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LOCAL SMOOTHING ESTIMATES FOR THE MASSLESS
DIRAC-COULOMB EQUATION IN 2 AND 3 DIMENSIONS

FEDERICO CACCIAFESTA AND ERIC SERE

ABSTRACT. We prove local smoothing estimates for the massless Dirac equation
with a Coulomb potential in 2 and 3 dimensions. Our strategy is inspired by [9]
and relies on partial wave subspaces decomposition and spectral analysis of the
Dirac-Coulomb operator.

1. INTRODUCTION AND GENERALITIES

The massless Dirac equation with an electric Coulomb potential reads
g + Dyu — L= 0, u(t,z): R, xR* —=CV
(1.1) ||
u(0,z) = f(x)

where the massless Dirac operator D,, is defined in terms of the Pauli matrices

(1.2) 01:<(1](1))7 02:<?_0i>’ U3:<(1) —01)

as
. 0 —i0,
DQ = —2(01896 + O'Qay) = ( r 6 )
(we denote 0, = 0, — 10, and 0z = 0, + 10,) in dimension n = 2 with N = 2, and

3
Dg = —ZZ a,ﬁk = —i(Oé . V)
k=1
where the 4 x 4 Dirac matrices are given by

(1.3) ak:<0 ‘B’f) k=1,2,3

Ok

in dimension n = 3, with N = 4.

The Dirac equation is widely used in physics to describe relativistic particles
of spin 1/2 (see e.g. [29], [40]). In particular, the 2D massless equation is used
as a model for charge carriers in graphene, a layer of carbon atoms arranged in a
honeycomb lattice (see e.g. the physics survey [33] and the mathematical papers
[22], [25], [30]). Note that there have been many rigorous results in the recent
years on the stationary (massive) Dirac equation, essentially in dimension 3 (see
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2 FEDERICO CACCIAFESTA AND ERIC SERE

e.g. [18] for references). Comparatively, its dynamics has been less investigated
up to now.

The o; and o; matrices were introduced in view of making the Dirac operator
a square root of the Laplace operator: therefore, they satisfy by construction the
following anticommutating relations

0j0 + 0,0 = 20ikla,  J k=1,2;
718797 —+ Qply; = 25ik1[47 j, k= 1, 2, 3,

(we recall that the spectrum of D, is the whole line R). These conditions ensure
that

(iat - Dn)<i8t + Dn) = (A - atQt)[Nv

which strictly links the dynamics of the free massless Dirac equation to a sys-
tem of N decoupled wave equations. Therefore, dynamical properties for the free
Dirac equation can directly be derived from their wave counterparts: dispersive
properties of the flow can be mainly encoded in the celebrated family of Strichartz
estimates, which are given by
(1.4) 1P 7133 S Sl
where the exponents (p, ¢) are wave admissible, i.e. satisfy

2+d—1 d—1 5 < p< 2(d—1)>

— - = o0 -~ @@z

P q 2 7 =P =00 d—3 ~
and ePr represents the propagator for the solutions to (1.1) with V = 0 for
n = 2,3. We stress the fact that the estimate corresponding to the couple (p, q) =
(2,00) in dimension 3, the so called endpoint, that is

(1.5) 1™ Fllzree Sl

is known to fail as the corresponding one for the 3D wave flow. In [31] a refined
version of this estimate involving angular spaces was given. As a consequence, the
well-posedness of the celebrated cubic nonlinear Dirac equation was established,
assuming initial data in H' with slight additional regularity on the angular vari-
able. The problem was afterwards completely solved in [4]. See also [5] for the 2D
case.

Another family of a prior: estimates encoding informations about dispersion is
given by the so called local-smoothing type estimates, which turn to be particularly
useful to handle potential-type perturbations. Different versions of these estimates
are available: to the best of our knowledge the most general one in this setting is

(1.6) lwg 2P fll 22 < Cllf |22

where w,(x) = |z|(1 + |log |z||)?, ¢ > 1. Both (1.4) and (1.6) can be found in
[14] (see also [17], [7]). We are not aware of any corresponding result for the 2D

q=>2



LOCAL SMOOTHING FOR THE MASSLESS DIRAC-COULOMB EQUATION 3

case; nevertheless, the strategy developed in [14] can be suitably adapted to this
context to obtain similar results.

In recent years a lot of effort has been spent in order to investigate what happens
to dispersive flows when potential perturbations come into play. In [14] both (1.4)

and (1.6) were proved for the flow e®”s+V) under the assumption
J
V(z)] < : o>1, n =3,
We(x)

for some ¢ sufficiently small, which by the way is a sufficient condition to guarantee
that the operator D3 4+ V' is selfadjoint (see [40]). Similar results are available for
magnetic potentials as well (see e.g. [8], [13]). The angular endpoint estimates
proved in [31] have been generalized in [11], [12] to small potential perturbations,
by introducing some new mixed Strichartz-smoothing estimates. At the same time,
some effort has been spent in order to find examples of potentials such that the
correspoding flows do not disperse (in the sense discussed above). This problem
has been tackled for the magnetic Dirac equation in [2] in 3D, essentially showing
that for vector potentials of the form A(z) = |z|°Max with § € (1,2) most of
the mass of the solution is localized around a non-dispersive function. These
arguments suggest that, heuristically, the degree of homogeneity of the operator
works as a threshold for the validity of dispersive estimates: therefore, for the Dirac
equation, the Coulomb potential is to be thought of as a critical case (we stress the
fact that the restriction to the massless case seems unavoidable now). In the very
last years the problem of understanding dispersive estimates for scaling invariant
potentials has been approached for other dynamics: in [9] and [10] the authors
have proved indeed that Morawetz and Strichartz estimates can be recovered for
both the Schrodinger and wave equations with inverse square potentials, and in
[21] the L' — L™ time decay estimate is proved in the electromagnetic case.

The aim of this paper is to adapt the techniques of [9] to the massless Dirac
Coulomb equation, and thus to prove local smoothing estimates for solutions to
(1.1). The strategy of proof of [9] is fairly straightforward: the basic idea is to use
a spherical harmonics decomposition to reduce the equation to a radial one and
then rely on the Hankel transform to diagonalize it. Several problems arise when
trying to adapt these ideas to the Dirac setting. The first difficulty is given by the
fact that the Dirac operator does not preserve radiality, and therefore one needs
a more complex, but still classical, spherical harmonics decomposition related to
the SU, group action (see [40], section 4.6). Another issue is that we cannot use
the Hankel transform, and we have to build up a relativistic analogue. To do this,
we need to study the continuous spectrum of the Dirac-Coulomb model, both in
2 and 3 dimensions. The corresponding generalized eigenfunctions are well known
(see for instance [29] and [34]), but their rich structure will raise some additional
technical difficulties. We stress the fact that, to the best of our knowledge, this
is the first result concerning dispersive properties of Dirac-Coulomb, an operator
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which plays a fundamental role in relativistic quantum chemistry. We hope that
our result will be useful in the study of the dynamics of nonlinear models involving,
for instance, several relativistic electrons in a molecule.

Before stating our main result, we introduce some notations that will be used
throughout the paper.

Notations. _
We shall use the standard notation H* for the homogeneous Sobolev space with

the norm || f||;7. = |||D|*f]|z2 where |D| = (—A)Y2, and LVLI = LP(R,; LY(R?))

for the mixed space-time Strichartz spaces. We denote with 2° the operator
(¢)(x) = |z p(z)

and with a little abuse of notation we will use the same symbol to indicate the

operators which are pointwise equal for all times,

() (¢, z) = |zP(t, z).
We introduce the following sets of indices

(1.7) By(k) =4k :k=1/24+m,m € Z}

(1.8) By(k) = {k : k € Z\{0}}.

As most of the forthcoming objects will be significantly different in 2D or 3D,
we will often use the apex n to distinguish the dimensions; this will not have to
be confused with standard powers, but interpretation will be clear from time to
time. For the definition of the angular spaces H}', n = 2,3 we refer to forthcoming
Proposition 2.1 and subsequent Remark 2.1.

We are now ready to state our main Theorem.

Theorem 1.1. Letn = 2,3, v, € (—”T’l,"T’l), and let k, € B, (k). Let u be a
solution of (1.1). Then, for any

1/2<a< K2 —12+1/2
and any f € L*((0,00)) ® HY, there exists a constant C' = C(v, o, k) such that
the following estimate holds
1/2—a
u

Up,

||

Remark 1.1. The dependence on the dimension of v, which will be neglected in
the rest of the paper, has been added in the statement of the Theorem to allow us
to remark the different ranges of admissible charges in dimensions 2 and 3. These
ranges are in fact imposed by the condition on the Dirac Coulomb operator to be

(1.9) Q-

D, —

< Ol f e

LPL:



LOCAL SMOOTHING FOR THE MASSLESS DIRAC-COULOMB EQUATION 5

self-adjoint, which is indeed guaranteed in those intervals (see Remark 1.4). We
stress also the fact that for v approaching the endpoints, respectively £1 in 3D
and +1/2 in 2D, the range of admissible exponents for the lowest value of &, in
estimate (1.9) shrinks to zero.

Remark 1.2. It seems to be possible to generalize our proof of Theorem 1.1 to any
space dimension n > 2. As it will be clear, the key ingredients are given indeed
by the construction of a suitable integral operator which transforms the prob-
lem into an ODE, and then by the careful analysis of some interaction integrals
between generalized eigenstates of the Dirac-Coulomb equation that naturally ap-
pear. Therefore, the crucial step consists in finding the generalized eigenstates of
the Dirac-Coulomb equation: this has been performed in [24] in higher space di-
mension n > 4 by generalizing the spherical wave decomposition (see Proposition
2.1), i.e. by carefully analyzing the symmetries of the SO(n) group. Anyway, we
prefer not to deal with this problem here both because technicalities would lead
us too far and because of the scarce physical interest of it.

Remark 1.3. The endpoint case o = 1/2 in (1.9) would permit to recover with
a standard argument the full set of Strichartz estimates for the perturbed flow
(see e.g. [9]); even though we don’t have a concrete counterexample, this estimate
seems to fail. Forthcoming remark 3.1 gives more details on the issue.

Remark 1.4. In order to have a unitary flow for equation (1.1) one needs the
operator D,, — |7V| to be selfadjoint; many papers have been devoted to the study
of this property (see e.g. [37], [42], [32], [27], [19], [20], [3]) in the 3D setting (note
that the methods introduced in these papers are quite general and can be adapted
to other dimensions). In 3D the essential self-adjointness is in fact guaranteed

if |v] < ¥, while in the interval ? < |v] <1 it is still possible to build a
distinguished selfadjoint extension. In the 2D case, as soon as v is nonzero, the

Dirac-Coulomb operator Dy — ﬁ defined on C5°(IR?) is not essentially selfadjoint

(this is an immediate consequence of Theorem 4.16 in [40]). But C. Warmt ([41],
Satz 2.2.6) recently proved the existence of a distinguished self-adjoint extension
if |v| < 1/2. Therefore, in the range of v, for which we prove our Theorem 1.1,
the operator D,, — |7V| is self-adjoint (in the sense just discussed).

The plan of the paper is the following: in section 2 we build the setup, review-
ing the theory of partial wave subspaces and the spectrum of the Dirac-Coulomb
operator in 2D and 3D; then we define our analogue of the Hankel transform used
in [9]. Section 3 is devoted to the proof of Theorem 1.1. A short appendix contain-
ing some generalities on special functions is included at the end for the reader’s
convenience.

Acknowledgments. The first named author is supported by the FIRB 2012
"Dispersive dynamics, Fourier analysis and variational methods” funded by MIUR
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(Italy). The second named author acknowledges support from the ANR “NoNAP”
of the french ministry of research.

2. THE SETUP.

We devote this section to recall some classical facts about the radial Dirac oper-
ator and his spectrum, including a short discussion on how to explicitly calculate
the generalized eigenstates of the continuous spectrum. For the sake of brevity we
will omit several details, referring to [29] and [40] for a complete discussion and
for more informations on the topic. Also, we construct an integral transform that
will be crucial in our proof.

2.1. Partial wave decomposition and continuous spectrum. The main in-
gredient we need to introduce is the so called partial wave decomposition. We
collect in Proposition 2.1 the tools we will need in what follows that is, essentially,
the fact that the Dirac-Coulomb operator can be seen as a radial operator with re-
spect to some suitable decomposition, both in dimensions 2 and 3. We will denote
for brevity with Ay and A3 the following families of indices

(2.1) Ay = {keZ+%};

.13 o . .
(2.2) Ajz = {‘725’5""’mj:_j’_]+1""’+j’ kj:i(j+1/2)}

Moreover, we define the 4-vectors

— i, — B 0
(2-3) “my, F(j+1/2) T ( j(j)F / ) ’ Tmy,F(G+1/2) ( 0" )

1720
where i
Q;n_jyz - \/% ( j T Y;:jlfl; )
J J=m; Y
g m;—1/2
Q;njl/Q = ﬁ < B / _'_ ! __mj Yjﬁﬁiﬂ )
g L=m; Yy,

and Y, are the usual spherical harmonics.

Proposition 2.1. Let n = 2,3. Then, we can define unitary isomorphisms be-
tween the Hilbert spaces

LX(R?)” = L((0,00), dr) (X) Iz,
keAs

L*(R*)* = L2((0, 00),dr) ® h?mw’%

Jimj,kj€A3
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by the following decompositions
B 1 Fi(r)eite=1/28
24 0a(e) = 3 5= ()
1 F} mj,k (T)E+ k (97 gb) )
2.5 Oo(x) = JoM 1 Hﬂva J
29 = 2 e (dmE
Jymj.k;j€A3 J

which hold for any ®, € L*(R™,CY). Moreover, the Dirac-Coulomb operator
leaves invariant the partial wave subspaces Ce((0,00)) @ hy and, with respect to

the basis {ei(k*I/Q) ik +1/2) 9} and ]mj Ky ,”;mj k; 1s respectively represented
by the radial matrices
v d k v 1+kj
2 - ——+ 3 —= -+ =
(26) dk = ( d i k d:ﬂ " ) ’ dj7mj7kj - < d _ Tl_kj dr_ﬂ ) :
dr r r dr r T

The Dirac-Coulomb opeator D,, — % on C (RN is unitary equivalent to the
direct sum of "partial wave Dirac operators” dj m; x,

Vo 2 V 3
DQ - ; - @dka D3 - ; == @ dj,mk,kk
k ]7mk7kk
For fized ko € B(ky) and ks € B(ks) we denote with
<2'7) H;EQ - @ hk’ H;E:a - @ hj’mj’kj'
k|| > o | J:i<|ks|=1/2,m;k;:
Proof. See [40]. O

Remark 2.1. Notations in Proposition 2.1 are very heavy; this is partly due to
the richness of the Dirac operator itself and partly to the fact that the spherical
coordinates decomposition changes in dimensions 2 and 3. We should stress the
fact that formulas (2.6) only depend on k: therefore, in what follows we will abuse
notations neglecting the dependence on the other parameters in the case n = 3 in
order to have a unified presentation.

We now show how the functions of the continuous spectrum for the Dirac-
Coulomb operator are obtained. We want to deal with the eigenvalue equation

(2.8) (Dn — m) U =P, e>0, n=23.

The application of Proposition 2.1 suggests to seek for solutions in the form, for a
fixed value of ¢,

A F2_(r)eit=1/2
(29 W) = (g im ). n=2
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3 (M=EH(z
(2.10) Uy (r, @) = ( ZEZ((T))E’%(@)) ) : n=3

so that equation (2.8) will in fact reduce to a sytem of ODE for the radial compo-
nents F}'(r), G (r) which is the same in both dimensions, apart for some constants,
and can be expliticly solved (for the details on these calculations we refer to [29]
section IV for the 3D and to [34] for the 2D case). We thus have the following
formulas, for fixed values of k and € > 0, and n = 2, 3,

(2.11)
\/5\1“(74— 1+ v)| (n—1) .
Fr = ™/2(2er)Y" "7 Re { O Fy (v —iv, 2y + 1, —2i
e T2+ 1) e™=(2er) 2 e{e 1Fi(y —iv, 2y + 1, Z€T)}
(2.12)
V2\D(y+ 141 n— ; . .
276 _ Z\/_|FE’2}/7 - 1) ZV)| ewu/2<2€r>77(—21)1m {el(€r+£)1F1 (,Y — iy, 27 +1, —QZET)}

where 1Fi(a,b, z) are confluent hypergeometric functions (see Appendix for the
definition and some properties), v = Vk? — 2 and e ¢ = 1= is a phase shift.
We will denote with

(2.13) Wy (r) = ( F%E((":r)) ) ., n=23

the vector of radial coordinates of the generalized eigenfunctions.
Notice that with this choice the following normalization condition holds for
(2.9)-(2.10)

+o0 € — 6/
(214) e = 20

meaning with that that the function

K(r,r") =1 / e~ (1)l (r)e™ e
is a d-approximation for [ — 0.

Remark 2.2. We point out that, due to our choice of normalization (2.14), the
homogeneity of the functions ¢"(r) with respect to € and r is the same; this fact,
that is not true anymore in the massive case, will be crucial in what follows, and
therefore prevents the application of our strategy to the massive case.

Remark 2.3. The sign of the Coulomb potential plays in fact a virtually unessential
role in what is above, and the wave functions for repulsive fields can be obtained
simply by changing the sign of v in (2.11)-(2.12).

Remark 2.4. Formulas (2.11)-(2.12) give the ”eigenstates” of the continuous spec-
trum corresponding to positive energies € > (0. Using a charge conjugation argu-
ment (or directly working on the explicit radial equations), it is possible to obtain
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the corresponding formulas for the radial components (2.9) for negative energies:
it turns indeed out that the function ¢_j (1) solves

(2.15) et (1) = —¥_pe, n=2,3,

where the operator dj, is the one defined in (2.6) with opposite sign of the charge v.
This shows that the ”eigenstates” corresponding to negative energies for equation
(2.8) can be understood by mean of (2.15) to be "eigenstates” corresponding to
positive energies, with opposite value of j and opposite charge. Therefore, denoting
with ', G the functions obtained by (2.11)-(2.12) by changing the sign of v, we
obtain for the radial coordinates of the ”eigenstates” corresponding to negative
energies as in (2.13) the following relation

v ) = ( Féjf@ ) = ( gfzk,;fﬁ)) ) |

2.2. The integral transform. We now introduce the crucial integral transform
that will be used in the proof of the main result, consisting in a projection on the
continuous spectrum of the Dirac-Coulomb operator. Throughout this subsection
we will omit the dependance on the dimensions of the functions, as the calculations
carried out will be the same.

Definition 2.2. Let ® € L*((0,00),dr) ® hy, for some fixed k and let o(r) =
(p1(1), p2(r)) be the vector of its radial coordinates in decomposition (2.4)-(2.5).
We define the following integral transform

( Prole) +oo¢ka( Yo (r)r™tdr
(2.16) Prp(e) = ( p,fgok( ) ( ( Jo = () so(r)r"*ldr)
= h Hy(er) - o(r)r™ tdr

0
where we have introduced the matrix (keep in mind Remark 2.4)

Fkﬁ r Gk,z—: r
(2.17) iy = ( Fkgrg Gk,(g(?r) )

We collect in the following proposition some important properties of the operator

Py

Proposition 2.3. For n = 2,3 and any ® € L?((0,00),dr) ® hy the following
properties hold:
(1) Py is an L*-isometry.
(3) The inverse transform of Py is given by
+oo

(2.18) P,;lgo('r’) = i H(er) - p(e)e" de



10 FEDERICO CACCIAFESTA AND ERIC SERE

«_ | F 75(7“) G ,—S(T)
where H} = ( G];g(r) F:,_g(r) )

(4) For every o € R we can define the fractional operators

+o00
(2.19) Afpr(r) = ProsQ Py oi(r) = / Si(r,s) - pu(s)s" " ds.
0
where the integral kernel Sy(r,s) is the 2 X 2 matriz given by
+oo
(220) Sk(T; 3) — Hk(ET) . Hg(es)en—l—i—ade

0

Remark 2.5. Property (1) allows, by standard arguments, to extend the definition
of the operator Py, to functions in L2.

Remark 2.6. When summing on k, property (2.19) defines in a standard way
fractional powers of the operator |D,, — IYVI" which are used in the statement of

Theorem (1.1).
Proof. Property (1) and (2) come from the definition of Py, once noticed that

Py (dre) = (e, drsp) = (dptp e, ©) = F(p te, @)
and from normalization relation (2.14). Property (3) is a consequence of (1) (H
is the adjoint of Hy).
To prove property (4) we use the definition of Ay to write
ATor(r) = PP ox(r)

+o0

= Hy(er)e" 1+ (
0

400
H,:(es)gok(s)s"_lds> de.

Exchanging the order of the integrals yields (4). O

0

3. PROOF OF THEOREM 1.1

We here prove our main result. Following [9], we rely on partial wave decom-
position and on Proposition 2.3 to explicitly write the solutions on the single sub-
spaces; then, a detailed and careful analysis of the kernel Si(r, s) of the operator
Ay, defined in (2.19) will be performed to sum back.

3.1. The strategy. We start with decomposition (2.4)-(2.5) and work on a single
spherical space which will be identified by k € A, as in (2.1) and by the triple
{j,mu, k;} € Az as in (2.2) in the case n = 3. With a slight abuse of notations, we
will again neglect the dependence on everything but & in the 3D case (as noticed
in Remark 2.1, the radial Dirac-Coulomb operator in dimension 3 only depends
on k = k;, see (2.6)), as well as the dependence on the dimension for the various
objects, in order to perform much readable and unified calculations. We thus rely
on Proposition 2.1 aiming to prove estimate (1.9) on a fixed partial wave subspace
with a constant C' bounded with respect to k, and eventually sum back. We thus
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take an initial condition f with angular part in A, for some fixed k, and denote
with L f the solution to the initial value problem

iut + dku = O,
u(0, ) = f(x)

with dj, as in (2.6). We apply operator Py, which is an L?*-isometry, to the LHS
side of estimate (1.9) and use Proposition 2.3 to obtain (the application of the
matrix o3 does not alter the L? norm)

”PkQﬂ|dk\1/27akaHL§Lg = ”AI;anmialpkka”Lng
where we have used (2.19). Now, Py Ly f solves (see (2) of Proposition 2.1)

52) {i@thka 03 QPL L f = 0,

(3.1)

PiLy. f(0,8) = Prf(S),
so that the solution to this problem is explicitly given by

PieLif(t, &) = " P f(£).

Fourier transforming in time (since F;_,, is an L*-isometry which commutes with
A7) gives (with a minor abuse, we will neglect the o3 matrix from now on as we
will only need to pick the L? norm and thus the sign will be unessential)

(FePeLif)(7,8) = (Pef)(p)o(7 + &).
We can then write

2n— 2a1

“+o00
(A QP F P Lif)(7,€) = /0 Si*(§:8)0(7 + 8)Prf(s)s™ = ds

= —SE TP (r)r T

In view of proving (1.9) we now need to calculate the L? norm in time and space
of the quantity above which then gives (notice that, as the angular part in decom-
position (2.4)-(2.5) is L*-unitary, we only need to conmder the radial integrals)

+o0 +oo
83 [ [ (@S en ) (50 R

Since SY(p, 7)T = SP(r, p), the integral in dp yields S, **(7,7) and we are therefore
left Wlth

(3.4) / (P (1) (7 ) (P ()72

To conclude the proof of the estimate on the k-th space we need to bound
(3.4) with the L?-norm of Py f (which we recall to be the L? norm of f). Using
forthcoming Proposition 3.1 we thus have

(35) / P (S (P (P (P dr
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“+o0
< [ mSE PP
0

+o0
< G / (Pof) (1) () dr
= Cullf e

with C a bounded constant of k. Expanding f in partial waves and using the tri-
angle inequality together with the orthogonality of spherical harmonics concludes
the proof.

3.2. The main integral. The crucial step consists thus in evaluating

+o0
Tr(S*QQ(T, 7)) = Re l/ Fk7€(7')2 + Gk,e(r)Qe"IMde}
0

+o0
(3.6) + Re { / Fk7€(r)2—|—Gk7€(7)2e”12adg]
0

= Re[Li(7) + L(7)].

More than giving an explicit solution of such integrals, which seems to be possible
but significantly complicated, we are more interested in proving the following

Proposition 3.1. Let n = 2,3 k, € B(k) as defined in (1.7)-(1.8) and v, as in
Theorem 1.1. Then for every

1/2<a< k2 —1241/2

there exists a constant Cy, such that
Tr(S, 2 (7, 7)) = Cy, 7 "2

n

Moreover, sup |C, | < 0o
k

n

Proof. By recalling the structure of the generalized eigenstates (2.11)-(2.12), we
have that integral (3.6) takes the form

(3.7) Li(r) = Ck7,,7'2“’*("*1)

+00
» / €720 2T [ (v — v, 2y + 1, —2ieT) Fy (v — v, 2y + 1, —2ier)de
0

with
_ 2+2 mx|1—‘(7+1+i’/|2 2i¢
—x € [(2y+1)? ‘
where we recall that v = vk? — v2. As the only difference between I; and I is
encoded in the sign of v (see Remark 2.4) which is virtually unessential, we will
limit our discussion to [;, the other case being completely analogous.

Integrals like (3.7) have already been object of study in literature (see e.g. [28],
[23], [6]) since they are connected with some different physical problems, as for

Ck,l/
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instance matrix multipole elements for the Dirac Coulomb model, and they present
some difficulties being not convergent at infinity as well as in the origin (see (4.3)).
Singularity at the origin can be dealt with by a standard integration by parts
argument (as the one used to define I' function for negative real parts) and is
discussed in [39] provided 27y — 2 + 1 is not zero or a negative integer, while
singularity at infinity is slightly more difficult to be handled. To make things
work, we need first of all to define I(r,s) off-diagonal and then use a limiting
procedure. Also, the introduction of a term of the form e~ with § € R* in the
integral is needed in order to make it convergent; we will then denote with I? the
integral
L(r,s) = Gy, =1

+o0
X / €720 9)=0), By (v — ju, 2y + 1, —2ier )1 Fy (v — iv, 2y 4 1, —2ies)de.
0

This modified integral can be explicitly computed, and its solution is written in
terms of a double Appel series, which unfortunately turns out to be not convergent
for the values we are interested in. To deal with this problem, it is necessary to
introduce an analytic continuation of such a series: we don’t include the proofs of
these results here as they can be found in corresponding references.

We begin with the following

Lemma 3.2. Let o,  such that |a| + || < |h| and d not a negative integer nor
zero. Then

+00

(38) / td_le_htF(al, bl, at)F(ag, bg, Bt)dt - h_df‘(d)Fg(d, ay, as; bl, bg, %, g)
0

where Fy is defined in (4.5).

Proof. See e.g. Lemma 1 in [36]. O

We should now point out that the ray of convergence of F(«; ay, as; by; by x,y) is
|z| 4+ |y| < 1, which provides a first obstacle to the application of this result to our

case. To overcome this difficulty, we rely on the following analytic continuation of
F,.

Lemma 3.3. If Re(by — a1) > 0, Re(a;) >0
(3.9) Fy(d;ay, a, by, b5 1,1)

_ efm(b a—d) P(bl) ( — b +1)
[(a)I'(d —ar + 1)
L'(by)I'(d—by +1)
T(by —a)l(d + a1 + 1 —by)
Proof. See [6].

3F2<d,b2 — a2,d— b1 + 1,b2,d— aq + 171)

+6i7ra 3F2(d’a2’d~|»1—bl;bg,d+a+1_b1;1)
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For the sake of generality we have stated this Lemma with general values of the
parameters; we list here for convenience the necessary substitutions to treat our
case:

(3.10) d = 2v+1-2q
a; =ay = 7y —1iv;
bl = bg = 2’7 + 1.

Since necessary conditions of Lemma 3.3 are fullfilled with these values, this
result allows us to pass to the limit I2(r, s) for § — 0, s — r =: 7, and thus leaves
us with

Li(r) = C’k,lﬂ'z'y*(”*l)(22’7‘)*(2V+1*20‘)T(27 +1-—2a)
XFy(2y+1—2a;y —iv,y —iv; 2y + 1,2y + 151, 1)
with

22772 ID(y+ 1 +av|? o
= e™ e,

T [(2y+1)2
Using now representation (3.9) for Fy and plugging in values (3.10), we are led to
(3.11) L(1) = 727" Ch , (20) "B H729D (2 + 1 — 20) (A + B)

where

Ck,l/

F'2y+1HI'1l —2a)
I'(y—iv)I'(y+2—2a+iv)
Z 27+ 1=20)n(y+ 1+ i)l = 2a)n,

2y + Dy + 2 — 20 + iv),ym!
F2y+ 11 —2a)

Fy+1+i)l'(y+1-2a—iv)

(2741 —=2a)n(y —iv)m(l — 20),

Z 2y + Dy +1=2a —iv),m!
Both the 3F5 functions above turn to be convergent: we can indeed explicitly
check convergence condition (4.2) to give in both cases a > 0. Notice also that
assumption o < v+ 1/2 guarantees boundedness on the term I'(2y 4+ 1 — 2«). To

conclude with, we now need to take the real part of (3.11) and show that it is a
bounded function of 7. After some simplifications, we have

1202 (2 + 1 — 2a)T(1 — 2a)

A= 6i7r('y—2a—iy)

Y

B = eiw('y—iu)

Re(f(7)) =

s F2y+1)
< Re [e—ig(mﬂ)F(V + 14 w)(y —iv) Z 27+ 1—=20)n(y+ 14+ w)u(l—2a),
L(y+2—-2a—iv) 27+ Dy +2 —2a +iv),m!

+ eig(Zoz—l)

iy +1—iv) Z (27 +1—=20)m(y — i)m(l — 2a),
Iy +1—-2a—iv) 2y + Dy +1—2a —iv),m!

m
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where we have written i~ (27T1720) — ¢=5(17+1-29) " {Jsing now the basic property
of the Pochhammer symbol (z),, = T(x + m)/F( ) many other terms simplify,
leaving us with

21+2a627w
Re(I =
o(1y(r)) = 2
«Re [e-i520) Z F2y+1-2a+m)I'(y+1+m+iv)['(1 —2a+m)

F2y+1+m)I(y+2—2a+m—iv)m!

m

LelF a1 _Z.V>ZP(2’Y+1—2Oé+m)1—‘(’y+m—il/)f‘(1—20z+m)]
7 P2y +14+m)I(y+1-2a+m+iv)m! '

Stirling formula for Gamma function

p@:@(gy(lm(g))

shows that both the series above are asymptotic (in 7) to v, and therefore the
proof is concluded.
O

Remark 3.1. Tt should be noticed that when o — 1 the term I'(1 — 2«) produces a
singularity of order 1, as it is seen by applying well known property I'(z)I'(1—z) =
7/ sin(mz). Anyway, it can be checked that this singularity vanishes when taking
the real part. Calculations are very easy in the unperturbed case (i.e. when
v = 0): in this case indeed everything is real except for the exponential terms,
which become respectively e'2™ and e2™ which are purely imaginary. In the
perturbed case things are a bit more complicated, but the problem has already
been dealt with in literature by some limiting argument (see [6] and references
therein). On the other hand, as a approaches 1/2 the singularity produced by
the term I'(1 — 2«v) is not balanced anymore (exponential terms have a nonzero
real part): this rules out the case a = 1/2 and therefore the chance of recovering
Strichartz estimates with standard arguments from our proof. The analysis of this
problem will be the object of forthcoming works.

4. APPENDIX: SPECIAL FUNCTIONS, PROPERTIES AND INTEGRALS.

For reader’s convenience we include a short appendix in which we recall defini-
tions and basic properties of the special functions coming into play. We refer to
[38] and [16] for further details and for a deeper insight of the argument.

Definition 4.1. Given ay,...,a, and by, ..., b, complex numbers, we define the
generalized hypergeometric function as

(o] ) Z
(4.1) JE(ay,. . apby, .. Z —

2 (by), .- q)n
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provided the sum of the series is finite, where we are using the Pochhammer symbols
(ao=1, (a)n=ala+1)...(a+n—-1), n>1.

The first thing to investigate is, of course, under which conditions these series
converge. As a very general framework, we can summarize the situation as follows
e if p < ¢ the series is convergent for all values of z;

e if p = ¢+ 1 the series is convergent for |z| < 1, and for the special values
z=1if

(4.2) Re (zq: by — z,,: am> >0

m=1
and z = —1if
q p
Re (an — Z am> > —1;
n=1 m=1
e if p > g+ 1 the series never converges except for z = 0.

In this work we are especially interested in the confluent hypergeometric function
1Fi(a,c, z), which is thus the case p = ¢ = 1. This series is therefore known to
be convergent for every finite value of z (if ¢ is not zero nor a negative integer).
Moreover, if a is a negative integer or zero, | F} reduces to a polynomial of degree
la|. Confluent hypergeometric functions can be thought of as a limiting case of the

celebrated Gauss hypergeometric serie, that namely is case p = 2, ¢ = 1 in (4.1),
via the relation

1Fi(a, e z) = blim o Fi(a,b;c; 2/b).
— 00
These functions satisfy the differential equation
zu" + (¢ — 2)u’ — au = 0.

The asymptotic behaviour of 1 F} can be derived by writing
'(b)
I'b—a)

where GG has the asymptotic series representation
ab ala+1)b(b+1)
Gla,b,z) =1+ —
(a,,2) + 1!z + 2122
Among the properties that confluent hypergeometric functions satisfy we recall
the following one

(4.4) F(a,c,z) =€"F(c—a,c,—z).

Among the possible generalizations of hypergeometric function a very useful one
is given by the so called Appell functions (see [1]). Historically, the motivation
for introducing series of this type is connected to investigating different kind of

(—2)"G(a,a—b+1,2)+ wezz“_bG(b—a, 1—a,z)

(4.3) 1Fi(a,b, z) = I'(a)
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products of two different Gauss functions. In particular, we are here interested in
the following, which is sometimes called Appell function of the second type,

oo o0

) o7 _ (Dmn(a1)ma2)n 0 4,
(45) F2<d7a17a27b17b27x7y>_ (bl)m(bZ)nm'n' Ty .

m=0 n=0

It can be seen that convergence condition for F; is given by |z| + |y| < 1.

REFERENCES

[1] P. Appel. Sur les fonctions hypergomtriques de plusieurs variables. Mémoir. Sci. Math. Paris
Gauthier-Villars (1925).

[2] N. Arrizabalaga, L. Fanelli and A. Garcia. On the lack of dispersion for a class of magnetic
Dirac flows. J. Evol. Equ. 13 (1), 89-106 (2013).

[3] N. Arrizabalaga, J. Duoandikoetxea and L. Vega. Self-adjoint extensions of Dirac operators
with Coulomb type singularity. J. Math. Phys. 54, 041504 (2013).

[4] I. Bejenaru and S. Herr. The cubic Dirac equation: Small initial data in H'(R?). to appear
in Comm. Math. Phys.

[5] 1. Bejenaru and S. Herr. The cubic Dirac equation: Small initial data in H'/?(R?).
http://arxiv.org/abs/1501.06874.

[6] L.C. Biedenharn, D.S. Onley, and J.T. Reynolds. Some Exact Radial Integrals for Dirac-
Coulomb Functions, J. Math. Phys. 5, 411 (1964).

[7] N. Boussaid. Stable directions for small nonlinear Dirac standing waves. Comm. Math. Phys.
268 (3), 757817 (2006).

[8] N. Boussaid, P. D’Ancona and L. Fanelli. Virial identity and weak dispersion for the magnetic
Dirac equation. J. Math. Pures et App., 95, 137-150, 2011.

[9] N. Burq, F. Planchon, J.G. Stalker and A. Tahvildar-Zadeh Shadi. Strichartz estimates for
the wave and Schrodinger equations with the inverse-square potential. J. Funct. Anal. 203
(2), 519-549 (2003).

[10] N. Burg, F. Planchon, J.G. Stalker and A. Tahvildar-Zadeh Shadi. Strichartz estimates for
the wave and Schrédinger equations with potentials of critical decay, Indiana Univ. Math. J.
53 (6), 1665-1680 (2004).

[11] F. Cacciafesta. Global small solutions to the critical Dirac equation with potential. Nonlinear
Analysis 74, 6060-6073 (2011).

[12] F. Cacciafesta and P. D’Ancona. Endpoint estimates and global existence for the nonlinear
Dirac equation with a potential. J. Differential Equations 254, 2233-2260 (2013).

[13] F. Cacciafesta. Virial identity and dispersive estimates for the n-dimensional Dirac equation.
J. Math. Sci. Univ. Tokyo 18, 1-23 (2011).

[14] P. D’Ancona and L. Fanelli. Strichartz and smoothing estimates of dispersive equations with
magnetic potentials. Comm. Partial Differential Equations, 33(4-6):1082-1112, 2008.

[15] J. Dolbeault, M. Esteban, J. Duoandikoetxea, and L. Vega. Hardy-type estimates for Dirac
operators. Ann. Sci. cole Norm. Sup. (4) 40, no. 6, 885900.

[16] A. Erdelyi et al. Higher transcendental functions. McGraw-Hill Book Company, Inc., New
York, 1953, Vol. 1.

[17] M. Escobedo and L. Vega. A semilinear Dirac equation in H*(R?) for s > 1. STAM .J. Math.
Anal. 28(2), 338-362 (1997).

[18] M.J. Esteban, M. Lewin and E. Séré. Variational methods in relativistic quantum mechanics.
Bull. Amer. Math. Soc. (N.S.) 45 (4), 535-593 (2008).



18 FEDERICO CACCIAFESTA AND ERIC SERE

[19] M. J. Esteban and M. Loss. Self-adjointness for Dirac operators via Hardy-Dirac inequalities.
J. Math. Phys. 48, no. 11, 112107 (2007).

[20] M. J. Esteban and M. Loss. Self-adjointness via partial Hardy inequalities Mathematical
results in quantum mechanics, 4147, World Sci. Publ., Hackensack, NJ (2008).

[21] L. Fanelli, V. Felli, M. Fontelos and A. Primo. Time decay of scaling critical electromagnetic
Schrodinger flows, Comm. Math. Phys. 324 (3), 1033-1067 (2013).

[22] C. L. Fefferman and M. I. Weinstein. Wave packets in honeycomb structures and two-
dimensional Dirac equations. Comm. Math. Phys. 326 (1), 251-286 (2014).

[23] W.W. Gargaro and D.S. Onley. Real and Virtual Radiation in Electron-Nucleus Scattering,
Phys. Rev. C'4 (4), 1032-1043 (1971).

[24] X.Y. Gu, Z.Q. Ma, and S.-H. Dong. Exact solutions to the Dirac equation for a Coulomb
potential in D + 1 dimensions. International Journal of Modern Physics E 11:04 , 335-346
(2002).

[25] C. Hainzl, M. Lewin, C. Sparber. Ground state properties of graphene in Hartree-Fock
theory. J. Math. Phys. 53, 095220 (2012).

[26] T. Kato. Perturbation theory for linear operators. Die Grundlehren der mathematischen
Wissenschaften, Band 132 Springer-Verlag New York, Inc., New York (1966)

[27] M. Klaus, R. Wiist. Characterization and uniqueness of distinguished self-adjoint extensions
of Dirac operators. Comm. Math. Phys. 64(2), 171-176 (1978-79).

[28] L.D. Landau and L.M. Lifshitz. Quantum mechanics - Nonrelativistic theory.

[29] L.D. Landau and L.M. Lifshitz. Quantum mechanics - Relativistic quantum theory.

[30] T. Maier, H. Siedentop. Stability of impurities with Coulomb potential in graphene with
homogeneous magnetic field. J. Math. Phys. 53, 095207 (2012).

[31] S. Machihara, M. Nakamura, K. Nakanishi, and T. Ozawa. Endpoint Strichartz estimates
and global solutions for the nonlinear Dirac equation. J. Funct. Anal., 219(1), 1-20 (2005).

[32] G. Nenciu. Self-adjointness and invariance of the essential spectrum for Dirac operators
defined as quadratic forms. Comm. Math. Phys. 48, p. 235-247 (1976).

[33] A. H. C. Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim. The electronic
properties of graphene. Rev. Mod. Phys. 81, p. 109 (2009).

[34] D. S. Novikov. Elastic scattering theory and transport in graphene Phys. Rev. B 76 (24)
245435 (2007).

[35] T. Ozawa and K.M. Rogers. Sharp Morawetz estimates. J. Anal. Math. 121, 163-175 (2013).

[36] N. Saad and R. Hall. Integrals containing confluent hypergeometric functions with applica-
tions to perturbed singular potentials. J. Phys. A 36 (28), 7771-7788 (2003).

[37] U.-W. Schmincke. Distinguished self-adjoint extensions of Dirac operators. Math. Z. 129,
335-349 (1972).

[38] L.J. Slater. Geralized hypergeometric functions, Cambridge at the university press (1966).

[39] K. Sun and L.E. Wright. Radial integrals with finite energy loss for Dirac Coulomb functions
J. Math. Phys. 17, 2175-2181 (1976).

[40] B. Thaller. The Dirac Equation. Springer-Verlag, Texts and Monographs in Physics (1992).

[41] C. Warmt. Semiklassische Asymptotik der Resolvente eines Diracoperators. PhD thesis,
Ludwig-Maximilians-Universit at, Fakultdt fu ¥ Mathematik, Informatik und Statistik, Oct.
2011.

[42] R. Wiist. A convergence theorem for self-adjoint operators applicable to Dirac operators
with cut-off potentials. Math. Z. 131, 339-349 (1973).



LOCAL SMOOTHING FOR THE MASSLESS DIRAC-COULOMB EQUATION 19

FEDERICO CACCIAFESTA: SAPIENZA - UNIVERSITA DI ROMA, DIPARTIMENTO DI MATEM-
ATICA, P1azzALE A. MoRro 2, 1-00185 RoMA, ITALY

E-mail address: cacciafe@mat.uniromal.it

URL: www.mat.uniromal.it/people/~cacciafesta

ERIC SERE: CEREMADE (UMR CNRS 7534), UNIVERSITE PARIS-DAUPHINE, PLACE
DE LATTRE DE TASSIGNY, F-75775 PArIS CEDEX 16

E-mail address: sere@ceremade.dauphine.fr

URL: www.ceremade.dauphine.fr/“sere



