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ROTATING FLUIDS WITH SMALL VISCOSITY - THE CASE OF ILL PREPARED
DATA

VAN-SANG NGO

ABSTRACT. In this paper, we prove the existence of a unique, global strong solution of the damped
rotating fluid system in the whole space R3, that is the Navier-Stokes system with a damping force
term, a large Coriolis force term and with a small anisotropic viscosity, provided that the rotation is
fast enough. We also study the convergence of this solution towards the solution of the limiting system,
in the case where the limiting system is not zero, and give an application in the case where the fluid
rotates between two parallel infinite plates.

1. INTRODUCTION

In this paper, we study the following rotating fluid system in R3, which is the incompressible Navier-
Stokes equations together with a large Coriolis force term and a damping term ~yu®:

/\ 13
ot — vp(e)Apu® + yu® 4+ u® - Vu® + SBAW _ —Vp* inR® xR,
€
(1.1) div uf =0 in R® x R,
u®|,_, = Uo in R3,

where the unknowns are the velocity u® and the pressure p°. The fluid rotates around the es-axis and ¢
stands for the Rossby number. We remark that this system is anisotropic in the sense that the “total”
diffusion (in all directions) is replaced by an horizontal diffusion term

—vn(e)An = —uy(e) (0F + 95)

where 0; is the partial derivative with respect to the variable x; and where v, () > 0 is the viscosity in
the horizontal direction, depending on ¢, and goes to 0 when € — 0. We emphasize that all along this
paper, we always use the index “h” to refer to the horizontal terms and horizontal variables, and the

[{3))

index “v” or “3” to the vertical ones.

We first recall that the system (1.1), with v = 0, is a simplified model, usually used to describe the
behavior of geophysical fluids. The anisotropic diffusion term is often considered in meteorology and
oceanography as representing the influence of the Coriolis force on the fluid movements (see [36] or [21]
for the details). One can also find an extended survey on the system (1.1), with v = 0, in [12] or [20].

It is clear that the Coriolis force term has no contribution in the energy estimates for the system (1.1).
Using the same method as for the Euler system, we can prove that the system (1.1) is locally well-posed
when the initial data ug belong to a smooth enough Sobolev space, e.g., Hg+’7(R3)7 n > 0. We also
remind the reader that, the vanishing of the vertical viscosity introduces additional problems and that
the existence of a weak Leray solution is still an open question. In order to obtain a result close to the
Fujita-Kato theorem and the existence of a unique strong solution, Chemin, Desjardins, Gallagher and
Grenier ([10]) considered the system (1.1), with v = 0, v, > 0 independent of e, and with the initial
data in the following anisotropic Sobolev spaces’

HO (R3) — S - o 3d§f< 1 25]_- 2d)2 ’
®) {ue - ([, (1 16”) IFG@ P ) < oo

with s > % Here, F and F~! denote the Fourier transform and its inverse, and S’ is the space of
tempered distributions. We also use the notation @ to denote the Fourier transform of w. In [10], the

authors proved the local existence (global for small data) of a strong solution in H?*(R?), s > £, and
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proved the uniqueness of this solution in H%*1(R3), s; > % The uniqueness in H%% (R3), 5o > % was
proven later by Iftimie in [25]. Their results can be generalized to the system (1.1) in the following way:

Theorem 1.1. Let v = 0, sg > % and ug € H®*0(R?). Then, there exists T > 0 and a unique strong
solution u® of the system (1.1) such that

u® € L™ ([0, 7], H**(R?)) and Vj,u® € L?([0,T], H**(R?)).

Moreover, there is a constant ¢ > 0 such that, if ||uo|lggo.c0 < cVn, then the solution is global.

The main ideas of the proof of this theorem are the use of the Littlewood-Paley theory and a decom-
position of the system (1.1) in frequencies, where the vertical variable plays a different role from the
horizontal ones. The crucial point in their method is that the missing vertical viscosity can be “com-
pensated” by the divergence-free property of the velocity field. Indeed, in the nonlinear term u® - Vu®,
the vertical derivative 03 is always multiplied by u3 (as in u®303), and the third component u3 is
smoother than expected, because of the relation

£,3 __ g,1 £,2 __ : e,h
Ozu®® = —0u®" — Osu®* = —divpu®",

and because of the smoothing effect induced by the horizontal viscosity on the horizontal components.
By a minor modification of this method, we can also prove the same result for the system (1.1) in the
case where v > 0 and where vy (g) > 0 depends on e.

In the above result, the role of the Coriolis force is not mentioned. But, actually in fast rotating
systems with small Rossby number, the Coriolis force plays an important role. In the experiment of G.I.
Taylor (see [15]), drops of dye injected into a rapidly rotating, homogeneous fluid, within a few rotations,
formed perfectly vertical sheets of dyed fluid, known as Taylor curtains. In large-scale atmospheric and
oceanic flows, the fluid motions also have a tendency towards columnar behaviors (Taylor columns). For
example, currents in the western North Atlantic have been observed to extend vertically over several
thousands meters without significant change in amplitude and direction ([39]).

Fast rotating flows have first been considered in periodic domains. In the work of Babin, Mahalov
and Nicolaenko [1], [3], the authors studied the isotropic case, where the diffusion term is —v, Ay, — 14,03,
with vy, v, > 0 independent of €. For any initial data in appropriate Sobolev spaces, they proved the
global existence and uniqueness of a smooth solution when the rotation is fast enough (that is, the
Rossby number ¢ is small enough). The same result was proven by Gallagher in [18], using the method
of Schochet [40], for fast rotating fluid systems and also for more general parabolic systems. It was
also shown in [1], [3] and [18] that, when ¢ goes to zero, the fast rotating system converges to a two-
dimensional Navier-Stokes system with three components, if v, > 0 is fixed, or to a two-dimensional
Euler system with three components, if v}, is zero or goes to zero as € goes to zero. The convergence in
the more general case, where the rotation axis is not fixed, was proven in [19] by Gallagher and Saint-
Raymond. The anisotropic case, with zero vertical viscosity (v, = 0), in periodic domains, that is the
system (1.1), with v = 0 and v}, > 0 independent of ¢, in the torus T3, was studied later by Paicu in [33].

In the case of rotating fluids in the whole space R?, it was proved in [9], [10] and [19] that, if the
initial data are divergence-free vector fields belonging to H%*(IR?) then, when e goes to zero, the limiting
system corresponding to (1.1), with v = 0, is zero. The main idea consists in proving and using Strichartz
estimates for the associated linear system, which shows that, in the case of R3, the free oscillation waves
of the fluid propagate to infinity and the energy of the fluid decreases. Using this property, it was also
proved in [10] that the system (1.1), with v = 0 and v, > 0 fixed, has a unique, global solution when
the rotation is fast enough.

In physical models, the fluid is turbulent and vy, v, denote in fact turbulent viscosities instead of the
molecular kinematic viscosity of the fluid. In real situations, the viscosity is not fixed but depends on
the speed of rotation of the fluid. The viscosities vy, v, go to 0 as the Rossby number goes to 0 (i.e., as
the rotation speed goes to infinity). Such models were studied in the papers of Grenier and Masmoudi
[22] and of Masmoudi [30] for fast rotating fluids between two parallel plates. In [32], following the
ideas of [22] and [30], we considered the Navier-Stokes-Coriolis system (1.1) in the case where v = 0,
v, = 0 and vy, = v, () goes slowly to 0 as £ goes to 0 and where the initial data belong to H**, s > %
In [32], the fact that v, () goes slowly to 0 was expressed by setting v,(e) = £, with a €]0, ag], for
some g > 0. The difficulty arising in the study of this model consists in the fact that the coefficient
ﬁ(e) in the energy estimates goes to infinity when € goes to 0, which prevents one to use Gronwall-type
arguments to deduce the global existence of strong solutions. In [32], by modifying the method of [10],
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we proved that the limiting system is zero and there exists a unique global strong solution if the rotation
is fast enough. We emphasize the importance of a positive horizontal viscosity which does not go to zero
too fast so that the dispersion due to Strichartz estimates can balance the large coefficient #(E)

In this paper, also following the ideas of [22] and [30], we consider the system (1.1) in the anisotropic
framework, with v > 0, v, = 0 and v;, = () = €%, 0 < a < aq, for some oy > 0. We remark that
the choice vy (g) = €“ is to simplify the notations and the calculations. We can of course consider other
forms of v, which are equivalent or smaller than €. We also remark that the results remain true in the
isotropic case, with initial data in appropriate isotropic Sobolev spaces. Here, the idea of choosing v > 0
is motivated by the dissipation of energy which was put in evidence in [22] and [30] when the rotation is
fast. More motivations to take v > 0 will be given after the introduction of the systems (1.3), (1.4) and
after Theorem 1.2.

The goal of the paper is to determine what we can obtain if the limiting system is not zero. Can we
still prove the existence of a unique, global solution when the rotation is fast enough? In what follows,
we consider initial data of the form

(1.2) Up = Up + Vo,
where
o = (ug(w1, w2), 15 (21, 22), U (1, 72))
is a divergence-free vector field, independent of x3 and
Yo = (Ué(xlv$27503)7Ug(ﬁlv5'327903)7”8(33175627903)) .

We recall that in [10], Chemin et al. proved that, for the system (1.1), with v = 0 and vy, > 0 fixed, if
we consider initial data of the form (1.2), with Ty € L?(R?) and vy € H**(R?), the limiting system is
not zero, but the two-dimensional Navier-Stokes system with three components

o + vp AT + " - Vypu = —Vip

0 + vp AT 4+ TVt =0

(1.3) divp,u=0
O3 =
ﬂ|t70 - ﬂO)

where @ = (",%°) and @" = (@',7%). When v}, = v3,(¢) goes to zero as € goes to zero, the limiting
system is the two-dimensional Euler system with three components ([19])
o +u" - v, u"t = —V,p

ot +u" vyt =0

(1.4) div, 7= 0
Osu=0
ﬂ|t:0 = Uyg.

We remark that the above limiting systems have very different properties. The first one, which is
a 2D Navier-Stokes system, is globally well-posed in LQ(R,%). In addition, the solution is bounded in
L (R, L2(R?)) N L2(R,, H'(R?)). This property allows to prove (see [10]) that, if the initial data are
of the form (1.2), with Ty € L?(R?) and vy € H**(R?), s > 1, then there exists a global solution of the
system (1.1), with v = 0 and v}, > 0 fixed, when ¢ is small enough. Furthermore, this solution of (1.1)
is close to the solution of (1.3) in L*® (R, H%*(R?)). The second limiting system, which is the system
(1.4), is still well-posed in H?(R?), 0 > 2. However, the solution of (1.4) could exponentially grow in
H"(R%)—norm, o > 2, and we do not know if this solution is integrable with respect to the time variable.

For the system (1.1) with v = 0, v, = 0 and where v, = v, () goes to zero with ¢, the above difficulty
prevents us from using the method of [10] or [32] for proving the existence of a global solution when ¢ is
small enough, in the case where v}, = vp,(g) goes to zero with . In this paper, the fact that v > 0 allows
us to simply avoid this difficulty as explained in Section 3. The system (1.1) is thus considered with the
following hypotheses

e v > 0 is fixed,
e v, =vp(e) = 0 as e — 0 (more precisely, we will consider vy, (g) = &%, a > 0),
e and uy =Ty + vg as in (1.2).
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As we will explain after the introduction of Theorem 1.2, such a choice is not artificial at all. We will
prove that the limiting system of (1.1) with - > 0, when & goes to zero, is the following two-dimensional
damped Euler system with three components:

o +yu" +u" -V, ut = —V,p
o +yud +a" -Vt =0

(1.5) divp,u=0
osu=0
ﬂ‘t:o = o,

where 7@ = (a",7%).

We remark that, in the system (1.1) with v > 0, the additional damping term yu® does not regularize
the system. But, with presence of the damping term ~u in the limiting system (1.5), we can prove
the exponential decay in time of the H?(R?)-norm, o > 2, of the solution of (1.5). Due to the decay
property, by using the method of [10] and [32], we obtain the existence of a unique, global strong solution
of the system (1.1), and the convergence of (1.1) to (1.5) as € goes to zero.

Before stating the main result of this paper, we want to say a few words about the role of the viscosity
vp(g). The fact that v () > 0 is primordial, even when v, (e) is small and goes to 0 as € — 0 (e.g.,
vp(e) = €% a > 0). Indeed, if we consider the fast rotating Euler system with damping term (that is, the
system (1.1), with v > 0 and v, () = 0), we cannot obtain better results than in [1], [2] or in [16], where
the authors proved the existence of a unique solution on any time interval [0, T], with 7' > 0 arbitrarily
large, provided that € is small enough.

In order to state our main result, for any 01,09 € R, we define the following spaces

H 7 (RY) = {ueS’ : ( / (+1al)” (14 1e?)” |f<u><s>|"’df)é < +oo}

Ho72 (RY) = {u es: (/11&3 [ (1 + |§3|2)g2 |]:(U)(f)|2d§> T < +OO}

L2H7: (RY) = {u es ( / el |f<u><s>|2d§)2 < +oo},

and for any n > 0, s > %, let

Y, = H " (R®) N LiH, "(R*) N H"""(R?).
The main result of this paper is the following theorem.
Theorem 1.2. Let s > %, o>2,v>0andn > 0. There is a constant M > 0 such that, for any a > 0,
a>0,3a+2a <M, for any ag > 0, bg > 0, there exists eqg > 0, depending on s, o, v, 1, ag and by, so
that, if vp(e) = &%, with 0 < € < gg, and if
Ug = Ug + Vo,
where
(i) o = (uh(w1, x2),ua(z1, T2), Ug(21,T2)) is a two-dimensional, divergence-free vector field belong-
ing to H? (R?), satisfying HEOHHU(R}%) < ayp,
(i) vo = (v§(z1,22,73),v3(x1, 2, x3),v3 (21, T2, 23)) is a three-dimensional, divergence-free vector
field in H**(R3) N'Y, such that HUOHYs.n < bpe™?,
the system (1.1) has a unique global solution
u® € C(Ry, H™ (R?)) NL* (R, H*(R?)) with Vj,u® € L*(R,, H"*(R?)).

Remark

(1) In the above theorem, the three-dimensional part vg of the initial data can be chosen arbitrarily
large when ¢ is small enough.
(2) The constant M can be chosen as follows

n

M = .
6 +4n
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We want to emphasize that the choice of the damping term yu®, with v > 0, in the system (1.1) is
not artificial. If we consider the fast rotating fluid system between two parallel plates, with Dirichlet
boundary conditions, as in [22], [30] or [11]

/\ £
ou® — vp(e)Apu® — 568§u5 +uf - Vu® + GAY —Vp® in Ry xQp x[0,1]
(1.6) div uf =0 in Ry x Qp x [0,1]
u®|,_, = ug, in Q x[0,1],

where Q) = R? and where v, = €%, with a > 0, then, the damping term really exists in the limiting
system. Indeed, when the rotation goes to infinity, the Taylor columns are only formed in the interior of
the domain. Near the boundary, Ekman boundary layers exist. The behaviors of the fluid become very
complex and the friction slows the fluid down in a way that the velocity is zero on the boundary. As a
consequence, in the limiting system, we obtain the additional damping term of the form ~@, v > 0 (the
coefficient vy was proved to be /23 in [22]). This phenomenon is well known in fluid mechanics as the
Ekman pumping.

Since the viscosity is positive in all three directions (vp, = vp(e) > 0 and v, = fe > 0), the system
(1.6) possesses a weak Leray solution

uF € L (R, L2(RY) N L2(R,, H' (RY)).
In the case where v, > 0 is fixed and where the initial data are well prepared (i.e. lirr%) ug = Uy =
E—r

(g (w1, v2),Us (21, 72),0) in L2(R? x [0,1]) and W is a divergence-free two-dimensional vector field in
H°(R?), o > 2), it was proved by Grenier and Masmoudi in [22], in the case 2, = T% and by Chemin ef
al. in [11], in the case Q) = R,% that, when € goes to zero, u® converges to the solution of the following
limiting system in L>°(R, L2(R?))

out +ut -V, 4+ /280" = -V, p

T+ -Vw +/28u =0

(1.7) div,a" =0
Osu =0
ﬂ|t:0 = Uyg.

We want to remark that in this case, as ug = 0, the third component w* = 0 for any ¢ > 0. In the case
where v, — 0 as ¢ — 0, however, the convergence is only local with respect to the time variable (see
[22]). In this paper, applying the method of the proof of Theorem 1.2, we show the exponential decay of
the solution of the system (1.7) in appropriate Sobolev norms, and we improve the result of [22], in the
case where v, (e) = ®, @ > 0. More precisely, we prove the uniform convergence (with respect to the
time variable) of (1.6) towards (1.7).

Theorem 1.3. Let 0 < o < 3 and u§ € L2(R} x [0,1]) be a family of initial data such that

lim uf = T = (T (x1, 22), By (21,22),0)  in L2(E} x [0,1)),

E—

where Uy is a divergence-free two-dimensional vector field in H(R?), o > 2. Let u be the solution of
the limiting system (1.7) with initial data Ty and, for each € > 0, let u® be a weak solution of (1.6) with
wnitial data ug. Then

. e — _
;1_% [[u — “||Loc(R+,L2(R§x[0,1])) =0.

The structure of the paper is as follows. In Section 2, we recall some elements of the Littlewood-Paley
theory and the dyadic decompositions. Section 3 deals with estimates concerning the solution of the
system (1.5). In Section 4, we prove Strichartz estimates for the cut-off linear system (4.2). Section 5 is
devoted to the proof of Theorem 1.2. Finally, in the last section, we study the system (1.6) of rotating
fluids between two parallel infinite plates and prove Theorem 1.3.

2. PRELIMINARIES: DYADIC DECOMPOSITIONS

In this section, we briefly recall the properties of dyadic decompositions in the Fourier space and give
some elements of the Littlewood-Paley theory. Using dyadic decompositions, we define the anisotropic
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Sobolev spaces H?*, which will be used in this paper. At the end of the section, we recall important a
priori estimates which we need in the proof of Theorem 1.2.

2.1. Dyadic decomposition. We recall that F and 7! are the Fourier transform and its inverse, and
that we also write & = Fu. For any d € N* and 0 < r < R, we denote Bq(0,R) = {£ € R?| [¢| < R},
and Cq(r,R) = {£€R?|r <[{] < R}. The following Bernstein lemma gives important properties of
a distribution u when its Fourier transform is well localized. We refer the reader to [8] for the proof of
this lemma.

Lemma 2.1. Let k € N, d € N* and r1,72 € R satisfy 0 < r1 < ry. There exists a constant C' > 0 such
that, for any a,b € R, 1 < a < b < 400, for any A > 0 and for any u € L*(R?), we have

(2.1) supp (@) € Ba(0,riX) = swp [[9%ul < CFARFAEE) ]
and
(2.2) supp (@) C Ca(rid,m)) =  C7FA¥||uf|,. < ISl‘lle 0%l o < CFN¥ J|ul| . -
Let 9 be an even smooth function in C§°(R), whose support is contained in the ball Bj(0, %), such

that 1 is equal to 1 on a neighborhood of the ball By (0, %) Let

z
e(z) = (3) - ¥(2):
Then, the support of ¢ is contained in the ring C’l(%, %), and ¢ is identically equal to 1 on the ring

C’l(%, %) The functions ¥ and ¢ allow us to define a dyadic partition of R%, d € N*, as follows
VzeR, o(z)+ Zcp(2*jz) =1

JjeN
Moreover, this decomposition is almost orthogonal, in the sense that, if |j — j'| > 2, then
supp (277(-)) Nsupp (277 () = 0.
We introduce the following dyadic frequency cut-off operators. We refer to [5] and [8] for more details.

Definition 2.2. For any d € N* and for any tempered distribution u € S'(R?), we set

Aqu=F (o277 ¢Dauls)), Vg € N,

A_yu=F((€)ulg)).

Aqu = 07 Vq S —2,

Squ= Y Agu, Vg > 1.
q'<q—1

Using the properties of 1 and ¢, one can prove that for any tempered distribution u € S’(R%), we have
u = Z A in S'(RY,
q>—-1
and the (isotropic) nonhomogeneous Sobolev spaces H*(R?), with s € R, can be characterized as follows

Proposition 2.3. Let d € N*, s € R and u € H*(R?). Then,

2

fullge = [ @+l @©rde) ~ | X 2 laguls

g=>—1

Moreover, there exists a square-summable sequence of positive numbers {c,(u)} with Zq cq(u)? =1, such
that

HAq“”L2 < cg(u)279 lull g -

The decomposition into dyadic blocks also gives a very simple characterization of Holder spaces.

Definition 2.4. Let d € N* and r € Ry \ N.
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(1) If r €]0,1[, we denote C™(R?) the set of bounded functions u : R? — R such that there exists
C > 0 satisfying

V(z,y) eRT xR u(e) —u(y)l < Clz—yl"
(2) If r > 1 is not an integer, we denote C"(R?) the set of [r] times differentiable functions u such
that 0%u € C™"UI(RY), for any o € N9, |a| < [r], where [r] is the largest integer smaller than r.

One can prove that the set C"(RY), endowed with the norm

leller = > (aaunm s [0%u(z) = 9 u<y>>

<] v ey

is a Banach space. Moreover, we have the following result, the proof of which can be found in [8].

Proposition 2.5. There exists a constant C > 0 such that, for any r € R, \N and for any u € C"(R?),

we have
r+1

sup 27" | Agul| oo < —== llullcr -
q o [r]! ¢
Conversely, if the sequence (27 ||Aqu|\Loo)q>71 is bounded, then

1 n 1
STRCES e

ullor < crtl <T r> sup 29" [|Agul| o -
q

In what follows, we give the definition of the anisotropic Sobolev spaces on R3, using separate dyadic
decompositions in the horizontal and vertical directions.

Definition 2.6. For any tempered distribution u € S'(R?), we set

Apu=F~ (o277 |&])u(€)) , Agqu=F 1 (o277 [&])u(9)) Vg €N,

Alyu=F - (@(&a(s)) , AYyu=FH(9(|&])u(s))

Agu =0, Aju =0, Vg < =2,

S,;Lu = Z Ag,u, Sgu = Z Aju, Vg > 1.
q'<q—1 q'<q—1

Then, we can characterize the anisotropic Sobolev spaces H%*, defined in the introduction, by the
following equivalent norm.

Proposition 2.7. Let s € R and u € HY*(R3). Then,

luall o, ~ [ 7 2% || Arulf2,

g=>—1

Moreover, there exists a square-summable sequence of positive numbers {cq(u)} with 3, cq(u)? =1, such
that

[AYu]|, 5 < cq(u)27% ull o -

12

2.2. A priori estimates. In what follows, we always denote by (c,) (respectively (dy)) a square-
summable (respectively summable) sequence, with c2 = 1 (respectively >_gdq = 1), of positive
numbers (which can depend on several parameters). We also remind the reader that, in order to simplify
the notations, we use the bold character X to indicate the space of vector fields, each component of
which belongs to the space X.

First, we need the following results (for a proof, see [35]). Let [.,.] denote the usual commutator.

Lemma 2.8. Let d € N*. There exists a constant C > 0 such that, for any tempered distributions u, v
in S'(R?), we have

IAg, ul o]l 2 = [[Aq(uv) —ulgull . < C27[[Vul| oo [|0]| 2 -

We recall that, for any p,q > 1, the anisotropic Lebesgue spaces are defined as
LIL} (R®) = LY(R; L”(R3)).
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Lemma 2.9. For any real numbers m,n,l > 1 such that % = %—i— %, there exists a constant C > 0 such

that, for any tempered distributions u, v in S'(R?), we have

11AY, ] = || Ay () — uA < €27 050l o gy 0] 21 -

UHL%L;{L ”HLngl

In [10], Chemin, Desjardins, Gallagher and Grenier proved the following lemma.
Lemma 2.10. Let s > % There exists a constant C' > 0 such that, for any divergence-free vector fields
u and v in H®*(R3), the horizontal gradients of which also belong to H®*(R3), we have

(A3 T0)|A%0)] < €2 ([ Tnulggo. o) 10510, oy V00 g0 s

1 1 1 3
+ HU”ﬁo,s(RS) thu”ﬁo,s(m) ||U||§10,5(R3) ||vhv||12—IO,S(R3) )7

where {d,} is a summable sequence of positive numbers.

3. ESTIMATES FOR THE 2D LIMITING SYSTEM

In this section, we give useful auxiliary results concerning the 2D limiting system (1.5). Throughout

this paper, for any vector field # = (u',u?,u®) independent of the vertical variable x3, we denote by

W the associated horizontal vorticity, @ = 0;u° — d;u'. The first result of this section is the following
lemma

Lemma 3.1. Let Uy = (U (w1, x2), U3 (w1, 72), Ug(w1,72)) € L2(R?) be a divergence-free vector field, the
horizontal vorticity of which

Wo = O11s — Oty € L*(R3) N L (R3).
Then, the system (1.5), with initial data g, has a unique, global solution

u € C(R+,L*(R})) NL™(Ry, L*(R})).
Moreover,

(i) There exists a constant C > 0 such that, for any p > 2 and for any t > 0, we have

(3.1) thﬂh(t)HLP(R}%) < COMpe
(32) Hﬂh(t)HLp(R}ZL) < CME_FYta
where

M = maX{Hﬂg”Lz(Ri) N @oll L2 (r2y » ||@0||Lw(RfL)} -
(ii) For any p > 2, if uy € LP(R?), then,
(3.3) 7O o ez < 7l Loz €

Proof

We remark that in (1.5), the first two components of u verify a two-dimensional Euler system
with damping term. Then, according to the Yudovitch theorem [44] (see also [8]), this system has
a unique solution w" € C (Ry,L?(R?)) N L> (Ry,L*(R})) such that the horizontal vorticity w €
L>*(R;,L2(R?)) N L®(R4,L>®(R?)). Since the third component u® satisfies a linear transport-type
equation, we can deduce the existence and uniqueness of the solution @ of the limiting system (1.5).

By definition, the horizontal vorticity w satisfies the following equation
(3.4) oW+ yw 4" - Vw = 0
Taking the L2 scalar product of (3.4) with |w|’™ > w, we get

1d _
L 1)+ 1 g =0
By using an interpolation between L?(R?) and L>°(R?), we deduce from the above equation that

_ _ _ _ 2 _1-2 _ _
(3.5) Hw(t)”Lp(]Ri) < ”wO”LP(Ri)e "< CHU}OHL2(]R%) [woll, (®r2)© < CMe .
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We recall that V,u" = Rw where R is an homogeneous Caldéron-Zygmund operator of order 0. Ac-
cording to [[8], Theorem 3.1.1], for any p > 1 and for any ¢t > 0,

2
p _
94 Ol sg) < O 10Oy
which implies (3.1), for any p > 2. In particular, we have
(36) Hﬂh(t)HHl(Rﬁ) = ||vhﬂh(t)“L2(Ri) = Hw(t)HL%Ri) < CM ei’yt-

Next, we remark that Inequality (3.2), in the case where p = 2 is a direct consequence of the energy
estimate for the damped Euler systems. So, using the Sobolev embedding H7 (RQ) — LP(R?) and

the fact that H'7 (Rz) is an interpolated space between L2(R?) and H'(R?), we deduce (3.2) from
Estimate (3.6), when p > 2.

Since the vertical component % satisfies the same linear transport equation as w, Inequality (3.3) can
be proved in the same way as (3.5). O

In (3.1), we obtained a control of V;@" in the LP-norm, for any 2 < p < +oco. However, we need a
L°-estimate of V,@" for the proof of Theorem 1.2. To this end, we first prove the following estimate.

Lemma 3.2. Let r > 1. There is a constant C' > 0 such that, for any divergence-free vertor fields w in
L%(R2), the horizontal gradient Vyu" € L°(R2) and the vorticity w = 01u> — dou' € H"(R2), we have

(3.7) [(Al@" - vw) | Alw)| < Cdg2727 (|| Vi || Lo + 1[0 oo ) 10|50 -

where (dq)q>—1 s a summable sequence of positive numbers.

Proof

First of all, using the Bony decomposition into paraproducts and remainders (see [5], [13] or [10]), we
can write

(3.8) [(Al@" - vyw) | Alw)| < 1) + 12,
where
Il = <Ag( > Sha(VimAla") ‘Agw> ,
q'—q>N
and

2= <Ag( > shoa AL (V) ‘Agw> ,

lg’—q|<N
and where N > 0 is a fixed large enough integer.
Using Cauchy-Schwarz and Holder inequalities, we get
(3.9) L= > [1Sese(Vao) e 45" e 457l e
q'—q>N

The Bernstein lemma 2.1 implies that

155 4+2(Va0) || < o2 v4+20 o < C2 |[w]| e

and
HAZ’E}LHLZ =

q’vhﬂhHL? .

Taking into account the fact that @w = 0,u? — 0,u' and div,@" = 0, using an integration by parts, we
easily obtain

|aLw||?, = |Akow?|[L, + ALt |}, - 2(Ahow? | Aoyt
= ||apora?, + Al ouu + Al osa
= ||AZ/VhﬂhHL2.

Il

2
o + a0, e



10 VAN-SANG NGO

Therefore, using Proposition 2.3, we deduce from (3.9) that
I;<C Z @] (| 2G| . | A5 .

q'—q=N
<Oey Yo &2 W )2 ) il
q'—q>N

where (¢q)q>—1 and (¢4 )y>—1 are square-summable sequences of positive numbers. Let
dq = Cq Z Eq/27(q/7q)r.
q'—q=N
It is easy to prove that (d,),>—1 is a summable sequence of positive numbers. Thus, we have

(3.10) I} < Cd272" ||@]| o @] -

In order to estimate I7, we write
(3.11) I <Ix+1Ip+Ic,

where
L = (St - Vil | Abm)).

Ip = < > (S;L—Sg,_l)uh-thZ,w‘Agw> ,
la'~q|<N
and

Io = < S [ak sk ) VhAZ,w‘AZw> .
lg’—q|<N
Using an integration by parts, we get
1 . _ _
(3.12) Is= 3 |<Sg(dlvhuh)AZw | A2w>’ = 0.
We remark that when ¢,¢" > 1, S} — S}, does not contain the low Fourier frequencies. So, Ip can be
bounded in the same way as I, ;, and we have

(3.13) Ip < Cdy27%" |[@] poe @] -

Finally, using Lemma 2.8, we obtain

3.14) D D L A L AN RN IO
lg’—q|<N

< C |Vt | @7 g D cp2m @00

lg’—q|<N
< Cdg 272" || Vi@ || o 1@ 7 -
From (3.10)-(3.14), we easily deduce (3.7) and Lemma 3.2 is proved. O
Next, we prove the following Brezis-Gallouet type inequality (see [6] and also [8]).

Lemma 3.3. Let r > 1. There exists a constant C, > 0 such that, for any divergence-free vertor fields
w in L2(R?), the horizontal gradient V" € L (R?) and the vorticity w = 01u> — dout € H™(R?), we
have

1@l - (r2)
(3.15) Vo[ 0 < Co [ ey I [ €~ )
A Il G T P

Proof
Using Lemma 2.1, for any ¢ > 1 and for any ¢,j € {1,2}, we have
_ h— h—
0587 Agw][ . < O | Ao -
Therefore, we can write

00,87 ), < Y [JAkw]|,. +C Y [|Akm],.

—1<¢<No-1 q=>No



ROTATING FLUIDS WITH SMALL VISCOSITY - THE CASE OF ILL PREPARED DATA 11

where Ny will be made more precise below.
Using the definition of Holderian norms and Lemma 2.1, we obtain
00587 < CNo + 1) [l + € 3 27900250 Al
q>No
o o 9—(No—1)(r—1)
< CWNo + V) |[@ll o + Cl@llgr-s 5=

Choosing

1 [@]] s
NO =14+ |: 10g 70 5
r—1""% [[w] e
where [X] denotes the largest integer smaller than or equal to X, we deduce from the above inequality
that -
1 W|| ore C
1 _ cr—1 _
||8laﬂA wHLoo S C ||u}HL<>C (2 + r—1 10g2 ||EHLOO > + 27-_1 -1 ”w”LDO :

Thus, we can show the existence of a positive constant C,. such that

(3.16) |0:0;A7 ]|, .. < Cr @] In (e + ”ﬁ“”w”c) .
LOC

We recall the embedding H"(R?) < C"~*(R?) and we remark that zIn (e + <) is an increasing function
on R, for any a > 0. So, using the Biot-Savart law, we finally deduce from (3.16) that

93 g < Ol (o4 [ )

[l L

Lemma 3.4. Let r > 1. Under the hypotheses of Lemma 3.1 and the additional hypothesis that wy
belongs to H"(R?), there exist positive constants C1 = C1(v, [@oll 7+ (r2)) and Ca = Ca(7, [[Wol s+ (g2))
such that

(3.17) [@(O)| -z < Cre™ ™,
and

(3.18) [Vt ()| o ) < Coe™ "
Proof

For any r > 1, using Lemma 3.2, we get the following energy estimate in the Sobolev H"-norm:

ld . o2 12 —_ _ (12
(3.19) 5 77 @O + 7 @O < C (@@ e + [ Va7 B[ ) @O -
Taking into account Estimate (3.15), we rewrite (3.19) as follows
d - - 1@l VN s
320 GOl WOl < ol (14 (e () ) o),
LOO

From (3.5), we have |[w(¢)]|;, < CMe™ 7", where C is a positive constant and

M = maX{Hﬂ(})l”Lz(Ri) ) ||w0HL2(]R,21) ) ”wOHLN(Ri)} :
Since C' and M do not depend on p, we have
[@(t)]| e < CMe™.

Therefore, considering y(t) = |[w(t)|| ;. €7, we can deduce from (3.20) that

(3.21) Ly() < CMey(0) 1+ (e +y(0)]-

Integrating (3.21) with respect to ¢, we obtain

CM
In (1+1n(e+ [w(t)|g-e)) <In(1+In(e+ |[wol ) + -

Choosing

CcM

Cy = (e + |[@Wol ) *

)



12 VAN-SANG NGO

we get
[ ()| g7 < Cre™".

Combining the above estimate with (3.15) and using again the fact that z1n (e + %) is an increasing
function, we obtain the existence of a positive constant Cs, depending on v and |[@wy|| -, such that

Until now, we proved estimates concerning the first two components of the solution @ of the system
(1.5). In what follows, we wish to prove an estimate similar to (3.18) for the third component %> of .
We first need a slightly more general version of Lemma 3.2, in the case where 0 < r < 1 and in the case
where w is an arbitrary function in H"(R?).

Lemma 3.5. Let 0 < r < 1. There exists a constant C > 0 such that, for any divergence-free vector
field @ in L*(R?), the horizontal gradient Vyu" € L>(R2), and for any function w € H"(R?), we have

(3.22) (Ab@" - Viw) | Alw)| < Cdg272" || Vi@ || lwll 7

where (dg)q>—1 s a summable sequence of positive numbers.

Proof

As in the proof of Lemma 3.2, performing the Bony decomposition into paraproducts and remainders
yields

(3.23) [(Al@" - Vyw) | Alw)| < I+ I,
where
I = <Af;( > Sha(Vaw)Ala") ]Agw> ,
¢ —q>N
and

L= <Af;( S Sk AL(Vw) (A{;w> .

lg’—ql<N

Since 0 < r < 1, we have ||Sé€+2(vhw)||L2 < 270" ||w| ;. Then, using Bernstein Lemma 2.1,
Proposition 2.3, Cauchy-Schwarz and Holder inequalities, we get

L ) [1Spea(Vnw)l|e 457" | 45wl

q'—q>N

< Cd272 ||V || w3

where

d = c ¢, 9~ (d—or
q q E q .
q'—q>N

Next, we decompose Iy into three parts

Iy < Iyp+ Iap + I2c,

where
Iry = |<Sgﬂh . VhAZw | A2w>| ,
ILp = < > (Sh-Skhoy) - VhAZ,w‘AZw> ,
l¢’—q|<N
and

IQC = < Z [AZ,S(};/_1U}L:| V}LAZ/U)‘AZ’IU> .

lg’—q|<N
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Then, an integration by parts implies that I, 4 = 0 and since S('; — S;Ll does not contain the low Fourier
frequencies, when ¢q,q’ > 1, Irg can be bounded in the same way as I;. Finally, as in the proof of Lemma
3.2, using Lemma 2.8, we obtain

hosC2 0 Y ||ShVad | [Vasholl. [|ALul] .
l¢’—q|<N
< Cr 97 | ol ( 2 Cq'Q‘“"_WU)
l¢’—q|<N

< Cdg27 % ||V @ || o 0l -
Lemma 3.5 is then proved. O

Lemma 3.6. Let 2 < r < 3 and u(t,z) be a solution of (1.5), with initial data T in H"(R%). Then,
there exist a positive constant Cs, depending on vy and ||EOHHT(R)2) such that, for anyt >0,

(3.24) < Cye™ .

—3
[@ (t)HHT‘(]R,ZI)
Proof
Differentiating two times the equation verified by w2, for any 4,j € {1,2}, we have
0,0;0;a* + ~0;0;a° + (8;0;a") - V@ + (0;@") - V0,7
+ (8jﬂh) . Vh8m3 + - Vhaiajﬂ3 =0.

Taking the H" 2 scalar product of the above equation with @OJH?’, we get

(3.25) Ha o, | o
< ‘< 818]7.14 'thg | 81'5]"11 >HT*2| + ]((&ﬂh) . VhGﬂB | 8i8jﬁ3>

+ ‘<(8Jﬂh) . Vh&ﬂ?’ ‘ Biajﬂ3>Hr,2| =+ |<ﬂh . Vhaic?jﬂg’ ‘ 8¢8jﬂ3>

- 2+7H38u ‘

2 dt
oy
ol
The divergence-free property allows us to write
(0;0;a") - Vpu® = 0; ((0;a") - Vyu?) — (0;a") - V5,0,0°

=0, ((0;u") - V4u®) — divy, (9;u°0;a") .

Then, using the Cauchy-Schwarz inequality, classical estimates in Sobolev spaces (see [[8], Theorem
2.4.1]) and the Sobolev embedding H"~!(R?) < L>°(R?), we obtain

|<(8¢6‘ﬂh) . Vhﬂ3 ‘ aﬁjﬂ3>m_2|
< H(ajﬂh) ’ vhﬂg| Hr=1 ||35'ﬂ‘3| a2t H6ﬂ38-ﬁh| Hr-1! |

< (1057 | o 17|y + (1907 | e (105" | o) (12|

+ (0] < [1058" | + (105" || (|7

|9:0;u° |

Hr—2

i)

L
< C @] gr-s HUSHH?‘ .
The same arguments imply
((@ia") - Viou® | 0:053%) . |
< ||divs (9;u*0:u") — 0;u°0; (diva@™) || ;. [|0:055%| 1y
< (1057 oo 108" |lggo -1 + 107" | e @[] ) 117 -

< Clw] grs Hu

Il

and likewise,

(@) - V10 | 0:077°) | < C ]y [
For the last term of (3.25), Lemma 3.5, with 0 < r — 2 < 1, yields

(- D00y | 00,5 .| < OV o 005573y < C 0 o [

Hr—2



14 VAN-SANG NGO

Multiplying (3.25) by €7, then integrating the obtained equation with respect to the time variable
and using Lemma 3.4, we get

t
Hﬁwhﬂwgwmm+04OWW%MBHWWﬂMWJW%NWWWT

t
< e8] + €1+ C) [ @)
0

Thus, the Gronwall lemma allows us to obtain (3.24). O

In the previous section, we recalled Lemma 2.10 which allows us to control the term (u-V)v. However,
when this term contains the solution of the limiting system (1.5), the estimate in Lemma 2.10 becomes
much simpler.

Lemma 3.7. Let s > % and v € H**(R3) be a divergence-free vector field.

(1) For any q > —1, we have
(AL V)| Aw) = 0.
(2) There exists a positive constant C and a summable sequence of positive numbers {d,} such that

(A5 (0 VY@)IAT0)] < Cdg272 | Viill gz 0]l 7o, o -

Proof

We remark that since @ = @(z1,22) and v = v(21, 2, 23) belongs to &', we have A} (uv) = uAjv.
Besides, we also have div, @" = 0 and 037 = 0. As a consequence, an integration by parts proves that

(AY((m- V)v)|Abw) = (- V)ALv|Abv) =0
For the second part of Lemma 3.7, using the same remark as above and using Hélder’s inequality, we get
v = v v —I AV _ v 2
(A - V)@ Ago)] = [((Age" - Va)alAgo)] < VTl e g 1450 Lo s -

Using Proposition 2.7, we easily obtain the second estimate of Lemma 3.7. g

In the next paragraphs, we will not directly compare the system (1.1) with the limiting system (1.5)
because of technical difficulties. Instead of (1.5), we consider the following system

=" — vy () ATt + 4Tt 47 - VTt = —VpE
O — v (e)Apu™® + yu? + 7" - vV ut =0
(3.26) divy, " =0

03u® =0

€
[t=0

|

= HO
with lim v, (e) = 0, say vp(e) =&, a > 0.
e—0
Proposition 3.8. Like the system (1.5), the system (3.26) has a unique, global solution
T € C (Ry, L2(R})) N L™ (Ry, L3(R})) NL? (Ry H'(R})),
which also satisfies the properties of Lemmas 3.1, 3.2, 3.3, 8.4, 3.5, 3.6 and 3.7.

In the following lemma, we will prove the convergence of ©@* towards u when e goes to zero.

Lemma 3.9. Suppose that vy,(g) converges to 0 when e goes to 0 and that uy € H°(R?), o > 2. Then,
U converges towards the solution u of (1.5) in L>(R4,L*(R?)), as € goes to 0.

Proof
Using Lemma 3.1, for any ¢ > 0, we have
(3.27) [T < Me™ and |7 () |gas) < Me "

Thus, for fixed p > 0, there exists 7}, > 0 such that, for any ¢t > T,,

—e _ w
17 (8 e ez + 108 e, < &
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On the interval [0,7),], let v* = u® — . Then, v* is a solution of the following system
9l — th(e)Ahvs’h + st TR Vst st vt = Vh(a)Ahﬂh — Vp,
D=3 — v (€) Apv®3 + =3 + TN V0 4050 VLT = vy () AP,
div,v®" = 0,

03v° =0,

& —
vlt:O = 0

Taking the L2-scalar product of the first two equations of the above system with v*" and v**® respectively,
we get

1d _ _
T 1o IIz + va () [Vro®lITe + 7 107 e < va(@) IVATge VAV llga + (02" - Vaalos)].
Hence,

d 2 2 2 _ 2

2 107l + 7 llv7llze < va(e) [VaTllze + 2 (IVaalpe [[v7]L: -
Integrating the obtained inequality, we obtain

vp(g)

t
2 —12 — —~(t—T 2
[0 @)z < IV KTl Lo (0,77, L2) 2/0 IV(7) | €77 [0 (7)1 d.

Then, the Gronwall Lemma proves that, for any 0 < ¢t <1},

t
105 ()2 < Cvn(e)M>T, exp {2/0 IV (T)ll dT} :
Combining with (3.27), we deduce from the above estimate that

i [/ = ll g  2gaz ) = O- =

4. STRICHARTZ ESTIMATES

We next introduce the following frequency cut-off function:

o1 (§) -1 (29)] o1 (2]

where x is a C'*°-function from R into R, defined as follows

1 si 0<|z[<1
x(@) = 0 si |z| > 2.

We remark that ¥ € C(R?), supp ¥ C Cror and ¥ =1 in C, g, where

Crirs = {EER? | [&4] > 715 |&| > r1 and [¢] <},
for any 0 < ry < ro.
In this section, we provide important dispersion results concerning the linear cut-off system

v Ne
Owr, — vp(e)Apvr + your, + %

(4.2) divwvy =0
UL sy = Vo, = FH (W(E)F (o)),

where v, () = €%, a > 0, and where F and F~! denote the Fourier transform and its inverse. The main
result of this section is the following

=—-VpL

Theorem 4.1. Let p > 1, B > 1, the cut-off radii 0 < r < R with r = R™%. There exists a constant
C = C(v,p,B) > 0 such that, for any initial data vy € L*(R3), the solution vy, of the system (4.2)

satisfies
2+42p+38 1
Il Lo (otooy Loorey < CR™ 2 €3 |lug plpa -
((0,+00),L*L2)
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In order to prove this theorem, we follow the method of [10] and [32], and we write the system (4.2)
in Fourier variables. Applying the Leray projection P of L?(R?) onto the subspace of divergence-free
vector fields and then the Fourier transformation, we have

62562 = IB(57 E>ﬁ7

where
=y = vn(e) 6l + 58 srs 0
B(¢,) = —H —y = (o) 16l — 55 0
Sty -8% —7 = vnl(e) 1Gl?

It is well known that B(&, ) possesses the following eigenvalues and their corresponding eigenvectors:

0
Ao = =7 — vi(e) [énl” and Vo= 0 |].
1
, —i&3 €] — 162
Ay ==y —wi(e) |§h|2+% and Vi= L2 G+ ’
c €7\ gy J¢) - &0
, i€ |€] — &1€
A=~y — vn(e) [énl* - Ll and Vo= % 35% +§§1 2
el¢l €] —i&1 [§] — &263

We recall that {V, V_} forms an orthogonal basis of the space of the Fourier transforms of all divergence-
free vector fields in L?(R?). Thus, we can write

p(t) = CreV, + C_ eV,

where C; = (0.1, Vi), for any ¢ € {£}. As in [10] and [32], we consider the operators G5 (t), which
associate to any tempered distribution f:

G (1)f(x) = F (P (9)) ()

= F1 /
RZ )

Let a(§) = % Then, we have

etA;-&-i(fh—yh)ih]:xS (f)(yn, §3)d§h] dyn,

2
&n

W06 01 = [ 7 e (L) o Fa (@)@ i

yn

where *j, is the convolution product in the horizontal direction, and where

(4.3) Ko (0,t,ap,&) = / W(E) exp {:Fiﬁa(f) ip - En —yt — tun(e) \gh|2} des.

2
R€3

Therefore, Theorem 4.1 can be directly deduced from the following lemma, using the method of duality,
called TT*-method (see [10] or [32]).
Lemma 4.2. Let r, R, 8 be as in Theorem 4.1 and let Ky be defined as in (4.3). Then

ot 1
1K (0,8, lpgs oo < CRM ™% 075,

To prove Lemma 4.2, we use the method of nonstationary phase and we follow the lines of the proof of
[[32], Lemma 3.2]. We also remark that unlike the case of [32], here, the real part of the eigenvalues of
B(&, ) is —y — v (€) |€]%, which is always bounded from above by —v. That is the reason why we obtain
a slightly better result than in [32]. We leave the details to the reader.

Finally, in the following lemma, we give a different version of Lemma 2.10 when the nonlinear term
contains the solution vy, of the system (4.2). One can find a proof of it in [[32], Lemmas 4.4 and 4.5].
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Lemma 4.3. Let s > % andr, R, B be as in Theorem 4.1. There exists a constant C' > 0 such that, for

any divergence-free vector fields vy and vy in H**(R?), the horizontal gradients of which also belong to
H"*(R?), we have

(4.4) (AL (w2 - Vo)l AL < Cdg2 2 R ug [ ega [[01]lgp.-
(4.5) (A vz - o) [ ALor)| < Cdg27" R [[orllgera 01 g, [Vnv1 g

+Cd 27 R |ug|peere 01 ]7r0.e

UZHH(%S )

where {d,} is a summable sequence of positive numbers.

5. GLOBAL EXISTENCE IN THE CASE OF ILL PREPARED DATA

This section is devoted to the proof of Theorem 1.2, that is, to the proof of the global existence of a
unique solution of the system (1.1), in the case where the horizontal viscosity is e*, a > 0.

€
N
Opu® — e“Apu® +yu +u - Vu® + AL - —Vp® dans R® x R,
(1.1) divu® =0 dans R® x R
us|,_, = Uo dans R3.

In the introduction, we defined the spaces
Y., = H(R®) N LIH, "(R%) N H"+(R%),
where n > 0, s > % According to the hypothesis on the initial data ug, we have
ug = up + vo,
where
(1) o = (wh(z1,22), U3 (21, 22),Us (21, 22)) is a divergence-free vector field belonging to H (R?),
o > 2, such that ||ﬂ0||HU(Ri) < aop,
(i) vo = (vd(x1,22,73),v3(z1, T2, 23), v (21, T2, 23) is a divergence-free vector field belonging to
H"*(R*) N'Y,, such that [[vo|ly_ L < boe™
For the 3D part of the initial data, we write
Vo = Vo,L + Wo,

where vg , = F~1 (U(£)Fup), with ¥ being defined in (4.1), and where F and F~! stand for the Fourier
transform and its inverse. Since vy € H%*(R?) NYy ,, one can easily prove the following estimate.

Lemma 5.1. Letr=R 5%, 8>1, s> % and 1 > 0. Then there exists a positive constant C such that,

lwollggo.. < Cllwolly, , R™7".

In the next step, we decompose the system (1.1) as follows
u® =u" +vr +w,

where %° is the solution of the 2D system (3.26) and vy, is the solution of the cut-off linear system (4.2).
Then, w satisfies the following nonlinear system
w AN es

Orw — e Apw + yw + Q(w) +
(5.1) divw =0

W |,y = Wo = Vo — Vo,L;

where
Qw)=w-Vw+w-Vour +vr, - Vw+ v, - Vo,
+u® Vo, +vp-Vu© +u° - Vw +w - V.

We already know (see [10] for instance) that there exists a unique local solution of (1.1) (and thus a
unique local solution of (5.1)) in L>°(R,, H%*(R3)) N C(R,, H%*(R?)), the horizontal gradient of which
belongs to L2(R,, H%*(R?)). Our goal is to prove that this solution exists globally in time.

Proof of Theorem 1.2
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Applying the operator A} to the first equation of the system (5.1) and then taking the L2 scalar
product of the obtained equation with Ajw, we get

52 L gl Al + e ALThl, < (AjQu)ALw)).
The definition of @ (w) implies that
(5.3) (AYQ(w)|Abw)| < Fy + Fy 4+ F5 + Fy + Fs,
where
Fi = [(A(w- Vw)|Alw)],
Fy = [(Ab(vy - Vw)|Abw)| + [(AL(w - Vo )| Abw)]
Fy = [(Ab(vy - Vop)|Abw)]
F, = |<Ag(ﬂ€ Vo) |Ajw |—|—|<A” v, - Va©)|[Ajw >|
F5 = [(AY(@ - Vw)|Abw)| + [(Ab(w - VT©)|Abw)] .

According to Lemma 2.10, we have

(5.4) Fy < Cdy27 ||l ggo. gy 11Vl 0. g -

Then, Lemma 4.3 gives

(5.5) Fy < Cd27*P R flug || peepz [[0]|Fro.c
+ qu272qSRS ||ULHL;°L3 [wllggo.s [Vrwllggo.s -
Next, the energy estimate for the linear system (4.2) shows that,
oz ()llgo.s < l|vollgo.s < boe™®, for any ¢>0.
Using Inequality (4.4) of Lemma 4.3, we get
(5.6) Fy = [(Af (v - Vor )|[Ajw)| < Cdg27 2R boe ™ [|ur || peepe [wllggo. -

As to evaluate Fy, we can not apply Lemma 4.3, because u® is a two-dimensional vector fields. For the
first term of Fy, since 05u°2 = 0, we write

(AY(@® - Vp)|Abw) = (Apdiv (@ @ vp)|Abw) + <AZ((divhﬂ5’h)vL)|AZw> .
We recall that ©* does not depend on z3. So, in the vertical direction, the support of the Fourier transform

of @ ® vy, is included in [~R, R]. Considering that div,u®" = 0, Bernstein lemma 2.1, Inequalities of
Cauchy-Schwarz and Holder and Proposition 2.7 imply that

(A3 - Ton)|ALw)] < CR[AYE & o)y, |42V,
< ORd,27%% ||[T° @ v go.e | Vaw| go.-
< CR**q,27% ||ﬂs||L2(R’;‘L) ||ULHL;°L°L3 [Vhwllgo.-

< CR™4,27 ol 2qez) el pere V0 g0,

In the same way, we have
[(Ag (L - Vau)|AJw)| < Cdg27 [|or - Vit .. [0
< CR* 27 |0} - V| o 1wl 0.«

< Cdeqzizqs HUL”LEOLE ”VhﬂEHm(Ri) [l go.-

< CRd,27% [0l gz lvLllpeers [lwllgo.s -

(5.7) Fy = [(AY(@ - Top)|Alw)]| + [(AY (v, - V7°) | Alw)|
< Cande2 ™ [uzllegs [B* [l + R [Vawlgo. |-

Finally, we deduce from Lemma 3.7 and Proposition 3.8 that
—2¢s —e 2
(5.8) Fy < Cdy27%" ||V, ”LOO(]Ri) llwllgzo.0 sy -
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We now go back to the inequality (5.3). Replacing Fy, Fy, F3, Fy and F5 by their upper bounds given
in the inequalities (5.4) to (5.8), we obtain an inequality for <AZQ(w)|Agw>’. Multiplying the obtained
inequality by 229, then summing with respect to ¢, and combining that with (5.2), we get

1d 2 2 2
(59) 5wl + v lwllio. + e [Vaw|fo.
< Cflwllgo.e [Vawlo. + CRF ooe™ or ]|z ]l go..

2 :
+ CR Jup ez [0l + CR [vLllpeers [[wllgo.- [IVawlgo..
_ 2
+Cag [orllpers | B wlgos + B Vawlgo. | + C VAT llpe 2 1wl gs)

Without loss of generality, we can suppose that ¢ < 1 and R > 1. Using Young’s inequality and Lemmas
3.4 and 3.6, we obtain the existence of a constant Cy = Co(7, ag, bp) such that

d 2 2 o 2
(5.10) 2 10l + 27 [lwllgo.. + € [IVhwllgo..

< Cllwllgo.s g ||Vhw||?{0,s(R3) + Col'(vr) + Co (67" + T(vr)) wllfpo..
where for any ¢ > 0, we have set
s —« 2 s —a
I(vr)(t) = R** "2 ||UL(75)||L;;°L3 + R e HUL(t)HL;oLg :
From now on, we choose
—, Co\B7 _ata
R= <4CCboe gl ) g B,

We immediately deduce from Lemma 5.1 that

_%o
%

4C

(5.11) l|wolggo, < Cboe™*R™P" =
Let

T* = sup {T >0 [lw(t)]go. < %, vo<t< T}-

Then, the continuity of the application ¢ — ||w(t)||go.. and Inequality (5.11) imply that 7" > 0. Inte-
grating Equation (5.10) with respect to the time variable, for any 0 < ¢ < T*, we get

leo(8) 20 < N2 + Co / P(ur)(r)dr + Co / (777 + (o) (r)dr) (7)o -

Using Gronwall lemma, we obtain
2 2 e Co e
512wl < (lole. 4o [ T e { o [ Ty
0 0
The choice of R and the Strichartz estimates proved in Theorem 4.1 allow us to write

“+o0
. _ 2 . _
/0 T(vp)(T)dr = R25+2.—a ||’UL||L2(]R+,LZ°L%) 4+ Rstlg—a HULHLI(R_,.,L;L“’Lg)

6438 1 4438 1
< CR*»12:79R™ 5 ¢t

et fluo,z e

lvo,.|3s + CR*FLe™@R

~ (a+a)(10+45+38)
< Ceto72e o

ESE

where we can choose
10+4s+38

C = C(by + 1) (40@)0@%) i

The hypothesis
Ui

3042
QeSS

allows us to choose 8 > 1 such that

Bn

1 2 .
(5.13) B0 20 < S Rs 1 65 1 4By

Then, the inequality (5.13) implies that,
1 (+a)(10 + 4s + 30)

- —a—2a—

1 281 > 0.
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Thus, there exists £; > 0 such that, for any 0 < ¢ < &1, we have

+oo 1
/0 D(vg)(r)dr < ;

We rewrite (5.12) as follows

20

+oo
(5.14) lw(®) 0. < (Hwouilo,s +Co / r(vm(r)df) e

From (5.13), we also deduce that
(v +a)(10+4s+30)

i—a—Qa— 2% > 2a,
which means that there exists €5 > 0 such that, for any 0 < e < &9,
+oo 52046—@
(5.15) /O Don)(r)dr < Soby

Let €9 = min {e1,e2}. By gathering (5.11), (5.14) and (5.15), we finally obtain that, for any 0 < ¢ < g¢
and for any 0 <t < T,

g2« e
t s < — —.

Hence, T* = 400 and Theorem 1.2 is proved. ([l

6. ROTATING FLUIDS BETWEEN TWO INFINITE PARALLEL PLATES: PROOF OF THEOREM 1.3

6.1. Ekman boundary layers. As mentioned in the introduction, when e goes to 0, the fluid has the
tendency to have a two-dimensional behavior. In the interior part of the domain, far from the boundary,
the fluid moves in vertical columns, according to the Taylor-Proudman theorem. Near the boundary, the
Taylor columns are destroyed and thin boundary layers are formed. The movements of the fluid inside the
layers are very complex and the friction stops the fluid on the boundary. The goal of this paragraph is to
briefly recall the mathematical construction of these boundary layers. More precisely, we will “correct”
the solution of the limiting system (1.7) (which is a divergence-free vector field, independent of x3) by
adding a “boundary layer term” B such that w4+ B is a divergence-free vector field which vanishes on
the boundary.

In order to construct such boundary layers, a typical approach consists in looking for the approximate
solutions of the system (1.6) in the following form, that is, to make the Ansatz

1>
Ugpp = U0,int + U0,BL + EULint + EULBL + ...

(6.1) . 1 1
Papp = gp—l,mt + EP—LBL + Do,int T Po,BL + - ..

The terms with the index “int” stand for the “interior” part, which consists in smooth functions of
(zp,x3) and the index “BL” refers to the boundary layer part, which consists in smooth functions of the
form )
T3 — I3
(xhvxS) - FO(taxha ?) + Fl(ta Th, T)a
where Fy(zp, () and Fi(zp, ¢) rapidly decrease in ¢ at infinity. The quantity 6 > 0, which goes to zero
as € goes to zero, represents the size of the boundary layers. It is proved that J is of the same order as

e (see [22], [30], [11] and [12]). In this paper, we simply choose § = e.

We recall that @ is the solution of the limiting system (1.7), the third component @* = 0 and we set
curlu = 01u* — Gou'. In [22], [30] and [11], by a careful study of the Ansatz (6.1), the authors proved
that we can write the boundary layer part in the following form

(6.2) B =By + By + Bs + By,
where B;, i € {1,2,3,4}, are defined as described below:
1. The term B; is defined by
wy + ’Lf)l
(6.3) B, = W + 0o
ev/B G(z3) curlw
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where
W = —ex —Ex a' cos V55 @ sin -5 )
(~7mm) (oo (o) + 7o (735
iy = —exp (m) ((r) ' sin (gj;ﬁ)),
i = o (-T2 ) (weos (L) asin (22 ).
i = _exp(_lg;;;)(uz o (L) ~asin (15;;;))7
T3

G(x3) e ( K )sin( s +7T>+e ( 1_x3>sin<1_x3+7r)
= —exp | — — Xp | ——— — 4+ — .
s P\ 28 /25 ' 4 P\" /8 =25 4

2. The terms By and Bs are defined by

(6.4) By = ( 561%1 )
V2P (1 —z3) curlu1 .
9 By = (Yoo () () .
3. Finally,
2 0
(6.6) By = f(xs3) (_(1;1) +g(x3) (cu?lu) ;
where
(6.7) flas) = a [exp (—Ej;ﬂ) + exp (— 15\_/2%3” +b,
4(zs) = —e/B exp (—jﬁ) sin (wl%{) - [ s

and where (a, b) is the solution of the linear system

()] - el ()
2as\/2 {1 ~ exp (—Nlﬁﬂ +b = 2/Bexp (-6;%) sin (6\/1% + D .

We remark that the determinant of the system (6.8) is

D =1+exp (—ﬁ) —2e/28 {1 — exp (-E\}%ﬂ )

Thus, for € > 0 small enough, we have D > % and (6.8) always has the following solution

_ J. — K. - - K. [1+exp( )] 2J.6V/20 [1fexp( F)]
D D ’

o) ()
K. = 2e\/Bexp <—E\/1%) sin (s\/lﬁ + D .

It is easy to prove that if € > 0 is small enough, then
la| < 4(8+ /B)e and |b| < 328e>.
With the previously defined boundary layer term B, we can verify that
div(@+B)=0 and (u+ B) = (u+ B)

(6.8)

where

=0.

[{z5=0} [{z5=1}
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Now, let
- \J/‘O’— T3 *l;m—?’ 1—x3 - \I/‘o’— : T3 *l;m—?’ s 1—x3
_ V2B _ ev28 _ =28 _ V28
e Cos — 5 — ¢ cos 55 e sin 755 —e sin 7558
By(x3) =
s s e sl —e o cos 2y — o S cos omy
1= € _ € —_ €
e sin 755 +e sin 2% e cos &z — ¢ cos -5
Then, we can write B in the following form
al
B= M(l‘g) w2 ,
curlw
where
M (z3) 0
M(zs) =
0 m(x3)

with M (z3) and m(z3) defined by

M(zs) = Bo(zs) + (ev/28 + f(z3)) {01 (ﬂ +exp (—Nl%) cos E\/lﬁ [(1) ﬂ ,

m(x3) = e\/B G(x3) + /28 (; - x3) + g(as).
We can also prove the existence of a constant C' > 0 such that, for any p > 1, we have
MOz, < CeF, MOl SO0 MOy, < Ce7 7
()l < Ce, ()]s, < Ce

sup |23M’'(23)| < Ce and sup |(1—x3)*M'(23)| < Ce.
xge[O,%] 9@6[%,1]

(6.9)

6.2. Convergence to the limiting system. In this paragraph, we provide the needed a priori estimates
and a sketch of the proof of Theorem 1.3. These a priori estimates can be justified by a classical
approximation by smooth fonctions (see for instance [12]). Following the idea of the proof of Theorem
1.2, for any € > 0, we consider the 2D damped Navier-Stokes system with three components

O ut — e AT + 28w+ VT = -V, D0
0T — AT + 28T+ VLT =0

(6.10) divyu®" =0

Osu® =0

e -
u |t=0 = Up.

Then, Lemma 3.9 implies that Theorem 1.3 is a corollary of the following theorem
Theorem 6.1. Let 0 < a < % and let u§ € L?(Q) be a family of initial data such that

lim u§ = Tio = (W (21, 22), Ty (21,2),0) i LA(RE x [0,1)),

where Uy s a two-dimensional divergence-free vector field in H? (R}%), o > 2. Let u® be the solution of
the system (6.10) with initial data Ty and for each € > 0, let u® be a weak solution of (1.6) with initial
data ug. Then

: € —& _
lim JJu® = (m, 12 (R2 x[0,17)) = 0-

Proof

We first remark that we can construct the “boundary layers” B¢ for the system (6.10) in the same
way as the construction of B, with w being replaced by u®. More precisely, we also write
(6.11) B = B] + B5 + B5 + B3,
where BS, i € {1,2,3,4} are defined by the same formulas as in (6.3) to (6.6), with @ being replaced by
u®. We obtain

ﬂs,l
(6.12) Bf = M(x3) | 7% |,
curlw®
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where

o U = (U (w1, 22), U2 (21, 22),0) is a two-dimensional divergence-free vector field, which is the

solution of (6.10),
o curlw® = 01752 — 9ot
e and the matrix M(z3) is given in the previous paragraph.

It is easy to prove that B¢ is small, i.e., B goes to 0 in L™ (R4, L*(R? x [0,1])) as € goes to 0. Then,
our goal is to prove that v° = u® — u* — B converges to 0 in L™ (R4, L*(R? x [0,1])) as & goes to 0.

We recall that a two-dimensional divergence-free vector field (independant of x3) belongs to the kernel
of the operator P(e3 A -), where PP is the Leray projection of L?(R?) onto the subspace of divergence-free
vector fields. As a consequence, ez A u° is a gradient term. Replacing u® by v® + u® + B° in the system
(1.6), we deduce that v satisfies the following equation

(6.13)  9pv — e*Apv° — Bed3v® + Ly +u - Vo + B - VB°

es A v®

+ B -Vu® +v° - VB* +v° - Vu® — Ly + =-V7p°,

where

L1 8,585 — EaAhBE + ut - VB

es N\ B¢
Ly = Bed3B — ST +V28 7.
Taking the L2 scalar product of (6.13) with v, then integrating by parts the obtained equation and
taking into account the fact that v° satisfies the Dirichlet boundary condition, we get
1d

(6:14) 5 N IEe + & Vo7l + Be 1000

= —(L1,v°) — (u° - Vo©,0%) — (B - VB, v%) — (B° - Vu©,v%)
— (v° - VB%,0%) — (v° - VT, v°) + (Lg,v%).
In what follows, we will separately estimate the seven terms on the right-hand side of (6.14). We will

always denote B=!, B52 and B3 (v5!, v52? and v®® respectively) the three components of B¢ (v°
respectively) and we also write B° = (B B%3) and v¢ = (v5", v3).

1. Applying the operator curl to the first two equations of the system (6.10) (we recall that in this
paper, curl only acts on the horizontal components and we already defined curl@ = d,u? — d.u"), we
obtain

O¢(curlw®) — e*Ap(curlw®) + /26 (curlw®) +u® - V (curlw®) = 0.
Let A = (@i, us, curlw®). So combining the above equation with the first two equations of (6.10), we
deduce that
WA — N A+ /28 A+7° - VA =—(01D°,0:0°,0).
Since w3 = 0, div v® =0, 93p° = 0 and
Uy
BE = M(.’Eg) 734 = M({E;g) ﬂ; s
curlw®
we can write
[(Ly,v%)] = |{(M(x3) (OtA — e* AR A+ 7T - VA),0%)]
< V2B IMO)lga, I4lles 1°llgs

Then, Estimate (6.9), Lemma 3.1 and Young’s inequality imply

(6.15) (L, 0%)] < C(ao) eteV2P (14 o132 )

2. For the second term, using the divergence-free property of u®, we simply have
(6.16) (u® - V&, 0%) = 0.

3. We decompose the third term into two parts:
<Bs . VBE,UE> _ <Bs,h . vhBE,’UE> + <B€’38386, 1)5> )
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Due to an integration by parts, the “horizontal” part can be bounded as follows
(B2 vB°, 07| < [{(divy, BB |+Z (B='B*, 0,0%)] .

Hence, the decomposition (6.12) of B¢, Holder’s inequality, Estimates (6.9), Lemma 3.1 and Young’s
inequality yield

(6.17) [((divy, B5"MB%,0%)| < ||diviB5" || Ly 1Bl pa 1v°]I
< IMOI, (712 + 1902, ) e
< C(mp) ede™ tf( +ef | )
and
2 .
(6.18) S O[(BBE, 00%)| < |[BYM| Ly 1BF g [V |l
1=1
< MO, (712, + 19012, ) 1900l
< Clup)e 2 e _tr+*||VhUE||L2-

Likewise, if 0 < a < %, we have the following estimate for the “vertical” part:

(6.19) (B9 035,07 < [|B°%|, & 1055 s, oF]ly
< C(@o) Y )l 1 MO, 107l

T3

< Ofm) = %%V (14 |73,

4. For the fourth term, taking into account the fact that @° is independent of z3, Estimates (6.9) and
Lemma 3.1 imply

(6.20) (B - VTE, o)

IN

1B%Ms 2 IVAT s [[0%]lpe
zp T3 Tp
—e112 —e12
IMOlga, (1 + 1988 22 ) o s
C(mo) ebe P (1+ )7,

IN

IA

5. The fifth term is the most difficult to treat. First, we decompose this term as follows

(v° - VB, v°) = <U5,h i vth,h7Us,h> + <,Ua,h ) VhBE’3,v€’3> + <U5,3 8385’3,v573> + <Ue,3 83Bs,h7vs,h>.

For the first term on the right-hand side, Holder’s inequality implies that

(o= VB, 0= < O [0 VB [ [[05" | < CIMO g VAT e 1°IE -

Then, using Estimates (6.9) and Lemma 3.4, we obtain
(6.21) |<Us,h . vth,h’,Us,h>| < (o) e~ tV28 ||U€||i2

Next, by integrating by parts and using Hélder’s inequality, we deduce that

|<Us,h i vth,s’vs,3>| < O Virf s HBs,sHLw [v%|e -

So, Estimates (6.9), Lemmas 3.1 and 3.4 and Young’s inequality imply
(6.22) [(v&" - VB2, 03|

IA

Cllm()llpge llewrl @lpe ”vhUEHL? [[0%[l
< Ofmo) 7™ u#2, + - IV s
Performing an integration by parts, we can control the third term in the same way as the second one:
(6.23) }<vs’3 03573, v5’3>| =2 ’<BE’3UE’3, 83115’3>| =2 |<B€’3vs’3 divhvs’h>|

< C(mo) & e~ || + IIthelle-
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In order to estimate the last term of the right-hand side, we decompose it into two parts, the first
part corresponding to the boundary layer near {x3 = 0} and the other part corresponding to the one
near {z3 = 1}:

<,U€,3 8385’h, ,Ue,h> _ (v€,3 agBe,h) . ’Ug’hde +/ (UE,S 8385"’) . vs,hdx
R2 % [0,1] R2 x[4,1]

For the fisrt part, since v® vanishes on {x3 = 0}, using Holder’s inequality and Hardy’s inequality, we
get

1}6’3 Us,h

< sup [25M(a3)| [[@ g

Ige[o,%] oh
< sup |23 M (ws)| 7 e [|05077| o 10505 e -
:L‘3€[0,%] "

T3 |2 || T3 |12

/ (’UE’?’ a3BE,h) _,Ua,hdx
R2 x[0,3]

2

We recall that 93v°% = —div,v®". Then, Lemmas 3.1 and 3.4, Estimates (6.9) and Young’s inequality
imply

(6.24) /’ (053 BB - v7hdz| < C(Tg) & VP |[divav™?| L, [ 0505 |
72 x[0.3]
19
< o) <1V + 22 ol

For the second part concerning the boundary layer near {z3 = 1}, since v* = (v",v53) vanishes on
{z3 = 1}, Hardy’s inequality implies that

2

dx3> dxp,

1 2 1
IU:/ / G )] d;vh:/ /
R 1 k2 \Jo
3 5 9
SC’/ / |83v€’ (wh,lfx3)| dxs | dxp,
Rz \Jo

< Cflow 22, = © a2,

v (2, 1 — x3)
x3

2
h

Likewise,
vt (wh, 23)

v L]

Thus, using Holder’s inequality, we get

2
2
, T dm;,») dep < C ||(931)E’hHL2 .

(6.25) < sw |1 a2 M )| 5 e VIV

3336[%71]

< Clug) e e tV2B Hdivhv‘g’?’HL2 H(’“)gUE’h

/ (vs,B 83Bs,h) -’Us’hdx
]Rix[%,l]

le

< (o) £ | Ve |2s + 2

€ 2
1057 I

6. The sixth term on the right-hand side of (6.14) can be treated using Holder’s inequality and Lemma
3.4. We have

(6.26) (0" - V&, 0%)] < C VAT [ sz 107122 < C (@) €27 |07z
7. We will evaluate the seventh term as in [22] or [30]. We have
(L, v") = (Bed3B%,v°) — <€3/;B€,v5> + <\/ﬁﬂ€,v5>.
We recall the definition (6.11) of B¢
B® = B} + B85 + B5 + B3,

and for any 7 € {1,2,3,4}, we set B = (Bf’h, B:?), where Bf’h and B5"° denote the horizontal and vertical
components of Bf respectively. We also recall that B = (B%" B%3). Then, the following identities are
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immediate .
93B5" =0,
es3 N\ B§
pediB" — =+ =0,
€

ABS
peazBsh — & =2 4 /257 =0,

For the remaining terms, we have

(627 B (052,07 < e J0uB° . owee?|
< e [V 1V
< B IM(zs)ley, VAT s 190
< C() eV 4 [V
A B
029 (0B o)) < ettt o7l < Cmn) e (14 1071
We recall that
ch EE,Q
84’ = f(x3) (_us,l) ’

where f is defined in (6.7),

flzs) = a [exp (—%) texp (— 15:/%)} +b,

and that, if € > 0 is small enough, we have

la) < 4(B++/B)e and |b| < 3282

Then,
(6.29) Be|(a3B" vo )| = Be | (ws), o))
Ce [ e [[v°.»

C (i) 3™V (14 |o*F:)

IN

IN

Finally, we have

A B§ 1 __=®3 _ 1-ag 2 %
(6.30) ‘<e3€4’vs’h>‘ <C (/ ’e B e v dxg) + Be | 1 llg2 ||v=" | 2
0
< C(ao) e (14 77

End of the proof: Summing all the inequalities from (6.15) to (6.30), we deduce from (6.14) that

d
= F 12 + e [V ho* 2 + Be 1950 I
< Clug) e 2 e V% 4 C(up) eV 0|32 + Clto) € | Vav® |32 -

Since v < 1, there exists eg = eo(Uo) €]0,1[ such that, for any 0 < & < &g, we have C(u) ¢ < °.

Therefore, for any € €]0, g9[ small enough, by integrating the above inequality with respect to the time
variable, we get

(6.31) 15 ()17 < 1050132 + C(@o)e™ =~ + (o) / VB ot (5) 2 ds.
We recall that v© = u® —u® — B¢. Thus,
[0 (0) 13 < Iuf(0) =@ (0)[3- + 1B (0) 1.
< [lug — oIz + IMO)zz, [ollgs < llus —Bollgz + Ce* oIz

According to the Gronwall lemma, it follows from (6.31) that

1, — 1-2a
1o O < (105 ol + Ce? fmols + Clao)e™#* ) exp {
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Since a < % and
li S — =
tim [ — g2 = 0,
we obtain
. - _
lim 0% oo (r . ,L2) =0,

and Theorem 6.1 is proved. O
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