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Abstract. Fluid reductions of the Vlasov-Ampeére equations that preserve the
Hamiltonian structure of the parent kinetic model are investigated. Hamiltonian
closures using the first four moments of the Vlasov distribution are obtained, and
all closures provided by a dimensional analysis procedure for satisfying the Jacobi
identity are identified. Two Hamiltonian models emerge, for which the explicit closures
are given, along with their Poisson brackets and Casimir invariants.
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1. Introduction

The Vlasov-Ampere set of equations is a suitable framework for describing the dynamics
of systems interacting through electrostatic forces. In this work, we focus on the study
of electrostatic plasmas even though the results may be applied to more general systems
described in part by the Vlasov equation. We consider a one-dimensional plasma made
of electrons of unit mass and negative unit electric charge, evolving in a neutralizing
background of static ions. The evolution of the distribution function of the electrons
f, defined on phase space with coordinates (x,v), and electric field E is given by the
Vlasov-Ampere equations,

Of = —vdpf + ED,f, (1)
OE = —4r7, (2)

where E and 7 are the fluctuating parts of the electric field F and the current density
j = — [vf dv respectively. We assume vanishing boundary conditions at infinity in the
velocity v so that integrals such as the charge and current densities are well-defined. In
this work, we limit ourselves to the study of systems of unit length in the spatial domain
x with periodic boundary conditions. The fluctuating part of the electric field is defined
by E=E— fol E dx. The system is fully nonlinear, but has a form that builds in the
preservation of the spatial average of E and maintains momentum conservation.

The use of fluid reductions to describe the dynamics of a plasma is ubiquitous
in plasma physics. Indeed, this usually allows one to decrease the complexity of the
problem at hand and to gain physical insight into the phenomenon under investigation
since the dimension of phase space is reduced. Fluid reductions of the Vlasov-Ampere
equations are done by introducing fluid quantities such as the fluid moments

P, = /v"f(x,v,t) dv. (3)

The associated dynamical equations are then obtained by multiplying Eq. (1) by v™ and
integrating with respect to the velocity. This leads to

8tPn = _aazpn-l—l - nPn—1E7 (4)
8tE = 477/-?—1/, (5)

for all n € N. In order for this system to be reduced, one has to truncate the
infinite sequence of Eq. (4). Truncating this system at order N, that is considering
(Po, P1,..., Py, FE) as dynamical field variables, one can see from Eq. (4) that the time
evolution of Py depends on Py,i. As a consequence, it is necessary to express Py in
terms of (P, P, ..., Py, E) in order to close Egs. (4) and (5) and thereby obtain a fluid
reduction.

Many models have been proposed based on as many closures with various
requirements (see, e.g., Refs. [1, 2, 3, 4]). A usual procedure consists in assuming a
particular form for the distribution function f (e.g., Dirac, Maxwellian,...) depending
on a finite number of parameters, and expressing the closure with respect to these
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parameters [5]. Alternatively, closures have been constructed in order to recover certain
kinetic effects [6, 7, 8, 9, 10, 11, 12]. In any event, a reduction by closure should
be such that, if the parent model possesses a Hamiltonian structure [13, 14, 15, 16],
then the resulting fluid model should also have one, after discarding all the terms
that are supposed to provide dissipation. A closure procedure ignoring this aspect
could potentially lead to the introduction of some nonphysical dissipation [17, 18].
Consequently, here we use a procedure that preserves the Hamiltonian structure of the
parent kinetic (Vlasov-Ampere) system, which is one of its most important structural
features. Specifically, in this work we present a model for the first four fluid moments of
the distribution function, namely the density p, the fluid velocity u, the pressure P and
the heat flux ¢. This allows us to account for the time evolution of the heat flux, which
is of great importance for the study of transport phenomena inside the plasma. For such
a model with four moments, one has to find a closure for the fifth order moment of the
distribution function, namely P,. Here, we determine all the closures, obtained from
a procedure based on dimensional analysis, that preserve the Hamiltonian structure of
the parent model [19, 14] given by Egs. (1) and (2). We show that there are only two
such Hamiltonian closures. The equations of motion of one of these two models are
identical to the ones obtained with a bi-delta reduction [20, 21, 22], i.e., assuming that
the Vlasov distribution has the form

f(z,v,t) = wi0(v — p1) + wad(v — pa),

where wy 2 and p1 2 depend on space and time. It should be noted here that we obtain
these equations without any assumption on the special form of the distribution function.
We provide the explicit expressions of the Hamiltonian and the Poisson bracket for the
two Hamiltonian models. In addition, we derive the global Casimir invariants, which are
specific invariants resulting from the knowledge of the Poisson bracket. These conserved
quantities can be used, e.g., to ensure the validity of a numerical simulation of the
equations of motion.

The paper is organized as follows. In Sec. 2 we describe the methodology used for
the derivation of the two Hamiltonian reduced models. We start from the definitions
of the appropriate variables, namely, the reduced fluid moments. Subsequently, we
introduce our method, based on dimensional analysis, which leads to models that obey
the Jacobi identity. We show that there are only two such models. In Sec. 3, we
analyze the two resulting Hamiltonian closures, providing explicit expressions for their
Hamiltonians, Poisson brackets, and Casimir invariants.

2. Method

2.1. Reduced moments

Our purpose is to build a Hamiltonian fluid model for the first four moments of the
distribution function, namely the density p, the fluid velocity u, the pressure P, the heat
flux ¢ and the electric field E. These models will be referred to as 4+1 field models,
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where the 4 refers to the four first moments of the Vlasov distribution (or equivalently
to p, u, P and ¢q) and the 1 refers to the electric field E. We begin by considering the
Poisson structure of the parent model with (f, F') as dynamical field variables. It was
shown in Ref. [23] that the system of Egs. (1)-(2) possesses a Hamiltonian structure
with Poisson bracket

{F, G} = /f [ameava - 81Gf8va + 471'(}?1;8va - (f?anva) dl’dU, (6)

where Fy (resp. Fg) denotes the functional derivative of F' with respect to f (resp. £).
In addition, Bracket (6) is bilinear and satisfies the Leibniz rule and the Jacobi identity.
The Hamiltonian of the system is given by

2 2

H:/f% dazdv—i—/gE—7T dz, (7)
where the first term accounts for the kinetic energy of the particles and the second
one corresponds to the energy of the electric field. Together with Bracket (6), this
Hamiltonian leads to Eqs. (1) and (2) by using 0;,f = {f,H} and O,E = {E,H}.
We recall that such a bracket has Casimir invariants, i.e., functionals C' that Poisson-
commute with any other functionals of the Poisson algebra, {C,F} = 0 for all F.
Bracket (6) has the following global (i.e., independent of the coordinates x and v)
Casimir invariants

¢ = [ o(s) dado,

CQI/EdSL’,

for any scalar function ¢, and a local Casimir invariant
Ciy, =0, F + 47r/fdv,

which is equivalent to Gauss’s law.
The change from the kinetic to the fluid description is done by performing the
change of variables defined by Eq. (3) in Bracket (6) and Hamiltonian (7). The latter

becomes
1 E?
= _ P. — .
H 2/( 2+ 471') dzx

Making use of the chain rule to transform the functional derivatives, Bracket (6) becomes
(24, 25, 26]

(F.6} = [ [P s(GaF ~ FO.G) + 4P (GyF — G| do. (8

where F),, denotes the functional derivative of F' with respect to P,, and summation is
implicit over the repeated indices ¢ and j. Because we want to construct a Hamiltonian
model for the first four moments of the distribution function, we consider functionals of
the kind F'[Py, P, P, P3, E]. However, the Poisson bracket (8) of two functionals of this
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kind depends explicitly on two additional moments, namely Py and Ps. In order to close
the system, these two additional moments need to be expressed in terms of F,<3 and
E. As a result, the Jacobi identity is no longer satisfied in general, and the resulting
truncated and closed bracket is not of Poisson type. Consequently, the resulting system
is not Hamiltonian, or in other terms, the reduction procedure potentially includes
dissipation. We notice that the closure has to be performed on two moments, P, and
Ps5, which slightly differs from what has been stated in the introduction, concerning
the closure performed on the equations of motion directly, where only one additional
moment, Py, needs to be closed. However we shall see in Sec. 2.2 that the expression of
P5 is entirely determined by P;.

We introduce the reduced fluid moments, which we find to be more suitable variables
for our purpose,

p:/fdv, u:%/vfdv, Sn:pn1+1/(v—u)"fdv, (9)

for all n > 2. The first and second ones correspond respectively to the usual density and

fluid velocity. The higher-order moments are the central fluid moments with a specific
scaling with respect to the density. The change from the usual fluid moments P, to the
reduced fluid moments (p, u, S, ), used hereafter, is invertible so that the results, even
though they are expressed in a different set of coordinates, are equivalent. This change
is given by

P1 1 " n —P1 e
=R == Si=—rm —) P
P 05 u P07 Pon+1 Z <m) < PO )

m=0

for all n > 2. The inverse of this transformation is given by

n ¢ n m, nN—1m
u —l—mz:;(m)p U Sm].

Explicitly for the first four moments of the distribution function, this change of variables

P0:p7 Plzpu7 Pn:p

is given by
Py
—= P’ u = -,
P 0 2
1 P? 1 PP P
2 P63<2 Po)’ 3 Pé(?’ P0+P02 )

with the inverse
Po=p, P=pu, Po=p (u2 + pZSQ) , Ps=p (u3 + 3p*uSs + p353) .

In terms of the moments, Hamiltonian (7) is

1 R o
H == pu” + p°Sy + — | dax. (10)
2 4m

The first part of Hamiltonian (10) accounts for the kinetic energy of the system while
its second part corresponds to the internal energy. The last term, which accounts for
the electric energy, remains unchanged compared to Eq. (7). By considering functionals
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of the kind F[p,u, Ss, S3, E] and using the chain rule for the functional derivatives (see
Appendix C for more details), Bracket (6) takes the form

{F,G} = / [Guapr — F,0,G, + 47(G Fp — F,Gp)

P pp P P

where F; denotes the functional derivative of F' with respect to S;. From now on and
unless otherwise stated, summation from 2 to 3 over repeated indices is implicit. The
matrices o and [ have indices ranging from 2 to 3 such that

25, 25, — 352 45, 55, — 952
a=0 ( 39, — 657 39 — 1258 |7 P\ 55,— 982 65, — 24,5, | 12

We notice that 9,8 = a+a', a property that ensures that Bracket (11) is antisymmetric.
From Definitions (12) we see that the closure requires reexpression of S; and Ss, i.e.,
one has to express these two reduced moments with respect to the dynamical variables
(p,u, Sa, S3, E) such that Bracket (11) satisfies the Jacobi identity.

We remark that Bracket (11) has several subalgebras. Trivial ones include F[p] (i.e.,
the algebra of functionals of the type Fp]), Flu], F[E], Flp, E], and non-trivial ones
include Fp,ul], F[p,Ss,Ss], Flu, E], Flp,u, S, Ss], F|p,u, E] and F[p,Ss,Ss, E]. The
most interesting one is the subalgebra of functionals F'[p, Sa,S3] for which p becomes
a Casimir invariant. The existence of this subalgebra is the reason for considering the
reduced fluid moments .S,,.

2.2. The Hamiltonian constraints

In order to be a Poisson bracket, Bracket (11) must satisfy the Jacobi identity,
{FAG H}} +{HAF,G}} +{G {H, F}} =0.

Here we determine the conditions on S; and S5 resulting from requiring the Jacobi
identity. We begin by assuming that S; and S5 depend on p, u, Sy, S35, E and their
derivatives 97 p, Otu, 02}Sy, 02 Ss, On E for n lower than some order v. Using the result
obtained in Appendix A, we conclude that S; and S5 do not depend on p, u, E and
their derivatives 07 p, 07w, 0r E. In addition, we show in Appendix B that in order for
the Jacobi identity to be satisfied, we need to impose

YigmVkig = VejmViij)

for all 4, k, [ and m ranging from 2 to 3, where the summation is implicit on 7, and

Oay;
%jm(Sk, axSka ey 85_1‘3/‘6) - aayg .

For instance, for | = 2, m = 3, ¢ = 2 and k = 3, we end up with 72337323 = 0 since
Y222 = 0 and g3 = 0 for v > 2. From Eq. (12), we have 37333 = 2733, therefore
Y233 = 0, or equivalently

0S4

o015,



Hamiltonian closures for fluid models with four moments by dimensional analysis 7

Using Eq. (B.5) leads to

Oorgs
ng =0.
Since this has to be true for any value of S5, we thus conclude that 93, = 0, i.e.,
oS,
aa;ffSQ =0
Concerning S5, Eq. (B.5) for | =i = 3 leads to
0S5

There are two solutions to Eq. (13). The first solution is given by
0S5 0 0S5
00v=15, T 00 1S;
The second solution requires det 5 = 0, which, using Eq. (12), can be written as
(55, — 953)?
453 '
Since S; does not depend on 9% 'S, and 9%~'S3, we again have
985 0 985
00v—15, T 00y1Ss

In what follows we will see that the second solution does not lead to a Hamiltonian

0.

S = 45553 +

0.

closure. By induction on v down to v = 2 we show that S; and S5 have to be functions
of Sy and S5 only. These conditions are necessary but not sufficient, i.e., for any functions
S, and S5 of Sy and S5, Bracket (11) does not satisfy the Jacobi identity in general.

We compute in Appendix C the necessary and sufficient conditions on the closures
for a fluid bracket of the type (11) to satisfy the Jacobi identity. For four fluid moments,
Egs. (C.9) and (C.10) are

855 854 854

—4 == = 14
75, ~ ¥t 55, (852 352) : (14)
8Ss  [(0S,\°  0S,

= 1
95, <asg> T35, (15)

9S,\ 08,

6S5 = 4S; (352 + 8—52) =95 (957 —55,) . (16)

We see from Eq. (16) that the expression of S is fully determined by S;. By introducing
the expression for S5 given by Eq. (16) into Egs. (14) and (15), we end up with the
following two nonlinear second order partial differential equations:

RS, 0%, ) 954 05,
4 — — e 1
5 952 959,08; (955 - 55) 0S5 0S5 %, (17)
RSy %Sy, 8S,\> .85,
4 — — 125, = | — 2——. 1
555,08, o5 0% 0% +125 (853) 53, (18)

Provided that these two equations are satisfied, Bracket (11) is a Poisson bracket and
the resulting system is Hamiltonian. Solving these equations in general is challenging;
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consequently, in what follows we restrict ourselves to the set of solutions provided by
dimensional analysis [27].

2.3. Closures based on dimensional analysis

We consider all the closures for the fifth-order moment Sy = g(Ss, 53) that satisfy the
constraints given by Eqs. (17) and (18) based on a dimensional analysis argument. In
order to proceed, we assume that the closure Sy = ¢(Ss, S3) does not depend on any
further dimensional parameters. This would not be the case for, e.g., diffusion-like
closures (Fourier’s law, Fick’s law, etc...) that introduce phenomenological parameters
resulting from various hypotheses based on characteristic scales of the dynamics of the
system. Indeed, in diffusion processes, diffusion coefficients replace information on the
particle interactions, thus removing small scale dynamics. Instead, we would like our
reduction procedure to be very general and not to depend on the geometry of the system.
Consequently, we seek Hamiltonian closures where Sy = ¢(S5, S3) do not depend on any
further dimensional parameters.

It can be shown from Eq. (9) that the dimensions of the S,’s, denoted [S,], are not
independent. Indeed, for all n > 2 we have [S,] = A", where A = L2T~! with L and
T denoting the units of length and time, respectively. As a consequence, the closure
Sy = g(Sz, S3) involves three quantities and a unique physical dimension A. Making use
of the Buckingham 7 theorem [27], there exists two dimensionless quantities, denoted
¢ and &, such that Sy = ¢(S,53) reduces to ( = R(§). Therefore, this procedure
eliminates one of the variables in the closure. Defining ¢ = S,;/S5% and £ = S3/ SS/ * and
inserting these expressions into Eqgs. (17)-(18), we get the following two constraints:

3¢R"(66 +9 — 5R) + R'(BER' — 1867 + R — 9) + 166 R = 24¢, (19)

R'(66* +9—5R)+ R (R —5¢) + 4R = 12. (20
To solve Egs. (19)-(20), we compute their values for ¢ = 0. Defining Ry = R(0),
Ry = R'(0), and Rj = R"(0), Egs. (19) and (20) become

Ry(Ro —9) =0, (21)

R{(9 — 5Ry) + Ry + 4Ry = 12. (22)
Equation (21) has two solutions: R = 0 and Ry = 9. Equation (22) then reads
Ry = 4(3 — Ry)/(9 — 5Ry) for Ry = 0 and R = 12(3Rj — 2) for Ry = 9. We now
differentiate Eqgs. (19) and (20) with respect to £ and evaluate them at £ = 0. This gives
us

R{(9 — TRo) + 2R + 8Ry = 12, (23)

RY(9 —5Ry) — Ry(3R! + 1) = 0. (24)
Using Ry = 9, Eq. (23) together with Eq. (22) leads to Rj = —2/3 and R = —48.
As a consequence, this solution is not real and of no interest for our purpose. The
other solutions satisfy (R, Ry, Ry, Ry') = (0,0,4/3,0) and (R, R}, Ry, Ry') = (1,0,2,0),
where Ry’ = R"(0). Since the solution is unique for a given set of initial conditions,
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there exist only two solutions to Egs. (19) and (20). Moreover, one can see that R(—¢)
is also a solution of these equations. Consequently, the two solutions R are even with
respect to £&. These two solutions are described in the next section.

3. Hamiltonian fluid models with 441 fields

3.1. Model without normal variables

We consider the first solution to Egs. (19)-(20), corresponding to (R, Ry, Ry, Ry) =
(0,0,4/3,0). As mentioned in Sec. 2.3, the solution R is even. Thus we introduce
R(&) = R(n), where n = £2. Then, Eqs. (19)-(20) become
¢ [3nR"(6n+9 —5R) + R'(9+ 3nR — TR) + 4R — 6] =0, (25)
2nR"(6n+9 —5R) + R'(9+2nR —5R+n) + 2R — 6 = 0. (26)
By linearly combining these equations to eliminate terms in R”, and introducing the

new variable y = —(R —3n—9)/5, we end up with an Abel equation of the second kind
(see, for instance, Ref. [28]):

61 + 24
25 7
which has the parametric solution

2 — 57)2 2 — 57)?

1) = K= =

where K is some constant to be determined. Inserting Eq. (27) into Egs. (25)-(26)

ppt — pp = —

—4, u(t) =Kt (27)

implies these equations are satisfied if and only if K = 27. This leads to an explicit
expression for the closure ¢ = S;/57 = R(§) given by

[4+4£(€)* — £(£)(€* — 8) — 8*)[2 + 2t(£)* — (E)(§* — 2) — 4¢7]

e =3 [T 267 1 31(0) + PP -
where /s
e) = ( 24+ 25— 21062 + §4>
— 5 .
Furthermore, by using Eq. (16), S5 is given by S5 = S2557(&) with
2 _ 2 _
T - 256~ RO~ TR )

R(€) — 362 -9
In summary, the Hamiltonian and the Poisson bracket resulting from this closure are
given respectively by Eq. (10) and Eq. (11) with « and  given by Eq. (12) with

S
Sy = S2R (ﬁ) : (30)

2

S
S5 = $55T (ST?;Q> : (31)

2
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Figure 1. Color map of Sy (in A* units as defined in Sec. 2.3) given by Eq. (30) as a
function of Sy (in A? units) and S3 (in A3 units).

Figure 2. Color map of S5 (in A® units as defined in Sec. 2.3) given by Eq. (31) as a
function of Sy (in A? units) and S3 (in A® units).

where R and T are given by Egs. (28)-(29). The dependence of the functions R and
T in their arguments is not trivial. In order to help the reader visualize the closure
relations corresponding to Egs. (30)-(31), we provide, in Fig. 1 (resp. Fig. 2), color
maps showing the dependence of Sy (resp. Ss) on Sy and S3.  As a side note, we
remark that as S5 goes toward 0, Sy also goes to 0, as shown in Fig. 1. Thus, with this
closure, non-asymmetric distribution functions cannot exist. Consequently, the physical
relevance of this solution is questionable.

In order to further characterize this Poisson bracket, we investigate its Casimir
invariants. These are functionals C|p,u, S2, S3, F] that commute with any other
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functionals F, i.e., {F,C} = 0 for all F. In particular, C' commutes with the field
variables. As a consequence, we must impose
{p,C} =-0,C, =0,
which leads to
Clp,u, Ss, Ss, E] = K /u dz + D|p, S, Ss, E,

where K7 is constant. Imposing that C' commutes with u leads to

~ 1

{U, C} = —833Dp — 47TDE + —DzﬁmSl = 0,
p

whose solution is given by

Dlp. 5o, 51, B) = Ka [ pol(S0,50) do+ 16 [ B
where K5 and K3 are constant. Imposing that C' commutes with S; leads to
K [0 7F K.
{8, C} = = 20,5 + Ko~ 20, = —20: (By0,) = 0, (32)

where ¢; = 0¢/0S;. We then solve the associated homogeneous equation (K; = 0).
Again making use of the Buckingham 7 theorem, we assume that there exist a real
number a and a function ¢ such that ¢ = S51(S3/ Sg’/ ?). The resulting equations are

8(a — 1)agy + ¢ (3 — 18a + 30&” — 24a&” — 3R + 10aR — 9ER))
+3£(9+68 —5R)¢" =0,

2at) + ' (—9¢ + 4a& + 3R') + (=9 — 6%+ 5R)Y" = 0,

4arp[3 —9a + (—1 + 5a)R — 3¢R') = 3¢[y)' (1 — 4a + (=17 + 20a)R
—8(a—1)T — 66R' + 66T") — 36(T+ 5R — 4T)"],

4ap R +'[3 — 18a + 5(—3 + 2a) R + 6T — 66R’ + 6£T"]
= 3¢(7+5R — 4T)y".

Combining the first two equations leads to
2a(4a — 1)EY + [3(1 — 6a + €% — 4a€?) + (=3 + 10a) R]y’ = 0,

whose solution is given by

£
2ay(4a — 1)

¥(§) = Yoexp / 3(6a — 1) + 3y2(4a — 1) + R(y)(3 — 10a)

dy |,

where 1) is a constant. Inserting this expression into the previous equations provides the
necessary constraints a = 0 and ¢(§) = 1. As a consequence, this model does not have
Casimir invariants of the entropy-type [29], i.e., of the form [ pg(Ss, S3) da. Moreover,
we can show in a similar way that Eq. (32) has no solution for the nonhomogeneous
case (K # 0), i.e., K1 = 0 is required. The Poisson bracket resulting from this closure
has only two global Casimir invariants, given by

Clzfpdx and CQZ/de,

which are also Casimir invariants of the Vlasov-Ampere equations.
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Figure 3. Color map of Sy (in A* units as defined in Sec. 2.3) given by Eq. (33) as a
function of Sy (in A? units) and S3 (in A3 units).

3.2. Model with normal variables

The second solution to Eqgs. (19)-(20) corresponds to the branch (Ry, Ry, Ry, Ry)') =
(1,0,2,0) found in Sec. 2.3, and is given by

R(&) =1+ &
This leads to

52
Sy=S2+ 5—3 (33)
2 S3
S5 = 25,55 + S—Z; (34)

These functions are plotted in Figs. 3 and 4. Unlike the model without normal variables,
we can see on Fig. 3 that Sy does not go to 0 as S3 goes to 0. As a consequence, this
model allows asymmetric distribution functions and hence seems to be more physically
relevant. Furthermore, one can notice the difference in the amplitude of the closures
between the two models (up to two orders of magnitude) by comparing Figs. 1 and 2
and Figs. 3 and 4. The Hamiltonian and the Poisson bracket resulting from this closure
are given respectively by Eqs. (10) and (11) with a and S given by Eq. (12) and by
replacing the closures Sy and Sy by Eqgs. (33) and (34).

Concerning the global Casimir invariants, we show that this Poisson bracket
possesses five Casimir invariants, as many Casimir invariants as field variables, given by

Clzfpdx, CQZ/Eda:,

\/4S53 + 52 S.
N L e S v
2 3
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Figure 4. Color map of S5 (in A® units as defined in Sec. 2.3) given by Eq. (34) as a
function of Sy (in A? units) and S3 (in A3 units).

_ pSs
05—/(u+252) dz.

From these expressions for the global Casimir invariants, we introduce the normal field

variables p, M = u + pS3/(252), Q2 = p\/4S3 + 53/S2, Q3 = pS3/+/4S3 + 53 and E.
Consequently, Bracket (11) takes the particularly simple (normal) form

(F,G} = / [GMapr — Fy0,G, + 4n(Gr Fy — FuyGp) — 2G50, Fy — 2G28$F3} dz,

Hamiltonian (10) becomes

1 Q@  pp E?
= M2 =22 -
H 2/(,) 0, it ) @

and the Casimir invariants C3, Cy and Cs become

CgZ/Qle‘, C4Z/Q3dl‘, C5Z/Mdl'

As mentioned in Sec. 1, one may be interested in using the pressure P and the heat
flux ¢ as dynamical variables, instead of Sy and S3. Indeed, even though the reduced
moments appear to be very convenient, their physical meaning may not be as clear as
the usual pressure and heat flux quantities. The latter quantities can be expressed in
terms of the reduced moments in the following way:

i
B,

in terms of which the closures take the form

1 (P2 442 4q (P 2¢°
54:—5<—+i), 55:—Z<—+%).
P \p P P \p P

P3 §P1P$U2 P13

P=rf=hi- 2R B
0

4
p
:—S:
q 5 3
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Expressed in terms of these variables, Bracket (11) becomes

P
{R@z/%ﬁM}%ﬁﬁﬁ%ﬂ@@&—ﬂ@@d

+ 47(G o Fr — F,Gg) + (G&—F&MP+ 160, F, — F,0,G,)
P P

3
+ ;(Gqu — Fqu)ﬁxq + p46[22FpGp -+ p5@23Fqu + degquGp

+ /)65433Fqu + p? BoaGpdy(p* Fp) + /)3523an$ (p*Fp) + p2532GP3x(P3Fq)
+ p3533Gq8:v (pqu)} d.T,

where
. 4q/p" 4¢%/(p°P) — P?/(20°)
"\ 6¢%/(p°P) = 3P%/(20°) 6¢°/(p°P?) —3Pq/p" |’

and

5o 8q¢/p* 10¢%/(p°P) — 2P?/p°
10¢°/(0°P) — 2P /p® 12¢°/(p°P?) — 6Pq/p" |

Hamiltonian (10) takes the simple form

1 9 E?
H—é/(pu +P+E) dz,

and the equations of motion, obtained from 0;F = {F,H}, are
Oip = —pOzu — udyp,
Ou = —ud,u — 1&BP - E,
0P = —ud, P —/Z)%Pﬁmu — 20,4,

2

q 1
0ig = —ud,q — 4q0,u — 20, (F) + 4—p38x (pZPQ) ’

atE = 471'%

We notice that these equations are identical (at least the ones concerning p, u, P and
q) to the equations obtained with a bi-delta reduction [30, 31, 22, 32]. Therefore, as a
by-product of our reduction procedure, we have proved here that the bi-delta reduction
is Hamiltonian. This can also be shown by effecting a chain rule calculation relating the
Vlasov-Poisson bracket [19] to that of fluid streams [33].

A benefit of knowing the Hamiltonian structure of the reduced model is the ability
to use the Poisson bracket to obtain the additional invariants, e.g., Casimir invariants,
that can be tricky to derive directly from the equations of motion. For example, the
global Casimir invariants C3, Cy and Cj for the present system are seen to be

q?
(3 = /H +P2dx = /pq1/P3+pq Cs = < )dx

We note that these invariants can be used to check the validity of numerical algorithms
used for the integration of the equations of motion.
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3.8. Comparison with Hamiltonian fluid models with 3+1 fields

The same analysis done for 4+1 fields can be carried out for fluid models with 341
fields, namely with the field variables (FPy, Py, P, E) or equivalently (p,u, S, E'). This
was partly done in Ref. [29] (in the absence of electric field), where it was shown that
Hamiltonian fluid models are given by closures S5 that only depend on S5. This is also
evident from Appendix C, where the conditions given by Eq. (B.7) are automatically
satisfied (since there is only one value for the indices). The fact that the closure for 341
Hamiltonian fluid models only depends on S is similar to the fact that the closures for
4+1 fluid models are given by S; and S5 as functions of only S, and Ss.

A specific closure S3(.S2), which corresponds to the dimensional analysis performed
in the present work, is given by

Sy = ASy?,
where )\ is a dimensionless constant. The Poisson bracket for this closure is

(F,GYys — / {GU&BFP — F,0,G, + 47(GFy — F.Gr)

- 1(GuF2 — F,G3)8,55 + 2\55"? {@ax (5) _ By (ﬁ)} } dz.

p p p p p
It should be noted that the dimensional analysis provides a family of models (labeled
by A). However there are only three fundamentally different models: one for A = 0 and
the others for A = 41, since all of the other models can be rescaled to A = £+1 by an
appropriate rescaling of Sy, e.g., S; = Sy/A2. Moreover, the two models A = 1 and
A = —1 are linked by symmetry [29]. The model for A = 0 has the two following global
Casimir invariants:

C’lz/pdx and C’gz/de,

in addition to the family of Casimir invariants

C = / pr(Ss) da,

for any scalar function x. The two Casimir invariants C; and Cy are identical to the ones
for 441 fields. Concerning the model with A = 1, the Poisson bracket with 341 fields
has 'y and (5 as Casimir invariants, and also has two additional Casimir invariants

Cs = /pS§/4d:U and Cy,= / (u — 2p521/2> dz.

Therefore, in total it has four Casimir invariants, i.e., as many as the number of field
variables. The common point between this 3+1 model with A = 1 and the 441 field
model with normal field variables is that both have a generalized velocity as Casimir
invariant. It should also be noticed that the 3+1 fluid model has one Casimir invariant
of the entropy type, i.e., of the form [ pg(Ss,. .., Sy) dz, whereas the 4+1 fluid model
has two of this type.
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4. Summary

In summary, starting from the one-dimensional Vlasov-Ampere equations, we built two
Hamiltonian models with the first four moments of the Vlasov distribution function and
the electric field as dynamical variables. Our reduction method relied on the preservation
of the Hamiltonian structure of the Vlasov-Ampere model. The closures we obtain
were derived from a dimensional analysis argument. We showed that there are only
two Hamiltonian closures obtained by this method. A fundamental difference between
these two models was characterized by their Casimir invariants: one model has only
two global Casimir invariants (preserved from the Vlasov-Ampere system), whereas the
second model has three additional ones, two of the entropy-type and one generalized
velocity.

Acknowledgments

This work was supported by the Agence Nationale de la Recherche (ANR GYPSI) and by
the European Community under the contract of Association between EURATOM, CEA,
and the French Research Federation for fusion study. The views and opinions expressed
herein do not necessarily reflect those of the European Commission. ET acknowledges
also the financial support from the CNRS through the PEPS project GEOPLASMAZ2.
PJM was supported by U.S. Dept. of Energy Contract # DE-FG02-04ER54742.

Appendix A. Independence of a and  of Bracket (11) on p,u, and E

In this appendix, we consider the following bracket defined on functionals of the form
Flp,u,Ss,...,Sn, E] for N > 2:

1

{F.G} = / {Guaxpp — F,0,G, + 4n(G Fy — F,Gg) p(GuF; — F,G)0,S;

p P p p

where a and 3 are matrices satisfying 5* = 8 and 0,8 = a + o', assuring antisymmetry
of the bracket. Here we assume a priori that o and  depend on both the dynamical
variables p, u, Sy (for kK > 2) and E, and their derivatives 07 p, 0%u, 0 Sy and O E for
n > 1. Repeated indices are implicitly summed from 2 to N, unless specified. We seek
necessary conditions on « and [ for Bracket (A.1) to satisfy the Jacobi identity,

(F{G, HY} + {H {F,G}} + {G,{H,F}} = 0.

In this appendix, we prove that o and 8 do not depend on the variables p, v and E and
their derivatives 0} p, 7w and 9} E for n > 1.
First we split Bracket (A.1) into two parts

{F,G} ={F,GY +{F,GY}",
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where the first part,
~ — 1
{F,G} = / {Gu&ch — F,0,G, + 47(G,Fr — F,Gg) — ;(GUFZ- — F,G;)0,5;| du,

satisfies the Jacobi identity [14, 15]. The Jacobi identity is then equivalent to
{F7 {Ga H}J}* + {F7 {Ga H}*}J + {Fv {G7 H}*}*+ O(F,G,H): 07 (AQ)

where Or,g,m) denotes the summation over circular permutation of any three functionals
F, G and H. Using the lemma stating that only the functional derivatives with respect
to the explicit dependence on the variables need be taken into account for the Jacobi
identity [14], the first term becomes

(F G, HYY = /lo‘“F {Ha <G) GuOs <H)+@8H iy a,
pp p p p p

+Biag (5) (@axﬂu - Eaxau) } dz, (A.3)
P P P P

where we have used the fact that § is symmetric. The second term in Eq. (A.2) is

(FAGHYY - / (G HY 0.8, + (G, HY0.F, + 471G, BT — (0, )3

(G, HY F, — G, HYO, 5] (A.4)

G HY}; = %_%) BH{ < )@ am< >ﬂ}
(G fi, (p o) s g g
nan aal] { aﬁ” ! J
+ (—=1)"or ({%np? 20 p <p }7)
* nan aa” _Z 86” =
{GvH}u - (_1) 85’3 <_6agu p 88n a: < P ):| p )
[ Oay; G iy 35@] < )} J)
p

* __ (_1\nan -a&ij_i 8ﬁ23 i &
{6 = (=1 89”(_3332Ep " ooE 89”(/))} p)

We consider the terms of the type (F,, G, H;) in the Jacobi identity (A.2). These terms
only come from Egs. (A.3) and (A.4). By using successive integrations by parts and

I

where

assuming that the boundary conditions are such that the associated boundary integrals
vanish, the Jacobi identity for these terms becomes

80[1']' Gl 661] <GZ):| j 1 < G F )
=y o, (=) | =LortF, — —]a
/{ {3&?1) p  00pp p)lp P p
o b i By iy i i Rl N i 5L A.
%Zax(p)pp {88"Ep+83§§ a:”(p)}pam“ (4-5)

Oaij Gi | OBy G\l Hj o (Fu B
* [%’st p * 88gska$ < P )} P O, P Sy | ¢ drt Owpem=0.
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Choosing F = [u dz, G = [pS, dz and H = pS,,, Eq. (A.5) leads to the necessary
condition

1 Am, ﬁalm 1
—0pQpy, = —- " =0 : A.
a > 0cp + 0 5% 0, <p8 Sk> (A.6)
However, we have by definition
80[[m +1 80[[m +1 80[[m +1 &xlm +1 &xlm
— T 7 T T E
Octtim = Gan 0% P T Gy O 4T G O T gang e or

where the summation over n is implicit and Oy, /Ox denotes the derivative of oy, with
respect to its explicit dependence on z. Eventually, Eq. (A.6) writes

1 <%an+lp—|— 8 A, anJrl + a Um anJrlS a Am an+1 _'_ 6alm)

aorp " aoru " 00 Sy, 88"E N ox
alm aalm
= —0pp o —0:5k | - A7
o+ oz (0.5 A
By canceling the only term that depend on 9%"'p in Eq. (A.7), we can show that
aalm o
90; p

By performing an induction on v down to v = 0, we can show that a does not depend on
p and its derivatives. Because the dynamical variables are independent, using the same
reasoning we prove that o cannot depend on v, E/ and their derivatives, nor can it depend
explicitly on z. The same result can be obtained for 3 by choosing G = [ pSiz du.
Therefore a necessary (however not sufficient) condition for Bracket (A.1) to satisfy the
Jacobi identity is that a and 5 do not depend explicitly on z, p, v and E, as well as the
derivatives 0.'p, 07w and 07 E for all n € N.

Appendix B. Dependence of a and  of Bracket (11) on Sy

In this appendix, we derive some necessary conditions on the dependence of o and
(and their derivatives) of Bracket (11) on Si. Following Appendix A, we consider two

(F,G,H) = </uxdx/p51dxp5)
(F\G,H) = (/uxdx/pSlxdxpS)

which we insert into Eq. (A.5). Thus we find the necessary conditions

aalm aBlm
" "S, = B.1

for all [ and m, where we recall the implicit summation over repeated indices. We

sets of functionals

and

Ay =

assume that o and 8 depend on the derivatives of S), up to order v, where

v =max{n € Ns.t. 0a/002S #0 or 0/00;S # 0}.
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From the first of Egs. (B.1) we have

- aﬁlm = aOflm aaml
O0rBim = LS, = g mi = anSk.  (B.2
4 Zapops,r F T e ;”[aagsk aa;;sk] oS (B2)
Differentiating Eq. (B.2) with respect to 9“*15; leads to
aﬁlm _
905,

As a consequence, the highest derivatives of S appear in «; thus v becomes
v =max{n € N s.t. 0a/002S # 0}.

The Jacobi identity (A.2) reduces to:

{FAG, H}}+ Oram = / {aij%{G’H}; +ﬁz~j{G’pH};a$ (%)} da (B.3)

p
+ O(F,G,H): 0.

This identity corresponds to the Jacobi identity for the subalgebra of observables
Flp,Ss,...,Sn|. Expanding Eq. (B.3) gives

;i F Oay; Gy, OBk Gy, H,
F H = Ly g NS - . -
{FAG, H}} + Owe.m /{p p( )anaagSjp +88g5jam<p)} p)

F; Bij Oap Gy~ 0B Gr\ | H
e oo (e s o (5)] )]
L % (aers 5 T aaes "\ )]
ai; Hp By H, Oay, F; Gy,
cofsh o (252
pp P p )1 O0ES; p p

F; o Hy By (Hl)] 0Bk Gk)
By (g |Qutty g =k
P ( {p PP p )] 00yS; p

ar; Gy Brj G, Oay; H, 0B H\ | F
pp P p 90pS; p 00} S; p/)lop

Choosing consecutively

<F7G7 H) = (pSza/pSk dx7/p5l dl’) )
(FaGa H) = (pSZ,/pSk$ d$7/psl d[L‘) ’

<F7G7 H) = (pSza/pSk dx7/p5lx dl’) )

we get the following three conditions:

and

O, OBk Oay;
. L O B.4
{aa;sj aaglsj} i g g = O (B.4)
Oay; .
ﬁk‘jm =0, (B.5)
O _ (B.6)

P pauis, =



Hamiltonian closures for flutd models with four moments by dimensional analysis 20

Due to the fact that 9,08 = a+ o', Egs. (B.5) and (B.6) are redundant. We assume that
a depends only linearly on 0%.S;. We show in Appendix C that this is the case for fluid
brackets. As a consequence, we write

(S, 0,8, ..., 0°8) = Aj(S, 0.5, ..., 0%7S) + Yjm(S, 0,5, ..., 057 1S) DY Sy

By inserting this expression into Eq. (B.4), for the Jacobi identity we need to impose

OB
Yijm [%’kj - m] + Ykgm i = 0,
T J

for all (i, k,l,m) to make the term proportional to 045, vanish. However, thanks to
Eq. (B.2) we have

OBk
88};,1 SJ f}/Zk_] fykz_] .
This eventually leads to the following conditions:
VigmVki; = VkjmViij- (B-7)
These commutation relations remind us of the conditions for Lie-Poisson brackets based

on Lie algebra extensions to satisfy the Jacobi identity of Ref. [34]. These conditions on
the tensor v are necessary but not sufficient.

Appendix C. Jacobi identity for fluid models

In this appendix we find necessary and sufficient conditions for the Jacobi identity
for Bracket (11). We start from the one-dimensional Vlasov-Ampere bracket given by
Eq. (6) and perform a change of variables, from f to (p,u, S,>2) defined by

p:/f dv, pu:/vf dw, p"HSn:/(v—u)"f dw.

Using the following chain rule expression for the functional derivative with respect to f,

S nSn_l (v— u)} |
p p PP

_ — _ _ — n 1
ﬂ=&+iﬁﬂ+ﬂvvu)—w
p
and after some algebra, we show that the Poisson bracket (6) reduces to Eq. (A.1) with
a and [ given by

O = N0pSpym—1 — NSp-10:Sm — n(m + 1)5,0:S,-1 — nmS,,_10:S,, (C.1)
ﬁnm = (m —+ n)Sn—l—m—l — m(n + ].)Snsm_l - ’I’L(m + 1)Smsn—17 (02)

where n,m > 2 and S; = 0. The resulting bracket is of Poisson type. Next, we truncate
the matrices o and S such that «,,, = 0 and 5,,, = 0 for m > N or n > N. The matrices
a and 3 depend on S, forn =2,...,2N — 1. We restrict ourselves to the case where «
and [ are functions of (S, ..., Sy), i.e., we introduce N —1 closures Sy, = Si(Ss, ..., SNn)
for k = N+ 1,...,2N — 1. In this truncation/reduction, the bracket is no longer of
Poisson type in general. In this appendix, we establish the necessary and sufficient
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conditions for the Jacobi identity to be satisfied. From Appendix A and Appendix B,
this Jacobi identity is seen to be

F\ 1 G 0B O
F G H — 833 I _a:r 1 1
(rte e owan= [ {o. (5) 0, (S) 5, S0 5, 20n
Oay; F,1Gy H, Oay Oy, Oay;
~ 50,5, } pop p [a” 55, a8, Mg,

ooy o, Oay;
~ @0 (aa S-) - @0 (aars ) ~ 0 (aamsj) }
F 1 <Gk) E[ 86191 8&11 8akl 80%

1+ 217, . i — s
b "\ ) %igg, T Pigg T %ige.g T Mg,

Oay; 1Gy H aOékl OBik
BW%<&%%)}+@(p)pﬁ)pP% s,

oo, (20w _, Oaw O
1%\ 90,5;) ~ “09,5;, ~ " 90,5,
Hy\ FiGy |, Oag, Doy B
_3 SRl 0 Mt ,
p ( p ) [@] o5, “o0,5, "M o5,

a()éik 804” E 1 Hl Gk
~ il <86 S») g0, SA] oo (F) i (7) 3 [

0B Oauy Oay,
s ~Piga.s, %%S} (C:3)

1 Gk Hl F 8612 aa,k 80%
o (5)e(5)5 [ﬁ’” ~Miga,s, 5’”665”“

Choosing F = pS;, G = [ pSy de and H = [ pS, dx, Eq. (C.3) reduces to
%<8alk a 60% > _'_am <@ [am < 60% ) _ 8&1/@ _ %aﬁd)
p p

O 8ail 1 804,1 75} aaki 80% 75}
— - Op0uj + — —0,. | — | =0. C4
05, T 00,5, T, Bs, 00,5, \ (C4)

Equation (C.4) can be split into two terms with only one depending on p. To make the
term that depends on p vanish, we have to impose

dayy, ayy, OBu | Oay Jag;
@Jl <&9s) asj wipg T pa,5,% t ags =0 (©9)

for all (4,1, k). In addition, canceling the term in Eq. (C.4) that does not depend on p
leads to

80% 80élk 80[1'1 80[1'1 80%1‘ 80%1‘ i
a“(m%_aW@&)+mUQ%3_@®@@)+mJ&mj_@6@@)_Qﬁm)
for all (4,1, k). With these constraints, Eq. (C.3) becomes

3Oékl Oay; }

%%S %%5
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Fi\1 H\ Gy, OB, Oy Oy,
O, | — -0, | — | — ; — Bis — Bli— C.7
i </)) p ( P) p {Bl] 95; 5]339:51' Bl]aamsj] (©1)
1 Gy Hy\ F; 0B Oy, oy
O | — )10 | — | — ; — B — By —— dz.
#50:(8)o:(5) 5 [t ~ v~ s | o
Choosing F = pS;, G = [ pSi dz and H = [ pSjz dx leads to

1 OBix oy Jag, \ |
! (32 e )]

which has to be satisfied for any p, and therefore

0Bk O Oy,

A — By _ B =0, C.8
fi dS; Bi 90,5; fi 90,5; (C8)
for all (7,1, k). With this additional constraint, Eq. (C.7) is always satisfied, which proves
that Egs. (C.5), (C.6), and (C.8) are necessary and sufficient conditions for Bracket (11)

to satisfy the Jacobi identity.

By introducing the expressions of o and [ given by Egs. (C.1) and (C.2) into
Egs. (C.5), (C.6), and (C.8), we end up with the following constraints :

Likim = Litem, (C.9)
Aigr = Ay (C.10)
where
. 4 0Siti-1
| T [(1 — 1 —=0)Siyi—2+J5Sj1 ]
+ J 85]
0S;y_ 08471 0Skri_
e DS s (4 1) g, 2Rt | 991 OOk
5m |:('L + )SH-l 1 (] + )Sj 85] 85] aSm ’
and
~ 0Sik 4 4 ‘ .
Ajjg = 3. (I +5)Sij—1 — J([+1)SS) — 1 = 1(j 4+ 1)S;51-4]
J
+I(i+k)S; 1Sk + U+ 1D)(E+k—1)S,S;1 5o
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