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In this paper effects of higher order Jahn-Teller coupling terms on the nonadiabatic dynamics are
studied. Of particular interest is the case when the potential energy surfaces of the degenerate state
show pronounced anharmonicity. In order to demonstrate the effects a two-dimensionalE^ e
Jahn-Teller model system is treated which is based on thee8 stretching vibration of the photoactive
2E8 state of NO3 as a realistic example. The sixth orderE^ e Jahn-Teller Hamiltonian is derived in
the diabatic representation which is valid for any system with aC3 rotation axis. This diabatization
scheme is compared to lower-order Jahn-Teller Hamiltonians and to symmetry adapted as well as ad
hoc approximations. Lower-order potentials result in pronounced quantitative and qualitative
differences in the dynamics, including differences in the evolution of mean values, the
autocorrelation functions~and thus the corresponding spectra!, and the electronic population
evolution. In the particular example treated, the results of fourth and fifth order potentials are very
similar to the sixth order reference system. In contrast, the approximate sixth order Hamiltonians,
though the corresponding adiabatic surfaces seem to be nearly identical, results in pronounced
differences. The possible consequences for the dynamics of realistic systems with higher
dimensionality are briefly discussed. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1646371#

I. INTRODUCTION

Nonadiabatic dynamics plays an important role in the
physics and chemistry of excited states. While the electronic
ground state of most chemical systems is energetically well
separated from higher electronic states~at least in the equi-
librium region!, this is often not the case for excited states.
One of the consequences can be the breakdown of the Born–
Oppenheimer~BO! approximation for which conical inter-
sections are a prominent example. A particularly simple case
are degenerate electronic states which are due to the high
symmetry of the molecular system.

Whenever electronic states are energetically well sepa-
rated nuclear and electronic motions are essentially un-
coupled and the BO approximation is valid. In this case the
nuclear dynamics is mainly determined by a single potential
energy surface~PES!. However, in regions where the ener-
getic separation of electronic states becomes small the dy-
namical ornonadiabaticcoupling between them, induced by
the nuclear motion, can become extremely strong and can no
longer be ignored. In this situation the curvature of the adia-
batic PES’s becomes strongly dependent on the nuclear co-
ordinates and even cusps~more precisely discontinuities of
partial derivatives! are observed at the conical intersection.
In such a region the nuclear dynamics is determined by more
than one PES and the coupling strength controls the elec-
tronic population transfer between different states.

The cusps in the adiabatic representation and the strong

coupling between surfaces are rather unfavorable for the
practical treatment of the nuclear dynamics. One possible
solution is to construct diabatic states which have a smoother
behavior with respect to nuclear distortions and remove the
discontinuities in the derivatives. However, in general it is
not possible to uniquely define strictly diabatic states1,2 and
thus a number of different approaches were suggested in the
literature.3 The coupling between adiabatic states can be di-
rectly computed byab initio calculations.4,5 However, this is
computationally very demanding and is only suitable for
very small systems which do not pose any problems in the
solution of the electronic structure. Another approach is to
use some property of the wave functions~dipole moments,6

transition dipole moments,7 CI coefficients8! for a small
number of adiabatic states and construct diabatic states by
imposing the condition that the chosen property has to vary
smoothly over the entire range of the coordinate space. A
critical review of such methods was given by Dobbyn and
Knowles.9 Several further diabatization schemes in this spirit
were suggested in the literature and a brief overview can be
found in a recent paper of Thiel and Ko¨ppel.10 A more ex-
tensive review was published by Pacher, Cederbaum, and
Köppel.3

The method used in the present paper can be called ‘‘dia-
batization by ansatz’’ and does not require properties of the
electronic wave function. The diabatic potential energy ma-
trix is derived by expanding the state energies in a Taylor
series of the nuclear coordinates, taking into account the full
symmetry of the investigated system. The diabatic potential
matrix is connected to the adiabatic one by the unitary trans-
formation that diagonalizes the diabatic matrix. This ap-
proach is based on the seminal work by Jahn and Teller,11

who found that the splitting of degenerate electronic states of
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~nonlinear! molecules is due to vibronic coupling. Particu-
larly the vibronic coupling approach which includes only the
first nonvanishing coupling terms is widely used, e.g., by
Köppel, Domcke, and Cederbaum,12 to study the nuclear dy-
namics of systems with coupled electronic states. A signifi-
cant advantage of such a diabatization is that only the adia-
batic state energies are needed but no explicit information
about the electronic wave functions is necessary. In practice
the parameters of the diabatic matrix are determined by a
least-squares fitting procedure of its eigenvalues to the adia-
batic energies which can be calculated by standardab initio
electronic structure methods.

In this work we present a study of the effect of higher
order Jahn-Teller coupling terms. In particular we investigate
the case when the potential energy surfaces of the degenerate
state show pronounced anharmonicity. To this end the fully
coupled diabatic potential matrix for a generalD3h or
C3v E^ e system is derived as a Taylor expansion up to sixth
order. This sixth order potential matrix is compared to Jahn-
Teller expansions of lower order. We also test different ap-
proximations which are based on the well known second
order Jahn-Teller Hamiltonian which is augmented by higher
order terms on the diagonal only~in real representation! to
account for anharmonicity.

This paper is organized as follows: In Sec. II the higher
order Jahn-Teller terms are derived by symmetry consider-
ations. The corresponding potential matrices are given in
both complex and real representations. The different Jahn-
Teller orders are tested in Sec. III, where wave-packet propa-
gations allow the direct comparison of the dynamics on these
models. Similarly, models approximating the Jahn-Teller ex-
pansions are tested in Sec. IV. Our findings and conclusions
will be briefly discussed and summarized in Sec. V.

II. HIGHER ORDER JAHN-TELLER COUPLINGS

A. Symmetry

In this section the Hamiltonian matrix for the well-
known E^ e Jahn-Teller system up to sixth order will be
developed. In this case a doubly degenerate electronic state is
coupled by a set of nuclear coordinates belonging to a de-
generate vibrational mode. This situation can arise for all
molecules with a symmetry point group containing ann-fold
axis with n>3. A particularly simple example is a general
AB3 molecule for which the global potential energy function
~and thus the Hamiltonian! necessarily is ofD3h symmetry.
In Sec. III we will use the NO3 radical as an example. It has
a planarD3h ground state geometry and low-lying excited
electronic states of2E9 and 2E8 symmetry. However, the
following symmetry considerations and obtained expressions
are generally valid for anyE^ e system containing aC3

rotation axis.
The D3h group contains as symmetry operators besides

the trivial unit operator (Ê) a rotation by 2p/3 (Ĉ3), three
rotations byp/2 (Ĉ2), three reflections on mirror planes in-
tersecting along theC3 axis (ŝv), and the reflection on the
plane perpendicular to theC3 axis (ŝh). The irreducible rep-
resentationsG i of the group areA18 , A28 , E8, A19 , A29 , and
E9 but the six dynamic variables which remain after separa-

tion of overall rotation (a28 ande9) and translation (a19 and
e8) can only transform likea18 , e8, and a29 for the AB3

system~it is customary to label theG i ’s for coordinates by
small and for electronic states by capital letters!. More pre-
cisely, two of the internal motions of the AB3 system trans-
form ase8 ~asymmetric stretching and bending! and the re-
maining internal degrees of freedom transform asa18
~symmetric stretching! anda29 ~‘‘umbrella’’ !. Thus the degen-
eracy of bothE8 andE9 electronic states is lifted by twoe8
motions each. The degeneracy of the states means that there
exist two linearly independent eigenvectors to the same ei-
genvalue of the electronic Hamiltonian, labeleduCx& and
uCy&, which span a two-dimensional subspace. Every nor-
malized linear combination~vector of this subspace! will
also be an eigenfunction to the same eigenvalue. Thus we
have the freedom to perform arbitrary unitary transforma-
tions on such vectors. The same is true for the two-
dimensional subspace formed by the componentsx andy of
the e8 modes. Exactly this will be utilized in the following
derivation of the Jahn-Teller Hamiltonian for anE^ e cou-
pling of an arbitrary AB3 system. This approach uses the
ideas of Longuet–Higgins about the dependence of the elec-
tronic wave function on the nuclear coordinates.13

B. Selection rules in complex representation

The total HamiltonianĤ must be invariant under the
symmetry operationsŜ of the nuclear point group since
@Ĥ,Ŝ#50. Now we wish to express the potential energies
used inĤ, which are determined by the eigenvalues of the
electronic HamiltonianĤel at given nuclear geometries, by a
Taylor expansion in the nuclear coordinates. The invariance
condition allows the straightforward derivation of the nonva-
nishing terms in this expansion. To this end it is beneficial to
transform the nuclear coordinates belonging to the degener-
ate mode and the eigenvectors of the degenerate electronic
state to the complex representation by the unitary transfor-
mationU†,

A2U†S x
yD5S 1 i

1 2 i D S x
yD5S x1 iy

x2 iy D5S Q1

Q2
D ~1!

and

U†C~xy!5U†S ^Cxu
^Cyu

D5
1

A2
S ^Cxu1 i ^Cyu
^Cxu2 i ^Cyu

D5S ^C1u
^C2u D

5C6 . ~2!

In the complex representation the coordinatesQ1 and Q2

and the state functionŝC1u and^C2u are eigenfunctions of
the symmetry operatorĈ3 ~rotation by 2p/3! with eigenval-
uese62p i /3. Thus, a rotation of 2p/3 transforms the complex
coordinates as
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Ĉ3Q15e12p i /3Q1 and Ĉ3Q25e22p i /3Q2 . ~3!

The electronic wave functions are transformed accordingly
by the rotation as

Ĉ3^C1u5e12p i /3^C1u and Ĉ3^C2u5e22p i /3^C2u ~4a!

Ĉ3uC1&5e22p i /3uC1& and Ĉ3uC2&5e12p i /3uC2&. ~4b!

The representation of the electronic Hamiltonian in the
$uC1&,uC2&% basis is given by

Ĥel5C6
† H6C65(

i , j
uC i&Hi j ^C j u ~ i , j 51,2 ! ~5!

and the matrix elementsHi j 5^C i uĤeluC j& ( i , j 51,2) are
expanded in Taylor series up to sixth order inQ1 , Q2 . For
example,H11 is expanded as

H115 (
p1q50

6 cp,q
~11 !

~p1q!!
Q1

p Q2
q . ~6!

Each term in the expansion Eq.~6! has to fulfill the invari-
ance condition under the symmetry operations and therefore
most of the expansion coefficients are zero. For example,

Ĉ3uC1&Q1
p Q2

q ^C1u5e22p i /3e~1p!2p i /3e~2q!2p i /3e2p i /3

3uC1&Q1
p Q2

q ^C1u ~7!

can contribute only for (p,q) combinations which fulfill the
condition (p2q)mod(3)50 because only in this case the
phase factor of Eq.~7! is unity. The same procedure is re-
peated for the remaining elements of the Hamiltonian
@Eq. ~5!#, resulting in ten nonvanishing diagonal and nine
nonvanishing off-diagonal terms. These terms are summa-
rized in Table I.

Finally, it needs to be verified that the surviving terms
also fulfill the invariance condition for all other symmetry
operators belonging to the nuclear point group. However, it
is easier to do this in the real representation of coordinates
and wave functions sincex, y and^Cxu, ^Cyu are eigenfunc-
tions of Ĉ2 , ŝv , andŝh .

C. Hamiltonian in real representation

The coordinates of choice for the dynamics treatment as
well as for theab initio computation of electronic energies
are the real variablesx andy. The matrix representationH of

the electronic Hamiltonian in the real representation, includ-
ing all Jahn-Teller couplings up to sixth order, is obtained by
the back transformation

Ĥel5C6
† U†UH6U†UC65C~xy!

† HC~xy! . ~8!

This leads to the factorized expression

H5UH6U†

5 (
n50

6
1

n! H S V~n! 0

0 V~n!D 1S W~n! Z~n!

Z~n! 2W~n!D J ~9!

for the potential matrixH whereV(n) contains the diagonal
elements@Eqs. ~10!#, corresponding to the potential in the
absence of the Jahn-Teller effect,W(n) the diagonal, andZ(n)

the off-diagonal coupling elements@Eqs. ~11! and ~12!# for
each ordern in the real representation. The matrix elements
of V, W, andZ up to sixth order are given by

V~0!5a1
~0! , ~10a!

V~1!50, ~10b!

V~2!5a1
~2!@x21y2#, ~10c!

V~3!5a1
~3!@2x326xy2#, ~10d!

V~4!5a1
~4!@x412x2y21y4#, ~10e!

V~5!5a1
~5!@2x524x3y226xy4#, ~10f!

V~6!5a1
~6!@2x6230x4y2130x2y422y6#

1a2
~6!@x613x4y213x2y41y6#, ~10g!

W~0!50, ~11a!

W~1!5l1
~1!x, ~11b!

W~2!5l1
~2!@x22y2#, ~11c!

W~3!5l1
~3!@x31xy2#, ~11d!

W~4!5l1
~4!@x426x2y21y4#1l2

~4!@x42y4#, ~11e!

W~5!5l1
~5!@x5210x3y215xy4#

1l2
~5!@x512x3y21xy4#, ~11f!

W~6!5l1
~6!@x625x4y225x2y41y6#

1l2
~6!@x61x4y22x2y42y6#, ~11g!

Z~0!50, ~12a!

Z~1!5l1
~1!y, ~12b!

Z~2!522l1
~2!xy, ~12c!

TABLE I. Nonvanishing terms of the Hamiltonian matrix in complex rep-
resentation.

Order DiagonalH115H22 Off-diagonalH125(H21)*

0 Q1
0 Q2

0 —
1 — Q1

0 Q2
1

2 Q1
1 Q2

1 Q1
2 Q2

0

3 Q1
3 Q2

0 andQ1
0 Q2

3 Q1
1 Q2

2

4 Q1
2 Q2

2 Q1
0 Q2

4 andQ1
3 Q2

1

5 Q1
4 Q2

1 andQ1
1 Q2

4 Q1
2 Q2

3 andQ1
5 Q2

0

6 Q1
6 Q2

0 andQ1
3 Q2

3 andQ1
0 Q2

6 Q1
1 Q2

5 andQ1
4 Q2

2
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Z~3!5l1
~3!@x2y1y3#, ~12d!

Z~4!5l1
~4!@4x3y24xy3#1l2

~4!@22x3y22xy3#, ~12e!

Z~5!5l1
~5!@25x4y110x2y32y5#

1l2
~5!@x4y12x2y31y5#, ~12f!

Z~6!5l1
~6!@4x5y24xy5#

1l2
~6!@22x5y24x3y322xy5#. ~12g!

It remains to be tested whether the derived Hamiltonian ma-
trix also fulfills the invariance condition with respect to the
Ĉ2 , ŝv , and ŝh operations. It is found thatx is an eigen-
function with eigenvalue11 with respect to all operators. In
contrasty has eigenvalues of21 for Ĉ2 and ŝv but 11 for
ŝh . The eigenvalues corresponding touCx& and uCy& de-
pend on the actual electronic state. For a state ofE8 symme-
try the action of the operators are as follows:ŝh results in
eigenvalues11 for both components while the other opera-
tors yield11 for uCx& and21 for uCy&. For anE9 state only
the action ofŝh is different because it gives eigenvalues of
21 for both state components. With these properties the in-
variance condition is verified analog to Eq.~7!, using the real
representation for the matrix elements and coordinates. As a
result all the diagonal terms@Eqs. ~10! and ~11!# can only
contain even powers ofy while the off-diagonal terms@Eqs.
~12!# must only have odd powers ofy. Due to the form of Eq.
~7! these rules are independent of the transformation proper-
ties of the electronic wave function with respect toŝh and
are thus the same forE8 and E9 states. It is easily verified
that the derived Hamiltonian follows these rules and is thus
invariant under all symmetry operations of theD3h group.

III. APPLICATION: A COMPARATIVE STUDY

A. nth order Jahn-Teller models „JTn …

The effect of using the expansion presented in Sec. II is
tested on a two-dimensionalE^ e Jahn-Teller model system
which represents thee8 stretching vibration of the photoac-
tive 2E8 state of NO3. The necessary data to determine the
Hamiltonian matrix parameters are obtained from high qual-
ity ab initio MR-SDCI calculations. To this end first the Car-
tesian normal mode coordinates of the electronic ground
state (2A28) were determined.14 Then cuts along thex andy
components of the asymmetrice8 stretching vibration were
calculated for both the2Ex8 and2Ey8 components of the sec-
ond excited state. The same electronic structure methods
were used as described in detail in Ref. 15. The degeneracy
is lifted along bothx and y as expected for a Jahn-Teller
coupling case. This particular system was chosen as a test
model because of the pronounced anharmonicity of the2E8
state of NO3, especially along thex component. In this case
a vibronic coupling approach12 limited to the first nonvanish-
ing coupling terms and to the harmonic approximation can-
not be expected to be very reliable.

One feasible solution to account for the anharmonicity is
to extend the Jahn-Teller model to higher order as explained

in Sec. II. However, though the treatment of the Jahn-Teller
effect is well studied in general,16,17to the best of our knowl-
edge the present study is the first example to extend the
Jahn-Teller expansion beyond third order. Alternatively, the
so-calledregularized diabatizationcould be applied as de-
scribed in Ref. 10. This method is not limited to any particu-
lar functional form of the adiabatic or diabatic potentials but
can only be applied if the region of interest encompasses
only a single conical intersection.

In order to apply the formalism presented in Sec. II to
the e8 stretching vibration of the2E8 state of NO3, the ex-
pansion coefficients of the diabatic potential matrix@Eqs.
~10!–~12!# are determined by fitting the eigenvalues of the
potential matrix@Eq. ~9!# to the ab initio results, using a
Levenberg–Marquardt least squares procedure. Thus, both
components of the state are fitted simultaneously along both
coordinates. The root mean-squares error~rms! of this fit is
6.25•1023 eV which shows that the applied JT-Hamiltonian
can represent theab initio data very well. Furthermore it is
known that for NO3 there is also strong pseudo-Jahn-Teller
~PJT! coupling present between the2A28 ground and the2E8
state treated here.18 Thus it is a reasonable assumption that
the remaining error is due to a large extent to the neglect of
this additional coupling. The inclusion of the PJT coupling
effect will be necessary for a correct treatment of the physi-
cal system NO3 and is easily achieved following the tech-
niques demonstrated in Sec. II. However, for the present
model study it has been omitted because it would only ob-
scure matters. By excluding the PJT effects a reference
model for the pure JT coupling is obtained which is the sub-
ject of this study. Thus, it should be kept in mind that this
model does not aim for a perfect description of the physics of
the NO3 system. In the following this model, including all
Jahn-Teller coupling terms up to sixth order, will be referred
to as ‘‘JT6.’’ Table II gives the numerical values of the pa-
rameters for the JT6 model.

The quality of the fits for lower order Jahn-Teller Hamil-
tonians, denoted by JT2–JT5 and containing only terms of
orders up tonmax, was studied by fitting these models with
respect to data points obtained by the JT6 Hamiltonian taken
as a reference. The model data was chosen as reference
mainly in order to test the effect of the diabatization scheme
rather than to study the quality of the fit to the physical
system NO3. Different fits were performed which are distin-
guished by the different excess energies of data points in-
cluded in the fitting data. In this way information is obtained
about the energy range in which the respective model can be
expected to yield reliable quantitative results. Table III pre-

TABLE II. Parameters for the JT6 model in~a.u.!.

n a1
(n) a2

(n) l1
(n) l2

(n)

0 7.4113 10202 — — —
1 — — 2.1213 10204 —
2 4.0463 10205 — 28.4223 10206 —
3 22.6263 10207 — 22.9483 10207 —
4 2.2643 10208 — 22.3223 10209 3.2703 10209

5 27.9013 10210 — 24.0183 10211 1.5443 10210

6 26.7013 10214 1.151310211 6.5123 10212 4.6263 10212
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sents the dependence of the errors~maximum absolute and
rms errors!, computed for the respective fitting data along the
x andy cuts, with respect to both the highest order kept in the
expansion of the potential matrix@Eqs. ~10!–~12!# and the
excess energy of the reference points taken into account for
the fitting. An exponential decrease of the errors is observed
as a function of the ordernmax for all excess energies tested.
The dependence of the errors as a function of the excess
energy is found to be nearly linear, decreasing as the excess
energy decreases. This trend is easily explained by the fact
that the anharmonicity of the potential surfaces depends di-
rectly on the energy range considered. From the values of the
rms errors obtained for this particular system it can be ex-
pected that models including all terms up to order four and
higher will give very similar results for processes which in-
volve only small excess energies. For example, the rms of
the JT4 potential is,1% of the excess energy if only points
below 2 eV are considered. However, for processes that
sample high energy regions of the potential even with JT4
and JT5 noticeable differences may result.

B. Potential energy surfaces

Cuts of the adiabatic potential energy surfaces alongx
are presented in Fig. 1 for the reference JT6, the lower order
JT2–JT4 models. The curves of the JT5 model along bothx
andy are indistinguishable from the JT6 curves on the scale
of the figure and thus are not depicted. The reference JT6
potentials are indicated by solid lines whereas dashed lines
and open circles have been used for the lower order models.
If not mentioned otherwise, the values of the parameters
used are the ones obtained by fitting all data including points
up to 4 eV of excess energy. All parameter values except for
the JT6 reference model are given in the Appendix. The er-
rors given in Table III also become apparent in Fig. 1. It is
clearly seen that even at very low energies the JT2 potentials
give a very poor representation of the reference curves and at
higher energies the deviations become fairly disastrous. In
contrast, the JT3 curves resemble the reference data much
better and differ only moderately within the depicted range
of x. The deviations of the JT4 potentials are so small that
they are hardly visible in the figure. However, for energies
much higher than 6 eV~i.e., excess energy.4 eV! the dif-
ferences are still significant. We note that theab initio cuts
are also indistinguishable from the JT6 curves on this scale.
Inspection of the potential cuts alongy result in similar con-
clusions.

Figure 2 presents the cuts along they coordinate of the
diabatic coupling term~off-diagonal matrix element! for the

different orders of the Jahn-Teller expansion. The reference
JT6 data is indicated by a solid line whereas the lower order
models are depicted as dashed lines with open symbols. Only
the coupling alongy is depicted because the coupling alongx
is identically zero due to symmetry. From Fig. 2 it becomes
apparent that the diabatic coupling shows a strongly nonlin-
ear behavior in the coordinate range investigated. In stark
contrast the coupling of the well-known JT2 model gives a
straight line because the coupling is linear iny for this cut.
The coupling of the reference JT6 Hamiltonian is roughly
linear between625 a.u. But even in this range the JT2 is

TABLE III. Errors in ~eV! for different excess energies of lower-order Jahn-
Teller Hamiltonians~JT2–JT5! with respect to the JT6 model.

Exc.
En.
~eV!

JT2 JT3 JT4 JT5

max. rms max. rms max. rms max. rms

1.0 0.1974 0.0549 0.0285 0.0105 0.0040 0.0015 0.0002 0.0001
2.0 0.5181 0.1722 0.0990 0.0360 0.0182 0.0067 0.0022 0.0008
3.0 0.7439 0.2364 0.1808 0.0562 0.0401 0.0139 0.0036 0.0013
4.0 1.0969 0.3306 0.2746 0.0816 0.0623 0.0217 0.0059 0.0021

FIG. 1. Adiabatic potential energy surfaces in eV alongx coordinate for the
models JT2, JT3, and JT4~dashed lines with open circles! compared to the
JT6 reference model~solid lines!.

FIG. 2. Diabatic coupling matrix elements in eV alongy for the models
JT2–JT5~dashed lines with open symbols! with respect to the reference
model JT6~solid line!. The coupling matrix element for JT2 obtained with
an excess energy criterion of only 1 eV is presented as a dashed line with
filled triangles.
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quantitatively inaccurate as becomes obvious from the differ-
ent slopes at the origin. An improvement of the JT2 is seen
when using a lower energy criterion for the fitting procedure.
The slope corresponding to the fit including only data points
up to 1 eV excess energy~dashed line with filled triangles! is
in significantly better agreement with the reference but still
far from being a good approximation to JT6. The range of
625 a.u. is found to be smaller than the width of the initial
vibrational ground state wave function. Thus the wave
packet will definitely sample a configuration space extending
into a region where the coupling is certainly not linear any-
more. This indicates that JT2 can hardly be a very reliable
model for the nonadiabatic nuclear dynamics of such a sys-
tem.

Going only one order higher in the Jahn-Teller expan-
sion ~JT3! results in at least roughly the correct shape of the
coupling curve. The first noticeable deviation occurs around
650 a.u. which corresponds to an excess energy of about 0.8
eV. However, beyond 50 a.u. the deviations from the JT6
reference quickly become considerable and will affect the
dynamics calculations. The same is true for the JT4 expan-
sion. Only the JT5 results are in very close agreement with
the reference model over the range presented.

C. Vertical excitation

In order to test the effect of the applied diabatization
scheme on the nuclear dynamics wave packet propagations
are performed with the different potentials obtained. The first
test is a vertical excitation starting from a Gaussian fit of the
vibrational ground state of the electronic ground state of
NO3.19 The Gaussian fit is determined by propagation in
imaginary time on the ground state potential of NO3. This
initial packet thus has a physical width and a sampling of the
relevant configuration space is expected during the propaga-
tion on the excited states surfaces. A Franck–Condon exci-
tation is assumed and the wave packet is put on one of the
diabatic surfaces. The propagation of this 2-mode wave-
packet on 2 coupled electronic states is performed by a stan-
dard propagation scheme using Fourier transformation.

A sensitive measure of the dynamics is the calculated
autocorrelation function which is presented in Fig. 3 for the
reference JT6 model as well as for the lower order models
JT2–JT5. The parameters used for the lower order models
are determined from the fit with 4 eV excess energy~cf.
Table III!. Additionally, the autocorrelation function for the
JT2 potential fitted with 1 eV excess energy is given. The
reference autocorrelation function~JT6!, depicted as a solid
line, is indistinguishable from the one obtained by JT5
~dashed line with open circles!. This coincidence of the JT5
and JT6 results has been observed up to 500 fs. JT4 leads to
an autocorrelation function in rather good agreement with
the reference model as seen in the figure. However, notice-
able differences can be seen in the amplitude of the oscilla-
tions. This effect becomes more pronounced at longer time
leading to an increasingly different overall envelope. The
autocorrelation function obtained by JT3 deviates signifi-
cantly from the reference leading to a dephasing of the curve
as early as after 90 fs. The model limited to second order
~fitted with data points up to 4 eV excess energy! results in

an autocorrelation function completely different from the ref-
erence system with a halving of periodicity and a much
smaller variation of the amplitude in the oscillations. An im-
provement is observed when lowering the excess energy cri-
terion for the determination of the parameters of the model
~dashed line with full triangles!. Nevertheless, the corre-
sponding autocorrelation is still significantly different from
the JT6 reference.

The spectra obtained by Fourier transformation of the
autocorrelation functions are depicted in Fig. 4. For ease of
reading the spectra for the different models have been verti-

FIG. 3. Autocorrelation functions as a function of time in fs for the refer-
ence JT6~solid line!, the lower order JTn~dashed line with open symbols!.
The autocorrelation functions obtained for the two different JT2 Hamilto-
nians are presented with dashed line and full or open triangles, respectively.

FIG. 4. Absorption spectra obtained after vertical excitation~a damping of
200 fs has been used in the autocorrelation functions!. For ease of reading,
the spectra have been vertically shifted.
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cally shifted. As already concluded from the rms values
~Table III! and the autocorrelation functions~Fig. 3!, the
spectra obtained for JT4, JT5, and JT6 are virtually identical.
The spectrum obtained for JT3 displays a shift in all peaks
and the one obtained for JT2 misses the second peak. Of
course with a vertical excitation in this model, the number of
states reachable by the wave packet is very limited but one
can nevertheless see in both the autocorrelation functions
and in the spectra that the dynamics on the model potentials
is significantly different. A reduction of the excess energy
criterion for the determination of the expansion coefficients
improves the quality of the spectra for all orders since in this
process only the low energy part of the surfaces is sampled
by the wave packet. The differences observed from the low-
ering of the order in the Jahn-Teller expansion are in agree-
ment with the conclusions drawn from the inspection of the
rms values obtained from the fitting.

D. Displaced excitation

The coupled states represented by the Jahn-Teller expan-
sion are not necessarily the bright states. For example the
first excited2E9 state of NO3 is dipole forbidden. This state
is coupled to the upper2E8 state19 and both states intersect
for displaced geometries~x and y nonzero!. This illustrates
that a wave packet might reach such coupled states by a
mechanism different to a vertical excitation from the ground
state equilibrium position, e.g., through a conical intersec-
tion. Such a wave packet will sample a different configura-
tion space compared to one that results from a vertical tran-
sition. Moreover, in the case of hot bands and two photon
excitation processes the excitation does not necessarily take
place forx50 andy50 either. This motivates the investiga-
tion of the effect of the diabatization scheme for nonvertical
excitations.

This aspect of the dynamics on the model potentials is
tested by the propagation of a displaced initial wave packet.
The initial wave packet is taken to have the same shape as in
the vertical excitation case but with a maximum located at
x5210 a.u. andy5210 a.u. This displacement is suffi-
ciently small to lead to wave-packet energies which only
deviate slightly when using JTn,n52 – 6. We emphasize that
this propagation does not represent a physical experiment.
The aim here is to show that the diabatization scheme has a
stronger effect on the dynamics particularly for larger dis-
placements from the reference geometry and at higher excess
energy.

Figure 5 shows the time evolution of the mean value^x&
which is related to the motion of the wave packet for the
different ordernmax used up to 100 fs. Here again JT2 and
JT3 lead to a very poor description of the dynamics of this
system. JT4 and JT5 show some small deviations with re-
spect to the reference but they are still small even after 100 fs
and particularly JT5 yields almost indistinguishable results.

These results show that depending on the model the con-
figuration space sampled by the wave packet is not identical.
Since the couplings between the surfaces are a function of
the coordinates, all observables related to the coupling
strength will thus be different. This becomes apparent, for
example, in Fig. 6 which presents the population of the lower

adiabatic state as a function of time for JT6, JT3, and JT4. As
a consequence of the difference in the wave-packet location
and of the difference in the coupling terms, the adiabatic
populations are also different depending on the diabatization
scheme chosen. JT5~not shown here! leads to almost the
same population evolution as the reference. Some differ-
ences, similar to the ones for JT3, although slightly smaller,
are noticed between JT4 and the reference. JT2~not shown
here! leads to a completely different population evolution
which can be improved by reducing the threshold energy
criterion from 4 to 1 eV for the determination of the param-
eter values.

The fact that the wave packet is not at the same position
at the same time might have far reaching consequences for
the treatment of realistic systems of higher dimensionality.
Indeed, in realistic systems with a larger number of coordi-
nates and electronic states, the efficiency of a transfer from
one surface to another, determined by the coupling terms and
by the energy separation, is an intricate function of the
nuclear coordinates. It is possible that significant transfer
will take place only in a rather restricted region of the con-
figuration space. In such a system a small modification in the

FIG. 5. Evolution of the mean value ofx as a function of time in fs for JT6
~full line! and lower orders~dashed line with symbols!.

FIG. 6. Evolution of the ground state adiabatic population as a function of
time in fs for the reference JT6 model~full line!, for JT3 ~dashed line with
triangles! and for JT4~dashed line with squares!.
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wave-packet shape and position induced by the diabatization
scheme can have a dramatic effect.

The comparisons made here allow to conclude that the
different diabatization schemes do have a strong influence on
the dynamics. This is clearly to be expected for the lower
order JTn models where the potentials are considerably dif-
ferent. The effects of the higher order coupling terms, be-
sides improving the representation of the adiabatic poten-
tials, will be assessed in the next section.

The results of the dynamics calculations indicate that
expanding the Jahn-Teller series up to fourth order is suffi-
cient to study the simple two-dimensionalE^ e model con-
sidered in this paper. Nevertheless, the authors want to point
out that the effect on the dynamics has only been tested for
processes strongly influenced by the lowest part of the po-
tential energy surfaces. In cases like NO3 for which the in-
tersection between the first excited2E9 and the upper2E8
state occurs at strongly displacedx and y values,19 the re-
striction to the fourth order is expected to be insufficient.

IV. APPROXIMATIONS TO JT6

A. Symmetry adapted approximation „SAP6…

In the derivation of the JTn models all possible cou-
plings up to ordern are systematically included. For this
reason one could consider the JTn models as a balanced de-
scription of the diagonal and off-diagonal elements of the
potential matrix. The significance of the higher order cou-
pling terms has been assessed by setting up an alternative
model in which all coupling termsW(n) and Z(n) with n
.2 are ignored. The full Hamiltonian potential matrix of the
SAPm models wherem is the maximum order of the expan-
sion reads as

H5 (
n50

2
1

n! H S V~n! 0

0 V~n!D 1S W~n! Z~n!

Z~n! 2W~n!D J
1 (

n53

m
1

n! S Va
~n! 0

0 Vb
~n!D . ~13!

The matrix elementsV(n), W(n), and Z(n) are the same as
given in Eqs.~10!–~12!. However, to allow for the descrip-
tion of the different anharmonicity of the two adiabatic po-
tential surfaces the higher order diagonal elementsVa

(n) and
Vb

(n) are parametrized with different expansion coefficients.
This Hamiltonian ~up to sixth order!, which respects the
symmetry of the system contains 14 parameters, determined
using the same procedure as for the lower order Jahn-Teller
Hamiltonians. The corresponding numerical values are given
in Table IV.

The quality of the fits for different orders of the SAPm
(m53,...,6) model as well as for different excess energies
has been studied in the same way as for the JTn series pre-
sented in Sec. III. Table V summarizes the dependence of the
obtained maximum and rms errors. The SAP3 model results
in errors comparable to JT3, although slightly larger. How-
ever, the performance of the SAP6 model is less encourag-
ing. For lower excess energy SAP6 gives errors comparable
to JT4 only, though for 4 eV the SAP6 model performs
slightly better than JT4. As for JTn, the dependence of the
errors as a function of the excess energy is found to be nearly
linear. The comparison of the errors with those of Table III
already indicates that for the same order of the expansion,
addition of higher order coupling terms leads to a better rep-
resentation of the adiabatic potential surfaces. A higher order
m in the expansion in the SAPm models would be required to
obtain errors similar to a JTn model.

While the differences in the adiabatic potentials are only
quantitative, the coupling is qualitatively different between
SAPm and the JT6 reference. Figure 7 presents the cut along
they coordinate of the diabatic coupling term. Similar to the
JT2 model, the approximative model SAP6 leads to a
straight line for this cut. However, the slope at the origin is a
much better approximation to the reference JT6 than the JT2
~cf. Fig. 2!. Nevertheless, the off-diagonal coupling of SAP6
is incorrect for regions beyond625 a.u., where the coupling
element of the reference JT6 model is not linear anymore.

Dynamical studies on the SAP6 surfaces have been per-
formed in order to assess the significance of the different
coupling patterns. For the autocorrelation function after a
vertical excitation, deviations of the same magnitude as the

TABLE IV. Parameters for the approximate model SAP6~a.u.!.

a1
(0) a1

(2) l1
(1) l1

(2)

7.411310202 4.038310205 1.850310204 26.562310206

n

Va
(n) Vb

(n)

a1
(n) a2

(n) a1
(n) a2

(n)

3 26.7673 10207 — 24.1213 10207 —
4 1.0023 10208 — 3.7803 10208 —
5 21.1963 10209 — 21.0833 10210 —
6 1.1483 10211 5.960310211 21.3133 10211 25.606310211

TABLE V. Errors in ~eV! for different excess energies of different-order SAP Hamiltonians~SAP3–SAP6! and approximate model~AP6! with respect to the
JT6 model.

Exc. En.
~eV!

SAP3 SAP4 SAP5 SAP6 AP6

max. rms max. rms max. rms max. rms max. rms

1.0 0.0596 0.0194 0.0137 0.0052 0.0122 0.0048 0.0041 0.0017 0.0016 0.0005
2.0 0.1513 0.0452 0.0335 0.0121 0.0346 0.0105 0.0097 0.0044 0.0030 0.0014
3.0 0.2229 0.0666 0.0762 0.0225 0.0526 0.0147 0.0141 0.0064 0.0076 0.0026
4.0 0.3244 0.0924 0.1235 0.0333 0.0712 0.0197 0.0187 0.0078 0.0098 0.0042
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ones seen for JT4 are observed~cf. Fig. 8!. This is consistent
with the conclusions drawn from the rms errors of Table V.
In the corresponding spectrum, presented in Fig. 9, one can
notice a slight modification of the shape of the second and
third peak as well as additional low intensity features at
higher energies.

The evolution of the mean valuêx& after a displaced
excitation is given in Fig. 10. The differences with respect to
the reference model are similar to the ones observed for JT3
and much larger that those seen for JT4. This result is not
obvious from the inspection of the rms errors which rank
SAP6 as a better fit than JT4. It reflects the effect of the
nonlinearity of the coupling which is ignored in the SAP6
model and which apparently plays a role even for rather
moderately displaced excitation. Similar to the JTn series,
the differences in the position and shape of the wave packet
are also reflected in the adiabatic population. Like for the
evolution of^x& SAP6 performs as poor as JT3 for the time-
dependence of the adiabatic population.

B. Ad hoc approximation „AP6…

As the least rigorous model an ad hoc approximation has
been tested. This approximative model will be referred to as
‘‘AP6’’ in the following. It is obtained similarly to the SAP6
model but to account for the pronounced anharmonicity of
the system simple powers ofx andy are added on the diag-
onal instead of theV(n) matrix elements. The full Hamil-
tonian potential matrix reads as

FIG. 7. Diabatic coupling matrix elements in eV alongy for the models
SAP6 ~dashed lines with open circles! and AP6 ~dashed lines with open
squares! with respect to the reference model JT6~solid line!.

FIG. 8. Autocorrelation functions as a function of time in fs for the refer-
ence JT6~solid line!, the approximative SAP6~dashed line with open
circles! and the approximative AP6~dashed line with open squares!.

FIG. 9. Absorption spectra obtained after vertical excitation~a damping of
200 fs has been used in the autocorrelation functions!. For ease of reading,
the spectra have been vertically shifted.

FIG. 10. Evolution of the mean value ofx as a function of time in fs for JT6
~full line!, SAP6~dashed line with open circles!, and AP6~dashed line with
open squares!.
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H5 (
n50

2
1

n! H S V~n! 0

0 V~n!D 1S W~n! Z~n!

Z~n! 2W~n!D J
1 (

n53

6
1

n! S S~n! 0

0 T~n!D . ~14!

The parametrization of the extra diagonal elements of the
potential energy cuts alongx andy is given by

S~3!5sx
~3!x3, ~15a!

S~4!5sx
~4!x41sy

~4!y4, ~15b!

S~5!5sx
~5!x5, ~15c!

S~6!5sx
~6!x61sy

~6!y6, ~15d!

T~3!5tx
~3!x3, ~15e!

T~4!5tx
~4!x41ty

~4!y4, ~15f!

T~5!5tx
~5!x5, ~15g!

T~6!5tx
~6!x61ty

~6!y6. ~15h!

The missing odd powers ofy reflect the symmetry with re-
spect to theĈ2 rotations and theŝv mirror planes. The ca-
pability of the AP6 model to represent the data points is
reflected in the maximum and rms errors which are given in
Table V. It is observed that AP6 results in fitting errors
slightly larger than JT5 but clearly better than JT4 and SAP6,
especially for the absolute errors at higher excess energies.
Thus it can be expected that the true adiabatic potentials can
be represented well enough by AP6 to yield accurate dynam-
ics results. However, as can be seen from Figs. 8, 9, and 10
the AP6 model shows even larger deviations from the JT6
reference than the SAP6 model. Even worse, it turns out that
by deliberately adding terms on the diagonal in the real rep-
resentation the symmetry of the Hamiltonian is violated.
Thus, such ad hoc corrections are to be strictly avoided.

V. CONCLUSIONS

In this article the effect of higher order Jahn-Teller cou-
pling terms on the dynamics has been tested. The diabatic
Jahn-Teller Hamiltonian matrix~JT6! is presented up to sixth
order in both the complex and real representation. Numerical
comparative tests have been performed with a two-
dimensional JT6 Hamiltonian matrix based on the strongly
anharmonice8 stretching vibration of the2E8 state of NO3.
This JT6 reference model is compared to lower order Jahn-
Teller Hamiltonians and to approximate models which repro-
duce the anharmonicity alongx and y cuts of the potential
curves via introduction of ad hoc diagonal terms. The quality
of the representation of the JT6 reference by lower order
expansions and by the approximative SAPm and AP6 models
has been assessed by inspection of the adiabatic potential
surfaces and of dynamical quantities. The quality of the rep-
resentation is found to increase exponentially with the order
in the JT expansion. For the presented system and the tested
dynamical processes the fourth order model~JT4! is almost
converged with respect to the reference whereas the second

order approximation is found to be rather inaccurate. The
approximative models SAP6 and AP6 correspond to an im-
provement with respect to the second order model but even if
the adiabatic cuts alongx andy are found to be nearly iden-
tical to the reference curves, the dynamics is significantly
different. For both approximations pronounced differences
are observed for all dynamical properties, namely in the au-
tocorrelation functions, in the spectra, in the mean position
values, and in the electronic adiabatic populations. For the
SAP6 model, these differences are related to the unbalanced
description in the diabatic potential matrix, i.e., the lack of
higher order coupling terms. For AP6, these differences are
aggravated due to the fact that AP6 violates theĈ3 symmetry
requirements. We point out that the cost of creation of the
two models JT6 and AP6 is identical since~i! the number of
parameters is the same for both models~16 parameters! and
~ii ! the amount ofab initio energy points in order to deter-
mine the parameters is also the same. Thus using the AP6
approximation has no advantage over the use of the correct
JT6 Hamiltonian. The creation of the SAP6, needing 14 pa-
rameters, is slightly cheaper compared to JT6. However, it
leads to a noticeably inferior fitting and the lack of higher
order coupling in the diabatic potential matrix has a strong
effect on the dynamics.

The dynamical differences observed for the investigated
models, particularly the sampling of different configuration
spaces and consequently the different evolution of adiabatic
populations, are expected to be stronger for larger, realistic
systems. For the study of the latter only a very accurate
representation of the potential energies and the couplings is
likely to yield reasonably accurate results.

The presented examples of AP6 and SAP6 demonstrate
that the quality of different diabatization schemes cannot be
reliably judged by comparison with a limited set ofab initio
data only. To find the deficiencies one would need to sample
a more extensive data set on a multidimensional grid. In
contrast, the JTnn52 – 6 models, being based on symmetry
considerations and on a systematic and balanced expansion
of the potential matrix, lead to much more systematic results.
Due to the symmetry restrictions these models are confined
to represent data points not even included in the data set and
thus fewer data points are needed to obtain reliable represen-
tations of the multidimensional potential functions. For these
reasons we propose that the use of higher order JTn expan-
sions is preferable over unbalance approaches like SAPm.
Application to the physical NO3 system in full dimensional-
ity is in progress.19
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TABLE VI. Parameters for the ‘‘JTn’’n52 – 5 models in~a.u.! obtained with an energy criterion of 4 eV for
the fitting data. For the JT2 the values obtained with an energy criterion of 1 eV are given in@ #.

n a1
(n) l1

(n) l2
(n)

JT5
0 7.4113 10202 — —
1 — 2.1423 10204 —
2 4.0153 10205 28.6603 10206 —
3 22.6783 10207 23.1553 10207 —
4 2.5183 10208 21.4163 10209 4.5723 10209

5 27.3253 10210 21.1103 10211 2.1943 10210

JT4
0 7.4113 10202 — —
1 — 2.0683 10204 —
2 4.1493 10205 29.3063 10206 —
3 23.4363 10207 22.6993 10207 —
4 1.9863 10208 21.5293 10209 7.2643 10209

JT3
0 7.4113 10202 — —
1 — 2.1623 10204 —
2 4.7903 10205 26.4013 10206 —
3 22.9943 10207 22.8493 10207 —

JT2
0 7.4113 10202 — —
1 — 22.5943 10206@1.444310204# —
2 4.3263 10205@4.135310205# 25.9783 10206@27.483310206# —
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