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Abstract: In this technical report, the capacity region of the two-user linear deterministic
(LD) interference channel with noisy output feedback (IC-NOF) is fully characterized. This result
allows the identification of several asymmetric scenarios in which implementing channel-output
feedback in only one of the transmitter-receiver pairs is as beneficial as implementing it in both
links, in terms of achievable individual rate and sum-rate improvements w.r.t. the case without
feedback. In other scenarios, the use of channel-output feedback in any of the transmitter-receiver
pairs benefits only one of the two pairs in terms of achievable individual rate improvements or
simply, it turns out to be useless, i.e., the capacity regions with and without feedback turn out to
be identical even in the full absence of noise in the feedback links.
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Capacité du Canal Linéaire Déterministe a Interférences
avec Rétroalimentation Degradée par Bruit Additif.

Résumé : Dans ce rapport, la région de capacité du canal linéaire déterministe & inter-
férences avec rétroalimentation degradée entre les récepteurs et leurs émetteurs correspondants
est caractérisée. Ce résultat permet l'identification de plusieurs scenarios asymétriques dans
lesquels la rétroalimentation dans un seul couple récepteur-émetteur montre autant de bénéfices
que des rétroalimentations dans les deux couples récepteurs-émetteurs. Ces bénéfices sont mis
en évidence par 'amélioration des taux de transmission individuels et de leur somme par rapport
aux cas oil il n’y a aucune rétroalimentation. D’autres scenarios montrent qu'une rétroalimen-
tation dans un des couple émetteur-récepteur améliore le taux individuel d’un des deux couples
émetteurs-récepteurs. D’ailleurs, il existe d’autres scenarios ot 'utilisation d’un ou plusieurs liens
de rétroalimentation ne montre aucun bénéfice ni pour les taux individuels ni pour leur somme.
Dans ces scenarios, cela montre que les régions de capacité avec et sans rétroalimentation sont
identiques.

Mots-clés : Région de Capacité, Modéle linéaire déterministe, canal & interférences, rétroali-
mentation degradée.
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1 Introduction

Perfect channel-output feedback (POF) has been shown to dramatically enlarge the capacity
region of the two-user interference channel (IC) |23} [4, 5 [6]. More recently, the same observation
has been made with a larger number of transmitter-receiver pairs in the IC [7]. In general, when a
transmitter observes the channel-output at its intended receiver, it obtains a noisy version of the
sum of its own transmitted signal and the interfering signals from other transmitters. This implies
that, subject to a finite feedback delay, transmitters know at least partially the information
transmitted by other transmitters in the network. This induces an implicit cooperation between
transmitters that allows them to use interference as side-information [3] [6] [8, [9, 10]. A more
explicit cooperation is also observed in the case in which one of the transmitter-receiver pairs acts
as a relay for the other transmitter-receiver pair by providing an alternative path: transmitter
i — receiver j — transmitter j — receiver ¢ [4]. These types of cooperation, even when it is
not explicitly desired by both transmitter-receiver pairs, play a fundamental role in enlarging
the capacity region. Interestingly, this holds also in the case of fully decentralized networks
in which each transmitter-receiver pair seeks exclusively to increase its individual rate. That
is, channel-output feedback increases both the capacity region and the Nash equilibrium (NE)
region [11].

Despite the vast existing literature, the benefits of feedback are unfortunately less well un-
derstood when the channel-output feedback links are impaired by additive noise. The capacity
region of the LD-IC with noisy channel-output feedback (NOF) is known only in the two-user
symmetric case, see [12]. The converse region in [I2] inherits existing outer bounds from the
case of POF, the cut-set outer bounds and includes two new outer bounds. The outer-bounds
inherited from the POF are those of the individual rates and the sum-rate in [4]. The new outer-
bounds are of the form R; + R and R; + 2R;. The achievability region in [I2] is obtained using
a particularization of the achievability scheme presented in [2], which holds for a more general
model, i.e., interference channel with generalized feedback.

In this technical report, the results presented in [I2] are generalized for the asymmetric case
and the corresponding capacity region of the two-user LD-IC-NOF is fully characterized. This
generalization is achieved by using the same tools used in [12], however, it is far from trivial due
to the number of parameters that describe this channel model: two forward signal to noise ratios
(SNRs) ﬁlhﬁgg, two feedback SNRs %117%22 and two forward interference to noise ratios
(INRS) nya,m21. The new converse region also inherits existing outer bounds from the case of
POF, the cut-set outer bounds and includes two new outer bounds. The new outer bounds are
of the form Rqy + Ry and R; + 2R,;. These new bounds generalize those presented in [I2]. The
achievability region is obtained by using a coding scheme that combines a three-part message
splitting, superposition coding and backward decoding. Despite the fact that this coding scheme
is built using the exact number of required message-splitting parts for the IC-NOF, it can still
be considered as a special case of the general scheme presented in [2].

Finally, this technical report is concluded by a discussion in which numerical examples are
presented to highlight the benefits of NOF. At the same time, examples in which NOF is abso-
lutely useless in terms of capacity region improvement are also presented.

Inria
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2 Linear Deterministic Interference Channel with Noisy-
Channel Output Feedback
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Figure 1: Two-user linear deterministic interference channel with noisy channel-output feedback
(LD-IC-NOF).

Consider the two-user LD-IC-NOF, with parameters 711, 7227 Nn12, N2, 711 and 5799
described in Fig. Wii, i € {1,2}, is a non-negative integer used to represent the signal-noise
ratio (SNR) in receiver i; n;;, i € {1,2} and j € {1,2} \ {¢}, is a non-negative integer used to
represent the interference-noise ratio (INR) in receiver i from transmitter j; and i i€ {1,2},
is a non-negative integer used to represent the signal-noise ratio (SNR) in transmittter ¢ in the

feedback link from receiver 7. At transmitter ¢, with i € {1, 2}, the channel-input X z(-n) at channel
T
use n, with n € {1,..., N}, is a ¢g-dimensional binary vector Xgn) = (Xi(ﬁ), .. in(,Z)) , with
q = max (711, 7 22, n12, n21) (1)

and N the block-length. At receiver ¢, the channel-output ?5") at channel use n is also a ¢-

T
dimensional binary vector ?5") = (?Eﬁ), ceey ?EZ)) . The input-output relation during channel
use n is given as follows

n _ﬁii n —nj n
Y (g x(m 4 gams x () 2)
and the feedback signal available at transmitter ¢ at the end of channel use n is

¥ gt Y 3)

)

RT n° 456



6 Quintero € Perlaza € Gorce

where d is a finite delay, additions and multiplications are defined over the binary field, and S
is a ¢ x ¢q lower shift matrix of the form:

0 0 0 0
1 0 0 0
S=|0 1 o0 (4)
S .
0 0 1 0

The parameters ﬁn‘, %n‘ and n;; correspond to E log, (Sﬁlﬂ, E log, (éﬁ{l)J and

L%logQ (INRij)J respectively, where Sﬁi, mll and INR;; are parameters of the Gaussian
interference channel (G-IC).

Transmitter ¢ sends M; information bits b;1,...,b; s, by sending the codeword
(Xgl),...,Xz(-N)). The encoder of transmitter ¢ can be modeled as a set of determinis-
tic mappings fi(l),...,fi(N), with fi(l) : {0, 1} — {0,1}? and Vn € {2,...,N}, fi(n) :
{0,1}M: x {0,1}9»=1) — {0,1}9, such that

Xgl) :fl(l) (bz}lv ey bi’A{i) and (5)
n n (1) (n—1)
XE ):fz( )(bzlaabz,Mm?z 77vz ) (6)
At the end of the block, receiver i uses the sequence 751), e 75]\” to generate the estimates
BM, .. .,l;a M;- The average bit error probability at receiver ¢, denoted by p;, is calculated as
follows
1 &
P = 31 2 Lo} (7)
(=1

A rate pair (Ry, Ry) € ]Rf_ is said to be achievable if it satisfies the following definition.

Definition 1 (Achievable Rate Pairs) The rate pair (R, R;) € R3 is achievable if there
exists at least one pair of codebooks X1 and Xo with codewords of length N, with the corresponding
encoding functions fl(l), cee 1(N) and f2(1), cee Q(N) such that the average bit error probability can

be made arbitrarily small by letting the block length N grows to infinity.

The following section determines the set of all the rate pairs (R, R2) that are achievable in the
LD-IC-NOF with parameters ﬁlly 722, Nniz2, N21, %11 and %22.

Inria
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3 Main Results

Denote by C(ﬁlh ﬁgg,nlg,nm, ﬁu, ng) the capacity region of the LD-IC-NOF with para-
meters 711, 199, N2, Na1, N 11 and %22. Theorem |1 fully characterizes the capacity region
0(711,722,71127”21, %11,%22)-

Theorem 1 The capacity region C(Wll, 722, 12,21, %11, %22) of the two-user LD-IC-NOF
is the set of non-negative rate pairs (R, Rg) that satisfy Vi € {1,2} and j € {1,2}\ {i}:

R; < min (max (ﬁ)”, nji), max (ﬁ“, nij)), (8)
R; < min (max (44, mi) , max (7“, i — (W5 — nji)+)) ) 9)
Ry +Rs; < min <max (T 11,m12) + (122 — n12)+ ,max (722, 191) + (11 — n21)+> , (10)
R; +Rz < max ((711 —n2) ", Tl21> + max ((722 —ngy) " 7n12) (11)

+ . .
%11 — (%)11 — n12)+> — (n12 — ﬁ>11)Jr — min (Wllvnﬂ) + min ((ﬁll - n12)+ ’n21)

+ . .
%22 - (722 - TL21)+) - (ﬂzi - 722)4— — min (722,7112) + min ((722 - n21)+ 77”&12)
2Ri+Rj < max (ﬁjj, lei) + max (ﬁii; TLL]) + (ﬁ“ — nji)+ — min ((ﬁjj — nﬂ)+ ,nij) (12)

- +\* S (= + *
+(<%jj_(njj_nji)) — (nji = 7 5) " = min (75, m55) + min (75 — nji) nw)) :

3.1 Proofs

Theorem [l fully characterizes the capacity region of the LD-IC-NOF. That is, the converse and
achievable regions are identical. In the converse region, the inequalities and are inherited
from the converse region of the LD-IC-POF in [4]. The inequality in (9) is a simple cut-set bound
whose proof is presented in this technical report. The inequalities and are new and
generalize those presented in [I2]. The achievability region is obtained using a coding scheme
that combines a three-part message splitting, superposition coding and backward decoding, as
first suggested in [2,[4],[6]. This coding scheme is fully described in Appendixand it is specially
designed for the IC-NOF. However, it can also be obtained as a special case of the more general
scheme, i.e., interference channel with generalized feedback, presented in [2]. The relevance of
this new achievability scheme is that it plays a key role in the achievability of the NE region,
subject to the inclusion of random messages, as suggested in [I1] [I3]. Nonetheless, the analysis
of the achievability of the NE region [14] is out of the scope of this technical report. The outer
bound region (converse region) is described in Appendix [B| Appendix [C| makes connections to
existing results on the interference channel.

3.2 Discussion

This section provides a set of examples in which particular scenarios are highlighted to show
that channel-output feedback can be strongly beneficial for enlarging the capacity region of the
two-user LD-IC. At the same time, it also highlights other examples in which channel-output
feedback does not bring any benefit in terms of the capacity region. These benefits are given in
terms of the following metrics: (a) individual rate improvements A; and Ag; and (b) sum-rate
improvement Y.

RT n° 456
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Figure 2: Capacity region C(20,15,12,13,0,0) of the example in Sec. without feedback

In order to formally define A;, As and X, consider an LD-IC-NOF with parameters ﬁu, 722,
n12, n21, 111 and e, The maximum improvement Ai(ﬁll,ng,nlg,ngl,ﬁu,%gg) of the
individual rate R; due to the effect of channel-output feedback with respect to the case without
feedback is

Ai(ﬁu, 722%127”21,%11»%22) =max sup R, — RZ, (13)
7Y (R, R)) € Gy
(R], ;) € C,

and the maximum sum rate improvement E(ﬁn, ﬁgz,nlg,ngl, %11, %22) with respect to the
case without feedback is

(711, Waa, M2, a1, W11, o) = sup Ry + Ry — (RI + R;% (14)
(Rl, Rz) S Cl
(RI,R}) e C,

Where Cl = C(ﬁll, 722, ni2,N21, %11, %22) and C2 = C(ﬁll, ﬁgg, ni2,N21, 0, O) are the capacity
region with noisy channel-output feedback and without feedback, respectively. The following
describes particular scenarios that highlight some interesting observations.

3.2.1 Example 1: only one channel-output feedback link allows simultaneous max-
imum improvement of both individual rates

Consider the case in which transmitter-receiver pairs 1 and 2 are in weak and moderate inter-
ference regimes, with ﬁ)n = 20, ﬁ)gg = 15, n12 = 12, no; = 13. In Fig. Fig. and Fig.
[] the capacity region is plotted without channel-output feedback, without channel-output feed-
back and with noisy channel-output feedback, and without channel-output feedback and perfect

Inria
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Figure 3: Capacity region C(20,15,12,13,0,0) without feedback (thick red line) and
C(20,15,12,13,15,14) with noisy channel-output feedback (thin blue line) of the example in
Sec. B2l Note that A;(20,15,12,13,15,14) = 2 bits/ch.use, Ay(20,15,12,13,15,14) = 2
bits/ch.use and X(20, 15,12,13,15,14) = 0 bits/ch.use.
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Figure 4: Capacity region C(20,15,12,13,0,0) without feedback (thick red line) and
C(20,15,12,13,20,15) with perfect channel-output feedback (thin blue line) of the example in
Sec. Note that A;(20,15,12,13,20,15) = 7 bits/ch.use, A5(20,15,12,13,20,15) = 3.5
bits/ch.use and X(20, 15,12, 13,20, 15) = 0 bits/ch.use.

channel-output feedback respectively. In Fig. |5, A;(20,15,12,13, 11, %22) is plotted for both
i=1andi=2 as a function of % and % . Therein, it is shown that: (a) Increasing para-

RT n° 456
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Figure 5: Maximum improvements A;(20,15,12,13,-,-) and A5(20,15,12,13,,-) of individual
rates of the example in Sec. [3.2.]

12

R, (bits/channel use)

R; (bits/channel use)

Figure 6: Capacity region of the example in Sec. without feedback C(10,10,3,8,0,0)

meter %2 1; beyond threshold %%, = 13 allows simultaneous improvement of both individual rates
independently of the value of $722. Note that in the case of perfect channel-output feedback, i.e.,
%11 = max(ﬁll,nlg), the maximum improvement of both individual rates is simultaneously
achieved even when 575 = 0. (b) Increasing parameter $7 22 beyond threshold W;Z. = 12 provides
simultaneous improvement of both individual rates. However, the improvement on the individual
rate Ry strongly depends on the value of 11 (c) Finally, the sum rate does not increase by
using channel-output feedback in this case.

Inria
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12
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Figure 7: Capacity region ((10,10,3,8,0,0) without feedback (thick red line) and
C(10,10,3,8,9,4) with noisy channel-output feedback (thin blue line) of the example in Sec.
Note that A;(10,10,3,8,9,4) = 1 bit/ch.use, Ay(10,10,3,8,9,4) = 1 bit/ch.use and
3(10,10,3,8,9,4) = 1 bit/ch.use.
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Figure 8:  Capacity region ((10,10,3,8,0,0) without feedback (thick red line) and
C(10,10,3,8,10,10) with perfect channel-output feedback (thin blue line) of the example in Sec.
Note that A;(10,10,3,8,10,10) = 2 bits/ch.use, Ax(10,10,3,8,10,10) = 2 bits/ch.use
and ¥(10,10,3,8,10,10) = 1 bit/ch.use.
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Figure 9: Maximum improvements A;(10,10,3,8,-,-) and A5(10,10,3,8,-,) of one individual
rate and (10, 10,3, 8, -, -) of the sum rate of the example in Sec.

3.2.2 Example 2: only one channel-output feedback link allows maximum improve-
ment of one individual rate and the sum-rate

Consider the case in which transmitter-receiver pairs 1 and 2 are in very weak and moderate
interference regimes, with 711 = 10, 722 = 10, n12 = 3, no; = 8. In Fig. @ Fig. and
Fig. [§ the capacity region is plotted without channel-output feedback, without channel-output
feedback and with noisy channel-output feedback, and without channel-output feedback and
perfect channel-output feedback respectively. In Fig. A;(10, 10,3,8,%11,%22) is plotted
for both ¢ = 1 and ¢ = 2 as a function of %11 and nge. Therein, it is shown that: (a)
Increasing %11 beyond threshold %’{1 = 8 or increasing 722 beyond threshold W;z = 3 allows
simultaneous improvement of both individual rates. Nonetheless, maximum improvement on R;
is achieved by increasing 5740 (b) Increasing either $011 or Mas beyond thresholds %’{1 and
%;2, allows maximum improvement of the sum rate (see Fig. E[)

3.2.3 Example 3: at least one channel-output feedback link does not have any effect
over the capacity region

Consider the case in which transmitter-receiver pairs 1 and 2 are in the weak interference regime,
with 711 = 10, 722 = 20, n12 = 6, no; = 12. In Fig. Fig. and Fig. the capacity
region is plotted without channel-output feedback, without channel-output feedback and with

Inria
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Figure 10: Capacity region of the example in Sec. without feedback C(10,20,6,12,0,0)
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Figure 11: Capacity region C(10,20,6,12,0,0) without feedback (thick red line) and
C(10,20,6,12,10,11) with noisy channel-output feedback (thin blue line) of the example in Sec.
Note that A;(10,20,6,12,10,11) = 1.5 bits/ch.use, A5(10,20,6,12,10,11) = 2 bits/ch.use
and %(10,20,6,12,10,11) = 0 bits/ch.use.

noisy channel-output feedback, and without channel-output feedback and perfect channel-output
feedback respectively. In Fig. A;(10,20,6, 12, 11, sz) is plotted for both ¢ =1 and ¢ = 2
as a function of %11 and %22. Therein, it is shown that: (a) Increasing parameter ﬁu does
not enlarge the capacity region, independently of the value of 9. (b) Increasing parameter
722 beyond threshold %%, = 8 allows simultaneous improvement of both individual rates. (c)

RT n° 456
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R, (bits/channel use)

R, (bits/channel use)

Figure 12: Capacity region C(10,20,6,12,0,0) without feedback (thick red line) and
C(10,20, 6,12, 10,20) with perfect channel-output feedback (thin blue line) of the example in Sec.
Note that A;(10,20,6,12,10,20) = 3 bits/ch.use, A5(10,20,6,12,10,20) = 6 bits/ch.use
and X(10, 20,6, 12,10, 20) = 0 bits/ch.use.

Finally, none of the parameters %11 or %22 increases the sum-rate in this case.

3.2.4 Example 4: the channel-output feedback of link i exclusively improves R;

Consider the case in which transmitter-receiver pairs 1 and 2 are in the very strong and strong
interference regimes, with 711 =17, 722 = 8, n12 = 15, ny; = 13. In Fig. Fig. and
Fig. the capacity region is plotted without channel-output feedback, without channel-output
feedback and with noisy channel-output feedback, and without channel-output feedback and
perfect channel-output feedback respectively. In Fig. A;(7,8,15,13, 1, %22) is plotted for
both 7 = 1 and ¢ = 2 as a function of %11 and %22. Therein, it is shown that: (a) Increasing
parameter 1 beyond threshold %*{1 = 8 exclusively improves Ry. (b) Increasing parameter
22 beyond threshold %%, = 7 exclusively improves Ry. (¢) None of the parameters %1, or

29 has an impact over the sum rate in this case. Note that these observations are in line with
the interpretation of channel-output feedback as an altruistic technique, as in [IT], [I4]. This is
basically because the link implementing channel-output feedback provides an alternative path to
the information sent by the other link, as first suggested in [4].

3.2.5 Example 5: none of the channel-output feedback links has any effect over the
capacity region

Consider the case in which transmitter-receiver pairs 1 and 2 are in the very weak and strong
interference regimes, with ﬁ}ll = 10, 722 =9, nizs = 2, no; = 15. In Fig. the capacity
region is plotted without channel-output feedback and perfect channel-output feedback. Note
that the capacity region of the LD-IC with and without channel-output feedback are identical,
i.e., neither %711 nor oo enlarges the capacity region.
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Figure 13: Maximum improvement A;(10,20,6,12,-,-) and A»(10,20,6,12,-,-) of one individual
rate of the example in Sec. [3.2.3]
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Figure 14: Capacity region of the example in Sec. without feedback C(7,8,15,13,0,0)
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Figure 15: Capacity region C(7,8,15,13,0,0) without feedback (thick red line) and
C(7,8,15,13,11,9) with noisy channel-output feedback (thin blue line) of the example in Sec.
Note that Aq(7,8,15,13,11,9) = 2 bits/ch.use, Ay(7,8,15,13,11,9) = 3 bits/ch.use and
3(7,8,15,13,11,9) = 0 bits/ch.use.

14
Ry =13
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Figure 16: Capacity region of the example in Sec. without feedback C(7,8,15,13,0,0)
(thick red line) and with perfect channel-output feedback C(7,8,15,13,15,13) (thin blue line).
Note that A;(7,8,15,13,15,13) = 6 bits/ch.use, A2(7,8,15,13,15,13) = 5 bits/ch.use and
3(7,8,15,13,15,13) = 0 bits/ch.use.
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Figure 17: Maximum improvement A;(7,8,15,13,-,-) and A(7,8,15,13,-,-) of one individual
rate of the example in Sec.

R; (bits/channel use)

o 1 2 3 4 5 6 7 8 9 10 11 12
Ry (bits/channel use)
Figure 18: Capacity region ((10,9,2,15,0,0) without feedback (thick red line) and

C(10,9,2,15,10,15) with perfect channel-output feedback (thin blue line) of the example in
Sec. Note that C(10,9,2,15,0,0) = C(10,9,2, 15,10, 15).

RT n° 456



18 Quintero € Perlaza € Gorce

4 Conclusions

In this technical report, the noisy channel-output feedback capacity of the linear deterministic
interference channel has been fully characterized. Based on specific asymmetric examples, it
is highlighted that even in the presence of noise, the benefits of channel-output feedback can
be significantly relevant in terms of achievable individual rate and sum-rate improvements with
respect to the case without feedback. Unfortunately, there also exist scenarios in which these
benefits are totally inexistent.

Inria
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Appendices

A Achievability Scheme

This appendix provides a description of the proposed achievability scheme, which is based on a
three-part message splitting, superposition coding and backward decoding, as first suggested in
[4, [6, 2]. The coding scheme is general and thus, it holds for other IC-NOF, i.e., Gaussian IC-
NOF. However, the scope of this technical report is exclusively the case of the linear deterministic
approximation.

A.1 Codebook Generation

Fix a joint probability distribution p(U, Uy, U, Vi, Va, X1, X5) = p(U)
p(Ul‘U)p(U2|U)p(‘/1|U7 Ul)p(‘/Q‘Uv UQ)p(X1|U7 U17 ‘/l)p(X2|Ua U27 VQ)
Generate 2NV (Fr.c1tkz.01) jid. N-length codewords wu(s,r) = (ur(s,r),...,un(s,7)) according

N
to p(u(s,r)) = Hp(ui(s,r)), with s € {1,...,2NFrc1} and r € {1,..., 2N 201 ),
i=1

For encoder 1, generate for each codeword u(s, ), 2VF1.¢1ii.d. N-length codewords u; (s, 7, k) =

N

(um(s,r, k),...,u1n(s,m, k)) according to p(ul(s,r, k)|u(s,r)) = Hp(ul,i(s,r, I€)|ui(s,r))7
i=1

with &k € {1,...,2NFvc1} For each pair of codewords (u(s, ), u1(s,r, k)), generate 2V F1.c2 §i.d.

N-length codewords v (s,r, k, 1) = (vl,l(s,r, kD), ...,v1n (s, K, l)) according to p(vl(s,r, k1)

N
| w(s,r)uq(s,r, k)) = Hp(vlyi(s,r,k,l)\ui(s,r),ulvi(s,r, k)), with [ € {1,...,2NFuec2} For
i=1
each tuple of codewords (u(s,r)7 ui(s,r k), vl(s,nk‘,l)), generate 2VF1r ijid.  N-length
codewords x1(s,r, k,l,q) = (xm(s,r,k,l,q), oo zN (s, T k,l,q)) according to p(wl(s,r,k,l,q)
N
| u(s,r),ui(s,r, k:),vl(&nk,l)) = Hp(xl’i(s,r,k7l,q)|ui(s7r),u1}i(s,r, k)mlyi(s,r,k,l)), with
i=1
qge{l,...,2NF~r}
For encoder 2, generate for each codeword u(s, ), 2Vf2.¢1 i.i.d. N-length codewords us(s,r,j) =

N
(ug’l(sm,j), . ,U2J\[(S,7",j)) according to p(ug(s,r,j)\u(s, r)) = Hp(uz’i(s, r7j)|ui(s,7"))7
i=1
with j € {1,...,2N¥R2.c1} For each pair of codewords (u(s,r),uz(s,r,j)), generate 27VFz2.c2
iid.  length-N codewords wa(s,r,j,m) = (’1)2’1(8, r,j,m), ..., v2 N(S, 7, ], m)) according

N
to p(’Ug(S,T,j,m) ‘ 'll:(S,T), ’U,Q(S,T,j)) = Hp('UQ,i(S,T,j,m) | Ui(S,’/’), U271‘(S77"7j)), with
=1

m € {1,...,2NBz2.c2} For each tuple of codewords (u(s,r)7 us(s,r,j),va(s,r, 7, m))7 generate

2Nf2.p jid.  N-length codewords xo(s,r,j,m,b) = ($2,1(S,T,j,m,b),..., xgw(s,r,j,m,b))
N

according to p(w2(sar7jam7b) | U(S,'I")7 Ug(S,’I’,j), UQ(‘S?T?jvm)) = H p(l’gﬂ;(s,?’,j,m,b) |

i=1
wi(s,7), uzi(s,7,7), v2i(s,7,4,m,b)), with b € {1,...,2N2r},
Encoding: denote by Wi(t) e {1,...,2N(BictRipP)} the message index of transmitter i
during block ¢, respectively. Let Wi(t) = (WL(g,WZ(t;) be the message index composed by
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the message index Wl(g € {1,...,2Nic} and private message index Wl(t])J € {1,...2Nfur},
Let also W(g = (Wi(,t(,)‘laWz(gz) be the message index composed by the message indexes
w ‘o1 € {1,..., 2NV ier} and W oo € {1, 2N o2} W, C)l is the message index that can be

reliably decoded at least at transmitter j (v1a feedback). W;& is the message index that can
be reliably decoded at least at receiver j.
Consider Markov encoding with a length of T blocks. At encoding step ¢, with t € {1,...,T},

transmitter 4 sends the codeword wgt) = x (Wl(tgll),Wz(tgll)7W1(%1,Wl(%z,Wl(t},>,
where Wl((gl = WI(TC)1 = s* and W2((2*1 = Wz(%)l = r*.  The pair (s*,r*) €
{1,...,2NFrei} x {1,... 2NR2.c1) s pre-defined and known at both receivers and trans-

mitters. It is worth noting that the message index WQ(tcfll ) is obtained by transmitter 1 from the

feedback signal ?gtil) at the end of the previous encoding step ¢t — 1.
Transmitter 2 follows a similar encoding scheme.

A.2 Decoding

Both receivers decode their messages indexes at the end of block T in a backward decod-
ing fashion. At each decoding step ¢, with ¢ € {1,...,T}, receiver 1 obtains the me-
ssage indexes (Wl(TCIt),WéTCIt), W1(702(t 1)), W(T (t=1)) W2(T02(t 1))) € {1,...,2NRen} x
(1, 2NReciyx {1,.. 9NRica}x {1,... 9VRiryx (1,... 2NVRac2}. The tuple (Wﬁ;“ ,

Wz(’ig_lt), Wl(igz(t 1)), Wl(?;;(t_l)), WQ(’TC;@_U)) is the unique tuple that satisfies

(s (T2 T (L AL W),
o (W0, WAEL0 Wi ) L)y,
oy (W0, W0, WL D) ) -1y
uz (Wi, W e, W)
V2 ( 1TC1t)7W2TC1t)vW2( 01( ))’/Wé?;z(til))) a?gTi(til))) € A(en), (15)

where szz(t_l)) and Wégz(t_l)) are assumed to be perfectly decoded in the previous decoding

step t — 1. The set Aﬁ") represents the set of jointly typical sequences. Finally, receiver 2 follows
a similar decoding scheme.

A.3 Probability of Error Analysis

An error might occur during the coding phase at the beginning of block ¢ if the common message
index Wétgll )
(AEP) [15], it follows that the message index Wz(t(;ll ) can be reliably decoded at transmitter 1
during encoding step ¢, under the condition:

is not correctly decoded at transmitter 1. From the asymptotic equipartion property

Roci < (Y iUaU UL VLX)
1(Yutav.xy) . (16)
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An error might occur during the (backward) decoding step t if the messages indexes Wl(_g_lt),

WQ()TC?), W1(7TC;(H1)), Wl(j;f(tﬂ)) and W2(T(;2(t+1)) are not decoded correctly given that the me-

ssage indexes Wl(%_l(tﬂ)) and WQ(?;._I(HD) were correctly decoded in the previous decoding step

t — 1. These errors might arise for two reasons: (i) there does not exist a tuple (szzt),
Wé’T(flt), Wl(’TC;(tH)), Wl(if(tﬂ)), WQ(’TC;(H”)) that satisfies , or (ii) there exist several tuples
</V[71(7T(;1t),/V[72(7T(;1t),/V[71(7TC;(H1)),/Wl(ff(tﬂ)),/ﬂé(g;(t“))) that simultaneously satisfy (15). From
the asymptotic equipartion property (AEP) [15], the probability of an error due to (i) tends to

zero when N grows to infinity. Consider the error due to (i) and define the event E (*) that

(s,m,l,q,m)
describes the case in which the codewords (u(s,r), ui(s,r, Wl(’TC_l(tH))L vy (s, T, Wl(?;v_l(ﬂ'l)), 1),

xi(s,r, Wl(,:g_l(tﬂ)), 1,q), ua(s,r, Wz(fg_l(tﬂ))) and va(s, T, Wz(?g_l(tﬂ)), m)) are jointly typical with

?gTﬁ(tH)) during decoding step ¢t. Assume now that the codeword to be decoded at decoding
step t corresponds to the indexes (s,7,1,q,m) = (1,1,1,1,1). This is without loss of generality
due to the symmetry of the code. Then, the probability of error due to (i7) during decoding step

t, pg), can be bounded as follows
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p=Pr (
(

s.rlam)A(11,1,1,1)

U E((.z)rl q, m))

S Z Pr (E((é)rl qs m)) +

s=1,r=1,l=1,g=1,m#1

oo () +
=1,r=1,l=1,q#1,m#1

PSS E(E )
s=1,r=1,l#1,g=1,m%#1

+ 2 Pr(Blem)
=1,r=1,l1#1,q#1,m#1

> Pr(Elem)
s=1,r#1,l=1,g=1,m#1

+ 2 Pr(Blem)
=1,r#1,1=1,q#1,m#1

> Pr(Blem)
s=1,r#1,l#1,q=1,m#1

+ Z Pr ( (s r,l,q,m) ) +
=1,r#1,1#1,q#1,m#1

+ 2 Pr(Blem)
s#1,r=1,l=1,g=1,m#1

+ Pr (B qm) +
s#1,r=1,l=1,q#1,m=#1

2 Pt
s#1,r=1,1#1,g=1,m#1

+ Z PF(E((Zqum)—'_
s#£1,r=1,1%1,q#1,m#1

2 Pt
s#1,r#1,l=1,g=1,m#1

PSS E(E )
s#1,r#1,l=1,q#1,m#1

+ > Pr(Blem)
s#£1,r#£1,1#£1,g=1,m#1

+ 2 Pr(BElem)

AL AL gL, m#L

Pr (B tam)

>

s=1,r=1,l=1,q#1,m=1

pr(EY

(s,ml,q,m)

>

s=1,r=1,l#1,9q=1,m=1

s#1,r#1,1#1,q=1,m=1

( )
> (B uem)
s=1,r=1,1%1,q#1,m=1
Pr (B i0m)
s=1,7#1,l=1,q=1,m=1
Z Pr (E((z)r l,qym))
s=1,r#1,l=1,q%#1,m=1
Z Pr (E((z)r l,qm))
s=1,r#1,l#1,q=1,m=1
> Pr(ECem)
s=1,r#1,l#1,q#1,m=1 T
Z Pr (E((z?nl,q’m)>
s#1,r=1,l=1,q=1,m=1
> Pr(ECem)
s#1,r=1,1=1,q#1,m=1
> (B um)
s#£1,r=1,1#1,q=1,m=1
Z Pr (E((z)r l,q,m))
s#1,r=1,1#1,q#1,m=1
Z Pr (E((Qr,l,q,m))
s#1,r#1,l1=1,q=1,m=1
Pr (E((z?nl,q,m))
s#1,r#1,1=1,q#1,m=1
> (B um)
( )

(]

s#1,r#1,1%#1,q#1,m=1

From the asymptotic equipartion property (AEP) [I5], it follows that:
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) 2N(R2,02*1(71;V2|U7U1,U2,V17X1)+2€)
€

LN (R p—1(Y 151 [UULU2, V2, Vo) +26)

9N (Rz,02+R1,p—1 71»V2,X1\U U1,U2,V1)+2¢)

_|_

9N (R1,02—1 71»V1,X1\U U1,U2,V2)+2¢)

_|_

2N Ry, c2+R2, 02*1(71,V1,V2,X1\U Uy,Uz)+2e¢)

+

4oN(Ri,c2+Rip—1 71»V1,X1\UU1,U2’V2)+26)

9N(R1,02+R1, p+Ra,c2—1 71,V1,V2,X1\U Uy,Uz)+2e¢)

+

9N (Ra,c1—1 (?1;UU1,U27V1,V2,X1)+2€)

+

9N (R2,01+ R, 0271(71,U U1,U2,V1,V2,X1)42€)

+

9N (R Cl+R1,P—I(?l;U»U17U27V1»V27X1)+2€)

_l_

(
(
(
(
(
(
(
(
(
(

+9N(R2,c1+Ry, p+R2,ca—1(71;U>U1»U27V1,V2»X1)+26)

L oN(Ba, 01+ Ry co—1(V15U,U1,U2,Va, Vi, X1)+26)
+2N(R2,CI+R1,C‘2+R2,02_1(71;U1U17U27V1,V27X1)+2€)
+2N(Rz,01+R1,02+R1,P—1(?1;U7U17U2,V17V27X1)+26)
+2N(R2.Cl+R1,CZ+R1,P+R2,CQ_I(?I;U;U17U27vl1V27X1)+2€)
+2N(R1 c1—1 71;U U1,Uz2,V1,V2,X1)+2€)

L 9N(Ric1+Ra,00— (Y 1:U.U1,U2, V2, Vi, X1 )+2€)

oN(Ri,c1+ R, p—1 71,U U1,U2,V1,V2,X1)+2€)

_|_

9N (Ri,c1+ R, p+Raco—1 71,U U1,U2,V1,V2,X1)+2€)

+

2N Ry,c1+Ry, 02*1(71,U U1,U2,V1,V2,X1)42€)

-

9N (Ri,c1+R1,cot B p—1 ?1,U U1,U2,V1,V2,X1)42€)

+

2N Ry,c1+R1,c2+R1,p+R2 cz*f(?hU Uy,U2,V1,Va,X1)42€)

+

2N Ry ClJngYCl71(71;U,U1,U27V1>V27X1)+26)

+

(
(
(
(
oN(Ri,c1+R1,cotRa, 2= I(Y13U,U1,Us, Vi Vo, X1)+2€)
(
(
(
(R

L oN(Bro1+Ra 01+ Ra,co—L(V 13U,U1,U2,Va Vi, X0) +2¢)
+2N(R1,01+RQ,01+R1,p—1(?1;U,U1,U2,v1,v2,xl)+ze)
+2N(R1,01 +R2,C1+R1,P+R2,CZ_I(71;U1U17U27V11V27X1)+2€)
_i_2N(Rl,CI+RQ,C1+RLCZ—1(?1;U,U1,U2,v1 Vi, X1)42¢)
+2N(R1.Cl +R2,01+R1,02+R2,Cz—1(?1;U7U1 ,U2,V1,V2,X1)+2€)
+2N(R1.Cl +R2,01+R1,02+R1,P—I(71;U,U17U27V1 ,Va,X1)+2€)

+2N(R1,CI+R2,C’1+R1,C2+R1,P+R2,C2_I(7l§U7U1>U27V17V2>X1)+26) )

(18)

The same analysis of the probability of error holds for transmitter-receiver pair 2. Hence, in
general, from and (18), reliable decoding holds under the following conditions for transmitter
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i€ {1,2}, with j € {1,2}\ {i}:

Rjc1 < (?i;Uj|U7 Ui,Vi,Xi)

~1(Yau,u.x,), (19)

Ric1+ Rica+ Rip + Rjcon + Ryca<I(Y U, UL Uy, Vi, V3, X))
—I(Y:;U,U;,V;, Xo), (20)

Rjco <I(Y 5 V;|U,U;, Uj,v;-,XZ-)
=1(Y 5 Vi|U, U, Xo), (21)
Rip <I(Y 5 Xi|U, Ui7 U, Vi, Vi), (22)
Rip+ Rjco2 <I(7u V;, Xi|U,U;, U;, Vi), (23)

R;co+ Rip <1(7i;Vi7Xi|U7 Ui, Uj, V)
:I(7i§Xi|Ua Ui, U;, V;), (24)

Rico+ Rip+ Rjco <1(7i;Vi,Vj,X¢‘|U7 Us, Uj)
—I(Y::V;, Xi|U, Ui, U;). (25)

Then, it follows that

Ro.cn SIEASS = a, (26)
Rici+Rica+Rip+ Ryc1+ R2,02<I(?1a U,Usy, Vo, X71) = ay, (27)
Raco <I(Y 1 Va|U, Uy, X1) = as, (28)
Rip <I(Y 13 XU, Uy, U, Vi, Va)= au, (29)
Rip+ Roco <I(71,‘/§,X1|U7 U1,Uz, Vi)=as, (30)
Rico+ Rip SI(?l,XﬂU, U1,U2,V2) = ag, (31)
Rico+ Ri,p+ R oo <1(71;V2,X1|U7 U, Uz) =ar, (32)
Ric1 < (?2; Ui|U, X2> = by, (33)
Roci+ Raco+ Rop+ Ric1 + R1,02<I(72; U,Up, Vi, Xs) = by, (34)
Ric2 I(YuViUULXs)  =bs, (35)
Ro.p <I(Y 33 XU, Uy, Us, Vi, Vo) = bs, (36)
Rop + Rico <I(Y 33 Vi, Xo|U, Uy, Us, Vo) = bs, (37)
Roco+ Rop <1(72;X2\U, Uy, Uz, Vi) = bg, (38)
< )

Ry co+ Rop+ Rico 1(723‘/1aX2|U7 U1,U2)  =by. (39
Taking into account that 1 = Ry c1 + Ri,c2 + Ri,p and Ry = Ry c1 + Ry c2 + Ro,p, a Fourier-
Motzkin elimination process in - yields
Ry <min (az, ag + b1, aq + by +b3), (40)
Ry <min (b, a1 + bg, a1 + as + by) , (41)
Ry + Ry <min(ag + by, as + bg, ag + b, ag + by, a1 + az + a4 + by + bs, a1 + a7 + by + bs,
a1 + ag + by + bz, a1 + as + by + bg + by, a1 + a5 + by + bs, a1 + ar + by + by),(42)
2Ry + Ro<min(as + aq + b1 + b7, a1 + aq + a7 + 2by + bs, a2 + aq + b1 + bs), (43)
Ri1 4+ 2Ry<min(ay + a5 + b + by, a1 + a7 + by + by, 2a1 + a5 + by + by + b7). (44)

Inria



Noisy Channel-Output Feedback Capacity of the Linear Deterministic Interference Channel 25

A.4 Achievable Region

In the LD-IC-NOF model, the i-th channel input at each channel use is a g-dimensional vector
X; € {0,1}7 with ¢ € {1,2} and q as defined in (). Following this observation, the random
variables U, U;, V; and X, described above in the codebook generation (Sec. must also be
interpreted as vectors, and thus, in this subsection, they are denoted by U, U,;, V; and X,
respectively.

Assume that transmitter-receiver pair i uses the following coding scheme: the symbol X; is
obtained as the concatenation of three other symbols, i.e.,

Xi:(Ui,Vi,Xi)p,(O,...,O)), (45)

where the null vector (0,...,0) is used to meet the dimension ¢ of X;. The symbols U,;, V;
and X; p are assumed to be mutually independent and uniformly distributed over the sets
Amax(T e V=5 )T ris (max( T ) =5\t = )t
{071}(71]1 ( (ﬁ]w ]l) ‘77]]) ) , {071}( ]17( (7]]7 ]7,) %_1]) ) and {0’1}(_>u Jz) , respec-

tively. Note that the vectors U;, V; and X; p possess the following dimensions:

dim Uz :<nﬂ — (max (ﬁjj7 lei) - %jj)—i_)_‘— y (46)
dim Vl =min (nﬁ, (max (ﬁ)jja nﬂ) - %]‘j)—‘r) , and (47)
dim XLPZ(E)“' — nji)+ . (48)

These dimensions satisfy the following condition:
dimU; +dimV; +dim X; p = max (7“, n;i) < g. (49)

The intuition behind this choice follows from the following observations: (a) The vector U,
represents the signal levels in X; that can be seen at least at transmitter j; (b) The vector V;
represents the signal levels in X; that can be seen at least at receiver j; and finally, (¢) The
vector X; p is a notational artefact to denote the signal levels of X; that are neither in U; nor
Vi. In particular, the signal levels in X; p are only seen at receiver i.

This coding scheme can be obtained following the codebook generation described in Sec. [A1]
Note that, in this particular case, the symbol U (denoted by U in Sec. is not used to
generate the symbol X; (denoted by X; in Sec. [A.1). These observations are shown in Figure
for different interference regimes.

Considering this particular coding scheme, the following holds for the mutual information

terms in inequalities —:

[(Yuu,u.x,)=H (Y |U.Xx,) -1 (Y|U.U,X,)
Yn (YU, x,)
=H (U,)
=dim Uj
= (n” (max (ﬁu,n”) %ii)—i_)_‘—, (50)

[(YuUU,L VLX) =H (Y) - H (Y |U.U,V, X))
i (7)
:dim?i

=max (%)”,TLU) 3 (51)
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Figure 19: The auxiliary random variables and their relation with signals when channel-output
feedback is considered in (a) very weak interference regime, (b) weak interference regime, (c)
moderate interference regime, (d) strong interference regime and (e) very strong interference
regime.

[1(Yuv,lU.U,,X,)=H (Y |U.U;, X))
~H(Y U U, V,, X,
Yu (¥Yu.U,x,)
=H (V)
=dimV;
=min (nij, (max (ﬁii, nij) — Wii)Jr) ; (52)
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[(YuX U, UL U, V., V,)=H (Y |UU,U,V,.,V,)
~H(Y U U, U, V.V, X))
-1 (YU, U, U, V., V,)
~H(Y|U,U,,V,, X))
Yu (Y\u.Uu.U, V., V)
—H (X, p)
=dim X; p
= (Wii - nji)+ ; and (53)

[(YuV, XU, U, U, V) =1 (Y XU UL U, V)
+1(YsV,|UULU, V., X))
—1(YsX,|U,U, U, V)
+1(YsV, U U, X))
-1 (Y |U,U, U, V)
~H(Y U, U, U, V.. X,)
+H (Y,|U,U,, X,)
-1 (Y. jU,U,V,, X))
Yu (¥ )u.Uu,U, V)
-1 (Y |U.U,, X,)
+1 (Y |U, U, X,)
H(Y.|U,U,U,.V,)
— max (dim X p, dim V/;)
=max ( (ﬁ}” - nji)+ ,

min (mj, (max (7 i, ij) — %z1)+> ), (54)

where,
(a) follows from the fact that H (?AU, U;, X1> =0; and

(b) follows from the fact that H(?JU, U;V; X;)=0.

For the calculation of the last two mutual information terms in inequalities and ,
special notation is used. Let for instance the vector V; be the concatenation of the vectors
X, maand X; gp,ie,V;=(X;pma, Xinp). The vector X; i 4 is the part of V; that is seen
in both receivers. The vector X; yp is the part of V; that is exclusively seen in receiver j (see
Figure[19). Note also that H (V;) = H (X 5a)+H (X gp). Using this notation, the following
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holds
[(Yux|UU,U,V,)=H (YU U,U,V,)
~H(Y|UU,U,V,, X))
—1(Y.JU,U,U,,V,)
~H(Y|U.U,V,, X))
“n (Y.|u.Uu,U,.V,)
=H (X m5a,Xip)
—H (Xipa)+H(X;p)
=dim X; ga +dim X; p
=min (nyq, (max (70;5,n5:) = 755)")
—min ((nj; — 7ii)", (max (75,m;0) — 755)")
+ (T = i) s (55)
and
[(YuV, XUU,U)) =1 (Y XU, U, U,)
+1(YsV,IU UL U, X))
~1(Y:X,JU,U,U))
+1(Y:v,lU,U,. X))
(Y.u,u.U))
H(Y,|U.U, U, X))
+H (YU, U, X))
H(Y|U.U,V,. X,
Y1 (Y.u,U.,U,)
-1 (Y |U.U,, X))
H(Y.|U.U, X))
—1 (Y.ju,U,,U,)
=max (H (V;),H (X; ga, X;p)

)
=max (H (V;),H (X na) + H (Xip))
=max (dim V;,dim X; g4 + dim X; p)
—max( min (n”, max (ﬁ”,n”) — Z-i)Jr ), (ﬁ)“ - nji)+
+min (n, (max ( JJ’nJZ) - %jj)Jr)
—min ((nj; — )", (max (75, n5:) — 73;)7)); (56)

where,

(c) follows from the fact that H(Y;|U,U;,V;, X;) = 0.
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Plugging (|50 with 7 € {1,2} and j € {1,2}\ {i} into - (B9) yields

a1=(n12 — (max (711, niz) — W11)+) ) (57)
az=Inax (711, niz), (58)
az=min (’I’ng, (max (711, n12) — %11)+) ) (59)
04:(ﬁ>11 - n21)+ ) (60)
as=max ((%}11 — n21)+ , min (nlg, (max (711, nig) — WH ) (61)
ag=min (7121, (max (ﬁ)zg, noy) — WQQ)JF) min ((ngl — 711)+ (max (722, na1) — %22)+)

+ (T —na1) " (62)
ar=max (min (nlg, (max (711, nyg) — %11) ) (n 11— n21)+ (63)

-+ min (71217 (max(ﬁgg, 7121) - %22)+) — min ((7121 - 711)+ ) (max (72277121) - %22)+) ),
b1 :(n21 — (max (722, nai) — %22)+)+ ) (64)
by =max (722, nai), (65)
bz =min (7121, (max (722, no1) — W22)+) , (66)
by=(T2 —n12)" (67)
bs =max ((722 —n12)", min (7’L21, (max (722, n21) — 7 22) ) (68)
be=min (nlg, (max (ﬁ)n, nia) — Wn)Jr) min ((n12 — WQQ)JF (max (711, nig) — %11)+)

+ (22 —mn12)", (69)
b7 =max (min (n21, (max (7 22,m91) — %22) ) (T og — n12)+ (70)

=+ min (nlz, (max (711, n12) — ﬁ11)+) — min <(TL12 — 722)4_ s (max (ﬁ>117 nlg) — %11)+) )

Finally, plugging - into - yields the system of inequalities in Theorem These
expressions might look different from those in Theorem[I] Thus, some manipulations are needed
to show the equality. The rest of this section uses the identities

min (4, B)= A — (A— B)", and (71)
max (A, B)= A+ (B— A", (72)

for proving the equality of the regions determined by — and -. This proof is divided
into three parts.

Part I: The condition represented by is identical to the condition jointly represented
by and (9), with i = 1 and j = 2. To prove this, explicit expressions for as, ag + b1 and
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a4 + by + b3 are needed. The term ay is given by and ag + by is as follows

ag + by=min (77/217 (max (722, n21) — WQQ)JF) — min ( (ng; — 711)+ ,
(max (72277121) - %22)+) + (711 - n21)+ + (n21 - (max (722,7121) - %22)+)+
=n21 — (n21 — (max (%}22, nai) — %22)+)+ — min ( (n21 — ﬁ11)+ )
(max (72277%21) - %22)+) + (ﬁn - n21)+ + (n21 — (max (72277121) - %22)+>Jr
=ng1 — min ((n21 — )", (max (722, na1) — sz)Jr) + (11— nar)”

=max (ﬁu, 77,21) — min <(n21 — ﬁu)Jr 5 (max (ﬁgg, 7’L21) — %22)+>

max (711, ngl) if 711 > Nai;
max(nn,ngl) if 711 < ngy and
= 20 > max (7 22, 121); (73)

max (ﬁlla %22 — (ﬁQQ — n21)+) if 711 < ngy and
%22 < max (722,7121).

Finally, the term a4 + b1 + b3 is given as follows

+
ag + b1 +b3=(T 11 —nan) " + (nzl — (max (792, m21) — %QQ)JF)
+ min (ngl, (max (92, n21) — %QQ)JF)
+
=11 —n21)" + (n21 — (max (722, m91) — %22)+) T ngy

_ (n21 — (max (a2, n21) — %22)+>+

2(711 - n21)+ + nop

=max (ﬁll,ngl) . (74)
Plugging , and into yields
R1< min (max (%>117 nzl) , Imax (ﬁlla nlg) , max <ﬁlla %22 - (%}22 - n21)+)> s (75)

which is the expression in Theorem

The same procedure can be used prove that the condition is identical to the condition
jointly determined by and @, with ¢ =2 and j = 1.

Part II: The condition represented by is identical to the condition jointly represented by
and . To prove this, explicit expressions for (ag + by), (a4 +be), and (a1 + a5 + by + bs)
are needed. This is mainly because max(ag + bg, aq + bo, a1 + a5 + by + b5) < min(as + bg, ag +
bg,al +a3+a4+b1 +b5,CL1 +a7+b1+b5,a1 +(14+b1 +b7,a1 +a5+b1 +b3+b4,a1 +a7+b1 +b4)

The term as + by is

ag + by = max (711, n12) + (729 — 7”012)Jr ; (76)

the term a4 + bs is

ag + by = (711 — Tl21)+ + max (722, n21), (77)
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and finally, the term a; + a5 + b1 + b5 is

+
ay +as + bl + b5 = (n12 — (max (711, n12 %11 +)
(

RT n° 456

+max (711 — n21) ", min (s, (max (711,m12) — 711) "))
+ (na1 — (max (Faz, nor) — a2) ")
+max (72 — n12) ", min (nay, (max (a2, m21) — 722) "))
— (n12 — (max (11, m2) — 570) ") + min (nys, (max (711, m12) — 5711) )
)= "))
+ (na1 — (max (Waz, nor) — a2)™) " + min (nar, (max (a2, na1) — a2)¥)
+ (22— nuz)* — min (ngy, (max (Faz,nat) — 5702) "))
= (m12 — (max (B 11, m2) — 711) ")+ n12 — (a2 — (max (W11, m12) — 710) ")
+ (@11~ n21) ™ — min (nyg, (max (11, m12) - 710) "))
+ (na1 — (max (Woz, no1) — 522)") " + a1 — (nar, (max (Wag,nay) — $722) ")
+ (22 — maz) " — min (ngy, (max (a2, n21) — f722)*) )"

=njz + ((711 - n21)+ — min (n12; (max (7 11, n12) — W11)+>)

+ ((711 - 7121)Jr — min (n127 (max (711, n12

+n21 + (722 = n12) " — min (na1, (max (W22, n21) — 5122)"))
(—)n12 + ((711 — 7121)Jr — min (12, max (711, n12) — <ﬁn))
+no1 + ((722 - n12)+ — min (ng;, max (722, na1) — %22))+
=ni2 + ((711 - n21)+ —ni2 + (n12 + 11 — max (71177L12))+>Jr
+no1 + ((722 —n12)" = na1 + (na1 + N29 — max (7227n21))+)+
=ni2 + ((Wn - 7”021)Jr — Nz + <n12 + 1 —ni — (7117n12)+)+)+
+n21 + (( a2 — n12)+ —n21 + (ﬂ21 + a2 — no1 — (722 - n21)+>+>+
=ni2 + ((%11 - (711 - 7L12)+>Jr + (711 - 7”L21)Jr - n12)+
+n21 + ((%22 - (722 - n21)+)+ + (722 - n12)+ - n21)+
=niz + (<%11 — (11— 7”012)+>Jr + 7011 — min (W11, na1) — 7112)Jr
+no1 + ((%22 - (722 - n21)+>+ + T2 — min (ﬁ227n12) - n21)+
= ( (ﬁu — (" — 7L12)+)Jr + 11+ (na2 — 711)+ = (n12 — ﬁuﬁ
—min (711, n21) — 7112)Jr + ( (Wm — (22 — 7121)+>Jr + T+ (no1 — Waz) ™

+
— (no1 — 722)+ — min (7227 nig) — ﬂ21> + ni12 + N2y
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+ . . +

= ((%11 - (711 - n12)+> + 711 - (n12 - 711)+ — min (71177121) — min (711,7112))
+ . . +
+ ((%22 - (722 - n21)+) + W22 — (n21 — W>22)Jr — min (722,7112) — min (%}22,“21))

+n12 + N2y
+ . +
= ((%11 - (711 - n12)+) + ﬁll — (n12 — 711)+ — min (ﬁlhnﬂ) — ﬁll + (711 - n12)+)

+ . +
+ ((%22 - (722 - n21)+) + 722 — (n21 — 722)+ — min (72277112) - 722 + (722 - n21)+)

+n12 + N2y

+ .
=ni2 + ((Wu - (ﬁu - n12)+> — (n12 — 711)Jr — min (%}117”21) + (%}11 - n12)+)

+n21 + ((%22 - (722 - n21)+)+ — (n21 — 722)+ — min (722, niz2) + (722 - n21)+>

+

+

e + A +
(2)7112 + ((%11 - (711 - n12)+> — (n12 — ﬁufr — min (ﬁ)n,nm) + (711 - n12)+)

+ . +
+n91 + ((ﬁm - (ﬁzz - n21)+) — (ng1 — ﬁ22)+ — min (722, nig) + (722 — n21)+>

+ max ((ﬁn - n12)+ ,nzl) + max ((722 — n21)+ 77112)

+ ((Wu - (711 - 7”012)+)Jr — (12 — 711)+ - min(ﬁn,nm) + min ((711 - 7”012)Jr 7”21))+
+ ((%22 - (ﬁw - n21)+)+ — (n21 — 722)+ — min (722,7112) + min ((722 - ’flzl)+ ,7112))+
— max ((ﬁ)ll — n12)+ ,n21) — max ((ﬁ)gg — ngl)+ ,nu)
- ((%11 - (711 - n12)+)+ = (n12 — 711)+ - min(ﬁlhnm) + min ((711 - n12)+,n21))+
- ((sz - (722 - 7121)+)+ — (n21 — %}22)+ — min (%)22,”12) + min ((722 - 7121)Jr ,7112))+ )
=max ((%}11 — n12)+ ,ngl) + max ((722 — 7121)+ ,n12>
+

+ ((%11 — (1 — Tl12)+)+ — (n12 — 711)+ — min (7711, n21) + min ((711 — )" ,n21)>

+ . . 1,
+ ((%22 - (722 - n21)+) — (no1 — W22)+ — min (72277112) + min ((722 - ”21)Jr 77112)) 78)

where,
(d) follows from the fact that $711 < max (Wll,nu);

(e) follows from adding and substracting the terms:
+

+ . .
((Wu — (T =m2)") " = (a2 — A1) = min (711, m21) + min ((F11 = n12) ™ ,nm)) ;
+ : . +
((%22 - (722 - ﬂ21)+) - (n21 - %)22)+ — min (722%12) + min ((722 - 7”L21)Jr ,7112)) )
max ((711 — 7’L12>+ 5 n21> and max ((722 — n21)+ ,’nlg).
Plugging , and into yields and in Theorem

Part ITI: The condition represented by is identical to the condition represented by (12)
with ¢ = 2 and j = 1. In the following only the equality between (a1 + a5 + by + by) and (12))
with ¢ =2 and j = 1 is proved as follows
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a1 +as +by+bs= (nlg — (max (711, n12) — %11)+)+
+ max ((%}11 —n1)", min (nlg, (max (711, n12) — W11)+>)
+ max (ﬁgg,nm) + (722 - n12)+
= (n12 — (max (711, n12) — %11)+)+ + min (’I’ng, (max (711, n12) — %11)+)
+ ((%}11 — ngl)+ — min (nlg, (max (ﬁll,nlg) — %11)+)>+
+ max (ﬁgg,nm) + (722 - 7”L12)Jr
= (7’[,12 — (max (711, n12) — %11)+)+ + N2
_ (n12 — (max (711, n12) — %ufr)+
+ ((711 — 1) — min (nlg, (max (711, n12) — %11)+>)+
+ max (ﬁgg, nay) + (722 - n12)+
=nqs + ((ﬁll — n21)+ — min (nlg, (max (7711, n12) — %11)+))+
+ max (77 22, 91) + (7 22 — n12) "
(2”12 + ((711 — 1) — min (ny2, max (711, m12) — %11)>+
+max (722, n21) + (22 — n12)+
=ni2 + (ﬁn - n12)+ - (711 - n12)+ + min ((711 - n12)+ 7n21)
— min ((711 — n12)+ 77”L21)
4 ((%}11 — ngl)+ — min (n12, max (%}11, nig) — %11))+ + max (722%21)
+ (Tag — i)™
=max (7 11,m12) — (W11 —n12) " +min (711 = n12) ", nan )
— min ((711 — o)t ,nzl)
+ ((ﬁn — n21)+ — min (n12, max (711, n12) — %11))+ + max (7722, n21)
+ (722 - n12)+
=max (7 11,n12) — (W11 —n12)" + (W11 —mi2) " — ((711 —n1) " — 7121)

+

— min ((711 — n12)+ ,ngl) + ((711 —n91)" — min (n12, max (711, 112)
—%11)>+ + max (722, na1) + (ﬁzz - n12)+
=max (7 11,n12) — ((711 —n12)" - 7”L21>Jr — min ((711 —n12)", n21>
+ ((711 — 1) — min (ny2, max (711, m12) — %11))+ + max (7 22, n21)
+

(722 - ﬂ12)+
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11,112) — ((711 - n12)+ - n21)+ — min ((711 - n12)+ ,7121)
+ ((711 - Tl21)+ — min (nm,max (711#&12) - %11))+ + max (722, n21) + (722 - n12)+
+ ((%11 — (1 - 7112)+>Jr — (n12 — W11)" — min (7711, na1) + min ((ﬁ)n —n12)" ,n21))
- ((%11 - (711 - n12)+)+ - (Tl12 - 711)+ — min (711,?121) + min ((711 - n12)+ ,n21>)
=max (ﬁll,nlg) — min ((711 — n12)+ ,n21) + max (ﬁ227n21) + (722 — n12)+
+ ((%11 — (71— 7112)+>Jr — (n12 — ﬁll)Jr — min (71177121) + min ((711 - 7112)Jr ,n21)>
- <<%11 - (711 —Ni2

)

- ((711 - 7”L12)Jr - 7%21)+ + ((711 - n21)+ — min (ny9, max (71, n12) — %11))+ ,
(
)

+

+

+

+ . . +
+) — (n12 — ﬁll)Jr — min (ﬁllanm) + min ((711 - n12)+ ,n21))

=max (711,7112) — min ( 1 — n12)+ ,n21> + max (72277”&21) + (sz - n12)+

+ ((ﬁn - (711 — Ni12 +)+

+
— (n12 — 711)4_ — min (7711, n21) + min ((711 - n12)+ ,n21)>

(79)

where (f) follows from the fact that %1, < max (711, n12).

The expression in is equal to the expression with ¢ = 2 and j = 1, and this completes
the proof.

A similar procedure can be applied for the other two bounds in .

By symmetry, a similar procedure can be used for bound on 2R; + Rs.
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B A New Outer Bound Region

This appendix provides a proof for the following Lemma.

Lemma 1 (Converse) The capacity region C(Wll, o9, N12, M21, T 11, ng) of the two-user
linear deterministic interference channel with noisy channel-output feedback is included in the
set of non-negative rate pairs (Ry, Ry) that satisfies the following conditions for all ¢ € {1,2} and
for all j € {1,2}\ {i}:

R; < min (max (7, nji), max (7 i, nij)), (80)
R; < min (max (W”, nji), max (ﬁ)”, Wjj — (Wjj — nji)Jr)) , (81)
Ry +Ry < min (max (7 11,m12) + (92 — n12)+ ,max (722, n91) + (W11 — n21)+> , (82)
Ry +Ry < max ((711 — n12)+ , n21> + max ((%}22 — nzl)+ 7nlg) (83)
I

+ ((%11 — (11— n12)+>+ — (m2 — A1) — min (711, 721) + min ((711 —np2)" 77121)
+ ((ﬁzz — (22— n21)+>+ — (n21 — Ta2)" — min (722, n12) + min ((722 — 1) " 7n12)
2R+ R; < max (70 ;,nj:) + max (7 i1, nij) + (Wi — nji)+ — min ((Wjj - nji)+ ,nij> (84)
+ ((ﬁjj — (5 - “ji)+)+ — (ngi = 55)" = min (7 15, m45) +min (755 — nyi) " ”m))

Proof of and (B2): (80) and corresponds to the minimum cut-set bound [16] and
the sum-rate bounds of the case of the two-user interference channel with perfect channel-output
feedback [4]. [ |

The rest of the proof of Lemma [1| is presented using particular notation. For all i € {1,2},
the channel input Xl(.n) of the LD-IC-NOF in for any channel use n € {1,...,N} is a ¢-

dimensional vector, with ¢ in , that can be written as the concatenation of four vectors:

Xyg, XETQ, XZ(-"[)) and XE%, ie., XZ(.") = (XE’Q,,XE";,XE%,XS%), as shown in Fig. Note

that this notation is independent of the feedback parameters %11 and %22 and it holds for all
n € {1,...,N}. More specifically,

e X 578 contains the signal levels at transmitter ¢ that are observed at both receivers and
thus,

o X 5"13 contains the signal levels at transmitter ¢ that are observed only at receiver ¢ and
thus,

e X Z(n[)) contains the signal levels at transmitter ¢ that are observed only at receiver j and
thus,

dim XE’TL]:)):(TL]'Z' - ﬁii)+; and (87)
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Figure 20: Examples of the channel inputs written in terms of X 573, X 572 and X E”D) in (a)
very weak interference regime, (b) weak interference regime, (¢) moderate interference regime,
(d) strong interference regime and (e) very strong interference regime

e X Erg = (0,...,0) is included for dimensional matching of the model in . Then,

dim ngg:q — max (77 45, 1) - (88)
These levels X 578 are not used for signal transmission by transmitter ¢ and thus,

H(XM)=H (X[, X [, X {1, X))
<Aim X2+ dim X% + dim X ). (89)
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Note that vectors X 572 and X E% do not exist simultaneously. The former exists when 77 ;; > Nji,

(n)

while the latter exists when 77 ;; < nj;. Moreover, the dimension of X ;" satisfies

dimXE dlmX(nc),—i—dlmX( —I—dnnX ) —+—d1mX(")
=min (ﬁ)”, nji) + (7“ —nj)t —|— (nj; — ﬁ”) + ¢ — max (7”, i)
=max (ﬁii, nji) + ¢ — max (ﬁ)“, nji)
=q. (90)

Vector XE”CZ can be written as the concatenation of two vectors: Xygl and XE"C)Q, ie. Xyg =

(ngc)l, XE"C)Q) Vector Xinc)l (resp. XE”C)VQ) contains the levels of Xyg that are seen at receiver
i without any interference (resp. with interference of transmitter j). Hence,
dim Xg’nc)wl:min (( n”)Jr ,nji> and (91)
dim nggz:min (ﬁm nj;) — min ((ﬁ)u - nij)+ ,nji) . (92)

Vector X( p can also be written as the concatenation of two vectors: X( pp and Xg"lgz, ie.

Xg’}l = (XZ(.TQI, XEZ%Q) Vector XE ") (resp. XE ")) contains the levels of ng;l that are seen

at receiver 7 without any interference (resp. with interference of transmitter j). Hence,

7

dim Xg’ygl:((ﬁ)” - nji)+ - Tlij)+ and (93)
dim XZ(TQQZHHD ((ﬁ“ - nﬂ)+ ,nij) . (94)

When feedback is taken into account, an alternative notation is needed. Let X; n) be written in
terms of XE@F, XE C)'G , with j € {1,2}, i.e., X(”) (XE%FJ_,XE?QYGJ_). The vector XEC)VF
represents the signal levels of X, (") that can be fed back from receiver j to transmitter j; and
X f C)YG represents the signal levels of X, (n) ¢ that can not be fed back from receiver j to transmitter
j, as shown in Fig. Let X(n) be ertten in terms of X( pr and X(DG, ie., XE"I% =
(Xg"gF,XE%G). The vector X(. [))F represents the signal levels of X(.") that can be fed back

from receiver j to transmitter j, with j € {1,2}\ {i¢}. The dimension of vector X f D) P is function

of the dimensions of vectors X(@, XE”L),, X§"c)1, and X(nlll, which were defined in , ,
and (93) respectively. The vector X (n I%G represents the signal levels that are in X" (n ) but

not X f 1% > as shown in Fig. The dimension of vectors X Z( [),F and X E),G are deﬁned as
follows:

+
dim X (") =min (dim X7}, (%755 — dim X — dim X 72, — dim X))

=min ((nﬂ ﬁ“)+ s (%]J — min (ﬁ)z“ nji) — min <(ﬁjj - ’I’Lji)Jr ,nij>

J
dim X" =dim X ") — dim X ") ., (96)
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Xy

x4y

(d)

Figure 21: Vector X §"U) in (a) weak interference regime, (b) moderate interference regime, (c)

strong interference regime and (d) very strong interference regime. Vector X does not exist
in the very weak interference regime.

where (a) follows from the fact that vector X (n D) only exists if n;; > n” Note that it is not
necessary to include a subindex related to the receiver that implements the feedback, this is

mainly because the signal levels X 5 1% are seen only at receiver j.

More generally, when needed, the vector X f;)k is used to represent the signal levels of X En) that

can be fed back from receiver k to transmitter k, with k& € {1,2}. The vector X Z(g)k is used to
represent the signal levels of X En)
In the proofs of ( and . the vector X (nU) is used to represent the signal levels of vector
X; ) that 1nterfere with signal levels of X (n) & at receiver j and those signal levels of X ") that
are seen at receiver j and are not used by transmltter j. An example is shown in Fig. 21} Vector

that can not be fed back from receiver k£ to transmitter k.

xn (} was used for the first time in the proof of the converse in the symmetric case in IT_QI]

Based on its definition, the dimension of vector X E(} is

dim XE:’B:H’IIH (ﬁjj, nij) — min ((ﬁjj — nji)+ ,nij) + (nji — ﬁjj)—i_ . (97)

Finally, for all ¢ € {1,2}, the channel output 7571) of the LD-IC-NOF in for any channel use
n € {1,...,N} is a ¢-dimensional vector, with ¢ in , that can be written as the concatenation

of three vectors: ?5"), ?572 and ?f"Q), ie., 75") = (? m) 71("(;,7 ”)) as shown in Fig.

More specifically,

° ?En) contains the signal levels at receiver ¢ that are fed back to transmitter ¢ and thus,

dim ?En):min (Wi, max (745, m45)) 5 (98)
. 7572 contains the signal levels at receiver ¢ that are not fed back to transmitter ¢ and thus,

d1m7( =(max ( ﬁ”,n”) %ii)—‘_; (99)
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X" (
m S 2ol
XGC{Xg.c)'Gz{
X(n){"%a
}7@) Le
X(”) 1
1,P X
(n) \ 1(7(;2{
Xl,P{
() (
2.0m{
X9 o n
20\ X064 o | X5en
X34
b
x x () {
2P " 2.0
Xy
Xgné X§)"g,,2
n (n) (n)
x(™ Xg,%m X1 X1 pe{
1,0
x™ (n) xm Ix{la{
Loasf > ?1 S (z,’,(fF‘
X506,
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(n) -5 (n
[ X
XQ,C . (n) XI,DF{
Xé’%(‘ XD (n)
Ce }?(Zn) Xipcl
Xg;;,{ XX
x{p{ b

Figure 22: Different components of codewords when channel-output feedback is considered in (a)
very weak interference regime, (b) weak interference regime, (¢) moderate interference regime,
(d) strong interference regime and (e) very strong interference regime.

° 752 is included for dimensional matching of the model in (3). Then,

dim 75778:q — max (ﬁ”, nij); (100)

These levels ?1(78 do not represent an output of the channel and thus,

H(Y")=0(Y" Y0, YY)
—H(Y™, ¥
<dim ¥ + dim Y%, (101)

The dimension of ?5") satisfies
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dlm}—}( ) dlm?(" +7(n —i—l—}(n)
=min (%”‘, max (ﬁn‘, nij)) + (max (ﬁ”‘, nij) — %”‘)+ + ¢ — max (ﬁ”‘, nij)
=min (%”, max (ﬁ“, 7711])) + max (ﬁ”, nij) — min (%“, max (%)”7 nlj)) + q
— max (ﬁ”, nij)

=q. (102)
In the proofs of and , the vector (XE@Fj,XETL[),F), i € {1,2} is used to represent the
signal levels of vector X En) that are seen at the receiver j and are included into the feedback
from the receiver j to transmitter j.

The dimension of vector (XE@E , XZ(’”[),F) is
. +\*
dim (XETZ)‘FjﬂXz(‘TLL))F):(%jj — (" —n)") (103)

Proof of (81): first, consider n;; < ﬁ)“-, i.e., vector XETg exists and vector XE"L)) does
not exist. Then, the following holds

NR,=H (W)
CH (W)
(X T i, X )
O (Wi;XZ(l:N)7?§_1 N)|Wj) g <W7,‘Wj,X1(-1 N)7?;1 N),X§1 N))
O (W XN FON 1) 4 g (W, XN TN x (6 )
(é)I<Wi7X AN FEN ) 4 NS(N)

=H (x", 375-1 N’IWj) — H (X8 Y N, W) + No()

N
:z-:l[H (X 7w, x (D ) g (X0, w, wy, x )
+NS(N)
(é) N |:H (X(n) ?(TL”WJ X(l:n—l) ?(.1:71—1) X(ln))
v Pk} L ) A
n=1

_H (XE”),ﬁ")\Wi,Wj,XE““”,<17§1:"‘1),X§1:"))} + N§(N)

N

(i)ijl |:H (XE”)’ ?y’b)'X;ln)) - H (Xgn)7 ?gn”Wza ij X§11n71)7 ?;1:7171)7 X;ln)) :|
+N§(N)

(9) N {H( x () X(n) |X(1n)
n=1 CFs

n n 1in—1 1in—1 1n
H (X, X (W, W, X0, 0 x| Ng()
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=
M=
=
)
3
E
B

m
><
%
=
>
5
i
t;.‘
>
5
.
=
Sd

N
Qs [H (xx ()

n:; (X, Wy, X () =) (e ) g ) } + N§(N)
:iv:H(X N1X 55 + No(N)

:?vz H(X"M|X) + No(N) for any n € {1,..., N}

N (X)) + No(N), (104)

where,
a) follows from the fact that W; and W; are independent, ¢ € {1,2} and j € {1,2}\{i};

b) follows from the fact that X(1 N g (W ?(1 N=1) )
c) follows from the fact that 71»1 Ny (XE1 N), X;l N)),

d) follows from Fano’s inequality;
) follows from the fact that X;lm) =f (Wj, ?;1:71—1));
) follows from the fact that conditioning reduces the entropy;
) follows from the fact that ?(n) =f (X Eng 7 , X Sn}]) where XE"}J is contained into X ;n);
h) follows from the fact that X, (n) ¢r, and X o) pF are contained into X l(-n);
i) follows from the fact that 7 1 ) _ =f (Xfl n—1), Xg.lm_l));

follows from the fact that that X(1 ) = f (Wi,?glm_l)) and ?glm_l) is included into

(k) follows from the fact that conditioning reduces the entropy.
From , in the asymptotic regime, it holds that

Ri<H (X{")
=H (X[2) + H (X7)
<dim X" + dim X (). (105)

A tighter bound can be obtained for the case in which nj; > %}” In this case the vector X§”,’2

and the vector X §"D) exists. Hence, the following holds
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NR;=H (W;)
(@)

=H (Wi|W;)
—1 (Wi XU Y SO, + 1 (wilw, XN 70
i[( “X£10N)’Y(1 MW, ) L H (W ‘W],XilcN)7?(1 N) X(l N))
1 (W XN Y ) +H(W\WJ,X§10N> T x () P
¢ (WX T ) 4 v
—H (XY wy) - (XE}CN),??‘NHW%WJ) + N&(N)

N
= [ (R X ) g (3 X )

1
+N4(N)
(gf: ( lnc)’?(n |W X 1n 1) ?;1:%1)’){;1:@)

n=1

—H (X£727 ?(n) ‘Wh Wj7 ){E’lcnfl)7 ?;_1:7171)7 X;uﬂ) } + N(S(N)
(

( ", <17(n)|X(1 n)) (X§f87<1_’§")|W¢,Wj,X§fa”‘”, ?51;71_1)72(51;71))]
N)
93 1 (X0 XLy, X0y
'LnC)" XEnC'F ) DF|Wi7 Wj7 XE}CH71)7 Y§1¢n71)7 X§1H)> :| + N(S(N)

(h)

an

n n) 1l:n
(xie X{hplX5)

’L

(n n 1n

ME

3
Il
—

(
(XE”C),X(DFIWz-,Wj,Xﬁ-}(}"‘”,?§1:”‘1),X§1:">)] + N&(N)
~H (

XE’@,X(") (Wi W, X000 () x (o) P00 | ()

()

Mzm

n n (1in
[H (X2 Xl )

3
Il
-

)

n n 1in—1 1in—1 1n lin—1 1in
XlCZ’XEDF Wi7Wj7Xz(',C )7?5 ),X§ )775 ) XE ))]+N5(N)

Mzm

H (X2, X751 XY + No(N)
1

3
Il

X2, X)X ™) + NO(N), for any n € {1,...,N},

//\?T

NH (
NH (X0, X)) + No(N)
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=NH (X{0) + NH (X7} 51X + No(N)
<NH (X)) + NH (X)) + No(N), (106)

where,
) follows from the fact that W; and W; are independent, i € {1,2} and j € {1,2}\{i};

(a

(b) follows from the fact that X(1 N = ( 37(1 N=1) )

(c) follows from the fact that l_/2 =f (XE}CN), X;l N)) when nj; > i

(d) follows from Fano’s inequality;

(e) follows from the fact that X( " = (W ?(1:n71)>;

(f) follows from the fact that condltlomng reduces the entropy;

(g) follows from the fact that ?(n) f <X§78F ,XE%F ,X(n) ) where X( )j is contained into
( )

(h ) follows from the fact that X ") i.cF, 1s contained into X Eyg,

(i) follows from the fact that ? (1) =f (Xg}én_l), X§1:n_1)) when nj; > 4

(j) follows from the fact that that XE o= f (Wi,?glmfl)) and ?Elm*l) is included into

7(.1:1171);
(

k) follows from the fact that conditioning reduces the entropy.

From (106), , in the asymptotic regime, it holds that:

Ri<H (XU0) +H (X))
<dim XY + dlmxﬁ",;F (107)

Inequality (L05) is valid when nj; < nii. Inequality (107) is valid when nj; > ﬁ)” It is worth

noting that in the case in which n;; < Wn‘, H (XE%) = 0; and in the other case, i.e., nj; > ﬁ)m

H (X (n)> = 0. Then, and ([107)) can be expressed as one inequality as follows

Rt (X02) +  (X03) + (X0
<dim XU+ dim X ") + dim X ) . (108)
Plugging , and in ((108)), this yields
R;<min (ﬁm’,nﬂ) + (i — nji)+ + min ( (nji — ﬁii)+ ) (ﬁjj — 7 4; — min ((ﬁjj - ﬂjz‘)+ 77%']')

- ((Wjj - ”ZJ nﬂ) ) )

=74 + min ((nﬂ — )", ( jj — i — min ((ﬁ)jj — nji)+ ,nij)
- <(ﬁjj - n” nﬂ>+) )

97 i + min ( (nﬂ — )" (ﬁ — (W5 =)+ (5 =) = "ij)+
- ((ﬁjj - ”w — Nji +) )
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(m)— — N\t — — + - + +
= zz+mln((”ji_nii) 7(%3‘—”1‘1‘—(”;‘]‘—%) + (755 =) = niy)

— (55 —mii)" = "z‘j>+)+)
= Ty + min ((nji — ), (%jj — Wy — (W5 — ”ﬂ)+)+)
= min (W“ + (nji — )" T + (%jj — i — ()5 — nji)+)+>
@ min (max (744, m5i) , max (W”, Wi — (W — nji)Jr)) , (109)
where,
(1) follows from the fact that min (A, B) = A— (A — B)";

(m) follows follows from Remark [2]in appendix [D}
(n) follows from the fact that max (A4, B) = A+ (B — A)™.

This completes the proof of . |

Proof of :

N (R1+ Ro)=H (W1) + H (W>)
=1 (Wi YUN) 4 7 (WP EY) 1 (Wos YENV) 4 (WP EY)

< [(Wi ¥N) 4 1(Wo; YEN) 4 Noy(N) + Noo(NV)

Ur(wi ¥ Y EN) L1 (o YV, YY) 1 Na()

—-H (751 N)’ ?gl N)) B (7&1;1\1)7 ?gmv)lwl) H (}—}51:1\/)7 ?gmv))
H (YN, Y8, + Na(v)

1 (YY) 11 (YR - g (YO ) - 1 (PO, YY)
VH(PD) 41 (FEREN) - () - i (P9, $)
£NS(N)

D (PEN) 1 (F0 W) — 1 (RO, FO) 1 (PE)

—H (Y8 ws) — H (Y8 Wy, YY) 4 No()
Qg (POY) - m (Y w) - B (POV I, YO, x0V) o (YY)
H (YN W,) - 8 (P8 W, YV, x8V) 1 Na()

- H (?gmv)) _H (?gl;z\rww ) (XgICN Wi, ?(1 N) X(l N)) TH (?(1 N))
—H (Y8 W) - 1 (X2, YN, X 4 Ns(v)

Dy (YY) —H(??'N)Wl) —H (X{D, xEN W, Y x (40)
+H (Y8) — H (Y8 |ws) — 1 (X020, x00 |y, Y, x ()
+NS(N)
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_H (7(11:N)> _H (Yﬁ““\vvl) _H (XS:CN)7X$:UN)‘W17?gmv)) T (?émv))
~-H (‘175““ Wa) — H (X80, x5 w, ?gw) + N§(N)

=H (YIV) 4 [1(x020, x 00w, YO - i (x0E0, x )]
+H (YEN) 4 [1(x 020, x00wo, YO) — i (3080, x ()]
—H (YINw) - 1 (YW + Na(V)

D (YIVIxD x) - 1 (XU XY Y)
+H (YEV|X 80 xE0) - (X080, x D[P )
+1 (X8, X BN, YN o (X80, XS, YY)
—H (YU w) — B (YN [W,) + Na(V)

< (Y IXU X) o (P12 XY)
+1 (XD, XN, Y V) o (X0 XU, YY)
—H (YU W) - 1 (Y8, + Na(V)

(f . . . . . .
g)H (?gl.N”XS.CN)’X(;AUN)) +H (751.N)|X$.CN)’X§1’.UN)>

1 (XS, XN W, YN, YO (X U20, x w, TN, YY)
—H (YU w) - 1 (YW, + Na(V)
=1 (YIVIXT XY ¢ 1 (PN X T2, xON) 1 (waswn, YY)
+1 (X8, X YN YN wg) 4 1 (W, YY)
+1 (X0 X ¥, YOV ) - 1 (Y W) - H (Y8 |W,) + Ns(v)
=H (YU X0, XE0) 4 1 (PO, X EN) 4 1 (m, YY)
—H (W, YEOW,) + 1 (X020, x 0N Y8 s
—H (X X0 YOV, wi, YY) 4| (W, YE) - H (W, YY)
+H (XU, X80 YW - (X0, X YN, we, YY)
—H (Y — B (Y8 W,) + No(V)
Dy (Y X0, X0 4 7 (P8 X000, x5 4 7 () + 1 (Y0
—H (Wi|Wa) — H (YN W, ) + 1 (XE20, x50, ¥ 80 |ws)
+H (Wo) + H (YO W) — H (Wolwh) — H (Y|, w5)
+H (XU, x0N YOV - 7 (Y W) 1 (Y8 W) + NS(N)
Ch (P X0 X0 + 1 (VI x0, x00) — B (V0N o, W)
+H (XY, X0 YV W,) - 7 (Y8 w0, ws) + 7 (XU, x50 70 )
FN§(N)
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—~

QH ?(1 N)|X110N ’X(l N)) +H (7%1:N)| glcN)’X(l N)) +H (Xé J )’ glUN)’§(1 N)|W )

H (X0 x8N ¥ EO W) 4 Ns()

(
H (7(n ‘XEICN),XglUN)’7§1:n71)> H (7én)|Xg1CN)7Xg1UN)’751:7171))

_|_

-

+
Sy

(

(Xé’f%,Xﬁ”&f)_"”HW X(ln 1) X(ln 1) ?(177 1))
(X, x50 Y, x (D, x (e e )]+ we(v)
(

(

+
=

o)

(7(n XEICN),X(l :N) 751:7171)) o (7( )IXéICN)7X(1 :N) 7&1;%1))

Mz

2,U » LU >

3
Il
-

+
=

Xg,%’X(lT,Ll)J’ ygn)m/%ngcn—n’X(lzl—n’ ?él:n—l),X;l:n)>

T

4 thlé’XéiL[)]’ygn”Wl’ng—n’Xézz—n’?gm—n’xg;n))} + NS(N)

Mz

2,U » LU »

3
Il
-

+
=

(Xln[)]’? n)lX(l}[:}lfl)7X(21:n)) + H( 2n()ﬁ? n)|Xé}[:}1fl)7Xglzn)>} + N(S(N)

QS [ (P00, X0 + 1 (TL1X5%, X0) + B (X0, T x 0

AR
™=

3
Il
_

[H <7(n ‘XglcN),X(l :N) 7§1:n71)> H (?én)lXéICN)7X(1 :N) T}émq))
(x50, ¥ 1x () | + o)

(KX)o 40 + 1 (), P01
+H (X5, ¥ X (™) |+ Vo)
N
Q)Z [H (x{) +H(X5)) +H (Xgn[)ﬂ? X 4 (X ()]7?§n)|Xgl:n)>:|
=1
:—N&(N)

=N [H (X7) + 8 (X00) + H (X0, V51X 0) + 1 (x4, V1 1x(7) |
—|—N5( ), forany n € {1,...,N}

=N|H(X{)+H (X;"}D) + 8 (XX + 7 (Y1 x00, x8)) 4+ 1 (X §) X))
+H (Y11X 7, X0 | + Vo)

<N[H (X)) + 1 (X)) + 1 (X)) + 1 (Y9x5, X)) + 7 (X5)

+}-I(? 1x (" ,X““)} + N§(N)

=N|H (X)) + H(X5) + H (X)) + B (XWp, XU X5, XT)) + H (X))

HH (X0, XX, X)) |+ No()

=N[E (X)) + B (X5) + H (X)) + H (X XD X)) + H (X))

+H (X5, XU XE0) | + No(V), (110)
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where,
a) follows from Fano’s inequality;

b) follows from the fact that ?( ) is included into ?
c) follows from the fact that X( ( i ?(1 N=
d) follows from the fact that X, (1 N)'is included into X

e) follows from the fact that H(Y) H(X)=HY|X) - (X|Y);

f) follows from the fact that injecting information increases the mutual information;
g) follows from the fact that H (X(1 V) X(1 ) ?(1 M) W, WJ,?(l N)> =0;

h) follows from the fact that W; is 1ndependent of W, then H(W;|W;) = H(W,);

i) follows from the fact that conditioning reduces the entropy;

j) follows from the fact that Xglm) =f (Wi, ?glm_l));

k) follows from the fact that conditioning reduces the entropy.

1:N)

7

\_/@A

N)

=

(
(
(
(
(
(
(
(
(
(
(

From (110)), in the asymptotic regime, it holds that:

Ri+ Ro<H (X)) + H (X(”) )+ H (X)) + H (XU, X1 X)) + H (X))
+H (Xg,%}q 2, DF|X )

+
=dim X {"} + dim X"} + dlmX(ln[)] + (dim (X (%, X)) — dim X 7))

+
+dim X3 + (dim (X2, X5 ) — dim XT) (111)

Plugging , @, and ([103)) in (111)), this yields

Ry 4 Ro<(T11 — n21)+ + (o2 — n12)+ + min (792, n12) — min ((722 — Tl21)+ 77112)
+ .
+ (n21 — %)22)+ + ( <%22 - (722 - n21)+) — min (sz,nu)
+
22 — 7“021)Jr ,7112) — (n21 — 722)+) + min (711, n21)

)+ ,n21> + (ni2 — 711)+ + ( (%11 - (711 - ﬂ12)+)+
N

+
—min (711, n21) + min ((%}11 - n12)+ ,TL21) — (n12 — 711)+)

+ min ((_>
(

n
— min ( 711 — N2

:711 + W22 + (n12 — ﬁ11)+ + (no1 — ﬁzz)Jr — min ((722 — 7”L21)Jr ,n12)

+ .
— min ((711 - ﬂlz) n21) + ( (%22 - (722 - n21)+> — min (sz,mz)
. + i
+m1n( 722 - n21)+ ,n12> - (n21 - 722)+) + ( (%11 - (711 - n12)+)
+
—min (711, 791) + min ((711 - n12)+ 77121) — (n12 — 711)4_)

—>117 7112) + max (722, n21) — min ((722 - n21)+ 77112)

=max (7
— min ((ﬁu — 77,12) n21> + ( (%22 — (%}22 _ n21)+)+ — min (ﬁ)gz,nu)
((n22 - n21)+ ,7112) — (n21 — 722)+ )+ + ( (%11 - (711 - n12)+)+

11,”21) -+ min ((711 - Tl12)+ 77121) - (Tl12 - 711)+)

+ min
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—max (ﬁn,ﬂlz) + max (722,7121) — (722 - ﬂ21)+ + ((722 - ﬂ21)+ - n12)+
- (711 - 7”L12)Jr + ((711 - 7112)Jr - n21)+ + ( (%22 - (%}22 - TL21)+)Jr
—min (7 22, n12) + min ((722 —na1) " ,n12> — (a1 — Wa2)” >+
+< (ﬁn - (711 - n12)+)+ — min (711,7121) + min ((711 - n12)+ 5 n21)
- (nlz - 711)+)+
2(711 - n12) +ni2 + (n 22 — n21) +n21 — (722 - n21)+ + ((722 - n21)+ - 7”L12)Jr
- (711 - n12) + ((711 - n12) - n21) ( <%22 - n22 - 7121)—~_>Jr
—min (7722, n12) + min ((722 — ngl) TL12> (no1 — ﬁgg) )
+( (%11 — (T — 7”L12)+)+ — min (711, n21) + min ((711 —n12) " ,7121)
—(n12 — 711)+>+
=ni2 +n21 + ((722 - Tl21)+ - n12)+ + ((711 - Tb12)+ - n21)+
+< (%22 - (ﬁzz - n21)+)+ - min(n 22,M12) + min ( (722 — n21) n12> — (n21 — ﬁ22)+ )+
+( (%11 - (711 - 7”L12)+)+ — min ( 7 11,n21) +min (7711 — n12) n21) = (n12 — ﬁ>11)+ )+

(G

(G

=max ((ﬁu — TL12)+ ,7121) + max(((ﬁgg — n21 7TL12)
+< <%22 - <%>22 - n21>+)+ - mln(n 227”12 + min < 722 - n21 TL]_Q) - (n21 - ﬁ>22)—"_ >+
(G

+
+( (%11 - (711 — ’/l12)+) — min (ﬁll,ngl —|— min

+
- 3\t
7111 - Tl12 n21> - (n12 - Tln) ) .

(112)
This completes the proof of . |

Proof of (84): for all i € {1,2} and j € {1,2} \ {i}, it follows that

N (2R: + Ry) =21 (W) + H (W)
1 (L) () 1 {0 94) e 9
)QI(WZ,I_}“N))

—2r (W YY) +
=1 (W YY) 41
I( “7(11\7 ?

+NG§(N)

(W5 YY) 4+ 2N, (V) + N&; ()

(W;: ¥+ No(v)

Wi YUY 41 (W YY) 4 Ne()
) e (W) w1 (1, T )

I
I
(
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(b)

SI(WZ ?511\1 y(lN)>+I(W 7(1N) ? )
(P ) < o)

i (PO FON) - (PO O 4 1 (PO, T )
(PO (P ) (P08 )
+N5(N)

—H (721;1\0) T (371(1:1\1)‘71(_1:1\/)) _H (<1—,Z<_1;N)|Wi) _H (?Z(_I:N)WVZ.’?EI:N))
(V) (P, F) (005w
R (PE) 1 (FEIRE) i (F)

—1 (Y, ) 4 Ns(v)

=1 (YU) 1 (YEORE) - i (VW) - 1 (P, YY)
S (VI V) (VO VI ws) 4o (V)
+H (VNP - w1 (V0w YY) 4 o)

D (PU) b (VW) i (P ) (PO, )
(V0N ) a1 (V) 1 (¥, 7
+N5(N)

@ b (7§1-N)) (‘57(1 Mw;) - H (751 N, y(l M) 4 (7(1 M, T ")

+H (YY) = H (P8 Iw, Y ) + Noy

(QH(?UN)) (?11\7 \W) (X( |\w, ?(1N)+H(? w, <17(1N))

+H (YY) — 1 (X (VW YY) + Noy

(1

)-

(1

?

(QH (7&1:N)) —H(? (1:N) \W) (X = ),X(l N)|W ? 1N))
+H (YW, YY) 1om (P0) - 1 (x5 w5, YY) 4 Ne ()

(Q)H(7§1;N)>_H(<171N‘W> H (X ) x Ny, <171N))
+H (YO, XN, ¥ 0V) 4 1 (?;1 V)~ H (X0, YY) 1 Ns()
—H (751:N ) (? 1:N)‘Wi> i [I (Xg}:CN)’XE}&N); WhyghN))
g (X§1CN)’X(1 N))] +H (?EI:N)’XE,%N”WJ_’ ?;l:N)) H (?51;1\/))
—H (X wy, Y)Y 4 Ne()

—H (751-N)) % (‘57(1-1\7 \W) [I (X(l-N) X(1~N) W, ?(LN ) (X(lzN)yXE}l}N))]
—i—H(X 1N)|W ?(1N)> (7(1N \W <17(1N) X(1N))+H(7(1N))
—H (XMW, YY) 4 Ne ()

—H (Y & ) -H (?i W)+ [L(X N, X, YO i (X0 xU)]
H (?El;N)|Wj,§§1:N)7XE}:CN)) TH (7§1:N)) + NG(N)
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(g)H <7(1;N)> (? (1:N) \W) [ (X(l(:JN)’XEII:]N); Wﬁ?(l:N ) H (XﬁlcN),X(l :N)

+H (YW, YO X0 g (PO, x 80, x50 4 Na(v
H <7(1.N)> (? (1:N) \W) Iy (X(lcN)7X(1UN : “<17(1 N)>
+H (YN, Y0, x 0 4o (P9 x (800, x 50 4 Ns(v
2}1(7““) H (YO w,) + 1 (x00, x 80w, oy Wi,?i”)

+H (YW, Y0, X 8 g (PN Xg.}CN%XE.}U ) + N§(N)
(YY) - n (?}N \Wi)+I(Wj,Wi,i7i1N>)
1 (X0, XD FON s T 1 (P, T x00)
+H (YO x (0, x0N) 1 Na(w)

H (YY) - g (Y N)\W) + 1 (W, YOV - 1 (W, Y

TH (X(l N) 5 (LN) ?(uv ) H( (1:N) X(I:N) ymv W W ymv))

+H (Y N)\Ww?“, R vt +H(?<1N X“CM X(1 )+ No(N)
[ 7, ?
=7 (YUY 45 W) - B W)W, - H (YW, )
+H (XU x 0D YOV - (x XFUN),‘?” W, W, YO

H (7511\7 w;, ?(1 N) X(l N)) +H(7 (1:N) |X§10N)7X£1N ) + N§(N)
(J)H <7(1:N ) (?(uv \W W, ) (X (1:N) X§1UN 7? (1: N)‘Wj)
—H (XU x O YOV o, YY) o (PN \Wj,?§1:N),X§}5N))
+H (YN x 00, xTV) 1 Na()
&) g <71(_1:N)> _ (yl(_uv \Wj,Wi7) TH (X(l :N) X§1UN)7?§_1:N)‘Wj)
+H (YN, Y0, x 00 4o (PO x 80, x50 4 Na(v)
<H <7(1 N)) T (X(l :N) 1UN) ?(1 N)|W ) LH (7(_1:N)|Wj ?(_1:N) X(15N))
= z ’ 2 ’ J ’ i,
(P02 X8 4 N

+H
N
< Z {H (7&1)) +H (Xgné,XgnU7Y |Wj7X§}én71)7Xg}[}nfl)7?gl:nfl))

+H(7En W, 37(11\/) XllcN’?(ln 1)+H(7(n)|XJC 7 z1UN)’7(1n 1))}
+NG&(N)

N
(g)z [ (7(71 ) LH (Xgnc)’XgnU)7y Wj,Xg}:Cn—l)7Xz(l71(:]n—1),§§1:n—1)’X§1:n))
n=1

H (? n) W, ?(1 N) XLICN ’?(1 in—1) X(1 N)) (7(71 XEICN)’X(l :N) ? (1:n—1)

+NG§(N)

)]

)]
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H (7(@) e (XE U’y ”)|WJ,X (1:in— 1)7?;1:7171)7X;1:n))

H <?§n |WJ,?(1 :N) X£1CN)77§1:TL71)7X§_1:N)> TH (?gn)|X;71:N) llUN))?(ln 1))]
§

I
Ez

H (7§7L)> " (XZ(-,"(;,?En”Xs&n_l),X;M)) TH (?En)|X§}éN)7?El:n—l)ngl:N))

I
Ez

+ (YX 0, X0 ¥ ) | ()

(V) 41 (X0, FOX0) 1 (P0X 0, X0

N
] =

+H (Y{1X 2, X)) | + No(v)

H(?ﬁ”))+H(X§j;}\X(”))+H(?(")\X(”) Xgn(})JrH(?(n”ngg’X(n))

I
Ez

(?‘">|X§"c>,x<">)] + N&(N)
[ ($0) 4 1 (X0) + 1 (P01, X1 1 1 (P10, X1
(

YIx 0, x) |+ Nov)

=N {1 (V") + 1 (xX0) + 1 (YIX0, X))+ 1 (V01X x )

+H (YV1X 2, X)) | + No(N) for any n € {1,...., N}

=N[H (P") +m(x5) + 7 (Y1x, x5) +H(X§j}2 X, x()
(

+H (XTUIX T2, X)) | + No(y)

<N[H (Y0) + 1 (X)) + 1 (V91X X0) + 1 (X)) + 1 (X0)) |

7(

+N5(N)
H(P0) 4 H (X)) + H (X XX, X 00) 4 1 (X00) + 1 (X))

+N5(N)

=N [H (V) + 8 (X)) + H (X0, XD X0D) + 1 (X00) + H (X))

+NG&(N), (113)

where,
) follows from Fano’s inequality;
follows from the fact that <W1,7(1 V) <1 (W YO, Y0,

follows from the fact that ? is included into ?(1 N)

follows from the fact that H (? (1:N) ?(1 N)|WZ, W; ) = 0

follows from the fact that X =f (WZ, ?(1 N= )

follows from the fact that X, 7; ( M) s included into X; (1: N),

follows from the fact that 1nc1ud1ng another random variable increases the mutual informa-

\/\_/

C

(a
(b
(
(d
(
(
(

~—

e

f
g

o ~—
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tion;

(h) follows from the fact that H(Y|X) = H(X,Y) — H(X);

(i) follows from the fact that injecting information increases the mutual information;

(j) follows from the fact that W; is independent of W}, then H(W |W;) = H(W;);

(k) follows from the fact that H (X; ¢ N) XglUN) ?(1 N)| ?(1 N)> =0

(1) follows from the fact that condltlonmg reduces the entropy,

(m) follows from the fact that X( ( ?(1 " D) nd X(1 N) = (W], Y (1:N = 1))
(n) follows from the fact that condltlomng reduces the entropy.

From (113)), in the asymptotic regime, it holds that:

oR, + Ry <H (Y") + H (X0)) + H (X0 XU X)) + B (X)) + H (X17)

J
+

aim ¥ 4 dim P 4 dim X 4 + (dim (X2, X ) — dim X 1)
+dim X (") + dim Xg.f‘; (114)

where,

(o) follows from |-

Plugging (86 , 197)), . and ( in , this yields

2R; + R;<min (%7, max (7 4, n45)) + (max (745, n45) — 740) " + min (7, n4;)
—min (75 —nji) " i) + (g = 755) " + ( (%35 — (755 — "ﬂ)+)+
—min (75, m55) + min (755 = nya) " mij ) = (ngi = 7 55) " )+
(i —my) T+ (T 5 — ny) ™
=max (741, ni;) + min (755, m55) = min (75 = n5) " nig) + (ngi = 755) "
+( (%35 — (45— nj¢)+)+ — min (7 5, ni;) + min (755 — n;0) " i)
—(nji — 7 5)" )+ + (Wi = nga) ™+ (55— niy) ™
=7 ;; + max (77 iz, n4;) — min ((ﬁ)jj - nji)Jr ,nij) + (nji — 7
( (5 — (755 - njz')+)+ — min (7 j;,ni;) + min (75 = nji) ", i)
=)t ) (g

. +
=max (ﬁjja ’/lji) + max (ﬁ”, Tlij) — min <(ﬁjj — nji) ,’I’Lij)

)+

+\* . . +
+( (%55 = (5 —ng)") " —min (755, mi) +min (755 —nge) ", miy)
+
— N\t —
= (nji = 7 j5) ) + (i —nji) ™. (115)
This completes the proof of . |
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C Connections to Existing Results

This appendix provides connections between the capacity region of the two-user LD-IC-NOF and
existing results. These results are described using the notation adopted in this technical report
and it might be different from the notation used by other authors. Often the identities and

are used.

C.1 Capacity of the LD-IC without Channel-Output Feedback

Theorem [I] simplifies to the following lemma for the case in which channel-output feedback is
not available, i.e., ﬁll =MnN11, 722 = N22, %11 =0 and %22 =0.

Lemma 2 (Lemma 4 in [17]) The capacity region C(ni1,n22,n12,n21,0,0) of the two-user
LD-IC without channel-output feedback (LD-IC-WOFB) is included in the set of non-negative
rate pairs (Ry, Rs) satisfying

Ri<na, (116)

Ro< nga, (117)

Ry + Ro< (n11 — na2) ™ 4 max (ngg, n1a) (118)
Ry 4 Ro< (nag — nan) ™ + max (ny1,m21) (119)
Ry + Ro< max (n21> (n11 — n12)+> + max (n12> (ng2 — n21)+> ) (120)
2R; + Ry< max (nqy,n21) + (n11 — n12)" 4 max <n12, (nag — n21)+) ) (121)
R 4+ 2Ro< max (ngz,nlg) + (7122 — n21)+ + max (7121, (nu — n12)+> . (122)

In the following, an alternative proof of Lemma 4 in [I7] is presented using Theorem

Proof of (116) and (117): Consider and @D with i = 1 and j = 2, and let 11 = nai,
22 = Nag, n 11 = 0 and Mm99 = 0. This yields

R;<min (max (n11,m21), max (n11,n12) , min (max (n11,mn21) , max <n11, — (ngg — n21)+)))
<min (max (n11,n21) , max (ni1,n12) ,N11)

=1N11-

This completes the proof of (116]). The same procedure can be applied to prove ({L17)) considering
and @ with ¢ = 2 andj = 1, and letting 711 =MN1i1, 722 = N29, %11 =0 and %22 =0. N

Proof of (118), (119) and (120): Consider with 71y = nii, Moy = N9o, $711 = 0 and
%22 = 0. This yields

Rl + RQQmiH (max (nn, 7112) + (n22 — n12)+ , max (TLQQ, ngl) + (’I’LH — n21)+>
=min ((nn - ﬂ12)+ + nig + (na2 — n12)+ , (o2 — n21)+ + ng1 + (n11 — n21)+>

=min ((7111 — n12)+ + max (TLQQ, TL12) y (n22 - TL21)+ + max (TLH, ngl)) .
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This completes the proof of (118)) and (119). Consider with W11 = ni1, Tas = noa,

$711 = 0 and %722 = 0. This yields
Ri + Ry <max ((nn — )t 77121) -+ max ((7122 —ngy)*t ,7112)

. . +

+ (* (n12 — ﬂ11)+ — min (n11,n21) + min ((nn - n12)+ ,nzl))
. . +

+ (— (no1 — TL22)Jr — min (n22,n12) + min ((nzz - 7”L21)Jr 77112))

(a)
= max ((n11 —n12)" ,nzl) + max ((nzz —na1)” ,n12) ;
where,
(a) follows from Remark []in appendix [D}
This completes the proof of (120). [ |

Proof of (121) and (122): Consider with ¢ = 1 and j = 2, and let T = ni,
29 = N22, %11 =0 and 29 = 0. This yields

2R + Ry <max (nag, n2y) + max (nq1,n12) + (n11 — n21)” — min ((nzz — 1) " 77112)
. . +
+ (— (noy — n22)+ — min (ngg, n12) + min ((ngg — n21)+ ,n12>>

] .
=max (n22,n21) + max (nn,nlg) + (TL11 - n21)+ — min ((n22 — n21)+ ,Tllz) y

where,
(b) follows from Remark [1] in appendix [D]

This completes the proof of . The same procedure can be applied to prove con-
sidering with ¢ = 2 and j = 1, and letting i = ni1, TWos = Nn29, 711 =0 and S92 = 0.

C.2 Capacity of the LD-IC with Perfect Channel-Output Feedback

Theorem [T simplifies to the following lemma for the case in which there exist perfect channel-
output feedback, i.e., ﬁll = MN1i1, 722 = N22, %11 = max (77,1177112) and %22 = max (n22, ngl).

Lemma 3 (Corollary 1 in [4]) The capacity region C(nll, N92, N1, N2, Max (nu, nlg),

max (ngg, ngl)) of the two-user LD-IC with perfect channel-output feedback (LD-IC-FB) is
included in the set of non-negative rate pairs (R;, Ro) satisfying

R;< min (max (n11, ne1) , max (n11,n12)) , (123)

Ro< min (max (ngg, ni2) , max (nag, n21)) , (124)

Ry + Ro< min <Inax (nag, no1) + (n11 — n21)+ ,max (nii,ni2) + (neg — n12)+) . (125)

In the following, an alternative proof of Corollary 1 in [4] is presented using Theorem

Proof of (123) and ([124)): Consider withi =1 and j = 2, and let i1 = nii, Moy = 99,
d

11 = max (n11,n12) an 22 = max (n22,n21). This yields
R;< min (max (ny1, ne1) , max (ny1,n12)) .

Consider also @D with ¢ = 1 and j = 2, and let T = N1, Moy = N29, %11 = max (n11,m12)
and %99 = max (naz,na1). This yields

R1 <H11H (max (77,11, ngl) , max (Tlll, max (’leQ, Tlgl) — (n22 — n21)+>>

=min (max (71117 n21) , Inax (n117 no1 + (Tl22 - 7121)+ - (n22 - 7121)+))
=min (max (n11,n21) , max (nii,n21))

=max (7’7,11,1121) . (126)
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This completes the proof of (123)). |

The same procedure can be applied to (8) and () with i = 2 and j =1 to prove (124).

Proof of (125): Consider with 711 = ni1, Taes = noo, N11 = max (n11,n12) and
5799 = max (nag, neor). This yields (125).

Consider " with ﬁll = nNi1, 722 = N22, %11 = max (77,11,7112) and %22 = max (n22,n21).
This yields

R; + Ry<max ((nn - 7”b12)Jr ) n21> + max ((n22 - 7”L21)Jr ,n12) + ((max (n11,m12)

—(n11 —m12) " )+ — (n12 —n11) " — min (1, n21) + min ((nu —ng2) " ,7121) )Jr
+( (max (n227n21) - (n22 - n21)+)+ - (n21 - n22)+ — min (7122,7112)
-+ min ((nzz —ngp) " ,n12> )+

=max ((n11 — 1), n21> + max ((n22 —ngy) " ,n12> + (( (n11 —n12) T 4 nao
—(n11 —n1a)" )+ — (12 —n11)" — min (n41, 1) + min ((nn —nya)" ,7121) )+
+( ((n2z = nat) ™ + o — (naz — n21)™) " = (n21 — na) ™ — min (ngo, m1o)
-+ min ((nzz —ngp) " ,n12) )+

(127)
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+ + +
=max ((7111 —n12) 77121) + max( (na2 — na1) 7”12) + ((n12) — (n12 — n11)
. + +
—min (n11,n21) + min ( (n11 — n12) n21) ) + ( — (n21 — naa)
. +
—min (ng2, n12) + min ( (ngg2 — na21) n12) )

—max ((nn — n12)+ ,n21) -+ max ((n22 — ﬂ21)+ 77112) + <n12 — (n12 — nu)+ — min (n11, N21)
-+ min ((nn - n12)+ y 21 )+ + (n21 - (n21 - n22)+ — min (7122,7112)
+ min ((7122 —ng1) " 77112) )+
=max ((n11 — n12)+ n21) + max( (ngg — nay) nlg) + (min (n11,n12) — min (n11, noy)
+ min ((nu — nlg) n21> ) + (mln (nag, na1) — min (n22, n12) + min ((’ngg — ngl)+ ,n12>)+
=max ((nu —n12) ", n21) + max ((nzz —na1) n12) + (min (n11,m12) — na1 + (nag —nar) ™
+ min ((nn —n12)" ,no1 ) + (mln Na2,Na1) — Nag + (Nag — nag) T
+ min ((n22 —ngp) ", 7112) )
=1max ((nu - Tl12)+ ,n21) + max ((n22 - Tl21)+ ,n12> + (nll —(n11 — 7112)Jr — N1
+ (n11 — n21)" + min ((nn —ny2) " 7n21) >+ + (7122 — (n22 —na1) " —naz + (ng2 —n12) "
+ min ((nm —na1)” ,n12> >+
=max ((nu - n12)+ ,nzl) -+ max ((n22 - n21)+ 7n12) + ( - (n11 - n12)+ + (nll - n21)+
-+ min ((nn - n12)+ ,nzl) )+ + ( — (n22 — Tl21)+ + (22 — n12)+
+ min ((7122 —ngy) " ,nlg) )+
=max ((nu - n12)+ ,7121) + max ((nzz - Tl21)jL ,7112) + ( —(n11 — 7”L12)Jr + (n11 — n21)+
+ (n11 — )" — ((nn —np2) " — n21)+ )+ + ( — (n22 — n21)" + (a2 — n12) "
+ (naz — na1) " — ((n22 —na1)" — n12)+ )+
=max ((nn - TL12)Jr ,nzl) + max( (ngg — na21) n12) + ((nll - n21)+
- ((nu - n12)+ - n21>+) ((nzz - n12) ((n22 - 7”L21)Jr - n12)+)+
9 max ((nu —n1a) " 77121) + max ( (n22 — na1) n12) + ((nu —na1)*
- ((Tln - n21)+ - n12)+> ((”22 - ﬂlz) ((nzz - n12)+ - n21)+)+
=max ((n11 —npg) " ,n21) + max ( (ngg — nay) TL12> + (min ((nu —ng1) " ,nu))+
+ (min ((n22 —n12) " ,7”L21))Jr

=max ((nu - n12)+ ’7121) + max ((nzz - n21)+ 77112) + min ((nn - 7121)4r 7n12)

+ min ((ngg —npg)t ,n21>
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= ((nu —np2) " — n21)+ + no1 + ((n22 —nap) " — 7112)Jr + n12 + min ((nn —na1) " ,n12>
+ min <(n22 —n12) " 7n21)
= ((Tln — n12)+ - n21)+ + noy + ((Tl22 - n21)+ — n12>+ + ny2 + min ((n11 — n21)+ ,”12)
-+ min ((7122 - ﬂ12)+ 77121) + (n11 — Tl12)+ —(n11 — n12)+ + (n22 — Tl21)+ — (n22 — n21)+
=max (n11,n12) + max (ng2, na1) + ((nu - 7”L12)Jr - TL21)Jr + ((nzz - n21)+ - 7”L12)Jr
+ min ((nu —nap) " 7n12) + min ((n22 —nya) " ,nzl) — (n11 —n12)" = (a2 —nan) "
=max (n11,n12) + max (nag, ney) — min ((nu —np) " ,n21> — min ((n22 —ngy) " ,n12>
+ min ((n11 —ng1) " 7nlg) + min ((nzz —np) " ,n21)
=max (n11,n12) + (n22 — n21) " + n21 — min ((nn —ni2) " 77121) — (n22 —nap) "t
+ ((nzz - n21)+ - 7112>Jr + min ((7111 - n21)+ ,7112) + min ((n22 - n12)+ ,7121)
=max (nn, n12) + m21 — min ((7111 - n12)+ s 7121) + ((Tl22 - n21)+ - n12>+
+ min ((n11 - n21)+ ,nlg) + min <(n22 — n12)+ ,n21)
=max (ni1,n12) + N1 — N21 + (n21 —(n11 — n12)+>+ + ((nzz —ng1) " — n12)+
+ min ((n11 —ng1) " 7nlg) + min ( Ngg — nyg) " ,n21)

+

. + . +
+ min ((nu — na1) 77112) + mln( Ngg — N12) 77121)

()

(
+
=max (n11,n12) + <n21 - (Tl11 - n12)+) + ((n22 - n21)+ - n12>
(
o\t + +
=maXx (7111,7112) + (Tl21 - (nn - n12) ) + ((n22 - n21) - n12>

. +
+ min ((Tlu - 7121)+ ,n12) + (na2 — n12)+ — ((7122 — 7121)Jr - n12>

.
=max (n11, 1) + (n21 — (na1 = m12) ")+ min ((m1 —n21)™ n12)

+(naa —ma) ", (128)

where (c) follows from Remark [2]in appendix [D]

Note that the upper bound on Ry + Ry in (128) is not active given the upper bound on
R; + Rz in (125). This completes the proof of (125)). u

In this case it can be verified that the upper bound on 2R; + R, and Ry + 2Rs are not active.

C.3 Capacity of the Symmetric LD-IC with Noisy Channel-Output
Feedback

Theorem [I] simplifies to the following lemma for the case in which the interference channel is
symmetric and there exists noisy channel-output feedback, i.e., 711 = 722 =n,Nia =N91 =M
and %11 = %22 =/.

Lemma 4 (Theorem 1 in [I2]) The capacity region C(n,n,m,m,¢,¢) of the two-user sy-
mmetric LD-IC with noisy channel-output feedback (S-LD-IC-NFB) is the set of non-negative
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rate pairs (Ry, Rp) satisfying

Ry < max (n,m), (129)
Ry< max (n,m), (130)
Ri<n+(—n)t, (131)
Ro<n+ (0 —n)", (132)
Ry + Ry< max (n,m) + (n—m) ™, (133)
Ry + Ro< 2max ((n —m)* ,m) + 2min ((n -m)*, (E — max (m, (n— m)+)>+) , (134)

2R, + Re< max (n,m) + (n—m —|—max<(n—m)+,m) +min((n—m)+,
(meax (m7 (n—m)+>)+), (135)
+ max ((n —m)" m) + min ( (n — m)t,

(f—max (m, (n—m)+)>+). (136)

Ry 4+ 2Rs< max (n,m) + (n —m

In the following, an alternative proof of Theorem 1 in [12] is presented using Theorem [1| l

Proof of ., -, - and (| : Consider and @D with ¢ = 1 and j = 2, and

let 77 11 = ngg =n, Ny =Ng1 =M and sz =/. ThlS yields

R;<min (max (n, m) , max (n,m))
=max (n,m), (137)

and

Ri<min (max (n,m), max (nl —(n— m)+)) ,
max (n,m)  if n > m;
={ max(n,m) ifn<mand ({—n)" > (m—n)"; (138)
n+(—n)" ifn<mand (0 —n)" < (m—mn)".

Inequalities (137]) and ((138)) correspond to (129 and (131). The same procedure . be applied to

prove ([130) and (132)) considering and (9) with ¢ = 2 and j =1, and lettlng W11 = Moy = n,
N2 = Ng1 =M and 11 = 29 — £. [ |

Proof of (133) and (134): Counsider with 711 = Mo = n, nig = ng; = m and
11 = ¥9o = . This yields

R; 4+ Re<min (max (n,m) + (n —m)"  max (n,m) + (n — m)+)
—max (n,m) 4+ (n —m)". (139)

This completes the proof of (133)).
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Consider with 711 = 722 =MN, N2 =N21 =M and %11 = %22 = {. This yields

R; + Ry <max ((n - m)+,m) + max ((n —m)" ,m)
+((e=m-m?*

)+
+ ((g, (nfm)+)+ — (m —n)" — min (n,m) erin(

(n —m)* ,m>>+
(n—m)",m )+

=2max ((n—m)+,m> +2((€— (n—m)+>Jr — (m —n)* — min (n, m)

— (m —n)" — min (n,m) +min<

(

(
+min ((n—m)*,m) '
—2mas ((n—m)* om) +2 (£~ (- m)*)" o+ min (0 —m)* m))
Do max ((n—m)",m) +2 (¢~ max ((n —m)*,m))"
(—i)zmax((n—m)+,m)+2min((n—m)+,(z—max(m,(n m)*)) ) (140)

where,

(d) follows from Remark [3|in appendix [D]
(e) follows from Remark [4] in appendix [D

This completes the proof of (134). |

Proof of (135) and (136]):

Consider with ¢ = 1 and j = 2, and let %)11 = %)22 = n, nig = N9y = m and

11 — %22 = ¢. This yields

+

2Ry + Re<max (n,m) + max (n,m) + (n —m)" — min ((n —m)" ,m>

+ ((ﬁ— (n—m)+)+ — (m —n)" — min (n,m) 4+ min ((n—m)+ ,m>)+
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:2max(n7m)+(n—m)+—min<(n—m)+,m> + ((f—(n—m)+)+—(m—n)+

—min (n,m) + min ((n - m)+ ’m) >+

=2max (n,m)+ (n—m)" — (n—m)" + ((nfm)+fm>++ ((éf(nfm)Jr)Jr

+

—(m—n) —m+(m—n)+—|—min((n—m)Jr,m)yr

=2max (n,m) + ((n—m)+—m)+—|— ((ﬁ—(n—m)+)+—m+min((n—m)+,m))+

+ min ((n—m)+ 7m))
i

D max (n,m)+(n—m

where,

(f) follows from Remark [3|in appendix |D|
(g) follows from Remark in appendix

This completes the proof of .

The same procedure can be applied to prove (12) with ¢ = 2 and 7 = 1, and letting
T =T =n, nia =ng9 =mand 11 = gy =L

C.4 Capacity of the Symmetric LD-IC with only one Perfect Channel-
Output Feedback
Theorem [I] simplifies to the following lemma for the case in which the interference channel is

symmetric and there exists only one perfect channel-output feedback, i.e., T = n, Moy = n,
%
N1 = No1 = M, %11 = max(n 11,n12), and %22 =0.

Lemma 5 (Theorem 4.1 model 1000 in [10]) The capacity region
C(n,n,m,m,max(n,m),0) of the two-user symmetric LD-IC with only one perfect channel-
output feedback (S-LD-IC-1FB) between receiver 1 and transmitter 1 is included in the set of
non-negative rate pairs (Rp, Rg) satisfying

Ri< n, ( )

Ro< max (n,m), (142)

Ry + Ry< max (n,m) + (n —m) ™, (143)
2R) + Ro< max (n,m) 4 (n —m)" 4 max (n —m, m). (144)
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In the following, an alternative proof of Theorem 4.1 model 1000 in [10] is presented using
Theorem [Il

Proof of (141): Consider and @ with 4 = 1 and j = 2, and let T, = oy = n,
Nnia = ng1 = m, n 11 = max(n,m) and $7 95 = 0. This yields

R <min (max (n,m),max (n,m), min <max (n,m), max (n, —(n— m)+))>
=min (max (n,m), min (max (n,m),n))
=min (max (n,m),n)

=n.

This completes the proof of (141)). |

Proof of (142)): Consider and @D with ¢ = 2 and j = 1, and let i1 = oo = n,
Nnig = ngy = m, n 11 = max(n, m) and S99 = 0. This yields

Ro<min (max (n,m),max (n,m),n + min ( (m—mn)", (max (n,m) —n — min ((n —m)" ,m)

= (o= =m)")7))

=min (max (n,m), max (n,m) )

=max (n,m).

This completes the proof of (142)). |

Proof of (143): Consider with 1) = Moy = n, Nio = N1 = M, 111 = max(n, m) and
%22 = 0. This yields

R; + Ry<min (max (n,m) + (n —m)*  max (n,m) + (n — m)+)

=max (n,m) + (n —m)* (145)

)

and this is equal to (143)). Now, It will be proved that the bound is not active.

Consider with 711 = Moz =N, Nia = noy = m, N1 = max(n, m) and 5795 = 0. This
yields
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+

R; + Ry<max ((n —m) ,m) + max ((n —m)" ,m) +

((
—(m —n)" — min (n, m) + min ((nfm)Jr ,m) )+ + ((f (nfm)+>jL
))

—(m —n)" — min (n, m) + min ((n —m)"

=2 max ((n—m)+,m> + (((n—m)+ +m— (n—m)+)+ — (m —n)" —min (n,m)

+ min ((n—m)+ ,m) >+ + (— (m —n)* — min (n,m) 4+ min ((n—m)+ 7m))Jr

+ +

:Qmax((n—m)+7m> + (m—(m—n) —m+(m—n)++min((n—m)+,m)>

—|—(—(m—n)+—m+(m—n)++min((n—m)+,m>>+

—2 max ((n - m)+ m) +min ((n—m)" ,m) + (=m +min ((n—m)",m))"
—2maxc ((n —m)*m) + min (0 —m)*m) + (—m4m— (m— (0 -m)*) ")
=2 (1= m)* ) + i ((n = m) ") (= (m = (= m)*) ")
=2max ((n — ,m) +min ((n —m)* ,mz

+
:2(( (n—m)+>++(n—m)+>+m_ m—(n—m)+>

:(m— (n—m)+)++2(n—m)++m
=max (n,m) + (n —m)" + (m —(n— m)+)+ : (146)

note that the upper bound (146) on R; + Rs is not active given the upper bound (145]). This
completes the proof of (143]). [ |

Proof of (144):
Consider (12) with ¢ = 1 and j = 2, and let 711 = 722 =n, Nz = ngy = M, %11 =

max(n, m) and 22 = 0. This yields

2R) + Ry<max (n,m) + max (n,m) + (n —m)" — min ( m)
)

+ ((— (n—m)+)+ — (m —n)" — min (n,m) 4+ min ((n—m)+ ,m>)+

—maz (n,m) + (n - m)* +m+(n—m)" — (n—m)" + ((n—m)" —m)"
+ (= (m—n)" ~ min (n,m) + min ((n —m)*,m))"
—maz (n,m) + (n—m)* +m+ ((n—m)* —m)"
+(=m=n) —m+ m—n)" +m— (= —m)*))"
s () + (3 =) = m>*+ (= (m = =m*))"
—maz (n,m) + (n —m)" +nmx(< m)*
—mag (n,m) + ( —m)* 4+ max (n — )+
This completes the proof of (T44). ]
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Finally, it will be proved that the bound on R; + 2R is not active. From (142) and (143 it
is possible to obtain a bound for R; 4+ 2R5 as follows

Ry + 2Ry<2max (n,m) + (n —m) ™. (147)

Consider with ¢ =2 and j = 1, and let 711 = 722 =n, niy = N9y = m, %11 = max(n,m)
and ¥ 22 = 0. This yields

Ry + 2Ry<max (n,m) + max (n,m) 4+ (n —m)" — min ((n —m)" 7m)

+ ((max(n, m) — (n — m)"r>+ — (m —n)" — min (n,m) 4+ min ((n —m)* ,m))+

=2max (n,m) + (n —m)" — min ((n —m)* ,m)

+(((n

—m)*—i—m—(n—m)+>+—(m—n)+—min(n m)+min((n—m)+,m))+
=2max (n,m) + (n —m)" —mm( ,

( m)
+(m (m —n)* — min (n,m) 4+ min <( m)*, ))
=2max (n,m) + (n —m)" — min ( )

_l’_
—|—(m1n( m) — min (n,m) + min ((n—m)+,m)>+
=2max (n,m) + (n —m)* — min ((n -m)* ,m) + min ((n —m)" 7m)

=2max (n,m) + (n —m)". (148)

Note that the upper bounds and are identical, therefore the bound Ry + 2R5 is
not active.

It is worth noting than the same procedure can be applied to prove the bounds for the model
0001 (symmetric LD-IC with only one perfect channel-output feedback between receiver 2 and
transmitter 2 [10]. It is also worth noting that the model 1001 (symmetric LD-IC with perfect
channel-output feedback) [I0] corresponds to the Lemma [3| for symmetric parameters of the
interference channel.
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D Auxiliary Results

This appendix provides auxiliary results that are used in the different proofs of this technical
report.

+
Remark 1 The expressions (— (n12 — n11)+ — min (n11, no1) + min ((nll — n12)+ ,n21>> and
( — (n21 — n22)+ — min (ngg, n12) + min ((nQQ - ngl)+ ,nlz) )+ are both equal to zero.

The Remark [I]is proved considering all the possible cases given the parameters of the linear
deterministic interference channel as follows

+
Let A= (— (n1s — n11)+ — min (n11,n91) + min ((nll — n12)+ , n21>> . There are two cases:
ni1 > nie and nip < nio.
Case 1: If ny1 > nq2 then

A=(—min (n11,n91) + min (n1; — n12,m21))",

and there are two possible subcases: nj; — nia > no1 and ny; — nio < noy.
Case 1.1: if ny; — n1a > noy1 (n11 > ne;) then

A=(—no1 + n21)+
=0.

Case 1.2: if n1; — nio < no; then

min (n11,n21) + 111 — ”12)+

+
ni1 + (N1 — ﬂ21) +n11 — nlz)

A=(—
(-
((nu - n21 - 7”012)Jr
0

i

given the condition in this case that n1; — no; < n1o.
Case 2: If n11 < nqa then

A=(—ny2 +n1y —min (nq1,n21)) ",
i
:(—n12 +n11 —ni + (n11 — no1) )
+
:(*7112 + (n11 — ﬂ21)+) )

and there are two possible subcases: ni; > no; and nip < noj.
Case 2.1: If nyq > nay then

A=(—n12 +ny1 — n21)+
:07

given the condition in case 2 that ni; < nis.
Case 2.2: If n1; < ngy then

A:(fn12)+
=0.
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+
Therefore, the expression <— (n12 — n11)+ — min (n11,n91) + min ((nu — n12)+ ,n21>> is equal
to zero. A similar procedure can be applied to prove that ( — (no1 — n22)+ — min (ngg, n12) +
min ((n22 — ngl)+ 7n12) )+ is equal to zero.

Remark 2 For all A, B and C € Z", the expression ((A -B)t - C’)+ = ((A -yt - B>+

is an identity.

The Remark [2]is proved as follows

((A-B)" —0) " =(max (4 - B,0) - C)*
=(max (A - B—-C,-C))*"
=max (A — B - C,0)
=max (A - C,B) —
=max (A - C,B,0)— B
=max (max (A — C,0),B) - B

=max ((A o)t ) - B
=max ((A - C)" - B,0)
(A-c)f -B)",

(149)
and this proves Remark
+

Remark 3 The expression ((f —(n— m)+)+ — m + min ((n —m)", m)) is equal to the ex-
pression (6 — max ((n —m)" ,m))+.

The Remark [3]is proved as follows

+\ 7T : + +
Let B = ((€ —(n—m) ) —m + min ((n —m) ,m)) . There are two cases:

(<(n—m)Tand £>(n—m)".
Case 1: If £ < (n—m)" then

B:(—m-l—min((n—m)+,m))+
—0. (150)
Case 2: If £ > (n—m)" then
B (ﬂf(nfm)+
:(é— (n—m)" —m+(n—m)" - ((n—m)Jr —7n)+)Jr
(€ m ((n—m)+ —m)+)+
:(f—max ((n—m)+,m))+. (151)

Equality is equal to equality when ¢ < (n—m)".
Therefore, ((€ —(n— m)+)+ —m + min ((n —m)" ,m>)+ = (f — max ((n —m)", m))+.

—m + min ((nfm)+ ,m))+
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Remark 4 The expression min ((n -m)", <€ — max ((n —m)" 7m>>+> is equal to the expre-
ssion (6 — max ((n —m)" ,m))+.
The Remark [ is proved determining the possible conditions under which the expression
min ((n —m)", <€ — max ((n —m)" ,m>)+> is equal to (n —m)™.

Therefore, min ((n —m)", (6 — max ((n —m)" ,m>)+) =m-m)"if

(n— m)+<(£ — max ((n —m)* ,m)>+
={ — max ((n —m)" ,m)

={ — (m—(n—m)+)+—(n—m)+. (152)

The condition (153]) is equivalent to

Jr
(>2(n—m)" + (m— (n—m)Jr) ) (153)
and there are two possible cases: n < m and n > m.
Case 1: if n < m then
£>m, (154)

and the condition (154)) is not possible because ¢ < max (n,m) = m.
Case 2: if n > m then

(>2(n—m)+ ©2m—n)*, (155)

and there are two possible subcases: 2m > n and 2m < n.
Case 2.1: if 2m > n then

{>2(n—m)+2m—n
=n, (156)

and the condition (156 is not possible because ¢ < max (n,m) = n.
Case 2.2: if 2m < n then

£>2(n —m) (157)

=n+n—2m
>n, (158)
(159)

and the condition ([158]) is not possible because ¢ < max (n,m) = n. All these cases allow to
prove that min ((n -m)", (E — max ((n —m)" 7m>>+> =m-m)".
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