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Abstract

In this paper we study the influence of an electric field on a two dimen-
sional waveguide. We show that bound states that occur under a geometrical
deformation of the guide turn into resonances when we apply an electric field
of small intensity having a nonzero component on the longitudinal direction
of the system.
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1 Introduction

The study of resonances occurring in a quantum system subjected to a constant
electric field is now a well-known issue among the mathematical physics community.
In a recent past a large amount of literature has been devoted to this problem (see
e.g. [15, 17] and references therein). Mostly these works are concerned with quantum
systems living in the whole space R™ as e.g. atomic systems [6, 12, 16, 18, 26, 27].
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In the present paper we would like to address this question for an inhomogeneous
quantum system consisting in a curved quantum waveguide in R2. It is known that
bound states arise in curved guides [7, 10] and the corresponding eigenfunctions are
expected to be localized in space around the deformation. Therefore, based on these
results the main question is what happens with these bound states when the electric
field of small intensity is switched on?

A first result is given in [11] where the electric field is supposed to be orthogonal
to the guide outside a bounded region. But in this situation there is no Stark
resonance.

Here we are focusing on a strip € C R? of constant width curved within a
compact region. The electric field is chosen with a strictly positive component both
on the longitudinal direction of the left part and of the right part of the curved
strip. Roughly speaking this situation is similar to the one of an atomic system
interacting with an external electric field. Due to the field, an eigenstate of the
curved waveguide at zero field turns into scattering state which is able to escape at
infinity under the dynamics. It is then natural to expect spectral resonances for this
system. In this work we would like to study this question in the weak field regime.

The resonances are defined as the complex poles in the second Riemann sheet of
the meromorphic continuation of the resolvent associated to the Stark operator. We
construct this extension using the distortion theory [4, 19]. Our proof of existence
of resonances borrows elements of strategy developed in [6, 16]. It is mainly based
on non-trapping estimates of [6]. For the applicability of these techniques to our
model, the difficulty we have to solve is that the system has a bounded transverse
direction.

To end this section let us mention a still open question related to this problem
and that we hope to solve in a future work. We claim that our regularity assumptions
on the curvature imply that the corresponding Stark operator (see (2.4)) has no real
eigenvalue [5]. In that case the complex poles have a non zero imaginary part then
they are resonances in the strict sense of the term [24].

Let us briefly review the content of the paper. In section 2 we describe precisely
the system, assumptions and the main results. The distortion and the definition
of resonances are given respectively in section 3 and 4. In section 5 we prove the
existence of resonances. Finally the section 6 is devoted to get an exponential
estimate on the width of resonances. Actually we show that the imaginary part of
resonances arising in this system follows a type of Oppenheimer’s law [22] when the
intensity of the field vanishes.



2 Main results

2.1 Setting

Before describing the main results of the paper we want to recast the problem into
a more convenient form. This allows us to state precisely our assumptions on the
system.

Consider a curved strip € in R? of a constant width d defined around a smooth
reference curve I', we suppose that €2 is not self-intersecting. The points X = (z, y)
of @ are described by the curvilinear coordinates (s,u) € R x (0, d),

x=a(s) —ub (s),
y = b(s) +ud (s), (2.1)

where a, b are smooth functions defining the reference curve I' = {(a(s), b(s)), s € R}
in R%. They are supposed to satisfy a’(s)? + ¥(s)? = 1.
Introduce the signed curvature y(s) of T',

A(s) = Y(s)a"(s) — a ()0 (s). (2.2)

For a given curvature -, the functions a and b can be chosen as

a(s) = /OS cosa(t) dt, b(s) = /OS sin a(t) dt, (2.3)

where a(s,s2) = — fss; v(t) dt is the angle between the tangent vectors to I' at the
points s; and sy (See e.g. [10] or [11] for more details). Set a(s) = a(s,0),s € R
and ag = a(sg). We choose v with a compact support, supp(y) = [0, so] for some
so > 0. In particular for s < 0 the strip is straight, parallel to the r—axis. Assume
also that

(b1) v € C*(R),
(h2) dlyfle < 1.

Evidently this implies that v has a continuous and bounded derivative up to second
order.

Let F = F(cos(n),sin(n)) be the electric field. In this work the intensity of the
field F' > 0 is the free parameter and the direction 7 is fixed. It satisfies

(13) || < % and |y — ao| < 5.

See the Remark 2.1 below for a discussion about assumptions on 1. We consider the
Stark effect Hamiltonian on L?(£2),

H(F)= -Aq+F-X, F >0, (2.4)
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with Dirichlet boundary conditions on 0€2, the boundary of 2. One can check that
under (h1) and (h2), then by using natural curvilinear coordinates, H(F') is unitarily
equivalent to the Schrodinger operator defined by

H(F)=Hy(F)+Vy, Ho(F)=Hy+W(F), Hy=Ts+1T, (2.5)

on the Hilbert space L?(Q2), 2 = R x (0,d) with Dirichlet boundary conditions on
02 =R x {0,d}. Here

Ts = - sgasa g = g(s,u) - (1 + U’Y(S))_Qv Tu - _ai (26)

and W (F) is the operator multiplication by the function,

[ F(cos(n)s + sin(n)u) if s <0
W(F. s.u) F( [y cos(n — a(t)) dt +sin(n — a(s))u) if 0<s<sg (27)
F(cos(n —ap)(s — so) + A +sin(n — ag)u) if s > s
where A = [ cos(n — a(t)) dt
and
e AP w5 e

A1+uy(s))?  2(14uy(s))® 4 (1+uy(s)t
Denote by H = Hy + V. This is the hamiltonian associated with the guide

in absence of electric field. If (hl) and (h2) are satisfied, then H is a self-adjoint
operator on L?(Q) with domain D(H) coinciding with the one of Hy and [20]

D(H) = D(Hy) = {» € Hy(Q), Hop € L*(Q)} (2.9)

In this paper we use standard notation from Sobolev space theory. The essential
spectrum of H, o.s(H) = [Ag, +00) where )q is the first transverse mode of the
system i.e the first eigenvalue of the operator T, on L?*(0,d) with Dirichlet boundary
conditions at {0, d}.

Moreover under our assumptions the operator H has at least one discrete eigen-
value below the essential spectrum (see [10]). Although we do not know the discrete
spectrum of H our study below works even in the case where H has infinitely

many distinct discrete eigenvalues (possibly degenerate) which can accumulate at
the threshold \g.



Remark 2.1. The situation where n = 5 and g = 0 has been considered in [11],

but in that case there is no Stark resonance. It is also true if we suppose [n| > 5 and
I — ol < § since W(F) is now a confining potential. Note that the regime |n| > %
and |n — ag| > F is a symmetric case of the one considered in this paper and can be
studied in the same way. While for |n| < 5 and |n — ag| > 7, the situation is quite
different since W(F) — —oo at both s — doo the "escape” region corresponding
to any negative energy contains {s < —a,u € (0,d)} U {s > a,u € (0,d)} for
some a > 0 and large. This needs slight modifications of our method. It is actually
studying in [14).

2.2 Results

In this section we give the main results of the paper. Some minor points will be
specified later in the text.

First we need to define rigorously the Stark Hamiltonian associated to our sys-
tem. Here we adopt a common fact in the literature about Stark operators i.e. H(F')
is well defined as an essentially self-adjoint operator on L*(2) [8, 20, 23]. In the
appendix of the paper where the proof of the theorem below is proved, we give a
core for H(F').

Theorem 2.1. Suppose that (h1) and (h2) hold, then for F > 0,
(i) H(F) is an essentially self-adjoint operator on L*(Q), We will denote the

closure of H(F) by the same symbol.
(i1) The spectrum of H(F'), o(H(F)) = R.

We now are focusing on the second main result and its proof. For any subset D
of C, denote by D~ = {z € D,Imz < 0}.

Theorem 2.2. Suppose that (h1), (h2) and (h3) hold. Let Ey be an discrete eigen-
value of H of finite multiplicity 7 € N. There exits F,. > 0, a F-independent complex
neighbourhood vg, of the semi axis (—oo, Ey+3(Ao—Ey)] and a F-independent dense
subset A of L*(Q)such that for 0 < F < F,

i) the function

z€C,Imz >0 Ry(2) = (H(F)—2)""p,9), p€ A

has an meromorphic extension in vg, through the cut due to the spectrum of H(F').
i1) Ugyea{poles of R,(2)} Nvg, contains j poles Zo(F'),...Z;(F) converging to Eq
when F' — 0.

Here resonances of the stark operator H(F') are defined as the set [24]

Ugea{poles of R,(2)} NC".



The resonances have necessarily a negative imaginary part. But as it is discussed
in the introduction, a still open question is concerned with the strict negativity.

We shall show below that using the distortion theory, the resonances coincide
with discrete eigenvalues of a non self-adjoint operator.

Finally we get the following exponential bound on the width of resonances.

Theorem 2.3. Under conditions of the Theorem 2.2. Let Ey be a simple eigenvalue
of H and Zy the corresponding resonance for H(F') given by the Theorem 2.2. Then
there exist two constants 0 < ¢y, ¢y such that for 0 < F < F,,

|ImZ0| < ce F k= ]_ ,j.

Remark 2.2. Our results exhibit a critical field value F.. For the Theorem 2.2
i) this value is estimated explicitly (see formula (4.25) below). But this is not true
for the rest of the results since our method use certain abstract analysis arguments
which are valid for F' small enough. This does not give an explicit critical F,.

3 The distortion theory

In this section, by using the distortion theory we construct a family of non self
adjoint operators {Hy(F'),0 € C, |Imf| < 6y} for some 6, > 0. In the next section
we will see that under conditions the discrete spectrum of Hy(F') coincides with
resonances of H(F'). We refer the reader to [4, 19, 23] for basic tools of the distortion
theory. Here we assume that (h1), (h2) and (h3) are satisfied. To give a sense to the
construction below we need to consider electric fields of finite magnitude. Without
loss of generality we may suppose in the sequel that 0 < F' < 1.
Introduce the distortion on (2,

Sp: (s,u) = (s+0f(s),u) (3.10)

defined from the vector field f = FCOS( Foosy © where @ € C*(R) is as follow. Let

E < 0, be the reference energy, 0 < 6E < smin{l,|E|}, E. = E — §E and
E, = FE+0E. Set ®(s) = ¢[F cos(n)s| where ¢ € C*(R) is a non-increasing

function such that
p(ty=1ift< E, ¢(t)=01if t > E, (3.11)

and satisfying [[¢®|. = o((55)*. Note that for s <
translation w.r.t. the longitudinal variable s.

Clearly for k > 1, [|2®]| < (£)" and [|f®] < g;; For 0 e R, |0| < E,

Sp implements a family of unitary operators on L?(Q) by

= Sy coincides with a
cos(n

Uty = (1+0f")24p 0 Sp. (3.12)
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We note that

Hy(F) = UpH(F)U;" = Hop(F) + Vp. (3.13)
Hog(F) =Ty + T, + Wy(F) (3.14)
where
Too=—(1+0f)20,(1 +0f) " g0,(1 + 0f) 2, (3.15)
Wy(F) = W(F) o Sp. (3.16)

We now want to extend the definition of Hy(F') for complex 6. Set 6y = adFE
where « is a some small and strictly positive constant which we fix in the proof of
the Theorem 3.1 below. In fact 6y is the critical value of distortion parameter.

Proposition 3.1. There ezists 0 < o < 1/2 independent of E and F such that for
0< F <dFE, {Hog(F),|Imb| < 0y} is a self-adjoint analytic family of operators (see

[20]).

Proof. An computation shows that

Top=—0s(1+0f")290s + Ry, (3.17)
where Ry = g(lijé;//)g - %(1f£;?)4 is a bounded function. Let h(F) = Hy + w(F) be
the operator in L?(Q)) where w(F) is the multiplication operator by

( Fcos(n)s if s <0
i <s<
w(F,s) =4 " 0= s s (3.18)

Fcos(n —ag)s if s > sp.

\

Since h = h(F) differs from H(F') by adding a bounded symmetric operator, it is
also a self-adjoint operator.

We have

20]0/ + 02]0/2
(1+65)?

Let us show that for || small enough then D(H(F)) = D(h). Through unitary

equivalence we may suppose that Ref = 0. In view of the perturbation theory [20]

and (3.19)we only need to to show that 9;Gy0s is h-bounded with a relative bound
strictly smaller than one. By using the resolvent identity,

0,God(h+ i)™ = 8,Ged(Hy +1)" — 8,Gds(Ho + i) w(F)(h + i)~

Ho(F) = h+ 0;Gg0s + Ry + Wy(F) —w(F)+ Vo, Gg = g( ) (3.19)

F
= 0,Go0s(Hy + )" — 0,Go0,Fs(Hy + i)l%(h +i)?

— 0,Gp0s(Ho + 1)~ (959 + 90s)(Ho + i)_l@(h +i)



We know that D(Hy) C HZ. () NHLQ), [2, 9, 21]. Let x be a characteris-

loc
tic function of supp(f’). Then by the closed graph theorem [20] d,g(Hy + i)~ !,
g0s(Hy + 1), x0s90s(Ho + 4)~" and x0,90sFs(Hy + i)' are bounded operators.
The multiplication operators @ and %{:)
the operator 0,G0,(h + i)~ L.

It is easy to check that under conditions on parameters # and F',

are also bounded. Hence this is true for

N 3o N N 3a
10,Go0s(Ho+1) 7" < = (IIx0s90s(Ho+14) |+ 905 (Ho+1)'||) < C

(1—a) (1—a)3
for some constant C' > 0 independent of ' and E. Evidently ||0sGp0s F's(Ho+ 1)}
satisfies a similar estimate. Choosing « so small such that ||0;Geds(h + )7 < 1,
then 0,Gy0; is relatively bounded to h with relative bound strictly smaller that one.
Thus the statement follows.

The proof is complete if we can show that for ¢ € D(Hy(F))

0€{0eC,l0] <bo} — (Ho(F), )

is an analytic function. But this last fact can be readily verified by using standard
arguments of measure theory and the explicit expression (3.19) (see e.g. [23, 20]).

U
Remark 3.3. For 0 € R, |0| < §F consider the unitary transformation on L*(R)

ug(s) = (1+01'(s))20(s + 01 (s)), ¥ € L*(R).

We know from [19, 24] that there exists a dense subset of analytic vectors ¢ asso-

ciated with uy in |6 < 57% i.e. 0 € R — ugp has an L*(R)-analytic extension in

0] < ‘5—\/%. denote this set as A;. It is shown in [19] that Ay is dense in L*(R). Let A

be the linear subspace generated by vectors of the form o4, p € Ay, € L? ((O, d))
Then A is a dense subset of analytic vectors associated to the transformation Uy in

For further developments we need to introduce the following modified operator
on L%(9). Let s; > sp, such that cos(n — ap)(s — sg) + A + sin(n — ag)u > 0 for all
u € (0,d). Set

Hy(F) = Hy + W(F), (3.20)
where W(F ) is a multiplication operator by
W(F,s,u) if s <0, s> s

W(F,s,u) = (3.21)

0 if 0 <s<sy.

For 6 € R, |0] < 6y, let Hyg(F) = UpHo(F)U, ' = Ty + T, + Wy(F). Then we
have



Corollary 3.1. For 0 < F < 6E, {Hoo(F), |Imf| < 6y} is a self-adjoint analytic
family of operators.

Proof. We have Hy(F) —]TIO,Q(F) = Vo+Wy(F) —WQ(F), but V; as well as Wy(F') —
Wy (F') are bounded and #-independent so by the Proposition 3.1 the corollary fol-
lows. O

4 Meromorphic extension of the resolvent.
Let 0 = i3, we suppose that 0 < 8 < 6. Set
g =14 0fF (4.22)

with f* = ® — 1 and ® defined in the Section 3. Then the multiplier operator by
the function py defined a one to one map from D(Hy(F)) to D(Hy(F')). Recall that
Ao = info(T,) is the first transverse mode. Let

oE
vg={z€C, Imui(E_+ )\ —2) < 67} (4.23)
v; denotes its complement in C. It is easy to see that 1y contains a F-independent

complex neighbourhood of the semi axis (—o0, \g + £ — %5E] denoted by y. It is
defined as

o OE
Dgz{xSO,yZ—%}U{(x>0,y225:p—57 (4.24)
where z = Rez — A\ — F_ and y = Imz.
In this section our main result is the following. Let
Fy = d/(0F)?min{1,1/d} (4.25)

where o is a strictly positive constant independent of £ and § which is determined
in the proof of the Lemma 4.1. We have

Proposition 4.2. There exits o > 0 such that for all E < 0, 0 < F < Fy, the
function

z€CImz >0 Ry(2) = (H(F) —2)"'p,9), p€ A
has an meromorphic extension in Uy<g<p,Vg-

As a consequence of the Proposition 4.2, the Theorem 2.2 i) is proved.
The proof of the Proposition 4.2 is based on the two following results. For a
given operator O on L?(§2) we denote by o(O) its the resolvent set.

Lemma 4.1. There exits o/ > 0 such that for E < 0,0 < F < Fy and 0 < 8 < 6.
Then



(i) vy C o(Hou(F)).
(i) Yz € vy, ||(Hop(F) — 2)7 | < dist ™ (2, v5).
Proof. By using a standard commutation relation we derive from (3.15),
toTsomo = T1(0) + iT2(0) + po(Ts01t0) (4.26)

where T1(0) = —0,Re{pa(1 + 0f")2}g0,, To(0) = —0,Im{u2(1 + 0f')"2}gds. The
operators T (0), Tz(0) are symmetric and we know from [6] that T5(0) is negative.
Moreover a straightforward calculation shows

Tmyip (T ppig) = O((gg)g)' (4.27)

In the other hand, let z € vy, set S = —Imug(Wg(F) — E_) — Impy(T5 p10) in fact

S =(1— )0 — 2f(W(F) — E_) — 5 Tmpg(Ts gp10)- (4.28)

On supp(f*) = supp(® — 1), we have cos(n — ag)(s — so) + sin(n — ag)u + A > 0 if
s> sy, Feos(n)s — E_ > 0F if s <0 and then

FCos(n)sx{s<0}+F(Cos(77—ao)+sin(n—a0)u+A)X{szsl}—E_ > 0EX{(scoy—E_X{s>0p = 0E.

By using (4.27), we get for 0 < 5 < 6

1 ) F?
S > §<I> +2(1 = ®)(0E + Fusinnxis<oy) + O<(5E)3>'

Then we can choose o so small such that,

1 1 0E
> ~ min{~ ==
S_2m1n{2,5E} )
Further in the quadratic form sense on D(Hy(F)) x D(Hy(F')), we have
Imypg(Hog(F) — 2)pg = To(0) — BS + ImpdT, + Imp(E_ — 2). (4.29)

Thus for 0 < 3 < 6y, 0 < F < Fy and z € v, since Imp2 = 28 <0, we get

~ §F
Imypig(Hop(F) — 2)pp < —57 +Impg(E- + X — 2) < 0. (4.30)

This last estimate with together some usual arguments for non-trapping estimates
given in [6] complete the proof of the Lemma (4.1). O
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Introduce the following operator, let 8 € C, |0| < 6y and z € v
Ko(F, z) = (Vg + Wo(F) — Wy(F))(Hoo(F) — 2)~". (4.31)

Lemma 4.2. In the same conditions as in the previous lemma.
(i) z € vy — Ky(F, z) is an analytic compact operator valued function.
(i1) For z € vy, Imz > 0 large enough, ||Ko(F,z)| < 1.

Proof. By the Lemma 4.1, (i) follows if we show that Ky(F,z),z € vy are compact

operators. Set V = Vi + Wy(F) — Wy(F). Notice that V' has compact support in
the longitudinal direction and it is a bounded operator.

Introduce the operator h = h(F) = Hy 4+ @w(F) on L*(Q) where @(F) is the
multiplication operator by

( Fcos(n)s if s <0

] <
W(Fs) =4 " f0<s<s (4.32)

Fcos(n —ap)s if s > s.

Then B 3 .
HQ@(F) — h = 0,Gy0s + Ry + WQ(F) — QIJ(F), (4.33)

where Ry, Gy and Wg(F) are defined in the Section 3. Suppose || < 6y, 0 < F < §E,
this is satisfied under assumptions of the lemma. Then following step by step the
proof of the Proposition3.1, Hy¢(F') — h is h-bounded with a relative bound smaller
than one. Therefore, to prove (i) we are left to show that for z € vp,Imz # 0,
V(h — 2)~" is compact.

Denote by I the identity operator on the space H. Let hy = —0? ® Ir200,a) +
T2y ® Ty and G = g — 1, we have

V(h—2)"t=V(hg—2)"  + V(ho — 2) 1 (0,G0s — w(F))(h — 2)~* (4.34)

Note that by using again the Herbst’s argument [16], the second term of the r.h.s of
(4.34) can be written as

V(o - ) 0(F) (G~ 2 = Vil — 27 0

(h—2)"*+

S

V(ho — 2)" s, ho](hg — 2) "

11



In the one hand let y be a C* characteristic function of [0, s;] then x(ho — 2)~! is
a compact operator. Indeed,

X(ho—2)1 = x(=0 + A — 2) @p,

n>0

where A,,n € N are the eigenvalues of the operator T, (transverse modes) and
pn,n € N the associated projectors. We know that x(—0%? + A\, — 2)7! ® p,, is
compact [23] and for large n,

2

_ _ 1
IX(=0; + A = 2) 7 @pall S HI(=0] + A = 2) 7| = O(—). (4.36)

Thus x(ho — 2)~! is compact since it is a limit of a sequence of compact operators
in the norm topology. This holds true for operators V(hy — 2)~* and Vs(hg — 2)7 L.

On the other hand the function G has a bounded support in the longitudinal
direction then the same arguments as in the proof of the Proposition 3.1 imply that
the operator 9,Gd,(h — z)~! is bounded. By the closed graph theorem [s, ho](ho —
2)71 = 20,(hg — 2)~! is also bounded.

Then by (4.34) and (4.35) the statement follows.

The assertion (i7) is a direct consequence of the Lemma 4.1 (i7) and the fact that
V' is a bounded operator. O

4.1 Proof of the Proposition 4.2

Here we refer e.g. to [24] for the reader unfamiliar with the distortion theory.

Let £ <0, 0] < 6y and 0 < F < Fy. By Lemmas 4.1, 4.2 and the standard
Fredholm alternative theorem, the operator I;2q) + Ky(F, 2) is invertible for all
z € vy \ R where R is a discrete set. In the bounded operator sense, we have

(Ho(F) — 2)™" = (Hoy(F) — 2) " (L) + Ko(F, 2)) " (4.37)

This implies that vy \ R C p(Hy(F)).
Further let O an open subset of vy \ R. For ¢ € A, consider the function

2€0 = Ry(z) = (H(F)—2)""p,0). (4.38)

For 0 € R, |0 < 6, by using the identity U;Uy = I12(q) in the scalar product of the
rhus. of (4.38), we have Ry (2) = ((Ha(F) — z) "9, @), vo = Usp. Then together
with the Proposition 3.1, it holds

Ry(2) = ((Ho(F) — 2) " pa, ©5). (4.39)

in the disk {0 € C, 0| < 6,}.
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Fix = i,0 < || < 6y then R, has an meromorphic extension in v given by

Ro(2) = (Hop(F) — 2)" (Tp20y + Ko(F, 2)) " 0, 25)-

The poles of R, are locally #-independent. From [19] and standard arguments, these

poles are the set of z € vy such that the equation Ky(F,z)1) = —i has non-zero
solution in L*(€). In view of (4.37) they are the discrete eigenvalues of the operator
Hy(F). O

5 Resonances.

This section is devoted to the proof ii) of the Theorem 2.2. In view of the section
4.1 It is given by the following

Proposition 5.3. Let Ey be an discrete eigenvalue of H of finite multiplicity 5 € N.
There exists 0 < F} < Fy such that for 0 < F < F{, the operator Hy(F'), 0 < |6] < 6
has j eigenvalues near Ey converging to Ey as F' — 0.

We need first to show the following result. For Imz # 0 let K(2) = Vo(Hy—2)7*
They are compact operators (see e.g. arguments developed in the Section 6). Note
that formally K (z) = Ky(F =0, z). We have

Lemma 5.3. Let £ < 0, § = i3, 0 < B < #y. Let kK be a compact subset of
v N p(Hy), x = x(s) € C(RT). Then

(i) Timpoo |[(Hoo(F) = 274 — (Ho — )71 = 0, & € L2(Q),
(i1) T | (Hoo(F) — 2)7 = x(Ho — 21 = 0,
fiii) Timpo | Ko(F, 2) - K(2)]| = 0,
uniformly in z € k.

Proof. By using the arguments of the appendix the operator Hy = T, + T, on L*(Q2)
has a core given by (7.57) i.e. for z € p(Hy), C' = (Hy — 2)C is dense in L?(9). Let
0< F < Fyand z € k. For all ¢ € C, set ©» = (Hy — z)p. The resolvent equation
implies,

(Hog(F) — 2) " — (Ho — 2) ") = (Hoo(F) — 2) (T, — Tug — Wo(F))p. (5.40)
Clearly limp_y |[Ws(F)e|| = 0. On the other hand we have

I(Ts = Top)ell < 10:Go0so|| + [ Rol
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Where Gy and Ry are deﬁned as in the Section 3. Evidently limpg_q || Rae| = 0.
Since supp(Gy) = [Fcfs(n), Foos n)] then for such a ¢, limp_¢ [|0sGa0sp|| = 0. So
that limp_,o [|(Ts — T)e|| = 0.

In view of the Lemma 4.1, (Hyg(F) — z)~* has a norm which is uniformly bounded
w.r.t. F. Thus (i) is proved on C’, by standard arguments then the strong conver-
gence follows.

Let us show (iz). For z € k then

X(Hog(F) = 2)7" = X(Ho — 2) 7" = x(Hou(F) — 2) "' Qu(F) (5.41)

where Qo(F) = (Ts—Ts g —WQ(F))(HO —2)71. On supp(x), f = 0 then the following
resolvent identity holds,

X(Hog(F)=2)"" = (Ho—2)""x+(Ho—2) " ([To, X)X W (F)) (Hog(F)—z) " (5.42)

In view of (5.41) and (5.42) we have to consider two terms. First

t(F) = (Ho = 2) 7 XQo(F) = (Hy — 2) " xW (F))(Ho — 2)™"

which clearly converges in the norm sense to Op(z2(q)) as F' — 0 uniformly in z € &
and

to(F) = (Ho — 2)"H([To, x] — XW (F))(Hop(F) — 2)"'Qq(F).

Let x be the characteristic function of supp(y). We know that the operator (Hy —
2)71y is compact (see e.g. the proof of the Lemma 4.2) then to prove that t,(F)
converges in the norm sense to OB( r2(@)) as F' — 0 uniformly in z € &, it is sufficient

to show that ([T, x| — XW(F))(HO o(F) —2)"'Qq(F') converges strongly to Og(z2(q))
as F' — 0 uniformly in z € x. But considering the proof of (i) it is then sufficient to
prove that the operator ([T, x] — XW(F))(HQQ(F) z)~! is bounded operator and
has a norm which is uniformly bounded w.r.t. F'if F'is small and z € &.
Evidently by the Lemma 4.1 this is true for the operator YW (F)(Hyg(F) — z)~*.
We have on L?(9),

[T X)(Hoo(F)—2)"" = —(X'905+059X') (Hoo(F)—2)~" = —(2X'90,+(gx')') (Ho(F)—2)"".

Since the functions g and (gy’)" are bounded and do not dependent on F', we only
have to consider the operator x'g/20,(Hoo(F) — 2)~*.
Let ¢ € L*(Q), |l¢|l = 1 set ¢ = (Hoo(F) — 2)~'¢. Integrating by part, we have

X9 20017 = (—0s(X')? 905, %) < (—0s(X')?90500, ) + (X' Tux'1h, ).

14



By using standard commutation relations, 9;(x)2¢0s = $((X')?0s90s + 05905(x)* +
Ds(g0s(x")?)). Since the field f = 0 on supp(x’) we get,

g 20l < Re((Hoa(F) = 2, (X)) = Rel(Wa(F) = 2)t, (X V26) + 3(Bu(90u(x )0 )

AN

< MO llooll(Hoo(F) = 2) 7 + (110s(905(xX')*) e +

IO (Wo(F) = 2) oo | (Hoo(F) = 2) 7%
The Lemma 4.1 implies that the Lh.s. of the last inequality is bounded uniformly
w.r.t. Fif F'issmall and z € k.

Note that once the strong convergence on C’ is proved, the strong convergence
on L?(Q) follows by using the fact that

(75X - Xw(f))(ffo,e(F) —2) ' Qo(F) =
([T x] = xW () ((Hop(F) — 2)™ = (Ho — 2) ")

is uniformly bounded w.r.t F' for F' small and z € k. Hence the proof of (i) is done.
We have

Ko(F.2) ~ K(z) = (Vo+ Wo(F) = Wo(F))(Hool(F) = 2)~" = Vy(Hy — )"

(5.43)

= Vo((Hog(F) = 2)7" = (Hy = 2)7) = (Wo(F) = Wy(F))(Hou(F) = 2)".

Clearly in the norm sense (Wy(F') — WQ(F))(I?O,(;(F) —2)7' = Op2() as F — 0,
uniformly w.r.t. z € k. By applying (i) this is also true for Vo((Hog(F) — 2)~ ! —
(Hy —2z)7') as F— 0. Then

lim | Ky(F, z) — K(z)]| = 0.
F—0

uniformly w.r.t. z € k. O

5.1 Proof of the Proposition 5.3

Let Ey be an eigenvalue of the operator H. Recall that Ay = inf o.ss(H). Choose
the reference energy, F so that - = Ey — Ao = F —0F and 0F = @

Let 0 < |0] < 6p,Imf = B > 0. Suppose R > 0 is such that the complex disk,
D={ze€C,|lz—Ey| <R} Cppand DNo(H) ={Ey}.
First, we show that for F' small enough, 2 € 9D, (Hy(F) — 2z)~! exists. Clearly H
has no spectrum in 0D then in view of the identity

(H —2)"" = (Hy — 2)" Iz + K(2)) 7, 2 € p(H) N p(Hp),

the operator (Ij2) + K(2))™" is well defined on 9D and its norm is uniformly
bounded w.r.t. z € 0D.
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We have

HLQ(Q) —+ KQ(F, 2) = (]ILQ(Q) —+ (KQ(F, 2) — K(Z))(]IL2(Q) —+ K(Z))1> (HLQ(Q) + K(Z))

(5.44)
Since by the Lemma 5.3 (ii7), || Ko(F,2) — K(z)|] — 0 as I — 0 uniformly for
z € dD, then for F' small enough and z € 0D

(T2 + K(2)) " (Ko(F,2) — K(2))] < 1.

and Ip2q) + (Ko(F, z) — K(2))(I12(0) + K(2))7" is invertible. Hence for F' small
enough I;2q) + Ko(F, z) is invertible for z € 9D and from (4.37), (Ho(F) — z)~" is
well defined on the contour 9D. We define the spectral projector associated with
Hy(F), )
Py(F) = —f (Hy(F) — 2)""d=. (5.45)

2Z7T oD
The algebraic multiplicity of the eigenvalues of Hy(F') inside D is just the dimension
of Pp(F). In the same way let

1 -1

2271' oD
be the spectral projector associated with H. Thus to prove the first part of the
proposition, it is sufficient to show that for F' small enough, ||P(F) — P|| < 1. We
have

(Hy(F)—2)"' = (P:IO,G(F) — 2) " Iy + Ko(F,2)) 7! (5.46)

= (Hop(F) — 2)™" — (Hop(F) — 2) " Ko(F, 2)(I2(0) + Ko(F, 2)) "
and similarly
(H—2z2)"=(Hy—2)"" = (Ho— 2) 'K (2)(I12(0) + K(2))".

By the Lemma 4.1 the operator f[o79(f’ ) has no spectrum inside D this is also true
for Hy then §, (Ho — 2)"'dz = §,,(Hoo(F) — z)~" dz = 0. Hence, we get
Py(F)—P= 5= ¢ ((Ho— 2) " K (2)(I12(0) + K(2)) ™ — (5.47)

Hoo(F) — 2) Ky(F, 2) (1 + Ko(F, 2)) "' dz.

Set AK = K(z) — K¢(F,z), AR = (Hy — 2)7! — (.E’Oﬁ(F) — 2)7!', we have the
following identity,

(Ho — 2) 'K (2)(I12(0) +~K(z))’1 — (Hoo(F) — 2) ' Ky(F, 2) (2 + Ko(F, 2)7" =
ARK(Z)(I[LQ(Q) + K(Z))il + (HQ@(F) — 2)71<I[L2(Q) + Kg(F, Z))ilAKG[L%Q) + K(Z))il.
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By applying the Lemma 5.3 then in the norm operator sense ARK (z)—0p(12(q))
and AK—0p(z2(q)) as I’ — 0 uniformly in z € 9D. Moreover the operators (]ILQ(Q) +

K(2))Y, (T2 + Ko(F,2))~" and (Hop(F) — 2)~" are uniformly bounded w.r.t.
z € 0D and F for F small. This implies

lim || Py(F) — P|| = 0. (5.48)
F—0

The second part of the proposition follows from the fact that the radius of D can be
chosen arbitrarily small, this shows that the eigenvalues of Hy(F) inside D converge
to Eg as FF — 0.

O

6 Exponential estimates

In this section we show that the width of resonances given in the Proposition 5.3
decays exponentially when the intensity of the field /' — 0. Hence we prove the
Theorem 2.3.

Let Ey be an simple eigenvalue of H. For 0 < F' < Fj, let Z, be an eigenvalue of
the operator Hy(F') in a small complex neighborhood of Ey given by the Proposition
5.3. Then

Proposition 6.4. Under conditions of the Theorem 5.3, there exists 0 < Fyj < Fj
and two constants 0 < ¢y, ca such that for 0 < F < F{,

[ImZ,| < cre” F
First we need to prove the following lemma.

Lemma 6.4. Let g be the eigenvector of H associated with the eigenvalue Ey i.e.
Hypy = Eypy. Then there exist a > 0 such that e?®lp, € L*(Q).

Proof. Here we use the standard Combes-Thomas argument (see e.g. [24]). Consider
the following unitary transformation on L*(€2). Let a € R, for all p € L*(Q), set

Wa()(s,u) = €™ (s, u).

We have
H, = W,HW, ' = H —ia(Dsg + g0,) + ga’.

The family of operators { H,, a € C} is an entire family of type A. Indeed it is easy to
check that D(H,) = D(H), Ya € C. This follows from the fact that Vz € C,Imz # 0,

lg"20s(H — 2) I < II(H = 2)7 | + (IVolloo + 12D (H = 2) 7%
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Thus, for a suitable choice of z, the r.h.s of this last inequality is arbitrarily small.
This implies 059 + g0s is H-bounded with zero relative bound.

Further let Rea = 0. Denote by Hy, = Hy—ia(dsg + g0s) + ga®. For p € D(H),
we have

Re(Hoap, @) = Hy — g(Ima)® > Ao — goo(Ima)?; goo = ||9]|oo- (6.49)

Then for z ¢ ¥, = {z € C,Rez > \g — goo(Ima)?}, ||(Hou — 2)7Y| < dist™' (2, %4)
[20]. Thus if we show that Vo(Hy,, —2)~! is compact, then by using usual arguments
of the perturbation theory (see e.g; the proof of the Proposition 4.2) the operator
H, has only discrete spectrum in C\ 3, this will imply that the essential spectrum
of Hy, 0ess(Hy) C X4

Let hy = —0? ® Ir2(0,ay + Ir2m) ® T, be the operator introduced in the proof of
the Lemma 4.2 and G = g — 1 we have

Vo(Hou—2)"" = Vo(ho—2) "' = Vo(ho— 2) 1 (8,GOs +ia(Dsg+ gOs) — ga®) (Hoo —2) "

We know that Vy(ho — 2)~! is compact (see the proof of the Lemma 4.2), so we are
left to show that (88G85 +ia(0sg + g0s) — ga2) (Hoo — 2)~ ! is a bounded operator.
We have

85G85(H07a—z)_1 = 0,G0,(Hy—2) ' 4+0,GOs(Hy—2) " (ia(Dsg+90,)—ga®) (Hova—z)_l.

since D(Hp) C HE.(Q) N H(Q), by the closed graph theorem 0,G0,(Hy — )~
is bounded. By using similar arguments as in the proof of the Lemma 5.3 (i),
(ia(dsg + g0s) — ga?)(Ho o — )" is also a bounded operator.

We now conclude the proof of the lemma by using usual arguments [24]. If

Joo(Ima)? < \g — Ey, Ey remains an discrete eigenvalue of H, and e™*p € L?(Q).
I

6.1 Proof of the Proposition 6.4

Let Ey be a simple eigenvalue of H, as above we denote by g the associated eigen-
vector and P = (., po)po-

Let x1 = x1(s) be a C* characteristic function of the interval [=F, Z], 7 > 0, s.t.
xi(s) =11if s € [5£, 575). Introduce the following operator on L*(£2),

H(F) = H + xaW(F).
Since ny = |[|[x1W(F)|lo < 0o then H;(F) is a selfadjoint operator on D(H). Note
that ny = O(7) + O(F).

By using standard perturbation theory, we can choose R > 0 such that the complex
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disk D = {z € C,|z — Ey| < R} such that DNo(H) = {Ep} and has a boundary
0D C p(Hy(F) for 7 and F small enough. Then

1

" 2

P, = P/(F) éD(Hl(F) —2) " de. (6.50)

is an spectral projector for H;(F') satisfying

lim ||P, — P| —0. (6.51)
7—0,F—0
Hence for 7 and F' small enough, the operator H;(F') has one eigenvalues near Ej,
eo(F) and |Ey — eo(F)| = O(7) + O(F). Denote by v the associated eigenvector.
Evidently Pivy = 1.

Let us show that as a consequence of the Lemma 6.4, if F' and 7 are small enough

then e®slypy € L2(Q2) and
lelyoll < € (6.52)

where the constant C' > 0 and it is independent of F'.

Introduce the family of operators H,, = H, + xaW (F'), where H, is defined as in

the previous section. Then {H; ,,a € C} is an entire family of type A. In the other

hand the spectrum of H, , satisfies, o(H;,) C {2z € C,dist(z,0(H,) < nq}.

We have
1
(o, o) e* 1y = % e (H (F) — 2) " te e g dz. (6.53)

U Jop

For 7 and F small enough, the resolvent (H,(F) — 2z)~" is well defined for any

z € OD. Further, the resolvent identity

(Hia(F) = 2)7 = (Ho = 2) 7 = (Ho — 2)"XaW(F)(H1o(F) = 2) 7

and the fact that ||(H,—z)"!| is uniformly bounded in z € D imply that ||(Hy .(F)—
z)7Y| is uniformly bounded in z € 9D w.r.t. T and F.

Moreover by using standard arguments, in the bounded operator sense (Hy q(F) —
2)7t = e*(H (F) — z)"'e™® for z € 9D. In the other hand we can check that
(00, %0)| > 3 if F and 7 are chosen small enough. Hence by using the Lemma 6.4
and (6.53), there exists C' > 0 independent of 7 and F' such that

€% < Clle™ o] < oo.

The same arguments can be applied with a changing in —a, proving our claim.
From now, we fix 7 > 0 and we choose 0 < F' < Fy where Fj is small enough such

that (6.52) also holds.
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Let 6 =i, 0 < B < 6. As in previous section P, = P(F), Py = Py(F) are
the spectral projectors of Hy = Hy(F'), Hy = Hy(F) associated respectively to the
eigenvalue e, Z;. We have

(Zo — eo)(Potho, Pripo) = ((Hg — Hy) Potho, Pripo) =
((OF cos(n)f + (1 — x1)W(F) + AT Py, Pribo)

where AT =T, g — T,. Hence we will use the estimate,

1
(| Potbo, Pribo)|

By using (5.48), (6.51), for F' and 7 small enough, the Lh.s. of (6.54) is estimated

as,

ImZ,| < [(0F cos(n) f + (L = x))W(F) + AT Py, Prio)|  (6.54)

(o, Prto)| 2 5,

and from (6.52), the two first terms of the r.h.s. of (6.54) satisfy

|(0F cos(n) f Paro, Pio)| < 10][|@¢oll = O(e™F)

and
(1= X)W (F)Pyto, Pibo)| < [I(1 = x1)W (F)tholl = O(e™F),

for some constant ¢ > 0. Let x be a characteristic function of supp(f’). Then (see

e.g (3.17) and (3.19)),

|(AT Pytbo, Pibo)| = [(AT Pyrbo, x Pbo)| < || x%o|[||AT Patbol|-

Since for F' small enough, ||xto|| = O(e”F). Then to prove the theorem we need to
show that funder our conditions, ||AT Pyyy|| and then by (5.45) that [|AT (Hy(F') —
2)7Y|, z € 9D is uniformly bounded w.r.t. F.

Note that following the proof of the Proposition 5.3, (see e.g. (5.44) and (5.46))
then for F' small enough, the norm ||(Hy(F) — z) 7|, 2 € D is uniformly bounded
in F. Evidently this is also true for |[(H — z)7!||. The second resolvent equation
implies for F' small and z € 9D,

AT (Hy(F) — 2)~' = (6.55)
AT(H — 2)7' = AT(H — 2) " (AT + Wy(F)) (Ho(F) — 2)~ 1.

By the closed graph theorem the operator AT(H — z)~!, 2 € 9D is bounded and
if F is assumed small enough || AT(H — 2)7!|| < 1 uniformly in z € 9D (see e.g.
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the proof of the Theorem 3.1). In view of

AT(H — 2)""Wy(F)(Hy(F) — 2)~! = (6.56)
AT(Fs+i)(H — 2) "D (Hy(F) — 2)~' +
FAT(H — )7 (90, + 0.9)(H — =)~ "R (Hy(F) — 2)7,

the same arguments already used in the Section 3, then imply that there exists a
constant C' > 0 such that for F' small enough |AT(H —2)"'Wy(F)(He(F)—2)7Y| <
C for z € 9D. Therefore, by (6.55), we get for z € 9D,

IAT(Ho(F) = 2)7H (1 = [AT(H — 2)7Y|]) < [JAT(H — 2)7|| +
|AT(H = 2)~'Wy(F)(Ho(F) — 2)7*]|,

hence we get

|AT(Hy(F) — 2)7Y| < 14 2C.

7 Appendix: Self-adjointness

In this section we prove the Theorem 2.1. Our proof is mainly based on the com-
mutator theory [23, 25]. First we note that it is sufficient to show the theorem for
the operator h = h(F) = Hy + w(F) defined on L*(Q) where w(F') is defined in
(3.18). Choose a,b € RT such that w(F,s)+ as®+b > 1 and consider the positive
symmetric operator in L?(€),

N = Hy +w(F) + 2as® + b.

The operator N admits a (Friedrichs) self-adjoint extension since it is associated
with a positive quadratic form, we denote its self-adjoint extension by the same
symbol [20]. Moreover N has compact resolvent and then only discrete spectrum
(see section 7.1 below). So N is essentially self-adjoint on

C={p="1va:¢€S(R?,¥(s,0) =(s,d) =0 for all s € R} (7.57)

where S(R?) denotes the Schwartz class. In fact C contains a complete set of eigen-
vectors of N. Indeed some standard arguments (see e.g. [3, 13, 24]) show that
the corresponding eigenfunctions and their derivatives are smooth on 2 and super-
exponentially decay in the longitudinal direction. From [23, X.5] we have to check

that there exist ¢,d > 0 such that for all ¢ € C, ||¢|| =1,

c[[Nell = [lhel] (7.58)

21



and

1

d|NZg|* > |(hp, Ng) — (N, hp)|. (7.59)
In the quadratic forms sense on C,

N? = (h+0b)*>+4asNs+ [[h,s],s]. (7.60)
But in the form sense on C, [[h, s, s] = —2¢ and g is bounded function. Therefore,

Nl + 2lgllee = [I(h+ b)e]]
and then since N > 1 this last inequality implies (7.58). Similarly,
+i[h, N] = =ilh — N, N] = +i2a[s*, T,]
= Fida(0sgs + sg0s),

this gives that for all ¢ € C, ||¢|| =1,

|(hep, No) — (N, he)| < 2a(]|g2ds]|* + |52 ||). (7.61)

Clearly we have N > T, + as® on C. Then from (7.61) there exists a constant d > 0
such that

[(heo, Np) — (N, ho)| < d(Ny, p)

proving (7.59). 3
We now show (ii). Let E € R. We denote by E; the first eigenvalue of the
operator T, + F'sin(n)u and x; the associated normalized eigenvector,

(T, 4 Fsin(n)u)¥1(u) = E1x1 (). (7.62)
Set A = E — E; and ¢ be the solution of the Airy equation
—p"(s) + F cos(n)sp(s) = A\p(s) A € R. (7.63)

It is known (see e.g. [1] ) that p(s) = (A — Fcos(n)s)*l/‘le_i”cis(”) O=F cos(ms)’® 4
o((A—F cos(n)s)™"/*) and ¢'(s) = (A~ F cos('r])gS’)l/A‘«fiﬁos(m(’\7FCOS(")S)3/2 +o((A—
F cos(n)s)'/4) as s — —oo.

Let & be a C* characteristic function of (—1,1) and s € R — &,(s) = {(-5 +n),
%<a<1,n€N*. Set

Y = L where Gu(s,1) = Xa(u)p(5)&,(5), then for n large enough, || =

|&n|l > e /2714 for some constant ¢ > 0. Since g = 1 if n is large, we have

1

(H(F) — By = (— 21 () ()€l (s) — xl(U)w(S)SZ(S))m
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and then

||(H(F) )¢n||L 2(Q) < m(QHSOf ||L 2(R) T ||S0§ ||L2(]R)) (7-64)

For n large enough [|¢'& (172 = o(n= /24 and ||p€l|| 2@ = o(n3/271/4),
Thus,
lim |[(H(F) = E)inl|z2@) = 0.

n—o0

This completes the proof.

7.1 The operator (N + 1)1
Consider first the positive self-adjoint operator on L*(£2)

No = (=02 +v(s)) ® [0 + Loy ® T

where v(s) = w(F,s) + 2as? + b and w is defined in (3.18). It is known that the
operator —9? +v(s) is essentially self-adjoint on L*(R) and has a compact resolvent
(23, 24]. By the min-max principle we can verify that the eigenvalues of this operator
satisfy, there exists ¢y, co > 0 such that for large n € N

can < e, < con.

Then (Ny + 1)~! is an Hilbert-Schmidt operator. By using the second resolvent
equation we have

(N+1)=(Nog+ 1)+ (No + 1) '0,GOy(N + 1)1

where G is defined in the proof of the Lemma 4.2. Therefore, the statement follows
if we show that 9,GO(N + 1)~! is a bounded operator.
We have

0,GO,(N +1)™! = 8,G0,(Ho + 1)™" — 0,GO,(Hy + 1) u(N + 1)~

Since D(Hy) C HIOC( Q) NHE(), by the closed graph theorem 9,Gd,(Hy + 1)~ and
0;G0Oss(Hy + 1)1 are bounded. Standard commutation relations then imply,

0,GO,(Ho + 1) "0(N + 1)7" = 9,G,(s + i) (Ho + 1)L 25 (N + 1) +

0,GO,(Ho +1)120,(Ho + 1)1 (N + 1)

We know that the domain D(N) C D(|v]|'/?) so -5(N +1)7" is bounded, then it
follows by using the same arguments as above that 9,GO,(Hy + 1) to(N + 1)7?
also bounded. O
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