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Effects of higher order Jahn-Teller coupling on the nuclear dynamics
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Lehrstuhl fu Theoretische Chemie, Technische Univetsifainchen, D-85747 Garching, Germany
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In this paper effects of higher order Jahn-Teller coupling terms on the nonadiabatic dynamics are
studied. Of particular interest is the case when the potential energy surfaces of the degenerate state
show pronounced anharmonicity. In order to demonstrate the effects a two-dimenSieeal
Jahn-Teller model system is treated which is based oe'tls¢retching vibration of the photoactive

2E’ state of NQ as a realistic example. The sixth orde® e Jahn-Teller Hamiltonian is derived in

the diabatic representation which is valid for any system wi@saotation axis. This diabatization
scheme is compared to lower-order Jahn-Teller Hamiltonians and to symmetry adapted as well as ad
hoc approximations. Lower-order potentials result in pronounced quantitative and qualitative
differences in the dynamics, including differences in the evolution of mean values, the
autocorrelation functiongand thus the corresponding spegtrand the electronic population
evolution. In the particular example treated, the results of fourth and fifth order potentials are very
similar to the sixth order reference system. In contrast, the approximate sixth order Hamiltonians,
though the corresponding adiabatic surfaces seem to be nearly identical, results in pronounced
differences. The possible consequences for the dynamics of realistic systems with higher
dimensionality are briefly discussed. @004 American Institute of Physics.

[DOI: 10.1063/1.1646371

I. INTRODUCTION coupling between surfaces are rather unfavorable for the
practical treatment of the nuclear dynamics. One possible
Nonadiabatic dynamics plays an important role in thesolution is to construct diabatic states which have a smoother
physics and chemistry of excited states. While the electronibehavior with respect to nuclear distortions and remove the
ground state of most chemical systems is energetically wellliscontinuities in the derivatives. However, in general it is
separated from higher electronic statasleast in the equi- not possible to uniquely define strictly diabatic stifeand
librium region), this is often not the case for excited states.thus a number of different approaches were suggested in the
One of the consequences can be the breakdown of the Borrliterature® The coupling between adiabatic states can be di-
OppenheimeBO) approximation for which conical inter- rectly computed byab initio calculations'® However, this is
sections are a prominent example. A particularly simple caseomputationally very demanding and is only suitable for
are degenerate electronic states which are due to the higlery small systems which do not pose any problems in the
symmetry of the molecular system. solution of the electronic structure. Another approach is to
Whenever electronic states are energetically well sepaise some property of the wave functiofaspole moments,
rated nuclear and electronic motions are essentially untransition dipole moments,Cl coefficient§) for a small
coupled and the BO approximation is valid. In this case thenumber of adiabatic states and construct diabatic states by
nuclear dynamics is mainly determined by a single potentiaimposing the condition that the chosen property has to vary
energy surfacéPES. However, in regions where the ener- smoothly over the entire range of the coordinate space. A
getic separation of electronic states becomes small the dritical review of such methods was given by Dobbyn and
namical ornonadiabaticcoupling between them, induced by Knowles? Several further diabatization schemes in this spirit
the nuclear motion, can become extremely strong and can nsere suggested in the literature and a brief overview can be
longer be ignored. In this situation the curvature of the adiafound in a recent paper of Thiel and”fel° A more ex-
batic PES’s becomes strongly dependent on the nuclear céensive review was published by Pacher, Cederbaum, and
ordinates and even cusfore precisely discontinuities of Koppel?
partial derivatives are observed at the conical intersection. ~ The method used in the present paper can be called “dia-
In such a region the nuclear dynamics is determined by morBatization by ansatz” and does not require properties of the
than one PES and the coupling strength controls the ele&l€ctronic wave function. The diabatic potential energy ma-
tronic population transfer between different states. trix is derived by expanding the state energies in a Taylor

The cusps in the adiabatic representation and the Stron@eries of the nuclgar cqordinates, taking into_accqunt the f_uII
symmetry of the investigated system. The diabatic potential

matrix is connected to the adiabatic one by the unitary trans-
%ormation that diagonalizes the diabatic matrix. This ap-
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(nonlineaj molecules is due to vibronic coupling. Particu- tion of overall rotation &, ande”) and translation &; and
larly the vibronic coupling approach which includes only thee’) can only transform likea;, €', and a; for the AB;
first nonvanishing coupling terms is widely used, e.g., bysystem(it is customary to label thé&';’s for coordinates by
Koppel, Domcke, and Cederbaufto study the nuclear dy- small and for electronic states by capital letieidore pre-
namics of systems with coupled electronic states. A significisely, two of the internal motions of the ABystem trans-
cant advantage of such a diabatization is that only the adigorm ase’ (asymmetric stretching and bendjrand the re-
batic state energies are needed but no explicit informatiomaining internal degrees of freedom transform as
about the electronic wave functions is necessary. In practicesymmetric stretchinganda’ (“umbrella”). Thus the degen-
the parameters of the diabatic matrix are determined by aracy of bothE’ andE” electronic states is lifted by twe’
least-squares fitting procedure of its eigenvalues to the adianotions each. The degeneracy of the states means that there
batic energies which can be calculated by stan@drdhitio  exist two linearly independent eigenvectors to the same ei-
electronic structure methods. genvalue of the electronic Hamiltonian, labelp#,) and

In this work we present a study of the effect of higher|¥,), which span a two-dimensional subspace. Every nor-
order Jahn-Teller coupling terms. In particular we investigatanalized linear combinatiorfvector of this subspagewill
the case when the potential energy surfaces of the degenerafgo be an eigenfunction to the same eigenvalue. Thus we
state show pronounced anharmonicity. To this end the fulljhave the freedom to perform arbitrary unitary transforma-
coupled diabatic potential matrix for a generBly;, or  tions on such vectors. The same is true for the two-
Cs3, E®e system is derived as a Taylor expansion up to sixthdimensional subspace formed by the compongraady of
order. This sixth order potential matrix is compared to Jahnthe e’ modes. Exactly this will be utilized in the following
Teller expansions of lower order. We also test different ap-derivation of the Jahn-Teller Hamiltonian for &w®e cou-
proximations which are based on the well known secondpling of an arbitrary AB system. This approach uses the
order Jahn-Teller Hamiltonian which is augmented by higheideas of Longuet—Higgins about the dependence of the elec-
order terms on the diagonal on{in real representatiorto  tronic wave function on the nuclear coordinat@s.
account for anharmonicity.

This paper is organized as follows: In Sec. Il the higher
order Jahn-Teller terms are derived by symmetry consider-
ations. The corresponding potential matrices are given in
both complex and real representations. The different JahrB. Selection rules in complex representation
Teller orders are tested in Sec. lll, where wave-packet propa- b LA . .
gations allow the direct comparison of the dynamics on these The total HamiltonianH must be invariant under the

models. Similarly, models approximating the Jahn-Teller exSYMmetry operationsS of the nuclear point group since

pansions are tested in Sec. IV. Our findings and conclusionld?:S]=0. Now we wish to express the potential energies
will be briefly discussed and summarized in Sec. V. used inH, which are determined by the eigenvalues of the
electronic HamiltoniarH, at given nuclear geometries, by a
Taylor expansion in the nuclear coordinates. The invariance
condition allows the straightforward derivation of the nonva-
A. Symmetry nishing terms in this expansion. To this end it is beneficial to
transform the nuclear coordinates belonging to the degener-
ate mode and the eigenvectors of the degenerate electronic
te to Erhe complex representation by the unitary transfor-
tionU',

Il. HIGHER ORDER JAHN-TELLER COUPLINGS

In this section the Hamiltonian matrix for the well-
known E®e Jahn-Teller system up to sixth order will be
developed. In this case a doubly degenerate electronic state$
coupled by a set of nuclear coordinates belonging to a def@
generate vibrational mode. This situation can arise for all
molecules with a symmetry point group containingrafold X 1 i
axis with n=3. A particularly simple example is a general \/EUT( >:<1 )
AB; molecule for which the global potential energy function y -
(and thus the Hamiltoniamecessarily is oD 3, symmetry.

In Sec. Ill we will use the N@radical as an example. It has and

a planarDy, ground state gzeometry and low-lying excited

;e(lﬁga(i):lc states ofE a_nd E_ symmetry. However, thg ] 1 (W +i(,| v, |
g symmetry considerations and obtained expressions UT\P(X = UT( ) — _( A Hy ) :( )

are generally valid for anfE®e system containing &5 Y <‘I'y| \/5 <q'x|_'<‘1’y| (¥_|

rotation axis. B 5

The D3, group contains as symmetry operators besides =W 2
the trivial unit operator ) a rotation by 2r/3(Cs), three
rotations byw/2 (C,), three reflections on mirror planes in- In the complex representation the coordinafs and Q_
tersecting along th€; axis (7,), and the reflection on the and the state function@l .| and(¥ _| are eigenfunctions of
plane perpendicular to the; axis (,). The irreducible rep- the symmetry operatd€; (rotation by 27/3) with eigenval-
resentationd’; of the group aréd;, A5, E’, A7, A7, and uese™ 23, Thus, a rotation of #/3 transforms the complex
E” but the six dynamic variables which remain after separacoordinates as

X
y

D

i)l

x—iy/ | Q_
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TABLE I. Nonvanishing terms of the Hamiltonian matrix in complex rep- the electronic Hamiltonian in the real representation, includ-

resentation. ing all Jahn-Teller couplings up to sixth order, is obtained by
Order DiagonaH, . =H__ Off-diagonalH, _=(H_,)* the back transformation
2Q° — O =yt yt t —pt
0 QiQ? o He=WLUTUH. UTUW. =W HW,, . 8
2 Qi Q2Q° This leads to the factorized expression
3 Q%Q% andQ%Q? QiQ?
4 Q2Q? Q°Q* andQ®Q! H=UH_U"
5 Q4Q! andQlQ* Q2Q% andQ3Q°
6 Q°Q° andQ?Q* andQ®Q® QL Q% andQt Q? S 1 (({V™ 0 wm o zm
“&aill o w/tlzm ye|] @

for the potential matrix{ where\X" contains the diagonal
- _ ot 2qil3 - _ a-2mif3 elements[Egs. (10)], corresponding to the potential in the
CiQ.=e Q:+ andCQ-=e Q- ®  absence of the Jahn-Teller effert’™ the diagonal, an&™
The electronic wave functions are transformed accordinglythe off-diagonal coupling elemenf&qgs. (11) and (12)] for
by the rotation as each orden in the real representation. The matrix elements
- , - . of V, W, and Z up to sixth order are given b
oW, |=e" 23w | and Cy(W |=e 23w | (4a P Jveny
. _ . , VWO=a?, (109
Cal¥. )=e 2"RW. ) and C4l¥_)=e"2" W _). (4b)

The representation of the electronic Hamiltonian in the ~ VV=0, (10b)
{|¥,),|¥_)} basis is given by
W2 =a?[x?*+y?], (100
Hoy=WlH.W. = |T)H (¥ | (i,j=+,—) )
TEETET YO W =a®[2x3—6xy?], (10d)
and the matrix eIementlslij=(\Ifi|I:|e||‘lfj>(i,j=+,—) are b area p o 4
expanded in Taylor series up to sixth ordeiQn , Q_ . For VW =al[x*+2xy?+y*], (108
exampleH , , is expanded as

6 o) VO =aP[2x°— 4x3y?— 6xy*], (10f)
o= > P Qg ©
et (pr)t T WO =a 2x6 - 30x%y2+ 302y — 2y°]
Each term in the expansion E() has to fuffill the invari- +al®[x8+ 3x%y2+ 3x2y4 + O], (109
ance condition under the symmetry operations and therefore
most of the expansion coefficients are zero. For example, WO =0, (119
é W P QU (| | =g 2mi/3g(+p)2mi/3g(~q)2mi/3g2mi/3
3| ¥ )QL QW | W=\ Py, (11b
x|, )QR QI(W | ()
(2
can contribute only for|§,q) combinations which fulfill the W2 =\PxP-y?, (119
condition (p—qg)mod(3)=0 because only in this case the
phase factor of Eq(7) is unity. The same procedure is re- W =\P[x®+xy?], (119
peated for the remaining elements of the Hamiltonian
[Eq. (5)], resulting in ten nonvanishing diagonal and nine W4 =\{"[x*—6x2y2+y*]+ 5" [x*~y*], (118
nonvanishing off-diagonal terms. These terms are summa-
rized .in Tab!e l. 3 N W5)=7\(15)[X5—10x3y2+5xy4]
Finally, it needs to be verified that the surviving terms
also fulfill the invariance condition for all other symmetry +)\(25)[x5+ 2x3y2+xy*], (11f)

operators belonging to the nuclear point group. However, it
is easier to do this in the real representation of coordinates Wﬁ):)\‘le)[xs—5x4y2—5x2y4+ y8]
and wave functions since y and(¥,|, (¥,| are eigenfunc-

tions of C,, &,, andoy, . AT+ Y2 - Pyt —ye], (119
z0=0, (129
C. Hamiltonian in real representation
1)y (1)
The coordinates of choice for the dynamics treatment as Z0=21, (12b)
well as for theab initio computation of electronic energies 2 @
are the real variablesandy. The matrix representatioch of 2= -2\ "xy, (129
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Z(S): )\(13)[X2y+y3], (12d) TABLE II. Parameters for the JT6 model {a.u).

. . n a(1n) a(zn) )\(1”) )\(Zn)
ZW=\P4axCy — axy* 1+ AP —2xPy —2xy®],  (12¢ o 1 — — —
1 — — 2.121x 10°% —
ZO=\P[—5xy+10x%y3—y%] 2 4.046x 107 — ~8.422% 10°% —
3 —-2626x10% — —2.948% 1077 —

Aty +2x2y3+y5], (12f) 4 2.264x 107 — ~2.322x 107 3.270x 10"

5 —7.901x 10 % — —4.018x 10" 1.544x 10°1°

6 —6.701x 107 1.151x10°'*  6.512%x 10 ? 4.626% 10 *?

2O =)\ O4ax5y —4xy®]

+ NP —2x5y — 4x3y— 2xy®]. (129

It remains to be tested whether the derived Hamiltonian mal? Sec. Il. However, though the treatment of the Jahn-Teller
trix also fulfills the invariance condition with respect to the €ffect is well studied in generaf;*"to the best of our know!-
62, &,, and &, operations. It is found that is an eigen- edge the present ;tudy is the fi.rst example to e'xtend the
function with eigenvaluet 1 with respect to all operators. In Jahn-Teller expansion beyond third order. Alternatively, the
contrasty has eigenvalues of 1 for 62 ando, but +1 for so-_calle(_iregularlzed (_1||abat|zat|qrcould_ b_e applied as d.G'
&,. The eigenvalues corresponding [t¥,) and |¥,) de- scribed in Ref. 10. This method is not limited to any particu-
pend on the actual electronic state. For a staIE’osﬁ))//mme— lar functional form of the adiabatic or diabatic potentials but
try the action of the operators are as follows; results in can only be app!led .'f the region of interest encompasses
eigenvaluest1 for both components while the other opera- only a single conical intersection.

tors yield+1 for |W,) and—1 for|¥). For anE” state only h ",1 orderht_o appgy the fo;mha:éllér,n preser;tﬁd n :ec. Il to
the action ofay, is different because it gives eigenvalues ofthe e’ stretching vibration of t state of NQ, the ex-

—1 for both state components. With these properties the inpansion coefficients (?f the digpatic poteptial maffigs.
variance condition is verified analog to E@), using the real (10)_(_12)] are_determlned by f|tt|ng_ t_h_e elgenvalue§ of the
representation for the matrix elements and coordinates. As %otennal matrix[Eq. (9)] to the ab initio results, using a
result all the diagonal termiEgs. (10) and (11)] can only Levenberg—Marquardt least squares procedure. Thus, both
contain even powers of while the off-diagonal termEqs components of the state are fitted simultaneously along both

(12)] must only have odd powers gf Due to the form of Eq. coordinates. The root mean-squares efrors) of this fit is

(7) these rules are independent of the transformation propeﬁ'25 107" eV which .sr_lgws that the applied JT—Hamlltqn!an
ties of the electronic wave function with respectaqg and can represent thab initio data very well. Furthermore it is

are thus the same fd&' andE” states. It is easily verified known that for NQ there is also strong pseudo-Jahn-Teller

. ’ !
that the derived Hamiltonian follows these rules and is thuép‘m couphgghplrjgs_(rar?t b(_at\{veen i grglund and théE h
invariant under all symmetry operations of tBg;, group. state treated here.Thus It is a reasonable assumption that

the remaining error is due to a large extent to the neglect of

this additional coupling. The inclusion of the PJT coupling
IIl. APPLICATION: A COMPARATIVE STUDY effect will be necessary for a correct treatment of the physi-
A. nth order Jahn-Teller models  (JTn) cgl system NQ@ and is 'ea5|ly achieved following the tech-

nigues demonstrated in Sec. Il. However, for the present

The effect of using the expansion presented in Sec. Il isnodel study it has been omitted because it would only ob-
tested on a two-dimensionkl® e Jahn-Teller model system scure matters. By excluding the PJT effects a reference
which represents the’ stretching vibration of the photoac- model for the pure JT coupling is obtained which is the sub-
tive 2E’ state of NQ. The necessary data to determine theject of this study. Thus, it should be kept in mind that this
Hamiltonian matrix parameters are obtained from high qualmodel does not aim for a perfect description of the physics of
ity ab initio MR-SDCI calculations. To this end first the Car- the NO; system. In the following this model, including all
tesian normal mode coordinates of the electronic groundahn-Teller coupling terms up to sixth order, will be referred
state €A;) were determined’ Then cuts along th& andy  to as “JT6.” Table Il gives the numerical values of the pa-
components of the asymmetr® stretching vibration were rameters for the JT6 model.
calculated for both thég,, andZE; components of the sec- The quality of the fits for lower order Jahn-Teller Hamil-
ond excited state. The same electronic structure methodsnians, denoted by JT2-JT5 and containing only terms of
were used as described in detail in Ref. 15. The degeneraeyders up ton,,,, was studied by fitting these models with
is lifted along bothx andy as expected for a Jahn-Teller respect to data points obtained by the JT6 Hamiltonian taken
coupling case. This particular system was chosen as a teas a reference. The model data was chosen as reference
model because of the pronounced anharmonicity ofBle  mainly in order to test the effect of the diabatization scheme
state of NQ, especially along th& component. In this case rather than to study the quality of the fit to the physical
a vibronic coupling approac¢hlimited to the first nonvanish- system NQ. Different fits were performed which are distin-
ing coupling terms and to the harmonic approximation canguished by the different excess energies of data points in-
not be expected to be very reliable. cluded in the fitting data. In this way information is obtained
One feasible solution to account for the anharmonicity isabout the energy range in which the respective model can be

to extend the Jahn-Teller model to higher order as explainedxpected to yield reliable quantitative results. Table 11l pre-
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TABLE lIl. Errors in (eV) for different excess energies of lower-order Jahn- 6
Teller HamiltonianJT2-JT5 with respect to the JT6 model. - IT4/TT6
5_
>
Exc. JT2 JT3 JT4 JT5 Co ¢
En. 34-
(ev) max. rms max. rms max. rms max. rms g 3
o 3
1.0 0.1974 0.0549 0.0285 0.0105 0.0040 0.0015 0.0002 0.0001 s
2.0 0.5181 0.1722 0.0990 0.0360 0.0182 0.0067 0.0022 0.0008 2k
3.0 0.7439 0.2364 0.1808 0.0562 0.0401 0.0139 0.0036 0.0013
4.0 1.0969 0.3306 0.2746 0.0816 0.0623 0.0217 0.0059 0.0021 6
[ JT3/JT6

W
M |

sents the dependence of the err@rsaximum absolute and
rms error$, computed for the respective fitting data along the

Energy [eV]
N
T

[
|

x andy cuts, with respect to both the highest order kept in the I
expansion of the potential matrpEgs. (10)—(12)] and the 2k
excess energy of the reference points taken into account for

the fitting. An exponential decrease of the errors is observed 6%
as a function of the orden,,,, for all excess energies tested. Jih

The dependence of the errors as a function of the excess
energy is found to be nearly linear, decreasing as the excess
energy decreases. This trend is easily explained by the fact
that the anharmonicity of the potential surfaces depends di-
rectly on the energy range considered. From the values of the ok, L, S ST
rms errors obtained for this particular system it can be ex- 80 -60 -40 -20 0 20 40 60 80
pected that models including all terms up to order four ancLIG. 1. Adiabatic potential energy surfaces in eV alorgpordinate for the
higher will give very similar results for processes which in- models JT2, JT3, and JTdashed lines with open circlesompared to the
volve only small excess energies. For example, the rms ofT6 reference modebolid lines.

the JT4 potential is<1% of the excess energy if only points

below 2 eV are considered. However, for processes that

sample high energy regions of the potential even with jTfifferent orders of the Jahn-Teller expansion. The reference
and JT5 noticeable differences may result. JT6 data is indicated by a solid line whereas the lower order

models are depicted as dashed lines with open symbols. Only

the coupling alongy is depicted because the coupling along

is identically zero due to symmetry. From Fig. 2 it becomes
Cuts of the adiabatic potential energy surfaces al®ng apparent that the diabatic coupling shows a strongly nonlin-

are presented in Fig. 1 for the reference JT6, the lower ordesar behavior in the coordinate range investigated. In stark

JT2-JT4 models. The curves of the JT5 model along Both contrast the coupling of the well-known JT2 model gives a

andy are indistinguishable from the JT6 curves on the scalgtraight line because the coupling is linearyitfor this cut.

of the figure and thus are not depicted. The reference JT$he coupling of the reference JT6 Hamiltonian is roughly

potentials are indicated by solid lines whereas dashed lingfear between+25 a.u. But even in this range the JT2 is
and open circles have been used for the lower order models.

If not mentioned otherwise, the values of the parameters
used are the ones obtained by fitting all data including points ¢,

Energy [eV]
'
T

[
T

B. Potential energy surfaces

— JT6

up to 4 eV of excess energy. All parameter values except for O -0IJT5
the JT6 reference model are given in the Appendix. The er- E:Eg‘;
rors given in Table IIl also become apparent in Fig. 1. It is 0. V=V II2 -

. S --wJT2 (leV
clearly seen that even at very low energies the JT2 potentials > voov IRz den)

give a very poor representation of the reference curves and at =
higher energies the deviations become fairly disastrous. In § 00
contrast, the JT3 curves resemble the reference data muchd
better and differ only moderately within the depicted range 0.1
of x. The deviations of the JT4 potentials are so small that

they are hardly visible in the figure. However, for energies ,
much higher than 6 eVi.e., excess energy4 eV) the dif- 02r L X
ferences are still significant. We note that e initio cuts 80 60 40 20 g ha X 0%
are also indistinguishable from the JT6 curves on this scale. -

Inspection of the potential cuts aloygesult in similar con-  FIG. 2. Diabatic coupling matrix elements in eV alogdor the models
clusions JT2-JT5(dashed lines with open symbplwith respect to the reference
L . model JT6(solid line). The coupling matrix element for JT2 obtained with
Figure 2 presents the cuts along theoordinate of the  an excess energy criterion of only 1 eV is presented as a dashed line with

diabatic coupling ternfoff-diagonal matrix elementfor the filled triangles.

z
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guantitatively inaccurate as becomes obvious from the differ- 1.
ent slopes at the origin. An improvement of the JT2 is seen
when using a lower energy criterion for the fitting procedure.
The slope corresponding to the fit including only data points
up to 1 eV excess energgashed line with filled trianglgss

in significantly better agreement with the reference but still
far from being a good approximation to JT6. The range of
+25 a.u. is found to be smaller than the width of the initial

vibrational ground state wave function. Thus the wave
packet will definitely sample a configuration space extending
into a region where the coupling is certainly not linear any- TR
more. This indicates that JT2 can hardly be a very reliable 06 L . .
model for the nonadiabatic nuclear dynamics of such a sys- -0 10 20 30 40 50

tem. Ifs]

Going only one order higher in the Jahn-Teller expan-FIG. 3. Autocorrelation functions as a function of time in fs for the refer-
SN (T3 fesuls I at least UGN the cotect Shape of e 10 s o b o v o 75
S_Osuc?gng (\:I\lljf:l\;eh !-:r?ezs;:(;)Stlfgi&lee)?ceevgztg)nne?gcjz;sagro(i:‘tlr:)%éans are presented with dashed line and full or open triangles, respectively.
eV. However, beyond 50 a.u. the deviations from the JT6

reference quickly become considerable and will affect they, gtocorrelation function completely different from the ref-
dynamms calculations. The same is true for the JT4 eXPalsrence system with a halving of periodicity and a much
sion. Only the JTS results are in very close agreement Witymajjer variation of the amplitude in the oscillations. An im-
the reference model over the range presented. provement is observed when lowering the excess energy cri-
terion for the determination of the parameters of the model
(dashed line with full triangles Nevertheless, the corre-

In order to test the effect of the applied diabatizationsponding autocorrelation is still significantly different from
scheme on the nuclear dynamics wave packet propagatiofige JT6 reference.
are performed with the different potentials obtained. The first  The spectra obtained by Fourier transformation of the
test is a vertical excitation starting from a Gaussian fit of theautocorrelation functions are depicted in Fig. 4. For ease of
vibrational ground state of the electronic ground state ofeading the spectra for the different models have been verti-
NO;.'® The Gaussian fit is determined by propagation in
imaginary time on the ground state potential of NO'his
initial packet thus has a physical width and a sampling of the
relevant configuration space is expected during the propaga-
tion on the excited states surfaces. A Franck—Condon exci-
tation is assumed and the wave packet is put on one of the
diabatic surfaces. The propagation of this 2-mode wave-
packet on 2 coupled electronic states is performed by a stan-
dard propagation scheme using Fourier transformation.

A sensitive measure of the dynamics is the calculated
autocorrelation function which is presented in Fig. 3 for the
reference JT6 model as well as for the lower order models
JT2-JT5. The parameters used for the lower order models
are determined from the fit with 4 eV excess enefg
Table Ill). Additionally, the autocorrelation function for the
JT2 potential fitted with 1 eV excess energy is given. The
reference autocorrelation functiqdT6), depicted as a solid
line, is indistinguishable from the one obtained by JT5
(dashed line with open circlgsThis coincidence of the JT5
and JT6 results has been observed up to 500 fs. JT4 leads to
an autocorrelation function in rather good agreement with
the reference model as seen in the figure. However, notice-
able differences can be seen in the amplitude of the oscilla-

o
=)

o
~J
T

Autocorrelation function
[l
[
T

C. Vertical excitation

Intensity

tions. This effect becomes more pronounced at longer time _J . . AL TK6 7]
leading to an increasingly different overall envelope. The 22 24 26 28 3
autocorrelation function obtained by JT3 deviates signifi- E [eV]

cantly from the reference leading to a.dt'ephasmg of the CurVEIG. 4. Absorption spectra obtained after vertical excitatmmamping of
as early' as after 9_0 fs. The model limited to second _Ofdeéoo fs has been used in the autocorrelation funclidhsr ease of reading,
(fitted with data points up to 4 eV excess engrggsults in  the spectra have been vertically shifted.
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cally shifted. As already concluded from the rms values 10 ey
(Table IIl) and the autocorrelation function&ig. 3), the | ,’ O~ —OJT5
spectra obtained for JT4, JT5, and JT6 are virtually identical. n, ram

\ =vIT2 4

1
The spectrum obtained for JT3 displays a shift in all peaks 5r ,'
and the one obtained for JT2 misses the second peak. Of |
course with a vertical excitation in this model, the number of I
states reachable by the wave packet is very limited but one A0 ,',
can nevertheless see in both the autocorrelation functions | v
and in the spectra that the dynamics on the model potentials
is significantly different. A reduction of the excess energy
criterion for the determination of the expansion coefficients
improves the quality of the spectra for all orders since in this
process only the low energy part of the surfaces is sampled
by the wave packet. The differences observed from the low-
ering of the order in the Jahn-Teller expansion are in agreer|g. 5. Evolution of the mean value afas a function of time in fs for JT6
ment with the conclusions drawn from the inspection of the(full line) and lower ordergdashed line with symbols
rms values obtained from the fitting.

100

t [fs]

D. Displaced excitation adiabatic state as a function of time for JT6, JT3, and JT4. As

The coupled states represented by the Jahn-Teller expaa-consequence of the difference in the wave-packet location
sion are not necessarily the bright states. For example thend of the difference in the coupling terms, the adiabatic
first excited’E” state of NQ is dipole forbidden. This state populations are also different depending on the diabatization
is coupled to the upp&E’ staté® and both states intersect scheme chosen. JT@&ot shown hergleads to almost the
for displaced geometriesc andy nonzerg. This illustrates same population evolution as the reference. Some differ-
that a wave packet might reach such coupled states by @ences, similar to the ones for JT3, although slightly smaller,
mechanism different to a vertical excitation from the groundare noticed between JT4 and the reference. b2 shown
state equilibrium position, e.g., through a conical intersechere leads to a completely different population evolution
tion. Such a wave packet will sample a different configura-which can be improved by reducing the threshold energy
tion space compared to one that results from a vertical trareriterion from 4 to 1 eV for the determination of the param-
sition. Moreover, in the case of hot bands and two photoreter values.
excitation processes the excitation does not necessarily take The fact that the wave packet is not at the same position
place forx=0 andy=0 either. This motivates the investiga- at the same time might have far reaching consequences for
tion of the effect of the diabatization scheme for nonverticalthe treatment of realistic systems of higher dimensionality.
excitations. Indeed, in realistic systems with a larger number of coordi-

This aspect of the dynamics on the model potentials isiates and electronic states, the efficiency of a transfer from
tested by the propagation of a displaced initial wave packetone surface to another, determined by the coupling terms and
The initial wave packet is taken to have the same shape as by the energy separation, is an intricate function of the
the vertical excitation case but with a maximum located anuclear coordinates. It is possible that significant transfer
x=-—10a.u. andy=—10a.u. This displacement is suffi- will take place only in a rather restricted region of the con-
ciently small to lead to wave-packet energies which onlyfiguration space. In such a system a small modification in the
deviate slightly when using JTn=2-6. We emphasize that
this propagation does not represent a physical experiment.

The aim here is to show that the diabatization scheme has a ———————
stronger effect on the dynamics particularly for larger dis- : o OTT4

placements from the reference geometry and at higher excess
energy.

Figure 5 shows the time evolution of the mean value
which is related to the motion of the wave packet for the
different ordern,,,, used up to 100 fs. Here again JT2 and
JT3 lead to a very poor description of the dynamics of this
system. JT4 and JT5 show some small deviations with re-
spect to the reference but they are still small even after 100 fs
and particularly JT5 yields almost indistinguishable results.

These results show that depending on the model the con- 4L
figuration space sampled by the wave packet is not identical. T H MY ST S—T
Since the couplings between the surfaces are a function of t [fs]
the coordmates, all O.bservables. related to the COUpIInQIG. 6. Evolution of the ground state adiabatic population as a function of
strength will thus be different. This becomes apparent, fOkime in fs for the reference JT6 modéull line), for JT3 (dashed line with
example, in Fig. 6 which presents the population of the lowefriangles and for JT4(dashed line with squares

=)
T
?
B
3
]

Adiabatic population
o
o0

o
3
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TABLE IV. Parameters for the approximate model SARGl). 2 1 V(n) 0 VV(”) z(n
H= — +
3(10) El(12) )\(11) )\(12) = n! 0 V(n) Z(n) _Vv(n)
7.411x10 % 4.038<10°%  1.850<10 % —6.562<10 % mo YUY o
a
) ) + — . 13

Y Yo nzs n! ( 0 Vﬁ)n)) (13
n af" al" af" a”
P ——— — ik 100 — The matrix element3\™, WAV and 2 are the same as
4 1,002 10~ _ 3.780% 1098 _ given in Egs.(10)—(12). However, to allow for the descrip-
5 —1.196x 107% — —-1.083x 10°1° — tion of the different anharmonicity of the two adiabatic po-
6 1.148x 107" 5.960<10 " -1313x 10 * -5606<10 "  tential surfaces the higher order diagonal elemaits and

VE,”) are parametrized with different expansion coefficients.
This Hamiltonian (up to sixth ordey, which respects the
symmetry of the system contains 14 parameters, determined
wave-packet shape and position induced by the diabatizatiomsing the same procedure as for the lower order Jahn-Teller
scheme can have a dramatic effect. Hamiltonians. The corresponding numerical values are given
The comparisons made here allow to conclude that thén Table IV.
different diabatization schemes do have a strong influence on The quality of the fits for different orders of the SAPm
the dynamics. This is clearly to be expected for the lower{m=3,...,6) model as well as for different excess energies
order JTn models where the potentials are considerably difhas been studied in the same way as for the JTn series pre-
ferent. The effects of the higher order coupling terms, besented in Sec. Ill. Table V summarizes the dependence of the
sides improving the representation of the adiabatic potenebtained maximum and rms errors. The SAP3 model results
tials, will be assessed in the next section. in errors comparable to JT3, although slightly larger. How-
The results of the dynamics calculations indicate thatver, the performance of the SAP6 model is less encourag-
expanding the Jahn-Teller series up to fourth order is suffilng. For lower excess energy SAP6 gives errors comparable
cient to study the simple two-dimensiorta e model con- to JT4 only, though for 4 eV the SAP6 model performs
sidered in this paper. Nevertheless, the authors want to poislightly better than JT4. As for JTn, the dependence of the
out that the effect on the dynamics has only been tested fagrrors as a function of the excess energy is found to be nearly
processes strongly influenced by the lowest part of the polinear. The comparison of the errors with those of Table IlI

tential energy surfaces. In cases like Nfor which the in-
tersection between the first excitéB” and the uppefE’
state occurs at strongly displacedandy values®® the re-

already indicates that for the same order of the expansion,
addition of higher order coupling terms leads to a better rep-
resentation of the adiabatic potential surfaces. A higher order

striction to the fourth order is expected to be insufficient. min the expansion in the SAPm models would be required to
obtain errors similar to a JTn model.

While the differences in the adiabatic potentials are only
quantitative, the coupling is qualitatively different between
(SAP6) SAPmM and_the JT6 refer_ence_. Figure_ 7 presents_ the cut along

they coordinate of the diabatic coupling term. Similar to the

In the derivation of the JTn models all possible cou-JT2 model, the approximative model SAP6 leads to a
plings up to ordem are systematically included. For this straight line for this cut. However, the slope at the origin is a
reason one could consider the JTn models as a balanced dauch better approximation to the reference JT6 than the JT2
scription of the diagonal and off-diagonal elements of the(cf. Fig. 2. Nevertheless, the off-diagonal coupling of SAP6
potential matrix. The significance of the higher order cou-is incorrect for regions beyontt25 a.u., where the coupling
pling terms has been assessed by setting up an alternatieéement of the reference JT6 model is not linear anymore.
model in which all coupling termg\(™ and 2z(™ with n Dynamical studies on the SAP6 surfaces have been per-
>2 are ignored. The full Hamiltonian potential matrix of the formed in order to assess the significance of the different
SAPmM models wheren is the maximum order of the expan- coupling patterns. For the autocorrelation function after a
sion reads as vertical excitation, deviations of the same magnitude as the

IV. APPROXIMATIONS TO JT6

A. Symmetry adapted approximation

TABLE V. Errors in(eV) for different excess energies of different-order SAP Hamiltoni&@fsP3—-SAP® and approximate modéAP6) with respect to the
JT6 model.

SAP3 SAP4 SAP5 SAP6 AP6
Exc. En.
(eV) max. ms max. rms max. ms max. rms max. ms
1.0 0.0596 0.0194 0.0137 0.0052 0.0122 0.0048 0.0041 0.0017 0.0016 0.0005
2.0 0.1513 0.0452 0.0335 0.0121 0.0346 0.0105 0.0097 0.0044 0.0030 0.0014
3.0 0.2229 0.0666 0.0762 0.0225 0.0526 0.0147 0.0141 0.0064 0.0076 0.0026
4.0 0.3244 0.0924 0.1235 0.0333 0.0712 0.0197 0.0187 0.0078 0.0098 0.0042
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FIG. 7. Diabatic coupling matrix elements in eV alogdgor the models
SAPE6 (dashed lines with open circlesnd AP6(dashed lines with open
squares with respect to the reference model JE®lid ling).

A SAP6 ]
ones seen for JT4 are observetl Fig. 8. This is consistent
with the conclusions drawn from the rms errors of Table V. IT6
In the corresponding spectrum, presented in Fig. 9, one can % o X Azfg 3
notice a slight modification of the shape of the second and E [eV]
third peak as well as additional low intensity features at ) ) ) ) )
FIG. 9. Absorption spectra obtained after vertical excitat@mlamping of

h|gher energ|e§. i 200 fs has been used in the autocorrelation funclidfar ease of reading,
The evolution of the mean valug) after a displaced the spectra have been vertically shifted.

excitation is given in Fig. 10. The differences with respect to

the reference model are similar to the ones observed for JT3

and much larger that those seen for JT4. This result is not

obvious from the inspection of the rms errors which rank S

SAPG6 as a better fit than JT4. It reflects the effect of theP- Ad hoc approximation  (AP6)

nonlinearity of the coupling which is ignored in the SAP6  As the least rigorous model an ad hoc approximation has
model and which apparently plays a role even for rathebeen tested. This approximative model will be referred to as
moderately displaced excitation. Similar to the JTn seriesiAP6” in the following. It is obtained similarly to the SAP6
the differences in the position and shape of the wave packehodel but to account for the pronounced anharmonicity of
are also reflected in the adiabatic population. Like for thethe system simple powers &fandy are added on the diag-
evolution of(x) SAP6 performs as poor as JT3 for the time- onal instead of the ™ matrix elements. The full Hamil-
dependence of the adiabatic population. tonian potential matrix reads as

10 —

— IT6
O —OSAP6
O =0 AP6

Autocorrelation function
= =3
~J 0

1 I 1 ] L 1 1 | L
0‘60 10 20 30 40 50

t [fs] t [fs]

FIG. 8. Autocorrelation functions as a function of time in fs for the refer- FIG. 10. Evolution of the mean value »fas a function of time in fs for JT6
ence JT6(solid line), the approximative SAP&dashed line with open  (full line), SAP6(dashed line with open circlgsand AP6(dashed line with
circles and the approximative AP@lashed line with open squajes open squargs
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+

1(/V™ o wn oz order approximation is found to be rather inaccurate. The
—[( 0 Yn ) —W(”))] approximative models SAP6 and AP6 correspond to an im-
provement with respect to the second order model but even if

1({8™ 0 the adiabatic cuts alongandy are found to be nearly iden-
( 0 7“‘))' (14) tical to the reference curves, the dynamics is significantly
different. For both approximations pronounced differences
The parametrization of the extra diagonal elements of th@re observed for all dynamical properties, namely in the au-
potential energy cuts alongandy is given by tocorrelation functions, in the spectra, in the mean position
values, and in the electronic adiabatic populations. For the

8(3)23;3))(3’ (158 SAP6 model, these differences are related to the unbalanced
8(4)=s§(4)x4+s(4)y4, (15b) description in the diabatic potential matrix, i.e., the lack of
y higher order coupling terms. For AP6, these differences are
SO =5>x5, (150  aggravated due to the fact that AP6 violates@iesymmetry
requirements. We point out that the cost of creation of the
SO=52x+s"y", (15d o models JT6 and AP6 is identical sinGethe number of
7('3):t§(3)x3, (150 parameters is the same for both modélé parametejsand
(i) the amount ofab initio energy points in order to deter-
T =t x4+t My, (15f)  mine the parameters is also the same. Thus using the AP6
5) _ 1(5)y5 approximation has no advantage over the use of the correct
T =t2x, (159 3T6 Hamiltonian. The creation of the SAP6, needing 14 pa-

T6)=t§6)x6+t(y6)y6. (15h) rameters, is sl_ightly cheap_er c_or_npared to JT6. Howe_ver, it
leads to a noticeably inferior fitting and the lack of higher
The missing odd powers of reflect the symmetry with re- order coupling in the diabatic potential matrix has a strong
spect to theC, rotations and ther, mirror planes. The ca- effect on the dynamics.
pability of the AP6 model to represent the data points is  The dynamical differences observed for the investigated
reflected in the maximum and rms errors which are given irmodels, particularly the sampling of different configuration
Table V. It is observed that AP6 results in fitting errors spaces and consequently the different evolution of adiabatic
slightly larger than JT5 but clearly better than JT4 and SAP6populations, are expected to be stronger for larger, realistic
especially for the absolute errors at higher excess energiesystems. For the study of the latter only a very accurate
Thus it can be expected that the true adiabatic potentials caepresentation of the potential energies and the couplings is
be represented well enough by AP6 to yield accurate dynaniikely to yield reasonably accurate results.
ics results. However, as can be seen from Figs. 8, 9, and 10 The presented examples of AP6 and SAP6 demonstrate
the AP6 model shows even larger deviations from the JT@&hat the quality of different diabatization schemes cannot be
reference than the SAP6 model. Even worse, it turns out thatliably judged by comparison with a limited setat initio
by deliberately adding terms on the diagonal in the real repeata only. To find the deficiencies one would need to sample
resentation the symmetry of the Hamiltonian is violated.a more extensive data set on a multidimensional grid. In
Thus, such ad hoc corrections are to be strictly avoided. contrast, the JTm=2-6 models, being based on symmetry
considerations and on a systematic and balanced expansion
of the potential matrix, lead to much more systematic results.
V. CONCLUSIONS Due to the symmetry restrictions these models are confined
In this article the effect of higher order Jahn-Teller cou-to represent data points not even included in the data set and

pling terms on the dynamics has been tested. The diabatius fewer data points are needed to obtain reliable represen-
Jahn-Teller Hamiltonian matrifdTé) is presented up to sixth tations of the multidimensional potential functions. For these

order in both the complex and real representation. Numericd2S0ons we propose that the use of higher order JTn expan-
comparative tests have been performed with a twoSIONS IS preferable over unbalance approaches like SAPm.

dimensional JT6 Hamiltonian matrix based on the strongly PPlication to theg physical N@system in full dimensional-
anharmonice’ stretching vibration of th@E’ state of NQ. 'Y 1SN progress
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APPENDIX: PARAMETERS VALUES FOR THE LOWER ORDER JTn MODELS (TABLE VI)

TABLE VI. Parameters for the “JTn'h=2-5 models ina.u) obtained with an energy criterion of 4 eV for
the fitting data. For the JT2 the values obtained with an energy criterion of 1 eV are gifeh in

n al” AP A
JT5
0 7.411x 1092 — —
1 — 2.142x 107 —
2 4.015x 107% —8.660x 107 % —
3 —2.678x 1077 —3.155% 1077 —
4 2.518x 10 %8 —1.416x 107 % 4.572x 1079
5 —7.325% 10710 —1.110x 107 1* 2.194x 1071
JT4
0 7.411x 10 %2 — —
1 — 2.068x 107 —
2 4.149x 1079 —9.306x 107 % —
3 —3.436% 1077 —2.699x 1077 —
4 1.986x 10 % —1.529x 107 % 7.264x 1079
JT3
0 7.411x 10792 — —
1 — 2.162x 107 —
2 4.790x 107% —6.401x 10706 —
3 —2.994x 10797 —2.849x 1077 —
JT2
0 7.411x 10792 — —
1 — —2.594x 107°91.444x 10 %4 —
2 4.326X 107 94.135< 10 %) —5.978% 10 %9 —7.483x 107 %) —
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