()\)/w)
=1

> 123 exp(—T(2)] log Al /4)
=1

(34) >1/2.
On the other hand, by using Lemma 2.8 (i), we have
P(w; is lit at some time T | NV, o is infected at time 0)
(35) > AE(1 — exp(—c*Adeg(wy)) | N) > c\/2,
for some ¢ > 0 (note that on N, we have ¢*Adeg(w;) > 7). Now the result follows from
(34), (35) and Lemma 3.5. O
4. PROOF OF THEOREM 1.1.

By using the self-duality of the contact process (3), we see that to prove (2), it is
sufficient to show that

(36) P (% ; L({&, # 2}) < OA2¥|log M_W> =1-o(1),
and
(37) P (% Z; L({&, # @}) = A log AI‘W> = 1—o(1),

for some positive constants ¢ and C'. We will prove these two statements in the next two
subsections.
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4.1. Proof of (36). For any v € V,, and R, we define
L,(v,R) ={(v,0) <> Bg, (v, R)" x R}
and
X, = 1(L,(v, R)).
Theorem 2.2 yields that for any R > 1

(38) lim P, (L, (u, R)) = P(Lr(wy, R)),
n—oo
where v is a uniformly chosen vertex from V,,. By combing this with (24) we obtain that
lim P,(X, = 1) < CA2Y|log \| /¥,

n—o0
or equivalently
1
(39) lim = Y7 P, (X, = 1) < OA/¥]log A 7Y,
veEVR

Now, let us consider the set
W, ={(v,2v") € V,, x V}, : d(v,v") > 2R + 3},

with R = R(v) as in (23). Since R + 1 < bylogn/(loglogn) for n large enough, Lemma
2.6 implies that

> Pu((v,0) € W) = o(n?).

v, €V,
On the other hand, if (v,v") € W,, then X, and X, are independent. Therefore
(40) > Cov(Xy, Xy) = o(n).
v, €V
Thanks to (39) and (40) by using Chebyshev’s inequality we get that
1
41 P, =) X, <2CN¥[log\| 7V | =1 —0(1).
m (430 x <o e o)

Since the contact process on a finite ball in the Polya-point graph a.s. dies out,
lim P(Ly(wo, R)N{E™ # 2}) = 0.

Hence for any € > 0, there exists t., such that

(42) P(Lr(wo, R)* N{E" # @}) <e.

For any v € V,,, define
Xv,a - ]-('Cn(va R)c N {S;}E 7& @})

Then for n large enough such that ¢, > t., we have

(43) 1({€, # ) < X, + Xoe.

It follows from Theorem 2.2 and (42) that
lim En<Xu,e) = P<£T<w0, R)c N {ggo 7£ @}) S E.
n—oo

By using this and Markov’s inequality we get that for n large enough, and for any n > 0,

1 E,(Xye E,(X,. 2
(44) M(‘ZXU,aw)gzv% Hoe) _ Enled) 22
n

veVy " " o
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By combining (41), (43) and (44), then letting € tend to 0, we obtain that

P, (% > L&, # o)) <30ATY logk\w> =1-o(1),

veEVn

which proves (36). O

4.2. Proof of (37). This subsection is divided into three parts. In the first one, we will
show that w.h.p. there are many vertices with large degree (larger than »*logn). By
using on the other hand that the diameter of the graph is smaller than b, logn, we can
deduce that if one of these large degree vertices is infected, then the virus survives w.h.p.
for a time exp(cn/(logn)t/¥), see Proposition 4.2. In the second part, we measure the
density of potential vertices which are promising for spreading the virus to some of these
large degree vertices. In the last part, we estimate the proportion of potential vertices
which really send the virus to large degree vertices, getting this way (37).

4.2.1. Lower bound on the extinction time. Our aim in this part is to find large degree
vertices as mentioned above. We then prove that if one of them is infected, the virus is
likely to survive a long time.

Lemma 4.1. Let »x > 0 be given. Then there exists a positive constant ¢ = ¢(»), such

that A, holds w.h.p. with
A, = {G,, contains en/(logn)" X disjoint star graphs of size larger than xlogn}.

Proof. Let € € (0,1/3) be given, and let K = K(e) and & be as in Lemma 2.4. Set
= (M logn)"/(=¥) with M to be chosen later. Denote by

A= {u11 € [nfan,2n/a,] and ; € (0/i, /i)

and

E=ENn{|A|l > 0n/a,},
with 6, p as in Lemma 2.4. Recall that the events {¢; € (0/i,u/i)} are independent and
have probability larger than 26. Therefore (4) implies that w.h.p. |A| > 6n/a,. Hence
for n large enough

P.(E)>1—2e.

We now suppose that £ happens. In particular, |SJ(-k) — (§/k)X| <e(j/k)x for all K(e) <
J < k. Denote the elements of A as {v;,,...,v;,} with ¢ € [#n/a,,n/a,]. Then define

Ay ={v;:n/2<j<n}.
We will show that all vertices in A have a large number of neighbors in A;. First, it
follows from (9) that if j < k, then v; and v, are neighbors with probability of order

lijj(kil). Therefore there are positive constants ¢ and C' depending on 6, p such that for
all v; € A and v;, € Ay,

cal=x Cal—x
45 L <P, (v; ~ £) < LA
(45) B < Py(uy | €) < 22

Conditionally on (¢;), the events {{v;, ~ v} }xeca, are independent. Hence thanks to (4)
we get that there are positive constants 0y, ¢;, C; (depending on ¢ and '), such that

P, (clal X < Z (vj, ~ v) < Cra) ™| 5) > 1 — exp(—fial ),

v EAL
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or equivalently
(46) Po(&1 1 €) > 1 —exp(—bra, ™),
where

51 = {claifx S |Bl‘ S Claifx}
and

By ={v, € Ay 1 vy, ~ v}

Note that in this proof, the values of the constants 6, ¢; and C; may change from line to
line. Now let us consider

A2 = Al \ Bl and BQ = {'Uk € A2 UG, ™~ ’Uk}.

We notice that on £ N &, the cardinality of A, is larger than n/2 — Cyal™% > n/4. Thus,
similarly to (46) we can show that

Pn(& | E1NE) > 1 —exp(—bia, X),
where
E = {clarll_x < |By| < C’lai_x}.
Likewise for all 2 < s </, define recursively
A=A 1\ Bso1, Bs={v, € Ay :vj, ~ vy},
E = {cia X < |B,| < C1at 7},

s—1
On &N Dlé'i, we have |A,| > n/2 — sCial™ > n/4, and

P, (55 | €N jﬂi&) > 1 —exp—(fra-X).
Hence

P, (ﬁl& | 5) > 1 —nexp(—6ia™)/a,.
Taking M large enough such that c;al™ > »logn and nexp(—f#al7X) <1 yields that
(47) P.(|Bs| > »lognV1<s</(|E)>1—a,".
Moreover, by definition B, N By = & for all s # t. Hence, all vertices in A have more
than »logn distinct neighbors. Finally, take ¢ such that én/(logn)Y=% < 6n/a,, for
instance ¢ < @M /0= In conclusion, we have shown that for any given ¢ € (0,1/3),

P.(A,) >1—-2c—a,' >1- 3¢,

for n large enough. Since this holds for any € > 0, the result follows. O

To determine the constant s¢ in the definition of A,,, we first recall that
P.(B,) =1—o0(1),
where
B, ={d(G,) < b logn}.

Hence to apply Lemma 2.9 to the large degree vertices exhibited in the previous lemma,
we need

1 1
»logn > 1 log (X) by logn.

c*\2
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Moreover, at some point later it will be convenient to have also » > 3/(c*A?). So we let

) 71 1 3
(48) A :max{gﬁlog (X) bl’ﬁ}.

Then we let ¢* = ¢*(s*) and A,, be defined accordingly as in Lemma 4.1.

A set of vertices V = {w1,...,w} CV, is called good if Sy, \ Uj2iSw,| > 2" logn for
all 1 <1 <k, where S, denotes the star graph formed by v and its neighbors.
Let V¥ be a maximal good set i.e. |V*| = max{|V|:V CV, is good}.

Proposition 4.2. There exists a positive constant ¢, such that
Pr (&r, # @ | &NV, # @) =1—o(1),
where T, = exp(cA?*n/(logn)'/*).

Proof. Thanks to Lemma 2.5 and 4.1, we can assume that d(G,) < by logn and |V,f| >
c*n/(logn)Y1=%) Assume also that at time 0 a vertex in V*, say v, is infected.

Due to the definiton of V., for any w € V,*, we can select from the set of w’s neighbors
a subset D(w) of size »* logn, such that D(w) N D(w') = @ for all w # w'.
We say that a vertex w in V' is infested at some time ¢ if the proportion of infected sites
in D(w) at time ¢ is larger than A/(16¢e) (the term is taken from [MMVY]).

It follows from Lemma 2.8 (ii) that v becomes infested with probability tending to 1,
as n — 0o. Using Lemma 2.8 (iii) and 2.9 (note that |D(w)| > (7/(c*A?))| log A|d(w, ")),
we deduce that for any ¢ > 0 and w € V},

P,,(v makes w infested at t + 2 exp(c*A\?s¢* logn) | v is infested at t)
> 1 —4dexp(—c* A" logn).
Therefore
P,,(v makes all vertices in V" infested at ¢ + 2 exp(c*A*»*logn) | v is infested at t)
> 1 — 4nexp(—c* A2 logn)
>1—n"!

Y

where for the last inequality we have used that c*A\%s¢* > 3. Now if all vertices in V> are
infested at the same time, then the proof of Proposition 1 in [CD| shows that the virus
survives a time exponential in ) ... deg(v). More precisely, let I,,; be the number of
infested vertices in V¥ at time ¢. Then there is a positive constant n, such that for all
k< V7,

]P)n (In,s;C Z k’/2 | In,O Z k) Z 1-— 5];17

where s, = exp(nA\2ksc* logn). The result follows by taking k& = &*n/(logn)/1=X), O

4.2.2. Density of potential vertices. In this part we will estimate the proprotion of poten-
tial sites from where the virus can be sent with positive probability to a vertex at distance
quite small (of order (loglogn)?) and with large degree (larger than »*logn).

This proportion approximates the probability that there is an infection path from the
uniformly chosen vertex u to a vertex with degree larger than »*logn. To bound from
below this probability, based on the idea of Section 3.2, in particular Lemma 3.5, we find
a sequence of vertices starting from a neighbor of u and finishing at a large degree vertex,
satisfying the hypothesis of Lemma 2.9 for spreading the virus from u to the ending vertex,
see Lemma 4.4.
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Here are just some comments on the order of magnitude above. First, if a vertex with
degree larger than s*logn is infected, then w.h.p. it will infect a site in V* | and then we
can conclude with Proposition 4.2. Secondly, (loglogn)? is the distance from a potential
vertex to a large degree vertex and is much smaller than the typical distance between
two different potential vertices. Hence the propagation of the virus from these potential
vertices to their closest large degree vertex are approximately independent events.

Set
R, = (loglogn)®.
For w € V,,, define ko(w) by w = vpyw), and for i > 1 define k;(w) by the conditions
ki(w) < ki—i(w) and vg,w) ~ Uk,_,(w) (note that the choice of k;(w) is not necessarily
unique). We define also
Ho(w) = {ko(w) > n/logn} N {kisi(w) > ki(w)/logks(w) >n/? V0 <i < R,}.

Lemma 4.3. There is a positive constant 0y, such that for all 0 < 6y, for all e € (0,1/2),
and for any vertex w, we have

P, ( max  deg(v) > e’ (n/ko(w)) ¥ | £. F‘I’Hn(w)> >1—e "

vEBg,, (w,i)
foralli < R,, and
P, (H,(w) | ko(w) > n/logn, &) =1—o(1/loglogn).

Proof. Let us begin with the second assertion. Due to the construction of G,,, if k;(w)/ log k;(w) >
K (e), then

Pu(kisa (1) < ki(w)/ Togki(w) | £, ki(w), () = =g

- 14¢ 1 X.
1 —¢ \Uogk;(w)
Hence for all i < R,, = (loglog n)27

P, (kzﬂ(w) > n/(logn)™*? | &, ki(w) > n/(logn)”l) =1—o0((log n)*X/2),

which proves the result by using a union bound.
For the first inequality, we claim that there is a positive constant ¢y, such that for any
¢ < ¢, there exists ¢ = ¢(¢) > 0, such that for all i < R,

(i) Pr (kjo)(w) < e ko(w) | £ N Ha(w)) =1 — e,

Slies (w)  10g ki (w)]

(i) Pn (37 € (i/2,9) : g,y = ¢/kj(w) | €N Hp(w)) > 1 — e,
(iii) P, (deg(vg) > ¢ (n/k)'1X | Wy, > ¢/k,E) > 1 — exp(—c(n/k)'7X), for any v, € V,.

From these claims we can deduce the result. Indeed, (i) and (ii) imply that with probabil-
ity larger than 1 — 2exp(—c’i) there is an integer j € (i/2, 1) such that k;(w) < e™“ko(w)
and ¥y, > ¢/kj(w). Then (iii) gives that deg(vyw)) = e (n/ko(w))' ™ with
probability larger than 1 — exp(—c’e?t=7%). Hence the result follows by taking 6 small
enough.

To prove (i), similarly to Lemma 2.6, we consider

Xj(w) = 1({k;j(w) < kj—1(w)/2}) and Fj(w) = o (k(w) : ¢ < j) Vo ((e1))-
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On H,(w), we have K (g) < y/n < k;(w) for all j < R,,. Then by using the same argument
as in Lemma 2.6 we obtain that on H,(w) N &,

Slie; (w) /2] = Slhej (w)/ 10g ke (w)]

E, (X;(w) | Fi(w) > . >p
kj(w)—1
and
(49) P [ D Xj(w) > ip/4 | >1—2exp(—ip*/16),
for some constant p > 0. Since kjjg(w) < 27P/*ky(w) as soon as Z X;(w) > ip/4,

the result follows from (49).

We now prove (ii). Let 6 be the constant as in Lemma 2.4 (v). Fix some j € (i/2,1)
and set k = kj(w) — 1 and £ = [k;(w)/logkj(w)]. On H,(w)NE., we have k > kjq(w) >
0> /n> K(e), and

Pr (Vi) = 0/kjir(w) | K, 0) = (S iS Z l(Pe > 0/t) | k f)

t=0+1

> E, ((1—0—8)]€X Z el (e = 0/1) | K, E)

S (L)
OnXx
> mEn (Sk — 5 ‘ k7£)
Onx X X
> oy (19 (/) = (19 (0/n)]
(50) > 0/4,

for € € (0,1/2), where for the second inequality we have used Lemma 2.4 (v). Now (ii)
follows from the same argument as (i). Finally, (iii) can be proved as (46). O

Lemma 4.4. Let u be a uniformly chosen vertex from V,,. Then there exists a positive
constant c, such that

Pu(M) 2 chp(A) VY,
where
M = {Jw € Bg, (u, R,) : deg(w) > »*logn} N {(£*) makes w lit inside Bg, (u, Ry,)}.

Proof. Define ko by vy, = w and for ¢« > 1 define k; by the conditions k; < k;_; and
Uk, ~ Uk,_,. Let us denote u; = vy, and define also

Hy = Hp(uy) = {ky > n/logn} N{kiy1 > k;/loghk; > n'2v1<i<R,+ 1}.

In this proof, we assume that ¢ = o(Ap(\)~*/%). Similarly to Lemma 4.3 by using that kg
is chosen uniformly from {1,...,n}, we have P,,(H,, | &) =1 — o(1/loglogn) and hence
P.(E.NH,) =1 —o(Ap(N)~H¥). We assume now that these two events happen.



CONTACT PROCESS ON THE PREFERENTIAL ATTACHMENT GRAPH 25

We recall the claim (iii) in the proof of Lemma 4.3: there is a positive constant ¢y, such
that for any ¢ < ¢, there exists ¢ = ¢/(¢) > 0, such that

(51) Pr(deg(vr) > ¢ (n/k)' X | ¢ > ¢/k) > 1 — exp(—c'(n/k)' ™),
for any v, € V,,. Let us consider
M, = {k’1 < n/i()\)},

where J(A) = (4p(N\)//6?)Y/1=X with 6 a small enough constant (smaller than 6 as in
Lemma 2.4 and 4.3 and than ¢), and ¢ = ¢/(6). Define

My = MiN {Vl <0< R, Fwe:d(ug,wp) <1y, deg(wy) > @(N) exp(@rg)},
where 7y = 40/6 for 1 < ¢ < R/ := 6*R,,/8.
By using Lemma 4.3 for u; we get that for any ¢ < R/,

P, < max  deg(v) > e’ (n/kl)l_x) >1—e .

UEBGn (ulyrl)
If ki < n/3(N), then Oexp(Ory)(n/ki)' =X > 0 exp(0ry)7(A)' X > () exp(fr;). Thus
P, (v : d(v,ur) < 1y, deg(v) > o(A) exp(0ry) | My) > 1 — e /7.

Hence
Ry,

(52) P, (M | My) > 1= exp(—4(/6) > 1 — 2exp(—4/06).
=1

Define

Mz = My N {deg(uy) > 4p(N)/67}.
Similarly to (50), we can show that

P (s > 0/kr | K < n/3(N) > 6/
It follows from (51) and the fact that 'y(\)!™% = 4p()\)/6?, that

P, (deg(un) > ¢/(n/k)' ™ | ky < /300, > 0/k1) > 1 — exp(—dgp(N)/6%) > 1/2.
From the last two inequalities we deduce that
P (Ms | M) > 0/5.

Combining this with (52) we obatin that
(53) P,(ManNMs | My) >60/8 —2exp(—4/0) > 0/16.
We now bound from below P,,(M;). Observe that

B (I < 0300k (5)) = St > /50D

230 (%) 1tk > n/A00D,

Since ky is distributed uniformly on {1,...,n}, we get

B (ho/m)¥1 (b > n/AO0D) = = 30 (k/m¥ < 1.

k=n/7(X)
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Therefore
P, (M) Z 7N X 2 p(A) 7.
This and (53) give that
(54) P, (Ma N Ms) Z o(A)~Y.
Observe that on My N M3, we have deg(uy) > @(A)r1 > p(N)d(uq,wr) and
deg(we) = @(A) exp(re) = 20(N)reqr = @(A)d(we, werr)

for all 1 < ¢ < R]. In other words, u; and the vertices (wy) satisfy the condition in
Lemma 2.9, and thus applying this lemma inductively yields that

P, (wg is lit inside Bg, (u1, Ry) | Mo N M3, uy is lit)
Ry,
> 1- 3 exp(—e Xp(N)e)

/=1
(55) > 1.

Similarly to (35), the probability that (£*) makes wu; lit is of order A. It follows from this
and (55) that

(56) P, ((£") makes wg lit inside Bg, (u, Ry,) | Ma N Ms) 2 A
In addition, deg(wg, ) > »*logn. Therefore
M D My Mz {(£") makes wp lit inside Bg, (u, Ry)}.
Combining this with (54) and (56) gives the result. O
4.2.3. Proof of (37). For any v € V,,, we define
Y, =1({3w € Bg, (v, R,) : deg(w) > s logn} N{(£") makes w lit inside Bg, (v, R,)})

and
Zy = Yo1({¢r, # 2}),
where T, is as in Proposition 4.2. Then
S z.< S 148, # 2},
vEVR vEVR

and thus (37) follows from Lemma 4.5 below and an application of Markov’s inequality.

Lemma 4.5. The following assertions hold:

(i) P, (% > Y, > C)\go()\)_l/w) =1—0(1), for some ¢ > 0, independent of .
UGVn
(i) P, (Z,=1]Y, =1) = 1, as n — oo uniformly in v € V,,.

Proof. For (i), let ¢ € (0,1/2) be given. We have to show that the probability in the
left-hand side is larger than 1 — 2¢ for n large enough. First, Lemma 4.4 implies that

P,(Yu=1)2 )“P()‘)_l/wa
or equivalently

1
=D PuYo=1) 2 dp(N) Y
n

veEVn
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Using Chebyshev’s inequality, the result follows from this and the following claim: on &,
(57) > Cov(Y,, Yy) = o(n?).
v,V €V,
To prove it, we consider
Vo = {(vi,v;) 14,5 > n/logn,d(v;,v;) > 2R, + 3}.
Since R, + 1 < bylogn/(loglogn) for n large enough, it follows from Lemma 2.6 that
(58) D Pu((v,0)) & Va) = o(n?).
vV €V,
On the other hand, Lemma 4.3 gives that if i > n/logn, then on &,
P, (3w € Bg, (vi, Ry,) : deg(w) > s logn) =1 — o(1/loglogn).

Moreover, given the graph G, Y, and Y,, only depend on the Poisson processes defined
on the vertices and edges on the balls Bg, (v, R,,) and Bg, (v', R,,) respectively. Hence on
E. for all (v,0') € V,,

(59) Cov(Y,,Yy) = o(1/loglogn).
Now (57) follows from (58) and (59).

We now prove (ii). If Y, = 1, then there exists a vertex w such that deg(w) > »*logn
and w is lit at some time. Besides, on B,, the diameter of the graph is bounded by b; logn
w.h.p. Hence similarly to Lemma 2.9, we can show that on B,

P, (w infects a vertex in V) > 1 — exp(—c*»*\*logn).

If one of the vertices in V,* is infected, it follows from Proposition 4.2 that w.h.p. the
virus survives up to time 7,,. Hence we obtain (ii) by using that 5, holds w.h.p. n

Remark 4.6. Using Proposition 6.2 in [CS| and the facts that G, is connected and
d(G,) = O(logn), we can obtain another metastability result. Let 7, be the extinction
time of the contact process with infection rate A > 0 starting from full occupancy. Then
the following convergence in law holds

o3 £,

En(Tn) n—yo0

with £(1) an exponential random variable with mean one.

As mentioned in the introduction, the bound on ¢,, in Theorem 1.1 is nearly optimal, but
by Remark 6.4 in [CS] one could improve it if one could prove that w.h.p. 7,, > exp(cn),
for some ¢ > 0. We expect the last assertion to hold like in the case of the configuration
model [MMVY, CS] for instance.
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