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Elastic shallow shells with functionally graded structure

Jarostaw Jgdrysiak*’l, Czeslaw Wozniak ™
! Technical University of E.odz, Chair of Structural Mechanics, al. Politechniki 6, 90-924 £.6d7, Poland

Main objects of considerations are linear-elastic thin shallow shells with a tolerance-periodic structure along one direction.
Moreover, their properties along the perpendicular direction can be described by continuous, slowly-varying functions.
Hence, these objects can be treated as shells with a functionally graded structure. Here, the tolerance model of these shells is
proposed.

1 Introduction

Our considerations are related to linear-elastic thin shallow shells having a tolerance-periodic structure along one direction,
cf. Fig. 1a. It is assumed that functions describing their properties along the perpendicular direction are continuous and
slowly-varying. Hence, shells of this kind can be treated as made of functionally graded materials, cf. the book [5], and will
be called the functionally graded shells or the FG-type shells. Moreover, the size of the microstructure of these shells is
assumed to be of an order the shell thickness A.

Dynamical problems of the FG-type shells can be desribed in the framework of various known methods shown in the
book [5]. Unfortunately, the effect of the microstructure size is neglected in the most of them.

The aim of this note is twofold. Firstly — it is derived a new averaged model, describing the above effect on the elastic
response of the FG-type shells, called the folerance model. Secondly — it is proposed a simplified model, which neglects this
effect and is called the homagenization model Governing equations of these models have slowly-varying coefficients.

These equations are obtained by applving the concepts of the tolerance averaging technique, proposed for periodic
composites and structures in [9] and extended on functionally graded media in [7]. Some applications of this approach to an
analysis of various functionally graded structures are shown in a series of papers, e.g. [2], [8], [6], [3], [1], [4].

Let us consider a dynamical problem of the FG-type shell in the orthogonal Cartesian coordinate system Oxqxx;, cf.
Fig. 1a; and denote z=x;, x=(x1,%;). The projection of the shell on the plane z=0 is shown in Fig. 1b. It can be observed that
Xe [L/2, L/ 21 [-14/2,1,/2]. Tt 1s assumed that the shell has constant thickness 4 and 1s made of two linear-elastic materials.
Their distribution along the xj-axis is tolerance-periodic, but along the x;-axis is slowly-varying. Hence, lengths of cells
along the x;-axis can be extrapolated by a smooth cell distribution function A(x;), which is assumed to be slowly-varying and
satisfy conditions A{x; )<<, A(x)eO(h). Hence, A(x;) 1s called the microstructure parameter. Moreover, we assume that
functions describing properties of the shell, 1.e. mass density p(x;.x,,z) and tensor of elastic moduli Cyps(x1.%,,2) (under the
plane stress assumption;, Greek symbols run over 1, 2), are tolerance-periodic in x;, slowly-varying in x; and even in z.

Fig. 1 a) A fragment of a thin shallow FG-type shell. b) The projection of the shell on the plane z=0.

2 Tolerance averaging approach

In the modelling procedure of the modified tolerance averaging technique, some concepts and assumptions are applied,

which are formulated in [9] and [7]. They are: a slowly-varying function, a tolerance-periodic function, an oscillating
W)/ 2

function or an averaging operation, which 1s defined by < £ (x)=n1 J‘ F(y)dy, for any integrable function fix). The
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main kinematic modelling assumption, called the micro-macro decomposition, is that the displacements of the shell wi(x,z,?),
i=1,2,3, are expected in the form: w3(X,z,£)=v3(X,£), Wo(X,Z,)=[—0qv3(X,1)+O(x) )t (X,1) 1z Hve(X,0)+0(x))7o(X,t), Where @(-) is the
known fluctuation shape function (being a tolerance-periodic, oscillating function); vd-,x,,z,f) (i=1,2,3) and ug(-,x2,2,1),
ro(:sX2,2,t) (0=1,2) are averaged displacements of the shell midsurface and additional kinematic unknowns, respectively,
being slowly-varying functions in x;. The averaged displacements v; are called macrodisplacements and the new kinematic
unknowns u,, 7, are called fluctuation amplitudes.

3 Governing equations

Denote by p, § and Bggys, Dagys, ‘averaged over the shell thickness 4 — the mass density, the rotational inertia and the shell
stiffnesses, repectively; and by f the external loadings; by b,g the metric tensor. After some manipulations, applying the
tolerance averaging procedure, cf. [9], [7], the model equations take the form:

Op(< B > 0 v, — < B0, > 1, )— < Db, > 0, vy— < D®190,b,5 > 1, + < Db b s > vit <> ¥, =< [3 >,
< B0, > 0 3v;— < B'*0,00,¢ > u, +0,(< B> > O,u,) =0, (1)

0o (< D¥ > 0 v+ < D10, > 1,— < Db s > v, )~ <u> iy =—< P>,
< D180, > O, + < D'“#0,00,¢ > 1y — 0,(< D*** @@ > 0,13 )— < DP'“0,0b 5 > v3 +< @ > i;, =0.

The above equations represent the tolerance model of thin shallow functionally graded shells under consideration. Equations
(1) describe the effect of the microstructure size on the overall behaviour of these shells by the underlined terms. All
coefficients of these equations are slowly-varying functions.

It can be observed that neglecting the underlined terms in equations (1) we arrive at the following system of equations:

Oy (< B > 0 5v;,— < BP0, > 1, )~ < Db 5 > 0, vy— < D®10,pb 5 > 1, + < DD, b s > vit <> ¥ =< [3 >,

< B9, > 0,5v3— < B'*170,900,¢ > u, =0, 2)
0o (< D¥ > 0 v+ < D10, > 1,— < Db s > vy )~ <u> iy =— < fP>,

< D%, > Oy, + < D'*P0,00,9 > 1,— < D®0,pb,5 > v; =0,

which neglect the effect of the microstructure size. The model described by equations (2) will be called the homogenization
model of thin shallow functionally graded shells under consideration.

4 Final remarks

In this note a problem of mathematical modelling of thin linear-elastic shells with functionally graded structure (called
functionally graded shells) is presented. As a tool of the analysis the tolerance averaging technique is applied, cf. [7], [9].
Summarizing our considerations we can formulate some new results and remarks.

It can be observed that the tolerance averaging technique makes it possible to pass from differential equations with highly
oscillating, non-continuous coefficients to model equations having smooth, slowly-varying coefficients.

Moreover, the derived equations of the tolerance model describe the effect of the microstructure size on the overall
behaviour of the functionally graded shells, in the contrary to the homogenization model. It can be marked that the obtained
equations take into account this effect not only in non-stationary processes

More detailed analysis and examples of applications of the tolerance model of the functionally graded shells will be
presented in forthcoming papers.
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