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Computable bounds of spectral gap for discrete Markov
chains with band transition matrices

Loic HERVE, and James LEDOUX *

February 17, 2015

Abstract

We analyse the ¢2(r)-convergence rate of irreducible and aperiodic Markov chains
with N-band transition probability matrix P and with invariant distribution . This
analysis is heavily based on: first the study of the essential spectral radius ress(Pg2(x)) of
P2y derived from Hennion’s quasi-compactness criteria; second the connection between
the spectral gap property (SGz2) of P on £?(n) and the V-geometric ergodicity of P.
Specifically, (SG2) is shown to hold under the condition

N

aoi= 3 limsup /PGiFm) PG+ m) < 1
Nl o0

m=—

Moreover 7ess(P2(r)) < ap. Simple conditions on asymptotic properties of P and of its
invariant probability distribution 7 to ensure that ag < 1 are given. In particular this
allows us to obtain estimates of the ¢?(m)-geometric convergence rate of random walks
with bounded increments. The specific case of reversible P is also addressed. Numerical
bounds on the convergence rate can be provided via a truncation procedure. This is
illustrated on the Metropolis-Hastings algorithm.

AMS subject classification : 60J10; 47B07

Keywords : Rate of convergence, £2-spectral gap, V-geometric ergodicity, Essential spectral
radius, Metropolis-Hastings algorithm.

1 Introduction

Let P := (P(i,))q,jex> be a Markov kernel on a countable state space X. For the sake of
simplicity we suppose that X := N. Throughout the paper we assume that P is irreducible
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and aperiodic, that P has a unique invariant probability measure denoted by 7 := (7(7));en
(observe that Vi € N, m(i) > 0 from irreducibility), and finally that

JigeN, INEN*, Vi>iyg : |i—j|>N = P(i,j) =0. (AS1)

We denote by (¢2(r), || - ||2) the usual Hilbert space of sequences (f(i));en € CN such that
1£ll2 = [Xiso [F (@) 7(i)]/? < co. Tt is well-known that P defines a linear contraction on
¢2(w), and that its adjoint operator P* on ¢2(r) is defined by P*(i,5) := n(j) P(j, 1)/ ().
The kernel P is said to have the spectral gap property on ¢2(m) at rate p € (0,1) if there
exists some positive constants p € (0,1) and C' € (0, +00) such that

Vn > 1Vf e f(x), |P"f—Tflla<Cp"|fl2 with IIf :=7(f)1x, (SG2)

where 7(f) := > ;5 f(i) m(i). A relevant and standard issue is to compute the value (or to
find an upper bound) of

02 :=inf{p € (0,1) : (SGg) holds true}. (1)

In this work we use the quasi-compactness criteria of [Hen93] to study (SGg) and to
estimate 2. In Section 2 it is proved that (SG3) holds when

N

ag = Y ljllliup\/P(i,i+m)P*(i+m,i) < 1. (AS2)
NZ o0

m=—

Moreover ress(P‘gz(ﬂ)) < ap. The main argument to obtain this result is the Doeblin-Fortet
inequality in Lemma 2. We refer to [[Hen93] for the definition of the essential spectral radius
ress(T) (related to quasi-compactness) of a bounded linear operator T' on a Banach space. In
Section 3, under the following assumptions

Vm=—N,....N, P(ii+m)——an €[0,1]. (AS3)
71— +00

(i +1)
1 AS4
(i)  i—+oo T€(0.1) (AS4)

N
> ka <0, (NERI)

k=—N

we establish that (AS2) holds (hence (SG2)) and that ag can be explicitly computed in
function of 7 and the a,,’s. Observe that (NERI) means that the expectation of the asymp-
totic random increments is negative. Moreover, using the inequality ress(sz(,T)) < ayp,
Property (SGg) is proved to be connected to the so-called V-geometric ergodicity of P for
V= (ﬂ(n)_l/ %) .en, which corresponds to the spectral gap property on the usual weighted-
supremum space By associated with V. In particular, denoting the minimal V-geometrical
ergodic rate by oy, it is proved that, either go and oy are both less than «g, or oo = oy .
As a result, an accurate bound of pg is obtained for random walks (RW) with i.d. bounded
increments using the results of [H.14b]. In the reversible case (Section 4) the previous results
hold under Assumptions (AS3) and (AS4) provided that a,, # a_, for at least one m. A



first illustration to Birth-and-Death Markov chains is proposed in Subsection 4.1. The re-
versible case naturally contains the Markov kernels associated with the Metropolis-Hastings
(M-H) Algorithm. In Subsection 4.2 we observe that, if the target distribution 7 and the pro-
posal kernel @ := (Q(3, j))(; j)en2 satisfy (AS1), (AS3) and (AS4), then so is the associated
reversible M-H kernel P, which then satisfies (SGa).

Estimating g9 is a difficult but relevant issue. This question is investigated in Section 5
where an accurate estimation of g is obtained by using the above mentioned link between
02 and gy and by applying the truncation procedure in [HI.14a]. Numerical applications to
discrete MCMC are presented at the end of Section 5. Bounding g in the reversible case is
of special interest since (SGa) holds in this case with C' =1 and p = ps.

2 (SGs) under Assumption (AS1) on P

Theorem 1 If Condition (AS2) holds, then P satisfies (SGz). Moreover ress(P2(r)) < ap.

Proof. Let £'(r) denote the usual Banach space of sequences (f(i));en € CN satisfying the
following condition: [|f|l1 := > ;50 [f (i) 7(i) < ooc.

Lemma 1 The identity map is compact from £2(m) into £*(7).

Lemma 2 For any a > «, there exists a positive constant L = L(«) such that

vfe (), |Pfllz<ealflz+Llflh-

It follows from these lemmas and from [[1en93] that P is quasi-compact on ¢?(7) with
ress(sz(ﬂ)) < «. Since « can be chosen arbitrarily close to aq, this gives 7‘558(P|g2(7r)) < wp.
Then (SGy) is deduced from aperiodicity and irreducibility assumptions. O

Lemma 1 follows from the Cantor diagonal procedure.

Proof of Lemma 2. Under Assumption (AS1) we define

Vi >ig, Ym = —N,...,N, Bm(i):= /P(i,i+m)P*(i +m,i). (2)

Let a > ap, with ag given in (AS2). Fix ¢ = {(a) > ip such that Z%:_N sup;>g B (i) < o
For f € ¢%(r) we have from Minkowski’s inequality and the band structure of P for i > ¢

1/2 N 2 1/2
1PAlls < [Z\(Pf)(i)|2ﬂ(i)] T {Z Piyi+m) fi +m) w(z')}
i<l >0 ' m=—N
N 2 1/2
< CeZI(Pf)(i)IW(i)Jr[Z S P(ivi+m) £(i +m) w<i>]
i<t >0 'm=—N




where Cy > 0 is derived from equivalent norms on the space C*. Note that Zz‘<£ [(Pf)(@)| (i) <
IPfll1 < ||f|l1 so that setting L := Cy

N

> P(ii+m) f(i+m)

m=—N

2 1/2
\Prlle < L||f||1+[2 w<i>] | 3)

>0

It remains to obtain the expected control of the second terms in the right hand side of (3).

For m = —N,..., N, let us define Fy,, = (F,,,(4))ien € £%(7) by

. 0 ifi</?
(i) := { P(iyi+m) f(i+m) ifi>¢.
Then
N 2 1/2 N
S| X rtirmsaem|w] =1 3 Rl
>0 | m=—N m=—N
N N 1/2
< Y Wle= X [ S Pl w2+ mPa)|
m=—N m=—N = i>/{
al (i) P(i,i +m) 1/2
= Z [Z P(i,i4+m) - |f(i + m)\27ri+m} (from the definition of P*)
m=——N Li>¢ Titm
N 1/2
< Y (swp )| Sl mPricn | (om @)
m=—N ¢ it

< ( S sup i) ) 17z

m=—N 62

The statement in Lemma 2 can be deduced from the previous inequality and from (3). U

3 (SG:) and geometric ergodicity. Application to RWs with
i.d. bounded increments

We specify Theorem 1 in terms of V—geometric ergodicity for V := (ﬂ(n)_l/ 2)n6N- Let
(Bv, || - |lv) denote the weighted-supremum space of sequences (g(n))pen € CN such that
lgllv := sup,en V()7 g(n)| < oco. Recall that P is said to be V-geometrically ergodic if P
satisfies the spectral gap property on By, namely: there exists C' € (0,400) and p € (0,1)
such that

Vn=1,Yf € By, [[P"f—Ilfllv <Cp"|fllv. (SGv)

When this property holds, we define

oy :=1inf{p € (0,1) : (SGy) holds true}. (4)



Remark 1 Under Assumptions (AS3) and (AS4), we have

N
N ;Nam T2 e (0,1) 5)

ap = Z limsup \/P(i,i +m) P*(i + m,i) =
— i — 400

m=-N " agp if 7=0,

Indeed, if (AS4) holds with T € (0,1), then the claimed formula follows from the definition

of P*(-,-). If T =0 in (AS4), then a,, =0 for every m =1,..., N since the invariance of w

gives SN P(i+m,i)m(i +m)/m(i) = 1. Thus a_,, = 0 when m < 0. Hence ag = ay.

Proposition 1 If P and 7 satisfy Assumptions (AS3), (AS4) and (NERI), then P satis-
fies (AS2) (and ap < 1 with «g given in (5)). Moreover P satisfies both (SGg) and (SGy ),
we have max(ress(Pigy, ); Tess(Pe2(r))) < o, and the following assertions hold:

(a) if oy < v, then o2 < ap;

(b) if ov > g, then pa = ov .

Proof. If 7 =0 in (AS4), then oy = ap < 1 from (5) and (NERI). Now assume that (AS4)
holds with 7 € (0,1). Then ag = SN_ v am 7 ™2 = ¢(\/7), where: ¥Vt > 0, 1(t) :=
Ziv:_ N Ok t~*. Moreover it easily follows from the invariance of 7 that ¢(7) = 1. Inequality
apg = (/1) < 1 then follows from the following assertions: V¢ € (7,1), ¥(t) < 1 and
vVt € (0,7) U (1,+00), ¥(t) > 1. To prove these properties, note that ¥ (r) = (1) = 1
and that 1 is convex on (0,400) since the second derivative of 1 is positive on (0, +00).
Moreover we have lim; _, ;o 9(t) = +o00 since ai > 0 for some k < 0 (use (1) = (1) =1
and 7 € (0,1)). Similarly, lim; _, o+ ©(t) = 400 since a; > 0 for some k > 0. This gives the
desired properties on 1 since ¢'(1) > 0 from (NERI).

(SG2) and 7ess(Pg2(ry) < ap follow from Theorem 1. Next (SGy) is deduced from the
well-known link (see [MT93]) between geometric ergodicity and the following drift inequality:

Va € (o, 1), IL=L, >0, PV <aV + Lly. (6)
This inequality holds from

(PV)G) _ S~ piiieom (70 .
V(i) Z PG i+ )<7r(i+m)> i oo U

m=—N

This gives (6), from which (SGy) is derived using aperiodicity and irreducibility. It also
follows from (6) that ress(Pg, ) < « (see [HL14b, Prop. 3.1]). Thus ress(Ps, ) < ao.

Now we prove (a) and (b) using the spectral properties of [HL14h, Prop. 2.1] of both
P2y and Pg,, (due to quasi-compactness). We will also use the following obvious inclusion:
?*(1) C By. In particular every eigenvalue of P2y 1s also an eigenvalue for Pg,,. First
assume that gy < ag. Then there is no eigenvalue for P| B, in the annulus I' := {AeC:ap<
Al < 1} since ress(Pig, ) < ag. From ¢2(m) C By it follows that there is also no eigenvalue for

5



P|gz(7r) in this annulus. Hence po < o since ress(sz(ﬂ)) < ag. Second assume that oy > ag.
Then Pp, admits an eigenvalue A € C such that |A\| = goy. Let f € By, f # 0, such that
Pf = \f. We know from [HL14b, Prop. 2.2| that there exists some 8 = ) € (0,1) such that
|£(n)] = O(V(n)?) = O(n(n)=?/2), so that |f(n)|?*m(n) = O(x(n)=#), thus f € £%(r) from
(AS4). We have proved that g2 > py. Finally the converse inequality is true since every
eigenvalue of Py () is an eigenvalue for P, . Thus g3 = ov. O

Example 1 (RWs with i.d. bounded increments) Let P be defined as follows. There
exist some positive integers ¢, g,d € N* such that

Vie{0,...,g—1}, Y P(i,j) =1; (7a)
§=0
L ifi—g<j<itd
Vi>gWieN, Pij={Y Yim9sisit (7h)
0 otherwise.
d
(a_g,-.. aq) €[0,1]97 1 q_, >0, ag >0, Z ap = 1. (7c)
k=-g

We assume that P is aperiodic and irreducible, and that Assumtion (NERI) holds, that is:
Zg:_gkak < 0. Then P admits a unique invariant distribution w, and the conclusions
of Proposition 1 hold. Moreover it can be derived from standard results of linear difference
equation that w(n) ~ ¢ when n— +o0, with 7 € (0,1) defined by (1) = 1, where ¥(t) :=
SO wart™F. Thus, if v == 7712 then By = {(g(n))nen € CN, sup,eny ™" |g(n)| < oo}
Then we know from [H1.1/b, Prop. 8.2] that ress(Pp,) = ao with ag given in (5), and that
oy can be computed from an algebraic polynomial elimination. More precisely, the procedure
in [HL1/b] developed for a special value 4 can be applied for ~y := 712 by considering T =
{Ae C: (/1) < |\ < 1}. When Assertion (b) of Proposition 1 applies, we obtain the exact
value of oo (see Example 2). Property (SGe) is proved in [Wiib12, Th. 2] under an extra weak
reversibility assumption (with no explicit bound on p2). However, except in case g = d = 1
where reversibility is automatic, a RW with i.d. bounded increments is not reversible or even
weak reversible in general. Note that no reversibility condition is required in Proposition 1.

Example 2 (Numerical examples in case ¢ =2 and d = 1) Let P be defined by

P0,0)=ac (0,1), PO,1)=1-a, P1,00=bc(0,1), P(1,2)=1-b (8
Vn >2, P(n,n—2)=1/2, P(nh,n—1)=1/3, P(n,n) =0, P(n,n+1)=1/6. (9)

The form of boundary probabilities in (8) and the special values in (9) are chosen for con-
venience. Other (finitely many) boundary probabilities in (8) and other values in (9) could
be considered provided that P is irreducible and aperiodic and that (a_2,a_1,a9,a1) satis-
fies a_g,a1 > 0 and (NERI) i.e. a1 < 2a_9 + a_1. Here the fonction 1 is given by:
P(t) == t2/2+t/3+1/6t = 1+ (t — 1)(t* — 5t/3 — 1/3)/2t. Then function ¥(-) — 1 has a
unique zero over (0,1) which is T = (v/37 — 5)/6 ~ 0.1805 and ag = ¥(/T) ~ 0.6242. Let
v :=1/y/T = 2.3540 and V := (Y")nen. Using the procedure from [[11/b] and Proposition 1,
we give in Table 1 the values of ag, oy and oo for this instance.



(a,b) o pv 02
(1/2,1/2) || 0.624 | 0.624 || < 0.624
(1/10,1/10) || 0.624 | 0.688 || 0.688
(1/50,1/50) || 0.624 | 0.757 || 0.757

Table 1: Convergence rate on ¢2(r) for different boundary transition probabilities (a,b)

Remark 2 If (AS4) in Proposition 1 is reinforced by the condition w(n) ~ c7™ when
n—+4oo with 7 € (0,1) (e.g. see Example 1), then let us consider By = {(g(n))nen €
CN, sup,eny " lg(n)| < oo} with y := 772, Then we deduce from [HL1/b, Prop. 3.2]
that ress(Pg,) = ao with ag given in (5), so that oy < o implies that oy = «p since
oy > ress(ﬂgv). Then it follows from Proposition 1 that oo < gy and that this inequality is
an equality when oy > . The passage from (SGy) to (SGa) and the inequality oo < oy was
established in [RR97, Bar05] for general reversible V -geometrically ergodic Markov kernels.
Again note that no reversibility condition is assumed in Proposition 1.

4 Applications to the reversible case

The reversible case corresponds to the condition P = P* (i.e. P is self-adjoint in ¢3()),
namely: V(i,j) € N2, (i) P(i,7) = n(j) P(j,i) (detailed balance condition). Then (SGy) is
equivalent to the condition gy = ||[P — II||2 < 1, where || - |2 denotes here the operator norm
on /2(mr). Thus, when (SGs) holds in the reversible case, we have C' = 1 and p = g, that is

vn>1, VfeP(n), |[P"f—m(f)Lllz < 02" [|fll2- (10)

Corollary 1 If P is reversible, then:

1. P satisfies (SGa) and ress(P2(r)) < ap under (AS2), with:

o = i <1imsup\/P(i,i+m)P(i+m,i)> <1

me—N i — +00

2. If Condition (AS3) holds true, then

N
a=1-Y (Vam — vam)>. (11)

m=1

Consequently, if am, # a_n, for at least one m € {1,..., N}, then P satisfies (AS2).

3. If P satisfies (AS3) and if © satisfies (AS4) with 7 € (0,1), then ap # a—n, for each
m € {1,..., N} and the conclusions of Proposition 1 hold with o given in (11).



4. If P satisfies (AS3) with ag < 1 and if © satisfies (AS4) with T = 0, then the conclusions
of Proposition 1 hold.

Keep in mind that all our results are stated for positive recurrent Markov kernels. For instance,
for Markov chain associated with P(i,i—1) := p, P(i,i) := r, P(i,i+1) := q where p+r+q = 1,
Formula (11) is ap = 1 — (\/q — \/]3)2, but the existence of 7 is only guaranteed when p > q.

Proof. The first statement follows from Theorem 1 and reversibility. Next (AS3) gives
ag=SN_ \/@m G_p,, hence Assertion 2. since SN v @m = 1. If moreover (AS4) holds
with 7 € (0, 1), then a,, # a_p, for every m € {1,..., N} since 7" a_,, = a,, from the balance
condition. Thus, under (AS3) and (AS4) with 7 € (0,1), we obtain from Assertion 2. that
ap < 1. Moreover, since the real numbers «q given in (11) and in (5) are equal, all the spectral
properties obtained in Proposition 1 remain valid. Idem for Assertion 4. from Remark 1. [J

4.1 Birth-and-Death Markov chains (BDMC)

The transition kernel P := (P(4,)) jjen> of a Birth-and-Death Markov chains is defined by

ro q O
P11 q1 .

P = _ . (12)
0 p2 o q -

Recall that, under the following conditions

eI
ro<l,  Vizl, 0<gup<l, S:=1+> J[Z <o, (13)
i=1j=1 pj
P is irreducible, aperiodic and 7 (unique) is given by: w(0) = 1/S, (i) = (H;:1 qgl)/S.
Moreover it is well-known that P is reversible w.r.t. 7. Finally Condition (AS2) writes as:

oo = limsup \/p;gi—1 + limsupr; + limsup \/g;pi+1 < 1. (14)
1 1 (A

Consequently, under Conditions (13) and (14), P satisfies (SGa) and ress(P2(r)) < ao. In
particular, if the sequences (p;)ien+, (7;)ien and (¢;)ien in (12) admit a limit when i — 400,
say p,r,q, then (SGg) holds provided that p > ¢q. Moreover Tess(Plez(r)) < 1— (/P — \/6)2

Example 3 (State-independent BDMC)

Let P given by (12) such that, for any i > 1, p; :==p, r; :=7r, ¢; := q, with p,q,r € [0,1] such
thatp+r+q=1andp>q>0. Let ro € (0,1) and By :=1 —q — \/pq. The bounds for oy
with V (n) := (p/q)™? can be derived from [HL1/b, Prop. 4.1], so that (Corollary 1):

g ifTO € [ﬁ071); then 02 < r+2\/p 5



e ifrg € (0,50], then :
(a) in case 2p < (1 —q+ \/Pa)’: 02 <7+ 2/PG;

(b) in case 2p > (1—q+\/p_q)2, setting By :==p — \/pq — \/r(r +2\/pq):

1—r
2 = o+ L2 en g € 0,61 (152)
02 <1+ 2y/pq when o € [B1, Bo). (15b)

Remark 3 (Discussion on the ¢%(7)-spectral gap and the decay parameter)

Let P be a BDMC satisfying (13). It can be proved that the decay parameter of P, denoted
by v in [vDS95] but by yps here to avoid confusion, equals to g2, that is (from reversibility):
Yps = 02 = ||P — Il|2. But note that yps is only known for specific instances of BDMC
from [vDS95] (see [Kovll] for a recent contribution). For a general Markov kernel P, we only
have (see also [Pop77, Isa79]) yps < 02. In particular, the decay parameter does not provide
information on non-reversible RWs with i.d. bounded increments of Section 3.

4.2 The Metropolis-Hastings Algorithm

Let m = (7(i))ien (target distribution) be a probability measure on N known up to a multi-
plicative constant. Let Q := (Q(i,)); jyen> (proposal kernel) be any transition kernel on N.
The associated Metropolis-Hastings (M-H) Markov kernel P := (P(i, j))(; jyen2 is defined by

P(Z,]) — min (Q(Zaj) ’ ﬂ(z) > lf ? 7é J
1-— Z#i P(i, ) if i = j.
It is well-known that P is reversible with respect to m and that 7 is P-invariant.

Corollary 2 Assume that (i) > 0 for every i € N and that w satisfies (AS4) with T € (0,1).
Assume that Q is an aperiodic and irreducible Markov kernel on N such that for every (i,j) €
N2, Q(i,5) = 0 < Q(j,4) = 0, satisfying (AS1) and the following condition (see (AS3))

Vm=—-N,...,N, @qn:= lim Q(i,i+m) #0. (16)

i — +00

Then the associated M-H kernel P satisfies (SGa) and ress(sz(ﬂ)) < ag with

al min (g, 7q-x)  ifk#0
ap:=1-— (\/ﬁ — \/E)2 where py, 1= (17)
mzz:l 1= (pe+p_y) ifk=0.

If (AS4) holds with 7 = 0, then p,, = 0 for every m = 1,..., N, and the above conclusions
holds true with ag := po.

Proof. 1t is well-known that P is irreducible and aperiodic under the basic assumptions on

Q. If Q satisfies (AS1) for some N, then so is P (with the same N). Assumption (AS3)
holds for P: lim; _, 4o P(i,7 +m) = py,, with p,, defined in (17). Then apply Corollary 1. O



Example 4 Assume that m (possibly known up to a multiplicative constant) is such that
(1) > 0 for every i € N and satisfies (AS4). Let Q be a transition kernel on N satisfying

Q0,0):=r <1, Q0,1):=1—-r, Vi>1, Q(i,i—1)=gq, Q(i,i)=1-2q, Q(i,i+1)=q

for some q¢ € (0,1/2]. The associated M-H Markov kernel P9 is given by P9(0,1) =
min(l —r, gmw(1)/7(0)) and
1) ) P9(i,i+1)=¢qmin (1,

P@(ii):=1-Y P9(,0).
06

vi>1, P@(ii—1)=gmin (1, w(z+1)>

(1)

The conditions of Corollary 2 are trivially satisfied. Then P9 satisfies (SG3). Next ap =
ap(q) in (17) is

ao(q) =1 - q(1 - v7)* (18)
since the py,’s in (17) are given by p_1 = q, po = 1—q—qt, p1 = q7. When q € (0,1/2], ap(q)
is minimal for ¢ = 1/2, thus ¢ = 1/2 provides the minimal bound for ress(]ﬂ(gqg)(ﬂ)) The relevant
question is to find q € (0,1/2] providing the minimal value of o2 = 02(q) (See Example 6).

Example 5 (Simulation of Poisson distribution with parameter 1) Let be the Pois-
son distribution with parameter X\ := 1, defined by ©(i) := exp(—1)/i!. Then (AS4) holds
with 7 = 0. Introduce the proposal kernel Q@ of Example 4 with r := 1/2 and q := 1/2. The
associated M-H kernel P is given by P\9(0,0) = P(9(0,1) = 1/2 and

1
20i + 1)

Vi>1, P(q)(i,i—l):% P(Q)(i,i)zz(iz_l), P@D(ii+1)=

We know from Ezample 4 that P9 satisfies (SGa) and ress(P‘(Z%)(W)) < a9 =1/2. The rate of
convergence o3 = 03(q) of P\D is studied in Ezample 7.

5 Bound for p; via truncation and numerical applications

Let us consider the following k-th truncated (and augmented) matrix Py associated with P:

P(i,j if 0<i<k-—1 d 0<j<k—-2
V6 0) € 0 k1) Rig) =g P 0siskolad 0275

EKZk_lp(z,E) if 0<i<k-—1 and j=Fk—1.
Let o(Py) denote the set of eigenvalues of Py, and define py, := max {|\[, A € o(Py), |A| < 1}.

Recall that V(i) := 77(1')_1/2 and that gy is defined in (4). The statement below follows
from Proposition 1 and from the weak perturbation method in [H1.14a] applied to Pp,,, for
which the drift inequality (6) plays an important role.
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Proposition 2 If P satisfies (AS3), (AS4) and (NERI), then the following properties holds
with o given in (5):
(a) 02 <y <= ov < ap, and in this case we have limsupy, pr < ap;

(b) 02 >y < ov > ap, and in this case we have oo = oy = limy, p.

Below the estimation of the convergence rate gs for some Metropolis-Hastings Markov
kernel P is derived from Proposition 2. Recall that Inequality (10) applies when P is reversible.
The generic procedure for the following instances of Markov kernel P is as follows:

1. Compute ag given in (17) and choose a small ¢ > 0
k:=2
Consider the k-order truncated matrix Pj of the kernel P.

Compute the second highest eigenvalue pj of Pj.

ot W

If |px — pr—1| > € then (k := k + 1, return to step 3)

else if pr > ag then g9 ~ pp else g2 < ayg.

It is clear that the control of the stabilization of the sequence {p }x>2 through the comparison
between |pr — pr—1| and € only provides an estimation of gs.

Example 6 (Example 4 (continued))

Let us consider the probability distribution 7 given by m(i) := C (i + 1) 7 for n € N where C
is a (possibly unknown) normalisation constant and 0 < 7 < 1. Then (AS4) is satisfied. If
we choose an RW as in Example 4 for the proposal kernel, the associated M-H kernel P g
defined by P\9(0,1) = min (1 —7,2¢7) and

1 1 1+ 2
j > @G.i—1)= i Z (@ 4 — :
Vi>1, PWY(i,i—1) qm1n<1,7_i+1> P'%9(i,i+ 1) = gmin 1,TZ,+1
P@(ii):=1-Y P9(,0).
0+i

For q € (0,1/2], P9 satisfies (SGo) with TESS(P‘(Z%)(W)) <ap(g)=1-q(1- \/?)2 (see (18)).

Table 2 based on Proposition 2 gives the estimate of 02(q) of P@,

Example 7 (Example 5 (continued)) Table 3 based on Proposition 2 gives the estimation
of 02(q) of the M-H P9 ysed in the simulation of the Poisson distribution of Example 5. Note
that q := 1/2 gives the smallest value of TESS(P‘(Z%)(W)) = ap(q) = 0.5, with oy given by (18).
However q := 1/2 does not provide the minimal rate of convergence in ¢?(w)-norm (or in By -
norm). More precisely, for ¢ = 1/2, the kernel P qdmits some ergenvalues in the annulus
I:={\eR:05 < |\ <1}, among which 02(q) ~ 0.8090 is the larger one in absolute value.
Actually the minimal rate of convergence is achieved at q =~ 0.38 and note that every value
0.2 < q < 0.5 in Table 3 provides a minimal rate than for q := 1/2. It could be conjectured
from numerical evidence that for g < qo with qo ~ 0.35, 02 = ap(q).
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T =0.2 T =0.5

| g [ ala, )| o@ | e2@) [[aolem) | pe(@) | e:(9)
0.1 | 09694 | par ~0.9710 | ~0.9710 || 0.9914 | p3g ~ 0.9921 | ~ 0.9921
0.2 || 0.9389 | pso~0.9421 | ~0.9421 || 0.9828 | pyq ~ 0.9842 | ~ 0.9842
0.3 || 0.9083 | pg; ~0.9131 | ~0.9131 || 0.9743 | ps7 ~ 0.9763 | ~ 0.9763
0.4 || 0.8778 | p32 ~0.8842 | ~ 0.8842 || 0.9657 | pso ~ 0.9684 | ~ 0.9684
0.5 || 0.8472 | p33 ~0.8552 | ~0.8552 || 0.9571 | ps; ~ 0.9605 | ~ 0.9605
T =0.6 T =0.8

L a [ao@n) | pe@ | ex(@) [aol@m) | pe(@) | es(a)
0.1 09949 | psg ~0.9953 | ~0.9953 || 0.99889 | ps5 ~ 0.99883 | < 0.99889
0.2 || 0.9898 | ps1 ~0.9906 | ~ 0.9906 || 0.99777 | pes ~ 0.99781 | ~ 0.99781
0.3 | 0.9848 | pss ~ 0.9860 | ~ 0.9860 || 0.99666 | pr3 ~ 0.9968 | ~ 0.9968
0.4 | 09797 | psg ~0.9814 | ~0.9814 || 0.99554 | prg ~ 0.99579 | ~ 0.99579
0.5 | 09746 | pgo ~ 0.9767 | ~ 0.9767 || 0.99443 | pg3 ~ 0.9948 | ~ 0.9948

Table 2: Results for different values of 7 with ¢ = 107°. The second eigenvalue py = pi(q) of
P. = P(q)k is obtained from the observed empirical stabilization of p; with respect to k.

| a | @0(@) =7ess(PD) | pr(@) | e2(q) |
0.1 0.9 a7~ 0.9003 | =~ 0.9003
0.2 0.8 g3 =~ 0.8008 | ~ 0.8008
0.3 0.7 o151 =~ 0.7015 | ~ 0.7015
0.38 0.62 61~ 0.6301 | ~ 0.6301
0.4 0.6 o1~ 0.6568 | ~ 0.6568
0.5 0.5 p1a =~ 0.8090 | =~ 0.8090

Table 3: pr = pr(q) is obtained from the observed empirical stabilization of p;, with e = 107°.
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