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BOUNDARY LAYER FOR ROTATING FLUIDS WITH SMALL VISCOSITY

VAN-SANG NGO

ABSTRACT. In this paper, we study the system of rotating fluids between two infinite parallel plates
with Dirichlet boundary conditions and with small viscosity which vanishes when the Rossby number
goes to zero. We want to improve the convergence result of [21] and show the global in time convergence
of the weak solution of the system of rotating fluids towards the solution of a two-dimensional damped
Euler system with three components, using the decay in time of the H®-norm (s > 2) of the limiting
solution.

1. INTRODUCTION

In this paper, we consider the system of fast rotating incompressible fluids
e3 A u®

ot — vp(e)Apu® — Be&%us +u® - Vu® + +Vp* =0

(1.1) divus =0
u® lt=0 — U0,
for t > 0 and for € Q = R?x]0, 1], coupled with the Dirichlet boundary conditions
u®(t, x1,22,0) = u®(t,x1,22,1) = 0.

Here, the fluid rotates around es-axis and € > 0 stands for the Rossby number, which will be small and
goes to zero. In this system, the vertical viscosity v, = fBe, with § > 0 and the horizontal viscosity
v, = vp(e) > 0 depends on e and goes to zero as € goes to zero. The classical isotropic diffusion —vA is
replaced by an anisotropic diffusion of the form

—Up Ay — 1,03 = —vp(e) (03 + 03) — B3,

where 9; is the partial derivative with respect to the variable z;. This anisotropy is often considered
in meteorology and oceanography, where vertical viscosity v, is taken to be much smaller than the
horizontal viscosity v,. We refer to Pedlosky [33] and Greenspan [20] for more details about physical
considerations.

It is clear that the Coriolis force term has no contribution in the energy estimates for the system (1.1).
In the case where v, > 0 and v, > 0, independent of ¢, the global existence of weak solutions of (1.1) in
the sense of Leray can be proved by the same method as in the case of the Navier-Stokes equations (see
J. Leray, [26]). The uniqueness of the weak Leray solution is known for the two-dimensional case and
is still open for the three-dimensional case. By using the same arguments as in H. Fujika and T. Kato
[16] for the Navier-Stokes equations, one can show local existence and uniqueness of a strong solution
of (1.1), the lifespan of which is bounded from below, uniformly with respect to e. We also want to
refer to [8], [9], [22], [30], [31], ..., and the references therein for the anisotropic cases where the vertical
viscosity is zero. In the case where v, and v, vanish or depend on ¢, using the same method as for the
Euler system, we can prove that the system (1.1) is locally well-posed when the initial data ug belong
to a smooth enough Sobolev space, independent of vy, and v,.

We have not mentioned the role of the Coriolis force yet. Actually in fast rotating systems with small
Rossby number, the Coriolis force plays an important role. In the experiment of G.I. Taylor (see [13]),
drops of dye injected into a rapidly rotating, homogeneous fluid, within a few rotations, formed perfectly
vertical sheets of dyed fluid, known as Taylor curtains. In large-scale atmospheric and oceanic flows, the
fluid motions also have a tendency towards columnar behaviors ( Taylor columns). For example, currents
in the western North Atlantic have been observed to extend vertically over several thousands meters
without significant change in amplitude and direction ([34]).
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2 VAN-SANG NGO

Fast rotating flows have first been considered in periodic domains. In the work of Babin, Mahalov and
Nicolaenko [1], [3], the authors studied the isotropic case, where the diffusion term is —vA, with v > 0
independent of €. For any initial data in appropriate Sobolev spaces, they proved the global existence and
uniqueness of a smooth solution when the rotation is fast enough (that is, the Rossby number ¢ is small
enough). The same result was proven by Gallagher in [17], using the method of Schochet [35], for fast
rotating fluid systems and also for more general parabolic systems. It was also shown in [1], [3] and [17]
that, when € goes to zero, the fast rotating system converges to a two-dimensional Navier-Stokes system
with three components, if v, > 0 is fixed, or to a two-dimensional Euler system with three components, if
vy, is zero or goes to zero as € goes to zero. The convergence in the more general case, where the rotation
axis is not fixed, was proven in [18] by Gallagher and Saint-Raymond. The anisotropic case, with zero
vertical viscosity (v, = 0), in periodic domains, that is the system (1.1), with v}, > 0 independent of ¢,
in the torus T2, was studied later by Paicu in [30].

In the case of rotating fluids in the whole space R3, it was proved in [8], [9] and [18] that, if the
initial data are divergence-free vector fields belonging to H%*(R?) then, when € goes to zero, the limiting
system corresponding to (1.1) is zero. We remark that in this paper, in order to simplify the notations,
we use the bold character X to indicate the space of vector fields, each component of which belongs to
the space X. The main idea consists in proving and using Strichartz estimates for the associated linear
system, which shows that, in the case of R?, the free oscillation waves of the fluid propagate to infinity
and the energy of the fluid decreases. Using this property, it was also proved in [9] that the system (1.1),
with v, > 0 fixed, has a unique, global solution when the rotation is fast enough. The same result in
the case where v, slowly goes to zero as € — 0, say v, = ¢, with « €]0, ag], for a certain oy > 0, was
proved in [29]. If the initial data is not in H%*(R3) but is the sum of a 2D part in L?(R?)? and a 3D
part in H®*(R?), s > 1, then the limit system is not zero but a 2D Navier-Stokes system (v, > 0 fixe)
or a 2D Euler system (v, — 0) with three components, as € goes to zero. Using the global wellposedness
of the limit system, the global existence of a strong solution when ¢ is small enough can be proved in
the case of fixe v, > 0 (see [9]).

The case of a domain between two parallel plates (with Dirichlet boundary conditions) is very different
from the case of a domain without boundary (R? or T?) mentioned above. Indeed, when the rotation
goes to infinity (¢ — 0), the fluid has the tendency to have a columnar behavior (the Taylor-Proudman
theorem). However, the Taylor columns are only formed in the interior of the domain. Near the boundary,
the Taylor columns are destroyed and very thin boundary layers are formed (Ekman boundary layers).
Inside the boundary layers, the behavior of the fluid becomes very complex and the friction slows the
fluid down in a way that the velocity is zero on the boundary. As a consequence, in the limiting system,
an additional damping term of the form ~u, v > 0, appears. The coefficient v was proved to be /23 in
[21] (we will explain the calculation of this coefficient in Section 2). This phenomenon is well known in
fluid mechanics as the Ekman pumping.

For any uo € L?(Q), and for any ¢ > 0, the system (1.1) possesses a weak Leray solution
uf € LRy, LA(Q)) NLA(R,, H'(Q)).

If v, > 0 is fixed, then taking into account the Ekman pumping, the limiting system is the following 2D
damped Navier-Stokes sytem with three components

o, u — v AR + T -V + /28T = -V D
0T — AT+ -Vt + /287 =0
95t = 0, divpa" =0

Y

(1.2)

1= — Uo-

When £ — 0, u¢ was proved to converge to the solution of the limiting system in L (R, ,L?(f2)), for
Q = T? x [0,1], by Grenier and Masmoudi [21] in the case where the initial data are well prepared (i.e.
lir% u§ =y = (Up(x1,22),Ua(x1,22),0) in L2(T? x [0,1]) and by Masmoudi [27] in the case of general
E—r

initial data. The same result for Q = R? x [0, 1] was prove by Chemin et al. in [10], using Strichartz
estimates.
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If vy, = vp(e) — 0 when € — 0, the limiting system is now the following 2D damped Euler system
with three components
o +u VT 4+ /280" = -V, p
out+u VEut 4+ /28T =0
951 = 0, div,a" =0

= .

(1.3)

Uly—o

In [21], [27] (for 2 = T% x [0,1]) and in [10] (for Q@ = R} x [0,1]), the solution u® can still be proved
to converge to the solution of (1.3) in L (Ry,L?(£2)). The local convergence with respect to the time

variable is due to the local in time boundedness of the H? (R?)-norm (o > 2) of the solution of (1.3)
used in the previous results.

The goal of this paper is to improve the above results and to prove that, in the case where v, = vy, ()
goes to zero as € goes to zero, the convergence of u® towards @ is global in time. We consider the system
(1.1) in the domain = R? x [0,1] (the same result can be proved for the domain Q2 = T3 x [0, 1] with
minor changes) with Dirichlet boundary conditions and with the well-prepared data as in [21]. The main
result of the paper is the following theorem.

Theorem 1.1. We suppose that vp(e) — 0 ase — 0. Let uf € L*(R? x [0,1]) be a family of initial data
such that

iii%ug =g = (Tp(x1,12),Ua(21,72),0)  in  LARE x [0,1]),

where Uy is a divergence-free two-dimensional vector field in H(R?), o > 2. Let u be the solution of
the limiting system (1.3) with initial data Uy and, for each € > 0, let u® be a weak solution of (1.1) with
initial data uf. There exists a positive constant C = C(tg) > 0 such that, if vp(e) > C(to) €, then
Eh_r{}) [|u® — ﬂ||L°C(R+,L2(R$L><[O,1})) =0.

The key of the proof of Theorem 1.1 consists in the careful study of the limiting system (1.3). We prove
that the damping term /20 @ in the system (1.3) plays a very important role which allow us to prove
the exponential decay in time of the H? (R?)-norm, o > 2, of the solution. More precisely, in Section 4,
we prove the following theorem.

Theorem 1.2. Let ug = (uj(z1,22), Ug (21, 22), Ug(r1,22)) € L2(R2) be a divergence-free vector field,
the horizontal vorticity of which

wo = 815(2) — 62ﬂ(1, S LQ(R%L) N L>® (R}%)
Then, the system (1.3), with initial data g, has a unique, global solution
7€ C(Ry, L2(RY)) N L= (R, LA(RY)).

Moreover, if Uy belongs to H?(R2), o > 2, then there exists a positive constant C' depending on B and
HHOHH“(R}z) such that, for anyt >0,

F2(t) e gz < Ce™ V7.

We note that this exponential decay is not true in the case of the two-dimensional non-damped Euler
system, where the L>°-norm of the gradient of the vorticity may have a double exponential growth in
time (see Bahouri & Chemin [4], Kiselev & Sverdk [25] and the references therein). We also remark
that in the system (1.3), there is no coupling between 7" and %3. Indeed, u" satisfies a two-dimensional
damped Euler system while @° is merely tranported by @" (in the case of well-prepared data, we even
have w® = 0). Thus, a unique global solution of (1.3) exists thanks to the Yudovitch theorem [38]. The
goal of Section 4 is to prove the exponential decay properties of this solution.

The paper is organized as follows. In the next section, for the convenience of the reader, we will
recall the construction of Ekman boundary layers and the formation of the limiting system. We will
also explain why the damping term appears in the limiting system (the Ekman pumping). Section 3 is
devoted to a very brief recall of the dyadic decompositions and the Littlewood-Paley theory. In Section
4, we proof the key results concerning the 2D limiting system (1.3) which lead to Theorem 1.2. Finally,
in the last section, we prove the main theorem (Theorem 1.1) on the convergence of weak solutions of
the system (1.1) towards the solution of the system (1.3).
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2. FORMAL CONTRUCTION OF THE EKMAN BOUNDARY LAYERS

In order to construct the Ekman boundary layers, a typical approach consists in looking for the
appropriate solutions of the system (1.1) in the following form, that is, to make the Ansatz

wf = 0 4y B0 4 B0 4 o (ul,l 4Bl 4 aB,l) 42 (ul,z 4 uB2 —|—1~LB’2) +...
(2.1) 1
P = - (pI,—l 4 pBt +ﬁB,—1) 404 pBO 4 B0 4 o (pl’l 4Bl +1513,1) I

The terms with the index “I” stand for the “interior part”, which consists in smooth functions of the
form

U'I’j = uLj (taxl7x27x3) 5 pLj = pl,j (t,l‘l,l'g, 1‘3) .

The index “B” refers to the boundary layer part, which consists in smooth functions of the form
. . xrs3 : . T3
uB’J = UB’J (tmlax% ?) y pB’j = pB’j (ta x1,T2, ?) )
~B.j ~B.j 1—133 ~B.i _B.i 1—LE3
w =a t,m1,ﬂ?27 5 p & =p & t,$1,$27 ’
€ €

and which rapidly (exponentially) decrease when the third space variable goes to infinity. Here, we
choose the size of the boundary layers to be . The justification of this choice and the discussion about
other sizes of the layers can be found in [21], [27], [10] and [11]. The main calculations in this section
can be found in [21] or in [11], but in order to have a self-contain paper, we will give the most important
arguments.

2.1. In the interior part of the domain, far from the boundary. We recall that away from the
boundary, all the boundary terms in (2.1) rapidly decrease to zero. Thus, putting the Ansatz in the
divergence-free property

divu® =0,
we simply obtain

(2.2) divul = d1uj”? 4 douy? + dyuy’ =0, VjeN.

Next, putting the Ansatz (2.1) into the system (1.1), we deduce the following formal equation in the

interior part of the domain

(2.3) Zajatul’] - Z [Vh(e) (97 + 03) + 03] w7 + ZEJ ul® . vyli=k

Jj=0 Jj=0 j=0 k=0
+ Zejfleg Auld + Z eIvpli = 0.
Jj=0 Jj=-1
At the leading order ¢!, we get
1,0 _ I,—1
Uy = alp

1,0 _ I,—1
uy = —0ap

0= 83]9[’71.
Combining with the divergence-free property (2.2), this leads to

(2.4) Osul? =0, 95pt "t =0
’ 81u{’0 + 82u£’0 =0.

The above equations show that the limiting velocity ! is a two-dimensional divergence-free vector field
with three components, which means that the fluid has tendency to move in columns when the rotation
is fast, as predicts the Taylor-Proudman theorem.

Now, taking the zeroth order (%) of (2.3), one obtains the governing equation of the fluid at the limit
ase—0

Oy + - Vg =yt + 01p™? =0
(2.5) 8tu£’0 + u,IL’O . thg’o + u{’l + 0ap™* =0

1,0 1,0 1,0 1,0 _
Ouz” +uy - Viaug™ +03p 7 = 0.
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Here, we remark that the fast rotation implies the action of the first order term, i.e. the added vector
field (—ué’l,u{’l,O), on the limiting behavior of the fluid. In the next paragraph, we will show that

the interaction with the boundary allows to explicitly calculate this vector field, which turns out to be
a dissipative term (the Ekman pumping).

2.2. In the thin layers near the boundary. In what follows, we will focus on the boundary layer
near {x3 = 0}. The other layer near {x3 = 1} can be treated in a similar way. In (2.1), we perform the

change of variable y = 3 For any smooth function f = f(t,x1, z2,23), we formally write
€

Ekyk
f(t7$1>332a$3):f(t7$17$2a5y)zz (ail’ff)

k' |w3:0 !
k>0

Then, we rewrite the divergence-free property near {x3 = 0} as
0 =divu® = e 19,ud’ + ZE] Oul? 4 dguy? + Byud T 4 Z o (&?divul’rk)lmgzo .
j=20 k=0

Using the fact that divu!7 = 0, for any j > 0, we deduce the following “divergence-free properties” of
uBJ for any j > 0,

(2.6) ayuf’o =0
. 81uf’j + 82u23’j + @uf’jﬂ =0, Vj>0.

We remark that the first equation of (2.6) implies that uf " = (0 because it goes to zero as y — 4oco.

Next, we rewrite the Dirichlet boundary condition u®(t, 21, x2,0) = 0 as follows

(2.7) uPI(t,x1,19,0) = —ulI(t, 21, 22,0), Vj>0.
Since ué’o is independent of z3 and u!%(t, 21, x9,0) = —uB(¢, 21, 22,0) = 0, we have ug’o = 0. We also
remark that, since ué’o = uf’o = 0, the nonlinear term u® - Vu® is at least of zeroth order as e — 0,

u® - Vu® = 0(1).

Now, putting the Ansatz into the first equation of (1.1) and looking at the leading order £~2, we
simply get
aypB7_1 =0,
and so, pP =1 = 0 since pP~! — 0 as y — 4o00. This is a classical principle of fluid mechanics which
claims that the pressure does not vary in a boundary layer.

At the next order ¢!, combining the boundary condition (2.7) and the fact that u/® = u/0(t, 21, 25)
is independent of x3, we recover the following system

2, B0 , B0
Bojur +uy ™ =0

2 B0 B0 _
Bojuy " —uy =0

(2.8) BoO 10 BO _ 10
Uy = 7L > U2y, T T2
. B . B
lim «?°= lim «2°=o0.
y—>+o0 y—r—+o00

This system can be explicitly solved and gives

B,0 - 1,0 Yy 1,0 . Yy -3 1,0 z3 1,0 . z3
Uy = —e V28 | uy;’ cos + Uy SIN —— | = —e V28 | u;’ C0S ——= + U, SIn
(20) 4 ( v m) ( boev28 sfzﬁ>
‘ B,0 -—L 1,0 Yy 1,0 . Yy -3 1,0 T3 1,0 . z3
Uy '~ = —e V28 [ u,"" cos — U7 SIN—— | = —e V28 | u,  CoSs — U7’ sSIn .
2 ( v m) ( 2 V2B ef2/3>

Using (2.6), (2.9) and the fact that dyul® + duy® = 0, we have

Y . Y 1,0
8yu3371 — _8luleo _ 32u2B70 — exp <_ sin < Curl uh’ ,
V2B V2B
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where curl ui’o = Blug’o — 62u{’0. Integrating the above equation with respect to y and recalling that
1 .
— 0 as y — 400, we obtain

(2.10) u3 —\/Be” 7% sin (\/3373 + 4> curlufb’0 = 7\/56—;732‘—[3 sin <€j‘;73 + Z) Curlu,ll’o.

Remark 2.1. We remark that unlike the irrotational case where the boundary layers are discribed by

the Prandtl equations, in this case, the main boundary layer term (u?o u2BO uf 1) can be explicitly

computed from the limiting velocity in the interior domain, which allows to directly treat these layers
without using the Prandtl equations.

The same arguments near the boundary {x3 = 1} lead to 5% ~! = 0 and

1—a 1— 1—
~B,0 -—3 1,0 r3 1,0 . T3
Uy = —e =V2P (u1 cos + uy’” sin

V2B eV2p

N _lomg l—z3 j1o. 1—x3
2.11 B0 = —e7 v [l cos —uy sin
(211) 2 ( * T ev28 N T V2B
1—x3

1
ﬂf’lzfe em51n<€\/§+1) Curlu,Ilo.

We come back to (2.5). Taking curlu,IL’O = d1usy® — dyul®, we have

(2.12) 8tcurlu}[l’0 + u}Il’O - Vpcurl u}IL’O = -0l —oult = a3u§=1.
Since u!? is independent of z3, by integrating (2.12) with respect to x3 over [0, 1], one gets
1,0 11 Wl B,1 ~B 1
Orcurluy, +uh thurluh =gy Ty Uy = g1 = V2 curlu

Using the Biot-Savart law, we can finally rewrite the system (2.5) in the same form as (1.3)
O + " Viur® + /280y + 0p" =0
8tu1’0 + ui’o . thg’o + /28 ug’o + 0ap' 0 =0
dsul ¥ =0, u3 =0,
81u + 82u =0.

(2.13)

2.3. Construction of the boundary layers. To summarize, let @ be the solution of the limiting
system (1.3), the third component > = 0 and we set curl@” = 9,u% — dou'. Then, as in [21], we can
write the boundary layer part in the following form

(2.14) B = By + Bz + Bs + B,
where B;, i € {1,2,3,4}, are defined as described below:
1. The term By, defined by (2.9), (2.10) and (2.11), is the main boundary layer term,

z3 1—z3
—oks (1 @3 g 72 i @y . A 1oz
—e =V2 (T’ cos u” sin —e =% (u' cos 7 sin 1
( eV2p + x/Qﬁ) . ( V2 +u /2 )
(2.15) By = —os (2 @y 1 — e (72 apa 1= B
. _ B _ _ 23 _ 3
e - U cos A — U sin A5 ) —e VA (T cos 5% — W sin 55

ev/B G(x3) curl@®

G(zs) = — e AP sin _i;g%sin 1_:634—z
3 ev28 ev28  4)°
2. The corrective terms By and B3 are added to B; to ensure the Dirichlet boundary conditions at
{z5 =0} and {z5 = 1}, and we have

where

206 u?
(2.16) By = 206wt
V283 (f - :vg) curl @*

—1

1 Yy
m) 0

(2.17) Bs = e TV cos (
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3. Finally, the term B, is added to the sum By + By + B3 to ensure the divergence-free property of B,

2 0
(2.18) By = f(xs) | —u | +gl@s)| O |,
0 curl w"
where
x 1—x-
(2.19) f(z3) = a [6_7%5 +6‘7ﬂ +b,

sloa) = —evFe s (o 1) - [ s

and where (a, b) is the solution of the linear system

1 1
5 2 b — 2 V28 Qi
( +e )a+ e\2B+e =V smgm

25\/% (1 - B_ﬁ) a+b = 26\/B€_ﬁ sin (6\/1% + Z) .

(2.20)

We remark that the determinant of the system (2.20) is

D=1+e¢ 77 — 92 2ﬁ(1—e‘ﬁ).
Thus, for € > 0 small enough, we have D > % and (2.20) always has the following solution

Ik K. (1 +e‘71%) —2J.2\/28 (1 _6_71%)
= % and b: D s

(2.21)

where

1 1
ngfg\/2,8+6 EmSIHW,

K. = QEﬂefﬁ sin (ﬁ/lﬁ + Z) .
It is easy to prove that if £ > 0 is small enough, then

la| < 4(8+ /B)e and |b| < 328e>.
With the previously defined boundary layer term B, we can verify that

div(w+B)=0 and (u+ B)|{13:0} =(u+ B)|{I3:1} =0.
Now, let

x 1—x x 1—x
—e TP cos —Zi — e V38 cos 1ot —e V9P sin —Zi — e =38 sin 1=
ev2p ev2pB ev2p3 ev2p

Boy(z3) =

(2) _ =3 _loeg o _ =3 . _lzeg -
V2B V25 gin 1=2s —e 2B 3o =vEs —Z3
e © smr—i—e =V sin =22 e V3B cos Az —e V3 cos

Then, we can write B in the following form

u
(2.22) B=M(z3) | u*
curlw
The matrix M(z3) is defined by
. M(.Tg) 0
(2.23) M(z3) = [ 0 m($3)]

where

M (z3) = By(xs) (\ﬁ+f ){ ) é}—kewlﬁcosg\/l% B ﬂ
mizs) = e/ Glas) +2/28 (; _ a:3) + glas).
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We can also prove the existence of a constant C' > 0 such that, for any p > 1, we have
v 1_
IMO)llg, < Cery IMO)llpg, <G MOy, < Cer ™,

sup |23M’'(23)| < Ce and sup |(1 —a3)°M'(z3)| < Ce.
1‘36[0,%} 136[%,1]

(2.24)

3. BRIEF RECALL OF DYADIC DECOMPOSITIONS

In this section, we briefly recall the properties of dyadic decompositions in the Fourier space and give
some elements of the Littlewood-Paley theory. The complete details can be found in [5], [7] and [12].
Let F and F~! be the Fourier transform and its inverse, and that we also write % = Fu. For any d € N*
and 0 < r < R, we denote

Bq(0,R) ={¢€eR| [/ <R} and Cy(r,R)={(€R?|r<|¢{|<R}.

The following Bernstein lemma gives important properties of a distribution v when its Fourier transform
is well localized. We refer the reader to [7] for the proof of this lemma.

Lemma 3.1. Let k € N, d € N* and r1,m2 € R satisfy 0 < r1 < ry. There exists a constant C' > 0 such
that, for any a,b € R, 1 < a < b < +oo, for any A > 0 and for any u € L*(R?), we have

(31) spp (@)  Ba0mY) = sup [0°ul5 < CNHIE

and

(3.2) supp (u) C Ca(rid,red) = CFk)\F lull o < |Sl\1pk 0%l o < CF\F lull Lo -
al=

Let ¢ be an even smooth function in C§°(R), whose support is contained in the ball Bj(0, %), such
that 1 is equal to 1 on a neighborhood of the ball By (0, 3). Let

e(z) = (3) - ¥(2):

Then, the support of ¢ is contained in the ring C’l(%, %), and ¢ is identically equal to 1 on the ring

C1(%,3). The functions ¢ and ¢ allow us to define a dyadic partition of R?, d € N*, as follows

32
VzeR, ¥(z)+ Z(p(2‘jz) =1.
jEN

Moreover, this decomposition is almost orthogonal, in the sense that, if |j — j'| > 2, then
supp (277(-)) Nsupp (277 (-)) = 0.
We introduce the following dyadic frequency cut-off operators. We refer to [5] and [7] for more details.

Definition 3.2. For any d € N* and for any tempered distribution v € S'(R?), we set

Agqu=F 1 (p(277¢)u(9)), Vg €N,

A ju=F(p(lE)ue)),

Aqu = O7 Vq < _27

Syu = Z Ay, Vg > 1.
q'<q—1

Using the properties of ¢ and ¢, one can prove that for any tempered distribution v € S’(R?), we have

u= Y Au in  SRY,

g>—1

and the (isotropic) nonhomogeneous Sobolev spaces H*(R?), with s € R, can be characterized as follows
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Proposition 3.3. Let d € N*, s € R and u € H*(R?). Then,

lullge = [ @+l P de) ~ | X 2 1agls

g=>—1

2

Moreover, there exists a square-summable sequence of positive numbers {c,(u)} with Zq cq(u)? =1, such
that
[Aqull 2 < cq(u)27% Jlull 4. -

In what follows, we also use separate dyadic decompositions in the horizontal and vertical directions.

Definition 3.4. For any tempered distribution u € S'(R?), we set

Al = F1 (p(27 |6 )a()) Al = F! < (271 & )ale)) Vg e,

Al ju=FH (9(I&n])a(€)) AYyu=FH(9(|&])u(s)),

AZU =0, Aju =0, Vg < -2,

Sl};u = Z Ag,u, Sgu = Z Aju, Vg > 1.
q'<q—1 q'<q—1

4. EXPONENTIAL DECAY FOR THE 2D LIMITING SYSTEM

In this section, we prove the exponential decay in time of the solution of the 2D limiting system (1.3).
We recall that throughout this paper, for any vector field @ = (@', u?,u%) independent of the vertical
variable x3, we denote by w the associated horizontal vorticity, w = 81u — O.ut. We also set v = /273
to simplify the notation.

Lemma 4.1. Let Uy = (U} (x1,x2), U3 (w1, 72), Ug(w1,72)) € L2(R2) be a divergence-free vector field, the
horizontal vorticity of which

Wy = T — OqTip € L*(R2) N L™=(R3).
Then, the system (1.3), with initial data g, has a unique, global solution

7€ C(Ry, LA(R})) NL=(R,, L2(R})).
Moreover,

(i) There exists a constant C' > 0 such that, for any p > 2 and for any t > 0, we have

(4.1) ||Vhﬂh(t)||Lp(Ri) <CMpe ™,
(4.2) Hﬂh(t)HLp(Ri) <CMe
where

M= maX{Hﬂg”Lz(Ri) ) ||@0HL2(]R,{) ) ||@0||Loo(RfL)} .
(i3) For any p > 2, if ug € LP(R2), then,
(4.3) @ (t)

HLP(R,Z) < HESHLP(R,%) e

Proof

In (1.3), the first two components of @ satisfy a two-dimensional damped Euler system. Then, thanks
to the Yudovitch theorem [38] (see also [7]), this system has a unique solution

7" € C (R, LA(R})) NL*™ (R4, L*(RY))

such that the horizontal vorticity w € L> (R4, L?(R?)) N L (R4, L>°(R?)). Since the third component
7> satisfies a linear transport-type equation, we can deduce the existence and uniqueness of the solution
7 of the limiting system (1.3).

By definition, the horizontal vorticity w satisfies the following equation
(4.4) 0+~ + 1" -V =0
Taking the L? scalar product of (4. 4) with [@|"? @, we get

||7||LP R2) +y Hw”Lp(R? =0.
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By using an interpolation between L?(R?) and L>(R?), we deduce from the above equation that
_ _ — 2 __ 12 - —

(45) ) 2oqe) < [Tl ogag) €™ < C ol Fagug, IToll gy €7 < CMe™,

We recall that V;,@" = Rw where R is an homogeneous Caldéron-Zygmund operator of order 0. Ac-
cording to [[7], Theorem 3.1.1], for any p > 1 and for any ¢ > 0,

2
_h p —
thu (t)HLp(Ri) < Cp 1 Hw(t)HLp(]Rg) )
which implies (4.1), for any p > 2. In particular, we have

(1.6) 7 sy = 19 Ol = 100z, < M e

We remark that Inequality (4.2), in the case where p = 2, directly comes from the energy estimate
. p—2
for the damped Euler systems. So, using the Sobolev embedding H 7 (R?) < LP(R?) and the fact that

H%(R%) is an interpolated space between L?(R?) and H'(R?), we deduce (4.2) from Estimate (4.6),
when p > 2. Since the vertical component %> satisfies the same linear transport equation as w, Inequality
(4.3) can be proved in the same way as (4.5). O

Lemma 4.2. Let r > 1. There is a constant C' > 0 such that, for any divergence-free vertor fields w in
L2(R2), the horizontal gradient Vyu" € L>®°(R?) and the vorticity W = 0yu> — doui' € H"(R2), we have

(4.7) [(ab@" - vyw) | Abw)| < Cd27" (| V|| oo + 0] o) ][5 -
where (dg)q>—1 s a summable sequence of positive numbers.

In order to prove Lemma 4.2, we need the following estimate (the proof of which can be found in [31]).
Let [.,.] denote the usual commutator.

Lemma 4.3. Let d € N*. There exists a constant C > 0 such that, for any tempered distributions u, v
in S’"(RY), we have

IAg, ulvll 2 = [Aq(uv) — ulgull . < C27[[Vul| oo [|0]| 2 -

Proof of Lemma 4.2

First of all, using the anisotropic Bony decomposition into paraproducts and remainders as in Defini-
tion 3.4, we can write

(4.8) (Ar@" - vpw) | Alw)| < 1) (w) + I} (W),
where
I (w) = <A3( > S,’;+2(Vhw)Ag,ﬂh) ‘Af;w> ,
q'—q>N
and

I2(w) = <Ag( > S AL (V) ‘A2w> :

lg’—q|<N
and where N > 0 is a fixed large enough integer.
Using Cauchy-Schwarz and Holder inequalities, we get
ws) B < X 80Tl |85, AL ..
q'—q=N
The Bernstein lemma 3.1 implies that
1842 ) g < €2 (87 < C2 )

and
[t < 2

AL
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Taking into account the fact that @ = ;% — 9w and div,@” = 0, using an integration by parts, we
easily obtain

|atm]2, = |aboa? 2, + | Aot 2, - 2(ak o | Al o)

= ||abom? ||, + Al |2, + Aot |2, + Ak,

= |85 VA" .
Therefore, using Proposition 3.3, we deduce from (4.9) that

L@ <C Y |l ||Agw]l,, A5,
q'—q=>2N
<O(e@) Y @2 @) ]
q'—q=N

_ . . o —gr .
where (cq(W)),s _; is a square-summable sequence of positive numbers. We remark that (277") 5 _ is
a summable sequence. So, as a convolution product of a ¢?-sequence and a ¢!-sequence,

> eylmpr o

is square-summable. Let

dg = cq(@) Y cy(@)2 070",

q'—q>N

It is clear that (dy),>—1 is a summable sequence of positive numbers. Thus, we have

(4.10) I (@) < Cd27*7 ||| o 0] 7 -

In order to estimate IZ(w), we write
(4.11) (@) < PA@) + 122 (@) + 12(w),

where
12A(w) = [(Shu" - ViAlw | Alw)]

125 (w) = < > (Sg—Sg,_l)uh-VhAf;,w‘AZw>,

lg’—q|<N

and

12° (w) = < S [Aksh_ @] VA ,w'Ah>

lg’—q|<N

Using integrations by parts, we get
1 . _ _
(4.12) I(fA(E) =3 |<S§(d1vhuh)Agw | Agw>| =0.

We remark that when ¢, ¢’ > 1, Sé’ — Sg,_l does not contain the low Fourier frequencies. So, I, 33 (w) can
be bounded in the same way as I (w), and we have

(4.13) 137 () < Cd27*" |[w] g [0
Finally, using Lemma 4.3 and the same calculations as for I; (w) (since r > 1), we obtain
2C h —h h— h
(4.14) I~ (w) <0271 Z 1S -1 Va HLoc HVhAq’wHLZ HAquLZ
lg’—q|<N

< O Vi [l 1l (o@D (@2 @m0

lg’—q|<N
< Odg272 ||V || )% -

From (4.10)-(4.14), we easily deduce (4.7) and Lemma 4.2 is proved. O
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Lemma 4.4. Let r > 1. There exists a constant C, > 0 such that, for any divergence-free vertor fields
w in L2(R2), the horizontal gradient V" € L= (R?) and the vorticity W = 01u> — dyu* € H"(R?), we
have

1@ g (r2)
(4.15) V|| oo < Oy @ ooy In [ €+ i o) )
A e Tl e

The lemma 4.4 is only a special case of [[7], Theorem 3.3.2]. We refer to [7] for a proof of this lemma.

Lemma 4.5. Let r > 1. Under the hypotheses of Lemma 4.1 and the additional hypothesis that Wy
belongs to H"(R2), there exist positive constants Cy and Co depending on v and [@o |l g7+ (mey such that

(4.16) [@(O) g (2 < Cre ™",
and

—h _
(4.17) V" ()] o (g2 < Cae™ ™"
Proof

In what follows, we use C to refer to a generic positive constant that may change from line to line.
For any r > 1, using Lemma 4.2, we get the following energy estimate in the Sobolev H"-norm:

(4.18) 5 g PO + A 015 < C (@Ol + [Va" (0| ) [0 7
Taking into account Estimate (4.15), we rewrite (4.18) as follows
d _ _ @ g _
(119) @)l e+ 8Ol g < C il (110 e+ L)Y ey,
dt ||w||L°°

From (4.5), we have |[w(t)]|;, < CMe™ 7", where

M = max { [l g - 1ol gaz) 1ol e g }
Since C and M do not depend on p, we have
[@(t)]| o < CMe™.

We remark that zIn (e + 2), o > 0, is an increasing function. We deduce from (4.19) that

a . _ [l €\ (o
(4200 ST+ [@Oe < CMe (1 (e ) ) (o)

Therefore, considering y(t) = (CM)~! |w(t)| ;. €7, we get from (4.20) that
y'(t) < CMe™y(t) (1 +1n(e +y(1))),
which implies
y'(t)
(e+y(®) (1 +1In(e+y(t)))
Integrating (4.21) with respect to ¢, we obtain

(4.21) < CMe ",

In(1+n(e+y®)) <In(l+1In(e+y(0)))+ CTM

Choosing

cM

Cy = CM (e+|[wol ) ",
we get
[@(t) - < Cre™ "

Combining the above estimate with (4.15) and using again the fact that x1n (e + %) is an increasing
function, we obtain the existence of a positive constant Cs, depending on v and ||wy|| 5, such that

VAT (t)|| o < Cae™ " O

In order to prove Theorem 1.2, we finally need the following lemma.
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Lemma 4.6. Let o > 2. For any divergence-free vertor fields u = (u' (1, x2), 0% (1, T2), U (21, 22)) in
H(R?), there exist a constant C > 0 independent of W, a summable sequence (dq (Uh)) of positive
numbers such that

(4.22) [(ap@" - vya") | Aga™)| < Cdg(@)2720 || Vya"|| . ||

g=>—1

ez -

and a summable sequence (dq(w)),_, of positive numbers such that

(4.23) [(Al@" - vpu®) | Aba?)| < Cdg(u)27297 ||u

%1 -

h
[
Proof
We use the similar Bony decomposition as in the proof of Lemma 4.2, with @ replaced by @".
(4.24) (Ar@" - vy | Ay < 1)@") + 24 @") + 128 (@) + 12° ().

Then, using Young’s inequality, Bernstein lemma 3.1 and Proposition 3.3, we have

(4.25) L") = <Ag( > S;’,+2(Vhﬂh)A’;,ﬂh> ‘Aguh>
q'—q>N
< D ISE (V)| A5 . A5,
q'—q>N
<C Y VA g (e @277 7", ) (cal@)27 |[7" )
q¢'—q=N

=C cq(ﬂh) Z cq/(ﬂh)Z_(q,_q)" 2- 2‘I‘YHth/LHLOO ||u
q'—q>N

= qu(ﬂh) “2e thuhHLm Hu

leze

h
e -
As in the proof of Lemma 4.2, integrations by parts imply
(4.26) 12A@h) = [(sha" - valah | Abat)| =o.

Since for any ¢,q' > 1, Sf; — S(’;,_l does not contain the low Fourier frequencies, IqQB can be bounded in
the same way as I,}, and we have

(4.27) 128 (@@") = < > (sh-sky) }L-VhAZ,uh’Aguh> < Cdy(@)27%9° ||V ya || [0 |5 -

l¢’—q|<N

The last term on the right hand side of (4.24) can be bounded exactly in the same way as in (4.14)

(4.28) L?C(ﬂh) _ < Z [AZ,S(?/—lﬂh] thZ,uh‘AZuh>

lg’—q|<N

<Ort Y SV o (VAL Al
l¢’—q|<N

<02 QQJHV “hHLoo HuhHH" Cq(ﬂh) Z Cq/(ﬂhﬂf(q’fq)(afl)
l¢’—q|<N

< Cdy @27 | V3| o 7",
Combining Estimates (4.24) to (4.28), we obtain (4.22).
Now, to prove (4.23), as in (4.24), with @" replaced by @, we also write
(4.29) [(Ah@h - va®) | Ahe?)| < 1) @®) + 124 (@%) + 125 (@) + 12€ ().
We will estimate I24(w*) and I2¢(u®) exactly in the same way as I24(u") and 12 (@"). We have

(4.30) $2A@) = [(Sha" - vAba® | Alw?)| =0,
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and, using the inclusion H° 1 (R?) — L*(R?) for o > 2,

< S [aksh_ut] thg,UB\Agu3>

lg’—q|<N

(4.31) 12° (@) =

<C270 Y 1S5Vt [ (Ve . A5 .

lg’—ql<N
< 027 | [ (cm > cq1<u3>z—<q’—q><a—1>>
lg'—ql<N
< 0@ [ [ -

To estimate I} (u®), we write

<AZ( > Sl’;ﬁ(vha?’)Ag,ﬂh) ‘A2u3>

q’'—q>N

(4.32) I (@) =

< 2 180V 185 |Le 1207 o

q'—q>N
<C N [Vl (e @277 (|7 g, ) (ca@)27 7] ,)
q'—q>N
=C(Cq<u3> 2. Cq/<uh>2(q'q)") el I | M g oy [
q'—q>N
= Cdy (@272 [, [[2][5.

Finally, the term I27 (@) can be bounded in the same way as I (u®),

(139 1 = < S (sh-sho)a thzfu3\A’;u3> < U@ [ [
lg’—ql<N
Combining Estimates (4.29) to (4.33), we obtain (4.23). O

Proof of Theorem 1.2

We recall that C to refer to a generic positive constant that may change from line to line. Since
u" satisfies a two-dimensional damped Euler system, using Lemma 4.6, we deduce the following energy
estimate in the Sobolev H?-norm for @"

2t 17" Ol +7[7 O g, < C 1907 O [7 Oy,
Since ) € H?(R%), o > 2, we have Wy = d1us — oy € H°~1, with o — 1 > 1. Using Estimate (4.17)

of Lemma 4.5, we get

d
@ T Ollge +7 7" Ol < CCoe™ |70 gro

which leads to p
p In (Hu HHU e”t) < CChe .

Integrating this inequality, we obtain
cc _
(43 L e

Now, using Lemma 4.6, we get the following energy estimate in the Sobolev H?-norm for @°
1d_4
2dt [

Using (4.34), we can write

d C
GO e 41O e < (e + Z ) e 20

e +7 17O 0 < €7 Ol 7O -
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which finally implies that

Wl C
(4.35) [=®lly, <€ (IinHHU + HJH ’ v)

Theorem 1.2 is then proved. ([

5. CONVERGENCE TO THE LIMITING SYSTEM

In this paragraph, we provide the needed a priori estimates and a sketch of the proof of Theorem
1.1. These a priori estimates can be justified by a classical approximation by smooth fonctions (see for
instance [11]). We recall that it is already known that convergence in LS (R+, LQ) holds, as proved in
[21] and [10]. The important point here is to prove global convergence in time.

We recall that in Section 2, we contructed the boundary layers term B in the following way (see (2.14))
B =B+ By + Bs + By,

where B;, i € {1,2,3,4} are defined in (2.15) to (2.18). We also have (see (2.22))
at
B = M(xS) w? )

curl @

where

o U= (u'(x1,22),u%(71,22),0) is a two-dimensional divergence-free vector field, solution of (1.3),
u® = 0 since U3 = 0,

o curl@" = 01u? — d.u’,

e and the matrix M(z3) is given in (2.23).
It is easy to prove that B is small, i.e., B goes to 0 in L> (R, L2(R? x [0,1])) as & goes to 0. Then, our
goal is to prove that v = u® —u — B converges to 0 in L> (R4, L*(R? x [0,1])) as ¢ goes to 0.

Since a two-dimensional divergence-free vector field (independant of x3) belongs to the kernel of the

operator P(eg A -), where P is the Leray projection of L?(IR?) onto the subspace of divergence-free vector
fields, es AW is a gradient term. Replacing u® by v + @ + B in the first equation of the system (1.1),

and using the fact that @ is the solution of the system (1.3) and @* = 0, we deduce that v satisfies the
following equation

(5.1) 040" — vp(e)Apv® — BedZv® +uf - Vo +v° - VB4 0= . V)1

+8tB+BoVB+Bhthﬂ+ﬂh~VhB—L1—L2+63/;” — _VF,

where
Ly = vp(e)Ant 4 vp(e) ARB,

Ly = pedis— 20

+ /28 7,

N
Vi = Vp° — Vb + 636 Ly

Taking the L? scalar product of (5.1) with v¢, then integrating by parts the obtained equation and taking
into account the fact that v¢ satisfies the Dirichlet boundary condition, we get

1d
(5.2) = [0°]1T2 + vn(e) [ Vavfll1a + Be [|05v°|2.

2 dt
= —(u® - Vv, 0%) — (v° - VB, v°) — <v€’h - Vi, v®) — (0B, v°)
—(B-VB,v°) — (B" - Vyu,v%) — (@" - V,B,v®) + (L1,v%) + (Lo, v°).

In what follows, we will separately estimate the nine terms on the right-hand side of (5.2). We recall
that we will always denote B, B2 and B? (v®!, v5? and v®? respectively) the three components of B
(v respectively) and we also write B = (B", B3) and v* = (v=",v53).

1. The estimate of the first term is classical, using the divergence-free property of u°:

(5.3) (u® - Vo©,v%) = 0.
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2. The second term is the most difficult to treat. First, we decompose this term as follows
(5.4) (v°-VB,v%) = <v5’h -V B", vs’h> + <v€’h VB3, UE’3> + <1}6’3 033, 1)6’3> + <v6’3 938", vs’h> .

For the first term on the right-hand side of (5.4), Holder’s inequality implies that

(w5t TaB" v ) < C o g [FhB" [l 107" e < CIMO g IV [l 1012

Then, using Estimates (2.24) and Lemma 4.5, we obtain
(5.5) [(v=h - v, B 05| < C(ao) e V2P |0z .

Next, using integrations by parts and Hoélder’s inequality, we deduce that

[(vo" - VB2, 05| < CIVav® e |B? | oo 1052 -

So, Estimates (2.24), Lemmas 4.1 and 4.5 and Young’s inequality imply
(5.6) ’<U6’h VB2, v5’3>’

IN

Clim()lleg chﬂﬂhHL;? IVaoSll ([0

A

C(To) e ™V [[0%|2 |V .2
C(ﬂo) 15
8

IN

C (o) e ™2 |v||f + IVhv®[Igs -

Performing an integration by parts, we can control the third term on the right-hand side of (5.4) in
the same way as the second one:

(5.7) |<115’3 0383, v5‘3>| =2 }<B3v€’3, 331)5’3>| =2 |<st€’3, divhvg’h>|
< O e o + L 9,02,

In order to estimate the last term of the right-hand side of (5.4), we decompose it into two parts, the
first part corresponding to the boundary layer near {z3 = 0} and the other part corresponding to the
one near {z3 = 1}:

<'U5’3 5‘38",1}5’}’) _ /

R2 x[0,3]

(v5% 93B") - ™" d + / (v5% 93B") - v*"dz

R2 x[4,1]

For the fisrt part, since v® vanishes on {x3 = 0}, using Holder’s inequality and Hardy’s inequality, we
get

’UE’?’ e,h

€T3

_ v
< sup [a3M(xs)| [T,

I3€[0,%]

< sup |eEM ()| [Tl (|07 2 0507 o
3?36[0,%] "

/ (052 03B") - v=Mdx
R2 x [0

1
2

Th 21l T3 ||L2

We recall that 930°% = —div,v®". Then, Lemmas 4.1 and 4.5, Estimates (2.24) and Young’s inequality
imply

(5.8) / (v=3 836h) x| < C(up) € e V2P Hdivhv8’3HL2 H83U5’hHLz
R2 x[0,3]
C(ug) € €
< Q2,002 + o

5,3)

For the second part concerning the boundary layer near {x3 = 1}, since v = (v=",v vanishes on

{x3 = 1}, Hardy’s inequality implies that
1 2
/ dzrs | dzp,
0

1 2
I, :/ / dxg | dzp, :/
R2 1 R

1
< C / |83’U8’3({,Ch, 1-— 1L'3)|2 dx3 dﬁh
R? 0

< O 0507 = € [ldivie .

vE3 (2, 13)

17183

093 (2, 1 — x3)

2 X
7 3
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h:iéz<él

Thus, using Holder’s inequality, we get

Likewise,
h 2
v (zp, T3)
1-— T3

dac3> dxp < C ||83118’hH2L2 .

(5.9) / (b7 08") v "dx| < sup |(1 - 23)° M (w3)| [ull e VIV Tn
B} x[3.1] ws€[3.1] *h
< C(up) ee —tv2p Hleh’Us SHL H@gv ’hHL2
Otz
< C(Wo) € |Vrv EIILz + — pe ||63v6||L2 .

3. The third term on the right-hand side of (5.2) can be treated using Holder’s inequality and Lemma
4.5. We have

(5.10) (0" Vi, 0%)| < C VAT |l ) I0° 12 < C@0) e (0I5
4. We recall that

B:M@@%:[

Then, we can write the fourth term as
(OB, v°) = <M(x3)6fu v h> + <m(x3)8tcurlﬂh, v€’3> .

Let Pg2 be the Leray projection of L?(R?) onto the subspace of two dimensional divergence-free vector
fields. Since w® = 0, and 93p = 0, using Estimate (2.24) and Lemmas 4.1 and 4.5, we have

(5.11) (M (z3)0u",v")| < ‘<M(x3)]P’R% @" - v,a") ,vﬁvh>’ + V28 [(M (z3)a", v=")|
<IMOle, (|[Br @ - vaa®)||_, + V2B [T o) 07"
< Ot [[a|p (1 + VA" || o) 10 e

< C(mo) ebe ™ (14 077,

Applying the operator curl to the first two equations of the system (1.3) (we recall that in this paper,
curl only acts on the horizontal components and we already defined curl@” = 0,%? — dyu'), we obtain

Oy (curl@) + 7" - Vj, (curl@”) + /28 (curl@")
Then,
(5.12) [(m(z3)dpcurl @, v=2) | < [(m(zs)@" - Viewl@", v=?)| + /28 |[(m(zs)curl @, v=%)|
< m)lz, (|l - Tnewl @ + /28 Jewrl ]| . ) 0]
< C ([ g [ Vrcunt @ + flourt @) oy

< C(ap)ee VP (1 + ||qf||iz) .

5. We decompose the fifth term into two parts:
(B-VB,v°) = (B"-V,,B,v°) + (B*038,v%) .

The “horizontal” part can be bounded using Holder’s inequality, Estimates (2.24) and Theorem 1.2 as
follows

(5.13)  [(B"-VuB,v)| < C[|B"|| oo IVABIlp2 |02
< CIMO) g 8" | MOz, (Vo[ + [[Vacurl@® || ) 107 e

< Cet @[5, 0° e < Cmo) e eV (14 o2 ) -
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¢

Likewise, we have the following estimate for the “vertical” part:

(5.14) (B°05B,v°)| < [|B°[| . 105Bllg2 [v° L
< C(ao) e ()l s IM Ol 07l
< C(to) ete™V (14 |o|If )

6. For the sixth term, taking into account the fact that @ is independent of x3, Estimates (2.24) and
Lemma 4.1 imply

(5.15) (B vy, v°)|

IA

18"l g I9nls 10

—n2 —2
1My, (s + 98T ) 10

< Clm) e VP (1+]0°|7)

IN

7. The seventh term can be bounded in a similar way as the sixth one.
(5.16) [(@" - VB, v%)| < [[@"|| e IVaBlige 10l
C [y IMO) gz, (197 + [t ) 0]

C(mo) ere™ P (1+0°7,)

VARVAN

IN

8. We write the eighth term as
(L1,v%) = vp(e) (ApT", vs’h> + v (e) (ARB, V%) .
Then, we have
(5.17) vn(e) (A", v*") | < vn(e) ||[0"|| o 1%l 2
< C(o) va(e) VP (1+ ||
and
(5.18) [vn(e) (AnB, v%)| = vi(e) [(VaB, Viav©)| < vn(e) [VaBlly: [[Viv |
< (@) MOz, ([Va" (| + [ Vacurl@|[) (o]

< Clu)mile) e eV (14 o |2,)
9. We will estimate the ninth term as in [21] or [27]. We have
A B
(Lo, v®) = <ﬁ68§8, ’U8> — <63 6 7UE> + <\/25 u, va>.

We recall the definition (2.14) of B

B =By + By + Bs + By,

and for any i € {1,2,3,4}, we set B; = (B}, B3), where B! and B} denote the horizontal and vertical
components of B; respectively. We also recall that B = (B B%). Then, the following identities are
immediate

2Bk =0,
€3 AN Bl

658??6? - :07

es A Bg

BediBh — + /287 = 0.

For the remaining terms, we have

(5.19) Be [(95B% ,v°?%)|

IN

Be [[0s8° |z [ 00
Be[[VaB" | L2 IVho° |2
Bel| M (@s)llez thﬂhHLg} IVao©le.

) et/ 4 S O

IN A

IN
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(5.20) ‘<e3 Q Bs. vavh>

We recall that

< et s [ le < Ca) e VP (14 o7

2
B = fe) ().
where f is defined in (2.19),

flzs) = a {exp (;/;ﬁ) Fexp ( 15\;21[33)} 40,

and that, if € > 0 is small enough, we have

la| < 4(8+ /B)e and |b| < 328e>.

Then,
(5.21) Be |(9538Y,v=M)|

IN

Belf" Oz, 7" [l llo=" s
Cet @) e 107 Ige

C(ao) ebe V% (14 0*|7,)

Ly ey _1-=32
C ‘e V2B + e V2B
0

C(tg) ehe V% (14 of|7,)

IA

IN

Finally, we have

(5.22) ‘<63 ALY vs’h>

€

IN

1
2
d.’ﬂg) + ﬁ€

7" [l (10"l

IN

End of the proof of Theorem 1.1: Summing all the inequalities from (5.3) to (5.22), we deduce from
(5.2) that, for € > 0 small enough
d 13 13 13
2 ¥ IIE2 + v () 1 Va0° |22 + Be 11050 IEa
< Of0) (25 + () V7 + ) 7 o 24 + Cl(ao) € [V .

If C(ug)e < vp(e), for any € > 0 small enough, by integrating the above inequality with respect to the
time variable, we get

529 IO <O + ) =D o) [T )l ds

We recall that v* = u* —w — B. Thus,
2 — 12 2
[05(0)l L2 < [lu(0) = u(0) [l + 1B(O)l|L
_ _ _ L
< Jlu§ — ol + IIM(')IIigS oIz < [luf —Tollz: + Ce? [Tollfs -

According to the Gronwall lemma, it follows from (5.23) that

||v€(t)||iz < (Hué 7ﬁ0||i2 + Ce? \\HO||i2 + C(uo)sz—’_\/%(g)> exp{c\’;;%) } )

which leads to
. . _
gg% Jv HL°°(R+,L2) =0,

and Theorem 1.1 is proved. ([l

REFERENCES

[1] A. Babin, A. Mahalov and B. Nicolaenko, Global Splitting, Integrability and Regularity of 3D Euler and Navier-Stokes
Equations for Uniformly Rotating Fluids, Furopean Journal of Mechanics, 15, 1996, 291-300.

[2] A. Babin, A. Mahalov, and B. Nicolaenko, Regularity and integrability of 3d Euler and Navier-Stokes equations for
rotating fluids, Asymptotic Analysis, 15, no. 2, 1997, 103-150.

[3] A.Babin, A. Mahalov and B. Nicolaenko, Global regularity of 3D rotating Navier-Stokes equations for resonant domains,
Indiana University Mathematics Journal, 48, 1999, 1133-1176.

[4] H. Bahouri, J.-Y. Chemin, Equations de transport relatives & des champs de vecteurs non-lipschitziens et mécanique
des fluides [Transport equations for non-Lipschitz vector fields and fluid mechanics]|, Arch. Rational Mech. Anal., 127,
1994, no. 2, 159-181.



20 VAN-SANG NGO

[5] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non linéaires,
Annales de I’Ecole Normale Supérieure, 14, 1981, 209-246.

[6] F. Charve and V-S. Ngo, Global existence for the primitive equations with small anisotropic viscosity, Revista
Matemdtica Iberoamericana, 27, 2011, no.1, 1-38.

[7] J.-Y. Chemin, Fluides parfaits incompressibles, Astérisque, 230, 1995.

[8] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Anisotropy and dispersion in rotating fluids, Nonlinear Partial
Differential Equations and their application, Collége de France Seminar, Studies in Mathematics and its Applications,
31, 2002, 171-191.

[9] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic viscosity, Special issue for R. Temam’s
60th birthday, M2AN. Mathematical Modelling and Numerical Analysis, 34, no. 2, 2000, 315-335.

[10] J.-Y. Chemin, B. Desjardins, I. Gallagher, E. Grenier, Ekman boundary layers in rotating fluids, ESAIM Controle
optimal et calcul des variations, A tribute to J.-L. Lions, 8, 2002, 441-466.

[11] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Mathematical Geophysics: An introduction to rotating
fluids and to the Navier-Stokes equations, Ozxford University Press, 2006.

[12] J.-Y. Chemin and N. Lerner, Flot de champs de vecteurs non Lipschitziens et équations de Navier-Stokes, Journal of
Differential Equations, 121, 1992, 314-328.

[13] B. Cushman-Roisin, Introduction to geophysical fluid dynamics, Prentice-Hall, 1994.

[14] A. Dutrifoy, Examples of dispersive effects in non-viscous rotating fluids, Journal de Mathématiques Pures et Ap-
pliquées, 84(9), no. 3, 2005, 331-356.

[15] V.W. Ekman, On the influence of the earth’s rotation on ocean currents, Arkiv. Matem., Astr. Fysik, Stockholm, 2
(11), 1905.

[16] H. Fujita and T. Kato, On the Navier-Stokes initial value problem I, Archiv for Rational Mechanic Analysis, 16,
1964, 269-315.

[17] 1. Gallagher, Applications of Schochet’s Methods to Parabolic Equation, Journal de Mathématiques Pures et Ap-
pliquées, 77, 1998, 989-1054.

[18] I. Gallagher and L. Saint-Raymond, Weak convergence results for inhomogeneous rotating fluid equations, Journal
d’Analyse Mathématique, 99, 2006, 1-34.

[19] I. Gallagher and L. Saint-Raymond, On the influence of the Earth’s rotation on geophysical flows, Handbook of
Mathematical Fluid Dynamics, vol. 4, ch. 5, North-Holland, Amsterdam, 2007, 201-329.

[20] H.P. Greenspan, The theory of rotating fluids, Cambrigde University Press, 1968.

[21] E. Grenier, N. Masmoudi, Ekman layers of rotating fluid, the case of well prepared initial data, Communications in
Partial Differential Equations, 22 (5-6), 1997, 953-975.

[22] D. Iftimie, The resolution of the Navier-Stokes equations in anisotropic spaces, Revista Matemdtica Iberoamericana,
15, 1999, 1-36.

[23] D. Iftimie, A uniqueness result for the Navier-Stokes equations with vanishing vertical viscosity, STAM Journal on
Mathematical Analysis, 33, no. 6, 2002, 1483-1493.

[24] T. Kato, Strong LP-solutions of the Navier-Stokes equations in R™, with application to weak solutions, Mathematische
Zeitschrift, 187, 1984, 471-480.

[25] A. Kiselev, V. Sverak, Small scale creation for solutions of the incompressible two-dimensional Euler equation, Ann.
of Math. (2), 180, 2014, no. 3, 1205-1220.

[26] J. Leray, Essai sur le mouvement d’un liquide visqueux emplissant I’espace, Acta Matematica, 63, 1933, 193-248.

[27] N. Masmoudi, Ekman layers of rotating fluids: the case of general initial data, Communications on Pure and Applied
Mathematics, 53, 2000, no. 4, 432-483.

[28] Y. Meyer, Wavelets, Paraproducts and Navier-Stokes, Current developements in Mathematics, 1996 (Cambrigde, MA),
International Press, 1997 (Boston, MA).

[29] V-S. Ngo, Rotating Fluids with small viscosity, International Mathematics Research Notices IMRN, 2009, no. 10,
1860-1890.

[30] M. Paicu, Etude asymptotique pour les fluides anisotropes en rotation rapide dans le cas périodique, Journal de
Mathématiques Pures et Appliquées, 83, no. 2, 2004, 163-242.

[31] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques, Revista Matemdtica Iberoamericana, 21,
2005, no. 1, 179-235.

[32] M. Paicu, V. Vicol, Analyticity and Gevrey-class regularity for the second-grade fluid equations, J. Math. Fluid Mech.,
13, 2011, no. 4, 533-555.

[33] J. Pedlosky, Geophysical fluid dynamics, Springer, 1979.

[34] W.J. Schmitz, Weakly depth-dependent segments of the North Atlantic circulation, Journal of Marine Research, 38,
111-133.

[35] S. Schochet, Fast singular limits of hyperbolic PDEs, Journal of Differential Equations, 114, 1994, 476-512.

[36] R. Strichartz, Restrictions of Fourier transforms to quadratic surfaces and decay of solutions of wave equations, Duke
Mathematical Journal, 44, 1977, 705-714.

[37] F. Weissler, The Navier-Stokes Initial Value Problem in LP, Archiv for Rational Mechanics and Analysis, T4, 1980,
219-230.

[38] V. Yudovitch, Non stationnary flows of an ideal incompressible fluid, Zh. Vych. Math., 3, 1963, 1032-1066.

LABORATOIRE DE MATHEMATIQUES RAPHAEL SALEM UMR 6085 CNRS, UNIVERSITE DE ROUEN, 76801 SAINT-ETIENNE
DU RouvRrRAY CEDEX, FRANCE.

E-mail address: van-sang.ngo@univ-rouen.fr



	1. Introduction
	2. Formal contruction of the Ekman boundary layers
	2.1. In the interior part of the domain, far from the boundary
	2.2. In the thin layers near the boundary
	2.3. Construction of the boundary layers

	3. Brief recall of dyadic decompositions
	4. Exponential decay for the 2D limiting system
	5. Convergence to the limiting system
	References

