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Abstract: In this technical report, the capacity region of the two-user linear deterministic
(LD) interference channel with noisy output feedback (IC-NOF) is fully characterized. This result
allows the identification of several asymmetric scenarios in which implementing channel-output
feedback in only one of the transmitter-receiver pairs is as beneficial as implementing it in both
links, in terms of achievable individual rate and sum-rate improvements w.r.t. the case without
feedback. In other scenarios, the use of channel-output feedback in any of the transmitter-receiver
pairs benefits only one of the two pairs in terms of achievable individual rate improvements or
simply, it turns out to be useless, i.e., the capacity regions with and without feedback turn out to
be identical even in the full absence of noise in the feedback links.
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Capacité du Canal Linéaire Déterministe a Interférences
avec Rétroalimentation Degradée par Bruit Additif.

Résumé : Dans ce rapport, la région de capacité du canal linéaire déterministe & inter-
férences avec rétroalimentation degradée entre les récepteurs et leurs émetteurs correspondants
est caractérisée. Ce résultat permet l'identification de plusieurs scenarios asymétriques dans
lesquels la rétroalimentation dans un seul couple récepteur-émetteur montre autant de bénéfices
que des rétroalimentations dans les deux couples récepteurs-émetteurs. Ces bénéfices sont mis
en évidence par 'amélioration des taux de transmission individuels et de leur somme par rapport
aux cas oil il n’y a aucune rétroalimentation. D’autres scenarios montrent qu'une rétroalimen-
tation dans un des couple émetteur-récepteur améliore le taux individuel d’un des deux couples
émetteurs-récepteurs. D’ailleurs, il existe d’autres scenarios ot 'utilisation d’un ou plusieurs liens
de rétroalimentation ne montre aucun bénéfice ni pour les taux individuels ni pour leur somme.
Dans ces scenarios, cela montre que les régions de capacité avec et sans rétroalimentation sont
identiques.

Mots-clés : Région de Capacité, Modéle linéaire déterministe, canal & interférences, rétroali-
mentation degradée.
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1 Introduction

Perfect channel-output feedback (POF) has been shown to dramatically enlarge the capacity
region of the two-user interference channel (IC) [T, 2, B]. The same observation has been made in
other types of ICs with larger number of transmitter-receiver pairs [4]. In general, when a trans-
mitter observes the channel-output at its intended receiver, it obtains a noisy version of the sum
of its own transmitted signal and the interfering signals from other transmitters. This implies
that, subject to a finite delay, transmitters know at least partially the information transmitted by
other transmitters in the network. Hence, channel-output feedback allows using the interference
as side-information. Unfortunately, the benefits of feedback are less well understood in a more
realistic case in which the channel-output feedback links are impaired by additive noise. The
capacity region of the LD-IC with noisy channel-output feedback (NOF) is known only in the
two user-symmetric case, see [5].

In this technical report, the capacity region of the two-user LD-IC-NOF is fully characterized.
This result allows the exact identification of the asymmetric interference regimes in which the
capacity region of the LD-IC is enlarged thanks to the action of channel-output feedback. At
the same time, it reveals that there exist configurations in which channel-output feedback is
absolutely useless in terms of capacity region improvement. The achievability scheme, which
is optimized for the IC-NOF using a three-part message splitting, superposition coding and
backward decoding, as first suggested by other authors in [I} [3, 6], and the outer bound region
(converse) are essential part of this technical report and are included in the annexes.

oo |
“7 XLZ %11
X X
N2t 711 13D Xo, _l_
l l X1,4@X272
X15P Xo3
T T o
niz | Xo1 P X0 &
22 22 =—
Xoo@P X1 3
_l_ X273 @X174 l
Xoa P Xi5

—>Signal - - -pInterference  [J] Feedback

Figure 1: Two-user linear deterministic interference channel with noisy channel-output feedback
(LD-IC-NOF).
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Noisy Channel-Output Feedback Capacity of the Linear Deterministic Interference Channel 5

2 Linear Deterministic Interference Channel with Noisy-
Channel Output Feedback

Consider the two-user LD-IC-NOF, with parameters ﬁ)ll, 7227 N12, N21, 5711 and 95 described
in Fig. i, ic {1, 2}, is a non-negative integer used to represent the signal-noise ratio (SNR)
in receiver i; n;j, i € {1,2} and j € {1,2} \ {4}, is a non-negative integer used to represent the
interference-noise ratio (INR) in receiver i from transmitter j; and %, i € {1,2}, is a non-

negative integer used to represent the signal-noise ratio (SNR) in transmittter ¢ in the feedback

link from receiver i. At transmitter ¢, with i € {1,2}, the channel-input X E") at channel use n,

T
with n € {1,..., N}, is a ¢-dimensional binary vector Xgn) = (X,L-(ﬁ), - ,X;?) , with
q = max (711, 7 22,12, M21) (1)

and N the block-length. At receiver i, the channel-output YE”) at channel use n is also a ¢-

. . . (n) (n) (n) T . . .
dimensional binary vector Y ;" = (Y71 yeees Yig ) . The input-output relation during channel
use n is given as follows

?En)zsq—ﬁnxz(") + §anii XE")’ (2)
and the feedback signal available at transmitter ¢ at the end of channel use n is
?E"):S(q_ﬁiiﬁ?g_"_d)’ (3)

where d is a finite delay, additions and multiplications are defined over the binary field, and S
is a ¢ x ¢ lower shift matrix of the form:

0 0 0 0
1 0 0 0
S=l0 1 0 (4)
: R 0
0 -~ 0 1 0

Transmitter 7 sends M; information bits b; 1, . .., b; s, by sending the codeword (Xgl), ceey XZ(-N)).
The encoder of transmitter ¢ can be modeled as a set of deterministic mappings fi(l), ceey fi(N),
with (7 : {0,1}M — {0,1}7 and Vn € {2,..., N}, £™ : {0,1}M: x {0,1}2"=1) — {0,1}9, such
that

X =M (b1, biag,) and Vt € {2,..., N}, (5)
n n 1) (n—1)
X by, b, Yo YT, (6)
At the end of the block, receiver i uses the sequence Yl(-l), ey Yl(-N) to generate the estimates
bi1,...,bin,. The average bit error probability at receiver i, denoted by p;, is calculated as
follows
1 &
pi= M Z ]1{131‘,14#@,14}' (7)
! =1

A rate pair (Ry, Ry) € R is said to be achievable if it satisfies the following definition.

RT n° 456



6 Quintero € Perlaza € Gorce

Definition 1 (Achievable Rate Pairs) The rate pair (R, Rs) € ]Rf_ s achievable if there
exists at least one pair of codebooks X1 and Xo with codewords of length N1 and N, respectively,
with the corresponding encoding functions fl(l), ey le) and f2(1), ceey 2(N2) such that the average
bit error probability can be made arbitrarily small by letting the block lengths N1 and No grow to
infinity.

The following section determines the set of all the rate pairs (R, R2) that are achievable in the
LD-IC-NOF with parameters ﬁ)lla 722, Nniz2, N21, %11 and %22.

Inria



Noisy Channel-Output Feedback Capacity of the Linear Deterministic Interference Channel 7

3 Main Results

Denote by C(ﬁ)u, 7227 N12,M21, %11, %22) the capacity region of the LD-IC-NOF with param-
eteis ﬁi}’ 29, M12, N21, %11 and %22. Theorem (1| fully characterizes the capacity region
C(M11, Wa2,n12,M21, N 11, N 22).

Theorem 1 The capacity region C(ﬁu, 722,7112,7121, %11, %22) of the two-user LD-IC-NOF
is the set of non-negative rate pairs (R, Rg) that satisfy Vi € {1,2} and j € {1,2} \ {¢}

Ri < min (max (W“, nji) , Imax (ﬁ“, nw)) s (8)
+
Ri g min ((nﬂ - 7“)4_ 5 (%jj — min (ﬁ“,’ﬂﬂ) — min ((ﬁjj — nﬂ)+ ,nij) ) )
+ 74, (9)
Ry + Ry < min (max (T 11,m12) + (W2 — n12) " max (W, n21) + (W11 — n21)+) , (10)

+
Ri+ Ry < (W11 —no1) " + (Hag —ma) ™ + (%11 — (71— n12)+>
+
(%22 - (722 - n21)+> s (11)

+
2R; + R;< max (Wi, nij) + (Wi = nji) "+ (755 = nip) "+ (7g = (g —ny)") . (12)

_|_

3.1 Proofs

The proof of Theorem [I]is presented in two parts: the achievability scheme is formally described
in Appendix [A] and an outer bound region (converse) is described in Appendix

3.2 Discussion

This section provides a set of examples in which particular scenarios are highlighted to show that
channel-output feedback can be strongly beneficial for enlarging the capacity region of the two-
user LD-IC. At the same time, it also highlights other examples in which channel-output feedback
does not bring any benefit in terms of the capacity region. These benefits are given in terms of
the following metrics: (a) individual rate improvements A; and As; and (b) sum-rate improve-
ment 3. In all cases, these improvements are measured with respect to the case without feedback.

In order to formally define Ay, As and X, consider an LD-IC-NOF with parameters 711, 7227
n12, no1, 111 and %22, The maximum improvement Ai(ﬁll,722,77,12,7121,%117%22) of the
individual rate R; due to the effect of channel-output feedback with respect to the case without
feedback is

Ai(T 11, T2, a2, ma, W11, o) =max sup R; — R, (13)
i (Ri, R]) S Cl
(R7J,r7 Rj) € C2

and the maximum sum rate improvement E(ﬁn, ﬁgg,nlg, Nat, ﬁll, %22) with respect to the
case without feedback is

(711, W, M2, a1, 11, Waz) = sup Ry + Ry — (RJ{ + R;% (14)
(Rl, RQ) cCy

T pt
RT n° 456 (R}, Rj)) € Cy
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Figure 2: Capacity region C(20, 15,12,13,0,0) of the example in Sec. without feedback

where Cl = C(ﬁn, 722, ni2,N21, %117 %22) and Cg = C(ﬁll, 722, ni2,N21, 07 0) are the capacity
region with noisy channel-output feedback and without feedback, respectively. The following
describes particular scenarios that highlight some interesting observations.

3.2.1 Example 1: only one channel-output feedback link allows simultaneous max-
imum improvement of both individual rates

Consider the case in which transmitter-receiver pairs 1 and 2 are in weak and moderate inter-
ference regimes, with 711 = 20, 722 =15, n12 = 12, noy = 13. In Fig. [2} Fig. [3| and Fig. the
capacity region is plotted without channel-output feedback, without channel-output feedback and
with noisy channel-output feedback, and without channel-output feedback and perfect channel-
output feedback respectively. In Fig. [5} A;(20,15,12,13, 11, %22) is plotted for both i = 1 and
1 = 2 as a function of %11 and %22. Therein, it is shown that: (a) Increasing the parameter %11,
beyond a given threshold %*{17 allows simultaneous improvement of both individual rates. Note
that in the case of perfect channel-output feedback, i.e., $711 = max (Wll,nlg), the maximum
improvement of both individual rates is simultaneously achieved. (b) Increasing the parameter
WQQ, beyond a given threshold %32, also provides simultaneous improvement of both individual
rates, however, even in the case of perfect channel-output feedback, i.e., $7 99 = max (ﬁgg, na1),
it does not achieve the maximum improvement, for any value of 1. (c) Finally, the sum rate
does not increase by using channel-output feedback.

3.2.2 Example 2: only one channel-output feedback link allows maximum improve-
ment of one individual rate and the sum-rate

Consider the case in which transmitter-receiver pairs 1 and 2 are in very weak and moderate

interference regimes, with 711 = 10, 792 = 10, n12 = 3, no; = 8. In Fig. [6} Fig. [[]and Fig. [§]the

Inria
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Figure 3: Capacity region C(20,15,12,13,0,0) without feedback (thick red line) and
C(20,15,12,13,15,14) with noisy channel-output feedback (thin blue line) of the example in
Sec. Note that A;(20,15,12,13,15,14) = 2 bits/ch.use, A9(20,15,12,13,15,14) = 2
bits/ch.use and (20, 15,12, 13,15,14) = 0 bits/ch.use.

capacity region is plotted without channel-output feedback, without channel-output feedback and
with noisy channel-output feedback, and without channel-output feedback and perfect channel-
output feedback respectively. In Fig. |§|, A;(10,10,3,8, 11, %22) is plotted for both i = 1 and
i =2 as a function of %711 and 2. Therein, it is shown that: (a) For all ¢ € {1,2}, increasing
i, beyond a given threshold %;‘i, allows simultaneous improvement of both individual rates.
Nonetheless, maximum improvement is achieved only for R;. (b) Increasing either $711 or ng,
beyond the thresholds Wfl and W;Q, allows maximum improvement of the sum rate (see Fig.

).

3.2.3 Example 3: at least one channel-output feedback link does not have any effect
over the capacity region

Consider the case in which transmitter-receiver pairs 1 and 2 are in the weak interference regime,
with 711 = 10, 722 = 20, n12 = 6, no; = 12. In Fig. Fig. and Fig. the capacity
region is plotted without channel-output feedback, without channel-output feedback and with
noisy channel-output feedback, and without channel-output feedback and perfect channel-output
feedback respectively. In Fig. A;(10,20, 6,12, 11, %22) is plotted for both ¢ =1 and ¢ = 2
as a function of %11 and ng. Therein, it is shown that: (a) Increasing the parameter WH does
not enlarge the capacity region, independently of the value of 9. (b) Increasing the parameter
% 22, beyond a threshold %23,, allows simultaneous improvement of both individual rates. (c)
Finally, none of the parameters %11 or %22 increases the sum-rate.

RT n° 456
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Figure 4: Capacity region C(20,15,12,13,0,0) without feedback (thick red line) and
C(20,15,12,13,20, 15) with perfect channel-output feedback (thin blue line) of the example in
Sec. Note that A;(20,15,12,13,20,15) = 7 bits/ch.use, A»(20,15,12,13,20,15) = 3.5
bits/ch.use and (20, 15,12, 13,20, 15) = 0 bits/ch.use.

ey
L/

%11

Figure 5: Maximum improvements A;(20,15,12,13,,-) and A(20,15,12,13,-,-) of individual
rates of the example in Sec.

3.2.4 Example 4: the channel-output feedback of link i exclusively improves R;

Consider the case in which transmitter-receiver pairs 1 and 2 are in the strong interference regime,
with 711 = 7, Tas = 8, m12 = 15, nyy = 13. In Fig. [[4] Fig. [15] and Fig. [16] the capacity
region is plotted without channel-output feedback, without channel-output feedback and with

Inria
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Figure 8: Capacity region ((10,10,3,8,0,0) without feedback (thick red line) and
C(10,10, 3,8, 10, 10) with perfect channel-output feedback (thin blue line) of the example in Sec.
3.2.2l Note that A;(10,10,3,8,10,10) = 2 bits/ch.use, A5(10,10,3,8,10,10) = 2 bits/ch.use
and X(10, 10, 3,8,10,10) = 1 bit/ch.use.

noisy channel-output feedback, and without channel-output feedback and perfect channel-output
feedback respectively. In Fig. A;(7,8,15,13, 11, ng) is plotted for both ¢ = 1 and ¢ = 2
as a function of %11 and %22. Therein, it is shown that: (a) Increasing the parameter W“—,
beyond a threshold %;, exclusively improves R;. (b) None of the parameters %11 or %25 has
an impact over the sum rate. Note that these observations are in line with the interpretation of
channel-output feedback as an altruistic technique, as in [7, 8]. This is basically because the link
implementing channel-output feedback provides an alternative path to the information sent by
the other link, as first suggested in [IJ.

3.2.5 Example 5: none of the channel-output feedback links has any effect over the
capacity region

Consider the case in which transmitter-receiver pairs 1 and 2 are in the very weak and strong
interference regimes, with T = 10, Ty = 9, n12 = 2, no; = 15. In Fig. the capacity region
is plotted without channel-output feedback and perfect channel-output feedback. Note that the
capacity region of the LD-IC with and without channel-output feedback are identical. That is,
none of the parameters either %11 or %22 enlarges the capacity region.

Inria
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Figure 13: Maximum improvement A;(10,20,6,12,-,-) and A5(10,20,6,12,-,-) of one individual

rate of the example in Sec. [3.2.3
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Figure 15: Capacity region C(7,8,15,13,0,0) without feedback (thick red line) and
C(7,8,15,13,11,9) with noisy channel-output feedback (thin blue line) of the example in Sec.
Note that A;(7,8,15,13,11,9) = 2 bits/ch.use, As(7,8,15,13,11,9) = 3 bits/ch.use and
%(7,8,15,13,11,9) = 0 bits/ch.use.
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Figure 16: Capacity region of the example in Sec. without feedback C(7,8,15,13,0,0)
(thick red line) and with perfect channel-output feedback C(7,8,15,13,15,13) (thin blue line).
Note that A4(7,8,15,13,15,13) = 6 bits/ch.use, A5(7,8,15,13,15,13) = 5 bits/ch.use and
%(7,8,15,13,15,13) = 0 bits/ch.use.
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Figure 17: Maximum improvement A;(7,8,15,13,,-) and A4(7,8,15,13,-,-) of one individual
rate of the example in Sec. [3.2.4]

Ry (bits/channel use)

R, (bits/channel use)

Figure 18: Capacity region C(10,9,2,15,0,0) without feedback (thick red line) and
C(10,9,2,15,10,15) with perfect channel-output feedback (thin blue line) of the example in
Sec. Note that C(10,9,2,15,0,0) = C(10,9,2, 15,10, 15).
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4 Conclusions

In this technical report, the noisy channel-output feedback capacity of the linear deterministic
interference channel has been fully characterized. Based on specific asymmetric examples, it
is highlighted that even in the presence of noise, the benefits of channel-output feedback can
be significantly relevant in terms of achievable individual rate and sum-rate improvements with
respect to the case without feedback. Unfortunately, there also exist scenarios in which these
benefits are totally inexistent.
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Appendices

A Achievability Scheme

This appendix provides a description of the proposed achievability scheme, which is based on
a three-part message splitting, superposition coding and backward decoding, as first suggested
in [I B, 6]. The coding scheme is general and thus, it holds for other IC-NOF, i.e., Gaussian
IC-NOF. However, the scope of this technical report is exclusively the case of the linear deter-
ministic approximation.

Codebook Generation: fix a joint probability distribution p(U, Uy, Us, V1, Va, X1, X2) = p(U)
p(U1|U)p(U2|U)p(VA|U, Ur)p(Va|U, Uz)p(X1|U, Uy, V1)p(X2|U, U, V).

Generate 2V(Fr.c1tfac1) jid. N-length codewords u(s,r) = (ui(s,7),...,un(s, 7)) according

to p(u Hp ui(s, 7)), with s € {1,...,2Nfver} and r € {1,...,2NR2.01),
For encoder 1, generate for each codeword u(s, r), 2VFr.c1 ii.d. N—length codewords uq (s, 7, k) =
(u171(s,r, k),...,u1,n(s,m, k)) according top(ul(s,r,k)|u(s T Hp u1 (s, k) |ug (s, r)), with

k e {1,...,2NF1c1} For each pair of codewords (u(s,r) u1(s T, k)), generate 2VFLc2 jjd.
N-length codewords vy (s,r, k1) = (vl,l(s,r, kD), ...,vin(s, T k:,l)) according to p(vl(s,r, k1)
N

| u(s,r)ui(s, k) = Hp(vl,i(s,r,k,l)\ui(s,r),ulﬁi(sm?k)), with I € {1,...,2Nf.c2} For
i=1
each tuple of codewords (u(s,r), uy (s, 1, k), vl(s,r,k,l)), generate 2NVF1P iid. N-length

codewords x1(s,r, k,l,q) = (mlﬁl(s,r,k,l,q), R NG l@l,q)) according to p(wl(s,r,kJ,q)
N

‘ u(s,r),ul(s,r, k),'vl(s,r,k',l)) = Hp(xl,i(sarakvlaqnui(s’r)vul,i(sara k)vvl,i(sarakvl))a with
i=1

qge{l,...,2NF~r}

For encoder 2, generate for each codeword u(s, ), 2Vf2.¢1 i.i.d. N-length codewords us(s,r,j) =
N

(712,1(5.'7 7, 4), .. uz N (8, T,j)) according to p(uz(s, ry i) u(s, r)) = Hp(ugﬁi(& ry ) |wi(s, r)), with

i=1
j € {1,...,2NFzc11 " For each pair of codewords (u(s,r)7uQ(s7r7j)), generate 2VFz.02 ijd.
length-N codewords vg(s r,j,m) = (vg 1(s,m,3,m), ..., van(s,7,7, m)) according to p(vg(s, r,j,m)

| u(s,r), ua(s,r,j)) Hp vai(s, 7,5, m) | wi(s, ), uai(s,r,j)), with m € {1,...,2Nf2.c2} For

each tuple of codewords ( (s,7), ua(s,r,7),va(s,r,J, m)), generate 2V %27 iid. N-length code-
words xa(s,r, j,m,b) = ($2’1(S,7",j,m, b),..., za.n(s,7,7,m, b)) according to p(wg(s,r,j,m, b) |
N

u(s,r), us(s,r,j), va(s,r,J, m)) = H p(x2i(s, 7, j,m,b) | ui(s,r), usi(s,7,7), va,(s,r,73,m,b)),
with b e {1,...,28R2r ), -

Encoding: denote by Wi(t) e{l,..., 2N(RivC+R"=P)} the message index of transmitter ¢ during
block ¢, respectively. Let Wi(t) = (Wz(g, Wz(tll) be the message index composed by the message in-
dex Wz(tc)v € {1,...,2NRi.c} and private message index Wl(t; € {1,...,2NRir} et also Wi(’t) =
(W1(tc)'1’ Wz(tC)'Z) be the message index composed by the message indexes Wz(tc)‘l €{1,... 2Ny

and W 02 € {1,...,2VRc2} W is the message index that can be reliably decoded at least
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at one receiver and transmitter j (via feedback). Wi(722 is the message index that can be reliably
decoded at least at one receiver.
Consider Markov encoding with a length of T blocks. At encoding step ¢, with ¢t € {1,...,T},
transmitter 7 sends the codeword a:it) =@ (Wl(tgll ), WQ(thll ), Wl(%l, Wl(%2, Wl(t1)3> where Wfogl
WP, = s* and Wy, = W0, = r*. The pair (s*,7%) € {1,..., 2V Brer} x {1,... 2NRzc1} s
pre-defined and known at both receivers and transmitters. It is worth noting that the message
index W2(t511 ) is obtained by transmitter 1 from the feedback signal %H) at the end of the
previous encoding step t — 1.
Transmitter 2 follows a similar encoding scheme.
Decoding: both receivers decode their messages indexes at the end of block T in a back-
ward decoding fashion. At each decoding step ¢, with ¢t € {1,...,T}, receiver 1 obtains the
message indexes (Wl(?;lt),Wé?;lt), W1(7ch2(t71)), Wl(?;f(tfl)),Wégg(t*l))) € {1,...,2NFc1} x
{1,...,2NRec1) s {1,... 2NRiez}x {1,... 2NRur}x {1,...,2NR2c2}. The tuple (W{%}” :
Wé%lt),W(T (t=1) W(T (t=1) W(T (t= 1))) is the unique tuple that satisfies
(Tt 757 (T—t) (Tt 77(T—t) 15, (T—(t-1))
(“ (W1 o1 Wa e ) uy (W1,c1 Waer Wi )v

T—t Tt T—t—l S(T—(t—1
W0, W0, WD) L)

=0 W(T t) W(T ey W(T ey Y

V1

T1 1,01 »"Wa,c1 s

T—t) T—t T—(t—1
U2 (W1( c1 7W2( c1 )v W2( 01( )))

T T T 1 T—(t—1 T—(t—1
oo ({00, T W FE00) 90D e a,
where Wl(%l(t D) and W2(7T071(t71)) are assumed to be perfectly decoded in the previous decoding

step t — 1. The set Aé”) represents the set of jointly typical sequences. Finally, receiver 2 follows
a similar decoding scheme.

Probability of Error Analysis: an error might occur during the coding phase at the beginning
of block t if the common message index T/V2(tc_11 ) is not correctly decoded at transmitter 1. From

the asymptotic equipartion property (AEP) [9], it follows that the message index W2(t511 ) can be
reliably decoded at transmitter 1 during encoding step ¢, under the condition:

Roc1 < I(Y1§U2|U7X1)~ (16)

An error might occur during the (backward) decoding step ¢ if the messages indexes ng;t),
Wz(TClt), W( (Hl)) W( ~D) and W(T t+1) are not decoded correctly given that the mes-

(T~ <t+1>> and WL, (1)

sage mdexes W were correctly decoded in the previous decoding step

t — 1. These errors might arise for two reasons: (i) there does not exist a tuple (Wl(TC_lt),
W2(T01t), W( (Hl)) W( (1) W( (Hl))) that satisfies (L5), or (ii) there exist several tuples

(Wl(TClt),W;jélt),Wl(Tcz(tH)) Wl(jl; u“”,ﬁé%}““”) that simultaneously satisfy (15). From
the asymptotic equipartion property (AEP) [9], the probability of an error due to (i) tends to
rlgm) that
describes the case in which the codewords (u(s,r), ui(s,r, W(T UH))), vy (s, W(T (t+1)) ),

xi(s,r, W1( Cl(Hl)),l,q) us(s, 1, Wéifl(tﬂ))) and vy (s, T, Wégl(tﬂ)) m)) are jointly typlcal with

zero when N grows to infinity. Consider the error due to (i) and define the event E(( )
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79_(“_1)) during decoding step ¢t. Assume now that the codeword to be decoded at decoding
step ¢ corresponds to the indexes (s,r,l,q,m) = (1,1,1,1,1). This is without loss of generality
due to the symmetry of the code. Then, the probability of error due to (ii) during decoding step

t, pg), can be bounded as follows

(t) _ (t)
p. =Pr U E(s,r,hq,m)
(s,ml,q,m)#(1,1,1,1,1)

< > Pr(E(, 1 qm)) + > Pr(E{,0m)

s=1,r=1,l=1,q=1,m#1 s=1,r=1,l=1,q#1,m=1

+s:1m:1$;q¢m# F (B igm) + o 1;q o P (B9 1o
+ S:Mﬂ;q:m# Pr (B 1 gm) + SZLT:L;#M:I pr(E )
oy () X (B )
Y e, ) O e, )
o Z (B e > Pr(E )
L ; Lo (Esrlqm))Jrg L#L;#Lm:lpr (BY )
* Z Py (Eé?rlqm)) + Pr(E® )
! m P (B ) Z P (B m)
+ qﬂ;;;ql’m# Pr(BL o)+ S#YH’;Q#;I Pr(EY )
D DR CE O LD DR o C Ay
o ; o <E rtam) + DT (Erngm)
D S (Eém,q,m) a7

s£L,r#£1,1#1,q#1,m#1

From the asymptotic equipartion property (AEP) [9], it follows that:
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) <ON(Ra,ca—1(Y 1:Ve|U,U2,X1)+2¢)
L oN(R1 p=1(V15X:1|U VA, Va)+2¢)
9N (Re,catRa,p—1(Y 13Va, X1 [UU2, Vi) +26)
L oN(R1,ca—I(Y 1:X1|U U1, V) +2¢)
9N (R1,c2+Ra,c2—1(YV15V2, X1 |UU1,U2)+2¢)
+21\7(31,02“%1’,:71(71;Xl |U,U1,Va)+2¢)
+2N(RI,C2+R1,P+R2,CZ*I(?l§V2’X1|UaU1’U2)+2E)
+2N(Rz,c171(71;U,V2,X1)+25)
_~_2N(Rz,01+R2,02*I(71;U,V27X1)+2€)
+2N(R2,c1+R1,P—I(71;U,V2,X1)+26)
+2N(R2,01+R1,P+R2,CQ—1(71§U7V2>X1)+2€)
9N (Bacr+Ri,ca—1(Y 13U,V X1)+2¢)
+2N(R2,c1+R1,cz+Rz,cz—I(?1;U7V2,X1)+26)
4 oN(Ba o1+ R0t Ry p—I(Y 1:UVa,X1)+2¢)
+2N(R2,c1+R1,02+R1,P+Rz,cz—1(71;U,Vz,X1)+26)
L oN(R1,c1=I(Y 15U, Ve, X1)+2¢)
+2N(R1,c1+R2,cz—I(71;U,V27X1)+2e)
+2N(Rl,01+R1,P*1(71;U7V2,X1)+26)
+2N(R1,01+R1,P+R2,02*I(71;U,V27X1)+26)
L 9N(R1,01+R,c2—1(V15U,Va, X1) +2¢)
+2N(R1,c1+R1,02+R2,02*1(71;U’V2,X1)+26)
+2N(R1,Cl+R1,Cz+31,P*I(?1;U,V27X1)+26)
+2N(Rl,c1+R1,02+R1,P+R2,02*I(?l;U7V2,X1)+26)
+2N(R1,01+R2,0171(71;U7V2,X1)+2€)
+2N(R1,01+R2,Cl+R2‘CQ—I(?1§U7V27X1)+25)
4 oN(Bic1+Ra, o1+ Ry p—I(Y 1:UVa, X1) +2¢)
+2N(R1,c1+R2,c1+R1,P+Rz,cz—1(?1;U7V2,X1)+26)
_~_2N(R1,c1+R2,c1+R1,CQ—I(?1;U,VQ,X1)+25)
+2N(R1,c1+R2,c1+Rl,cz+R2,cz—I(71;U7V27X1)+26)
+2N(R1,c1+R2,c1+R1,02+R1,P—I(71;U,Vz,X1)+26)

+2N(R1,c1+R2,01+R1,cz+R1,P+R2,cz—l(?1;U7V27X1)+2€). (18)

The same analysis of the probability of error holds for transmitter-receiver pair 2. Hence, in
general, from and (18), reliable decoding holds under the following conditions for transmitter
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i€ {1,2}, with j € {1,2}\ {i}:

R; 1 < (?i;Uj\Ua Xi) (19)
Rici+ Rico+Rip+ Rjc1+ Rj,02<1(71; U,V;, X;) (20)
Rjco <I(Y ViU, X (21)
R; p <I(?i§ Xi|U, Vi, V;) (22)
Rip+ Rjco <I(7z‘; Vi, Xi|U,U;, V;) (23)
Rica+ Rip <Y 5 XU, U, V) (24)
Rico+ R, p+ Rjco2 <1(7¢; Vi, Xi|U, U3, Uy). (25)

In terms of the parameters of the linear deterministic model, the following holds

I (?l, U;|U, Xi) <<nij — (max(ﬁii,nij) - %ii)+>+ , (26)
(YU VX)) <max (i, ni), (27)
[(Y 5 V,|U,U X)) <min (g, (max (R, ny) - 7)), (28)
I(7i;Xi|U, Vi, V3) <(Mii — nji)+ ) (29)
I(?i; V;, Xi|U,U;, V;) <max ( (ﬁ” - nji)+ ,min (nij, (max (7”, ) sz)+) ), (30)
I(?Z,X |U,U;,V;)  <min <nj¢, (max (7 jj,nj:) — %jj)Jr) — min ( (nj; — i),

(max (7 55,m5) = $735) ) + (i = nga) " (31)
I(?“ ‘/ja X1|U, Ui, Uj)gmax (mll’l (Tlij, (max (W”, nij) — %”)+ ), (ﬁ)” — njl-)+ —+
min (’I’Lji, (max (ﬁjja ’I’Lji) — %jj)Jr ) — min ( (’I’Lji — ﬁ“)+

(max (7 5,m5:) — ;)" ))- (32)

b

Finally, taking into account that R; = R; c1 + R; c2 + R; p, a Fourier-Motzkin elimination
process in - yields the system of inequalities in Theorem
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B An Outer Bound Region

This appendix provides a proof for the following Lemma.

Lemma 1 (Converse) The capacity region C(ﬁn,ﬁgg,nlg,ngl, Wn, %22) of the two-user
linear deterministic interference channel with noisy channel-output feedback is included in the
set of non-negative rate pairs (Ry, R2) that satisfies the following conditions for all ¢ € {1,2} and
for all j € {1,2}\ {i}:

R; <min (max (77, nji) , Max (7 4, nij)), (33)
R; <min ((nﬂ — )", (%jj — min (74, nj;) — min ((ﬁjj - nji)+ , nij>>+)

+ 7, (34)
Ry + Ry <min (max (T 11,m12) + (122 — n12)+ ,max (7 a2, n21) + (W11 — n21)+) ,  (35)

+
Ri 4+ Ry <(ﬁ>11 - n21)+ + (722 - ”12)+ + (%11 - (711 - n12)+)

+
+ (%22 - (722 - n21)+) ) (36)
— — + ., = + — +\ 7T
2R; + Ry<max (T3, mij) + (Wi = nja) "+ (W5 —niy) "+ (755 = (g5 —ne)7) . (37)

Proof of and : inequalities and corresponds to the minimum cut-set bound
[10] and the sum-rate bounds of the case of the two-user interference channel with perfect channel-
output feedback [1]. [ |

The rest of the proof of Lemma [l| is presented using particular notation. For all i € {1,2},
the channel input Xgn) of the LD-IC-NOF in for any channel use n € {1,...,N} is a ¢-

dimensional vector, with ¢ in , that can be written as the concatenation of four vectors:

XE"CZ, ngg, XE% and Xz(%, ie., XZ(.") = (XE%,XE’;%,XY%,XE%), as shown in Fig. Note

that this notation is independent of the feedback parameters %11 and ng and it holds for all
n € {1,..., N}. More specifically,

e X E"C)V contains the signal levels at transmitter ¢ that are observed at both receivers and
thus,

dim ngg:min (i nji) 5 (38)
e X Eng contains the signal levels at transmitter ¢ that are observed only at receiver ¢ and
thus,

dlmXEnIl:(ﬁ)“ — nji)""; (39)

)

e X En[)) contains the signal levels at transmitter ¢ that are observed only at receiver j and
thus,

e X" is included for dimensional matching of the model in (3)). Then
1,Q g ’

dim Xz(.?lQ):q — max (7745, 15i) - (41)
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YL

by

Figure 19: Examples of the channel inputs written in terms of XE”C), XE? and XE% in (a)

very weak interference regime, (b) weak interference regime, (¢) moderate interference regime,
(d) strong interference regime and (e) very strong interference regime

These levels X 578 are not used for signal transmission by transmitter ¢ and thus,
H(X")=H(X, X", X", X))
=H(X\, X", x\")
<Aim X2+ dim X ) + dim X ). (42)

Note that vectors X 5”,2 and X E”E), do not exist simultaneously. The former exists when 7 > nji,
(n)

while the latter exists when 77 ;; < nj;. Moreover, the dimension of X satisfies

dim X" =dim X2 + dim X ") + dim X ") + dim X )
=min (7“7 nji) + (ﬁ)“ —n;)t+ (nj — ﬁm*‘ + ¢ — max (ﬁ)“, nji)
=max (ﬁ)”, n;;) + ¢ — max (ﬁ)”, nji)
=q. (43)
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Vector X" C)v can be written as the concatenation of two vectors: X 5781 and X (732, ie., X 573 =
(X%p XE’EZQ) Vector ngl (resp. X' 0)2) contains the levels of Xf’g that are seen at receiver
i without any interference (resp. with interference of transmitter j). Hence,

dim X( ¢1=min (( i nij)+ ,nji> , and (44)
dim XE’C)zzmm (W“», nj;) — min ((ﬁ” - nij)+ 7nji) . (45)

Vector X(F), can also be written as the concatenation of two vectors: X(n)1 and X§”122, ie.,

Xg"F), = (Xf’}ll, XE’%) Vector Xngl (resp. X§)122) contains the levels of Xgng that are seen

at receiver 7 without any interference (resp. with interference of transmitter j). Hence,

dim Xi"]gl:((ﬁ“ - nji)Jr - nij)+ and (46)
dim Xg’ng,zzmln ((W“ — nji)Jr s nij>+ . (47)

When feedback is taken into account, an alternative notation is needed. Let X be written in
terms of X(@F_, XZ( C)'G-7 with j € {1,2}, ie., XE(,)* = (XYQ’F’XE@'G) The vector XE C)‘F

represents the signal levels of X; (") that can be fed back from receiver j to transmitter j; and
x C)’G represents the signal levelb of X; (”)
4, as shown in Fig. Let X(") be Wr1tten in terms of XE%F and XE"[))G, ie., XE% =

(XEZ%F, X§7gG> The vector X&D)F represents the signal levels of XE% that can be fed back

¢ that can not be fed back from receiver j to transmitter

from receiver j to transmitter j, with j € {1,2}\ {¢}. The dimension of vector X En[))  is function
of the dimensions of vectors X i”c), X Ejg, X ;%1, and X;Tgl, which were defined in (38), (4I)),
and respectively. The vector X\") represents the signal levels that are in X E’g but
not X Z(.Z:))F, as shown in Fig. The dimension of vectors X En[)) p and X EZ:),G are defined as
follows:

dim X 7) = min (dim X, (775 — dim X2 — dim X2, —dim X72,) "),

=min ((’fljz W“)-i_ N (%J‘j — min (ﬁiia nji) — min ((ﬁjj - ’I’Lji)+ ,nij)

= min (nﬁ — %)“)Jr s (%jj — ﬁ)“ — min ((ﬁ)jj - lei)+ ,Tlm‘)
_ <(ﬁ” n”)Jr — nji>+ )+); and (48)
dim X" =dim X"} — dim X ") ., (49)

where (a) follows from the fact that vector X (n ,% only exists if n;; > 7. Note that it is not

necessary to include a subindex related to the receiver that implements the feedback, this is

mainly because the signal levels X 5 [)) are seen only at receiver j.

More generally, when needed, the vector X Egi is used to represent the signal levels of X E") that
can be fed back from receiver k to transmitter k, with k € {1,2}. The vector ng)k is used to

represent the signal levels of X E”) that can not be fed back from receiver k£ to transmitter .
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X\

X5

Figure 20: Vector X 572 in (a) weak interference regime, (b) moderate interference regime, (c)

strong interference regime and (d) very strong interference regime. Vector X Eng does not exist
in the very weak interference regime.

In the proofs of and , the vector X Eng is used to represent the signal levels of vector

X E") that interfere with signal levels of X gnc)) at receiver j and those signal levels of X En) that
are seen at receiver j and are not used by transmitter j. An example is shown in Fig. Vector

X 572 was used for the first time in the proof of the converse in the symmetric case in [5].

Finally, for all ¢ € {1, 2}, the channel output ?En) of the LD-IC-NOF in for any channel use
n € {1,..., N} is a g-dimensional vector, with ¢ in , that can be written as the concatenation

of three vectors: ?EN)’ ?(”C): and 7578, ie., 75”) — (?En)77578, ?52), as shown in Fig.

i

More specifically,

° ?1(") contains the signal levels at receiver ¢ that are fed back to transmitter ¢ and thus,

dim ?gn):min (7 i, max (745, m45)) ; (50)
° ?E"C); contains the signal levels at receiver ¢ that are not fed back to transmitter 4 and thus,
dim ?Ejg:(max (Tiivnig) — )" (51)

° ?1(78 is included for dimensional matching of the model in (3). Then,
dim 752=q — max (%}u‘, nij); (52)

These levels ?Yg do not represent an output of the channel and thus,

H(Y)=H(Y " Y5,V (D).
—H (Y, YD),

<dim V" + dim Y%, (53)
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Figure 21: Different components of codewords when channel-output feedback is considered in (a)
very weak interference regime, (b) weak interference regime, (¢) moderate interference regime,
(d) strong interference regime and (e) very strong interference regime.

The dimension of ?5") satisfies

dim ¥ =dim Y™ + ¥ ) + Y1)
=min (%u‘, max (ﬁn‘, n;j)) + (max (ﬁii, nij) — %n‘ﬁ + ¢ — max (ﬁii, nij)
=min (W”, max (ﬁ)”, n;;)) + max (W”, n;;) — min (%“, max (%}”7 nij)) +4q
— max (ﬁii, nij)
=q. (54)
In the proofs of and , the vector (XE@Fj,XETgF), i € {1,2} is used to represent the

signal levels of vector X En) that are seen at the receiver j and are included into the feedback

from the receiver j to transmitter j.
: : (n) (n)
The dimension of vector (XileFj , XiZDF) is

dim (XE,TLC)'Fj’Xz(‘,TBF):(%jj — (W5 - nji)+)+§ (55)
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Proof of : first, consider nj; < ﬁ)”-, i.e., vector X(; exists and vector X% does not
exist. Then, the following holds

NR,=H (W;),
H (Wi|Wj),
Wi X(l N) ?(1 N)|W

( )+
O (1 0, PO,

1w )+

( )+

H (Wi wy, X0 Y (V)
H(W|WJ,X(1 :N) ‘57(1N X(l N))
Wi X 5V ¥ Ny, H(W|WJ,X(1N) Y, x (1N 7(1N>
1 (Wi X ¥ M) 4 N
=H (x{"V 737? Mw;) - (XELN),?SZNMWi,Wj) + NS(N),

Z {H (XE”),?T)IWJ-,XEL"‘”,Vﬁ-lz”‘”) _H (Xgn,)’?-gn)'Wi’Wj,X51:7l—1),?§1:n—1))]
NSV,
N

(;) [H( (n) Y""HWj,XEL”*”,<17§-1:”*”,X§1:”))

(X(n) ? ‘Wi7WﬁX’El:nfl)’?;‘l:nfl)’X§1:n))i| + N&(N),

) . . . .
(< Z [H (XETL),y§n)|X;1.n)> _H (ngn)’ ?gn)|Wi’ Wj’Xgl.'IL—l)’ ?51.7L—1)’X§1.n))}

_H (X(n)|W“ Wj, Xgl:n—l), ?§1:n—1)’ X§1:n)7 ?l(‘l:n—l)7 Xgln)) ] + N(S(N),
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M) =

(XX )+ No(N),

n=1

H
=NH (Xn)|X(")+N§( ), for any n e {1,...,N},
NH (

X™) + No(N), (56)
where
(a) follows from the fact that W; and W; are independent, ¢ € {1,2} and j € {1,2}\{i};
(b) follows from the fact that X(1 N~y (Wj, ?(.1 N= )),
(c) follows from the fact that 1_/2(1 N = (Xfl N)7 X;lzN));
(d) follows from Fano’s inequality;
(e) follows from the fact that Xgl:n) =f (Wj, ?51;7171));
(f) follows from the fact that conditioning reduces the entropy;
(g) follows from the fact that ?(") f (XE@F ,X;n} ) where X(n)j is contained into X](");
(h) follows from the fact that X (72 F, and X (n [)) # are contained into X (),
(
(

i) follows from the fact that 7 (Tn=1) _ =f (X(l n=1) X(1 n=1)
j) follows from the fact that that Xz(-1 ) = (Wzy?(l e D) and ?(1 "D is included into
?(1 n— 1)

(k) follows from the fact that conditioning reduces the entropy.

From , in the asymptotic regime, the following holds
Ri<H (X{")
- (x2) 11 (x13)
<dim X" + dim X (). (57)

A tighter bound can be obtained for the case in which nj; > W” In this case the vector XZ(-T'IQ

and the vector X En,% exists. Hence, the following holds

NRi=H (W),
Yy (wiw).,
—I(W X(l N)7y§_1 N)‘W]) _'_H<W|Wj’X(1:N) <}—,(1:N))
Or (Wi X BN YN ) 1 (Wiwy, X0, (50, x (V) |
O (W XU FUIW) + H (W, XU FON 300 FOmy
@ .
<I (Wi;XScN)YS'N)\Wj) + N&(N),
=7 (X0 YU W) - 1 (XD, YW, W) + NS(V)
N
=3 B (X0, ¥y, x (D Y D) g (X0 w, w, x Uy )]
n=1
FNS(N)
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N
(i)z_:1 {H (ngg,?§_n)|xg1:n)) _H (XZ(@,?En”Wi,Wj,XE}&nﬂ),?51:%1),)(;1:”))}
+N§(N),

N
Y (A (X2 X0, X el X ()

n n n 1:in—1 1in—1 1in
(XX X W, XD D X0 | v,

J )

_H XETLC)',XZ('%F|WZ"Wj,X(}én—l),?gl:n—1)7X§1:n)7?El:n—1)7Xz(l:n))j| + N&(N),

7

N
=S H (XU, X)X 4 No(N),

)

=NH (XE%,XE”I))HXE")) + N§(N), for any n € {1,...,N},
H (

NH (X2, X (7)) + NS(N),
(58)
=NH (X{2) + NH (X)p|X[2) + No(N),
<SNH (XU0)+ NH (X)) + No(N), (59)

where
a) follows from the fact that W; and W; are independent, ¢ € {1,2} and j € {1,2}\{i};

b) follows from the fact that X§-1:N) =f (Wj, ??N*l));

c) follows from the fact that 72(-1:N) =f (XE}&N), X;lzN)) when n;; > i

follows from the fact that X;lzn) =f (Wj, ?;1;7171));

e)
) follows from the fact that conditioning reduces the entropy;

(

(

(

(d) follows from Fano’s inequality;
(

(f
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g) follows from the fact that ?(-n) = f(x™") _,X(-n) _,X(.n)_ where X<n)_ is contained into
- J i,CF) i, DF} 3,F;j 7, F;j

Xj ;

(h) follows from the fact that X 572 F, 1s contained into X f"c),

(i) follows from the fact that 751:"71) =f (Xl(,}énfl), Xg.lmfl)) when nj; > i

(j) follows from the fact that that Xl(-lm) =f <Wi’?g1:n71)> and ?glm*l) is included into

7(1:n—1);

(k) follows from the fact that conditioning reduces the entropy.

From (59), in the asymptotic regime, it follows that:

o (x2) + 1 (X5
<dim XY + dim X7 1. (60)

Inequality is valid when nj; < ﬁ” Inequality is valid when nj; > ﬁu It is worth

noting that in the case in which n;; < ﬁu‘, H <X§’g) = 0; and in the other case, i.e., n;; > W“,

H (X EHF),) = 0. Then, inequalities and can be expressed as one inequality as follows

Ri<H(XUP)+H(X7) +H(X,),
<dim X + dim X %) + dim X ") . (61)

?

Plugging , and in , it yields

R;<min (7”‘,”]‘1‘) + (W” — nji)+ + min ((nﬂ — 7“‘)-‘_ s (%jj — ﬁii — min ((ﬁjj — ’I’Lji)+ ,nij)

— (75 —mip)" - ”jz’)+ )+),

:ﬁ” + min ( (nji — ﬁ“)-‘r , %jj — ﬁ” — min ((ﬁjj - nji)+ ,Tlij>
+ i+
— (@5 —nip)" = mji) ) ), (62)
and this completes the proof of . |
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Proof of :

N (Ry + Re)=H (W) + H (W3),

[(Wi YY) 1 (WY ) 41 (W YY) 4 1 (YY)

LW ¥ON) 4 1(Wos YIN) 4 Noy(V) + Noo(V),

[(Wi YOV YY) 11 (W YOV, ¥V 4 Na(),

H(YED, Y)Y 1 (YD YO + 5 (PO, 78

—H (Y8 ¥ ) 4 Ne(),

=7 (YU 4B (YY) -1 (YO W) - B (P, YY)
CH(PED) 1 (VEOPE0) g (P i (P s, )

LNS(N),

O (PON) a1 (PU000) - (PO, FU) 1 (F57)
—H (YSN)W,) - H (Y8, YY) 4 No(w),

Qg (POY) - H (Y w) — B (POV ), ¥, x 0 41 (PEY)
—H7 (Y8Nw) - 1 (P9, Y, X)) 4 Ns(v),

—H (YU) — 1 (YO W) - 1 (X80, Y, x5 g (PEY)
—H (Y8 ws) - 1 (X0, YN, x 0N 4 Ns(v),

(i)H (751;N)) —H (?51;N)|W1> e (X(l:N) Xfi,N)|W1, ?51:N)’Xg1:1v)>

—
S|

)

= A

)

2,C
+H (V) = (Y IWa) = a1 (X020, X0, V0, x0)
+N§(N),

— 7 (YUY - (Y W) - 1 (X020, x U w, Y 4o (YY)
—H (Y5O W) - 1 (XU, X0, YY) 4 Ne(v),

0 (PU) 1 [1 (K X0, T 11 (0, X))
() 1 [1 (XU F) (00, X4
—H (YU w) - 1 (Y8 W,) + Ns(v),

Ca (P X0, X 0N) - (X020, x (VYY)
+1 (VX0 x0) - 1 (x(20, x (0P )

H1 (XS0, X BN, Y E)  (x 000, X850, YY)
_H (?gl:N”Wl) _H (vélzl\’)‘wQ) + Né(N),

<H (YY1 x 00 X8 4 | (P8 X000, x ()
+1 (X8, XU, YN o (X0 XS, YY)
—H (YU — B (Y8 W,) + Ns(v),
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(f) <7(1 :N) |X110N),X(1 N)) i <7 (1:N) |X210N))X(1 N))

n; <XglcN),X§1UN),W2,<17(1 :N) . Wl’Yu N)) s (X§1CN),X51UN)7W17<?(1 N). W, ?(1 N))

—H (YU W) - B (YN W) + Na(v),

H (Y| x0, x00) 4+ 1 (Y8 x (20, xC0) 1 (wasw, YY)

+1 (ng),xf;jv YN W YOV W) 4+ 1 (W we, YY)

+1 (X8, X YN, Y ) - 1 (Y W) — B (Y8 W) + NS(v),
=1 (YU x0 x00) 1 (Y x (X C0) o (w, YY)

—H (W, YO W,) + 1 (X020, x 0N ¥ 8wy

—H (X X0 YOV, w, YY) b (W, YV - 1 (W, YY)

2,C 1,U »
1 (X80, X0 YOO W) - i (x5, X0 Y W, wh, YY)
H (YU wy) - i (Y8 W) + No(v),
D (YO X 0, X0 4 7 (P IX00, XY 4 7 () + 1 (YY)
—H (W1|Ws) — (?1 [ Wo, W) +H(X§CN),X§1UN>,§7<1N W)
+H (Wo) + H (Y8 \Ws) - H (Wolwh) — 1 (Y8 N)|W1,W2)
+H (X80, X0 YOV W) - 1 (YO W) - 1 (Y8 |W,) + N,
Wa (P x 00 x00) 4 1 (PE X0 x00) — 7 (Y5 1w, W)
+H (XY, X0 YV W) - 7 (YW, W) + i (X0, xS Y )
+NG(N),
(QH (7(1:N)|X§1:CN),X§1,}N)) +H (751:N)|X§10N),X(1 o) +H (XS:CN),X%N),<17§1:N)|W2)

(X0, XV, V0w ) + Na(w),

[ ?(n)‘Xgné’X;n&’7(1 in— 1)) " (?(n)‘X(?n()j,Xgn[)J’7(1 n— 1))

_|_
Mzm

Il
-

n

+ Xgné7X(n) ?(n |W2’X§gk1)7X§gk1)7 yémq))

1,U»

(X0 x50, Y, X020 XG50 YY) |+ v,

SIS

+

()

{H ‘Xgnéyxgnl}7?1n 1)>+H(?(n)‘Xéné,Xgn&7?ln 1))

Mz

3
Il
—

(XQn%’XgnI)]’?(n |W2’Xglé1 1) XglUn 1) ?(177. 1) X(ln))
(X1ng~,X§”,)J,<l7(” W, X80, X0 Y, x () |+ Na(),

=

+

=

+

H (P00 X5, PE0) 4 (P1X0, X0, )

Mz

Il
-

n

_|_

S

(x0, Y9 x = x () 4 7 (Xg’j}],<17§”)|X§g}1‘”,xgl’"))] + N§(N),
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< ZN: 1 (YIx 00, x50) + 1 (YE1X 08, X)) + 1 (X1, V01X §m)
o (x 7) ] v,

S [ (XX X)) + 1 (XU X0+ (X, 79 )
+H (X5, Y 1X () |+ No(w),

<§: (1 (X0) + 1 (X00) + H (XU, YOI ) + 1 (XD, v X () |

=N [H (X{0) + 1 (XE0) + 1 (XU YOI ) + (x5, Y x ) |
+NO(N), for any n € {1,...,N},

=N [H (X0) + H (X5) + H (XTX5) + 7 (Y8 IX50, X)) + H (X591x(7)

+1 (Y1x (Y, X)) | + Vo),

I (XU H (X 4 H (X)) + 1 (V51X X))+ 1 (X))

+1 (Y1x (Y, X)) | + Na(),

=N[# (X)) + H(XY) + H (X)) + H (X, X X5, X)) + 1 (XY

B (X XX, X0) | + VO,

= N[ (X00) + B (XU) + H(X0) + H (X, XUl X0) + H (X))

FH (X$0, XS0 XE0) | + No(),

where
) follows from Fano’s inequality;

b) follows from the fact that ?1(1: is included into ?( LN,
¢) follows from the fact that X(L ) = (W ? (1:N = ),

d) follows from the fact that X, ; (M) g included into X N);

) follows from the fact that H(¥) — H(X) = H(Y|X) — H(X|Y):

f) follows from the fact that injecting information increases the mutual information;
g) follows from the fact that H (X", XM ¥ 58 gy, ¥ON) — o,

h) follows from the fact that W; is independent of W}, then H(W;|W;) = H(W;);

) follows from the fact that conditioning reduces the entropy;

) follows from the fact that Xgl:n) =f (WZ, ?(1 " 1))

) follows from the fact that conditioning reduces the entropy.

1

(a
(
(
(
(
(
(
(
(i
(J
(k

From (63), in the asymptotic regime, it follows that:
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Ry+Ro<H (X)) + H (XU)) + H (X)) + H (X2, XU e X)) + H (X5
+H (XS0, X5 XEY)
=dim X{"} + dim X"} + dim X", + dim (X (", X1 ) — dim X)) + dim X7
1,P 2,P 1L,U 1,CFy»“Y1,DF 1,U 2,U
+ dim (XgngF ,XgnDF> dlmXQn[)],
B ) (n) (n) (n) (n) (n)
=dim X p +dim Xy p +dim (X o, X pp) +dim (X5 op, X5 pp) - (64)

Plugging (39 , in , it yields

+
Ry 4 Ro<(W 11 — n21)+ + (T2 — ”12)+ + (%11 — (T — n12)+)

+
+ (o2 — (W2 —n21)™) ", (65)
and this completes the proof of . |

Proof of ([37): for all i € {1,2} and j € {1,2} \ {}, it follows that

N (2R; + R;)<2H (W;) + H (W;)
- (Wu YU ol (WY ) 41 (W YO 4 1 (W PO,
<2I( Wi ¥ ) 41 (W PNY) 4 2N8,(N) + Noy(N),
=21 (W YY) 1 (W YN 4 No(v),
=1 (W V) 4 1 (W YOV 1 (W YY) 4 Ns(y),
=71 (Wi;?zglw),?gl‘m) ), (Wi;?gl:N)) ), (Wj;?y;m’yglw))
+LNS(N),
@I( “7(1:1\/) 37(1;1\/)) +I( 1,7(1:N)’?§1;N)|Wj>
1 (W P 00 v,
(751 N)’ yfl N)) _ (751 N)7 ?51;N)|W) " (?(1:1\7) ?(1:N)|W )
(P09, T, ) 1 (PO F00) g (P00 F0 )
+NS(N),
" (751;1\/)) H (?El:N”?EI:N)) _H (§§1;N)|Wi> _H (751:N)‘Wi’?l(1:N))
+H (<17§.1‘N)|Wj) +H (751:N)\Wj,<17§1:m> - H (751:N),?§1‘N)|Wi,wj)
(P (PP (70
—H (YW, YY) 4 Ne(),
a(YO) 47 (YR g (YO W) - 1 (P w, YY)
+H (YW, YY) - i (YO, Y0, wy) + 1 (POY)
ol (?gl:N”?;l:N)) g (7§1:N)|Wj7?§1:1v)) + NS(N),
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© 5 (7(1:1\/)) (417(1:N)|W) (7(1~N)|W ?(1-1\/)) T H (7(1‘N)|Wj ?(vlzN))
' ’ J
H(?ELN) <171N|W W)+H(7 ) (?(1N>|W ?(UV)
+NO(N),
@ <7(1;N)) e <§(1:N)|W,> _H (?(.1;N)|W <17(1;N)) TH (?(I:N)|Wj <17(.1;N))
% i i i i ¥y i Y
© g (751:N)> - H (?l(_l:N”Wi) - H <X§}&N)|Wi7?1(1:N)) H <71(_1:N)|Wj’§§1:zv))
o (P0) 1 (X0, 7)o,
(f)H (7(1;1\/)) _H <<17(1:N)|W,> _ (X(lcN) X(1 N)‘W_ <17(1:N)) L H (7(1:N)\Wj 37(‘1:]\,))
[ % 7 j ; iy i i , i
FH (VEN) = 1 (X, YY)+ o),

(i)H <7§1;N)> _H (?§1;N)|Wi) _H (X(l N) L x b \W ?(1 N) )

(1
+H (YN, x 0w, Y0 4o (P ) H (XN, YY) 4 Ns(v),
—H (YY) -5 (YW + 1 (X<1 » X§1UN W, Y N) - H(X(lN) x0M)]
+H (75““,XE}’CN)|WJ-,?§1:N)) +H( Y —H (X,E}CN)|W]-,?§1:N)) + NS§(N),
i (V) i (Y + [1(x0 N)vXE,lUN WL Y () - i (X0 X))

P (XD, PO 4 (PO, PO ) 4 (P
—H (X W, YY) 1 Ne(),
H (YN = m (VW) 4 (e xG0w YV - (X0, x (Y]
+H (YN, YO x50 4o (P N)) + N6( ),
<H (VW) =i (YW + [1(x0E0 xG0we, YY) — i (X0, X ()]
+H (YW, YO xE0) og (PO, x 80, x5 4 Na(),
3 (V1) 1 (V10) 1 (20X, )
+H (YN, Y0, X 00) 4o (PO x (00, x50 4 Na(v),
D (PO (T 11 (XU XN g, T, )
+H (YW, YO x4 g (PO x 80, x50 4 Na(v),
H(YU) - 7 (YW, + 1 (Wi, YO
+1 (X8, XN YNy YOV ) i (YO, Y, x )
+H (Y| x00 xTV) 4 Ns (),
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=7 (Y") -1 (YW + 1 (W, Y)Y - 1 (W, Y w)
‘H (X“CN%XfUN),(?“:N)\W) (Xu:zv) X(l:N) §7<1:N>|W_ Wi, §7(1:N>)
+H (Y, YOV xEN) g (PO x (0, x EN) 1 Na(),

= 7 (Y)Y 4 1 (W) — B (Wiwy) - 2 (Y& W, W)
+H (XU x O YOV - g (x(0, x >,§7 S W, YY)
+H (YN, YOV x BN g (PO x (0, x BN) 1 e,

9 41 (PO 1 (PO, ) + 1 (00, X, )

—H (XU XU YO w, w, YY) g (PO, Y, x 0N
+H (P XN x 0N 4 Ns(v),

i (YUY - (YW, wa) 4+ B (X80, X 5
+17 (YO, Y0, x 0 o (P x 00, x E0) 1 Ns(w),

<H(Y"Y) 1 H (X§1CN>,X§1UN>, YW 4 7 (P, YO, x (0)
+H (P X0 x 0N 4 NS,

[ (PP 1 (X0, X0, P, X0 e, o)

?(n)|W ? (1:n) Xglcn)77 (1in— 1)) +H (7(n Xglcn)yXllUn 7?(ln 1) )}
N6<N>,

[ (7(71 ) TH (Xgnc),Xgnw? n)|Wj,X§}én—1),X§}(}n—1)7<}7§1:n—1))

(?(n)|Wj7?gl:n)’Xg}C:,'n)77gl:n—l)) L (7§n)‘X§’1&n)’X5}(}n)’7§1:n—1))}
+N5( ),

(g)zN: [H (7§n)>+H(X(nC),XSnU7§n)|W X(ln 1) X(ln 1) <}7(1n 1) X(l n))

+H (?(n)WV], ?(1 n Xglcn) ? (1:in—1) X(l 71)) +H (?(n)|leczi ’XglUn), 7;1:n—1)>]
+NG§(N),

[ (7(71 ) ( 172, ?(n |Wj’X§1[:]n71)’ ?gl:nfl)’Xg.l:n))

(7(n)|w 37(1 n) Xglcn)77(1 in—1) X(l n)) TH (?(n)|X§10n)’X§1Un),?(l in— 1)>]
+N5(N),

(7(n)|X(1 n) XglUn)7?(1n 1))] + N&(N),

1 (P0) 01 (X0 FIX) 1 (P, x)

Mz

n=1

+

!
S

—~
=

an

uMz

Mz

3
Il
-

Tl
<

Mz

3
I
-

+H (P1x 8, xG0) ] 4+ Na(v),
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4
=
o<t
2
>
oF
El
g
T
2
<

s i [H (7(")) +H (X(”)) + 1 (VX8 X0) + 1 (Px (D, x ()

+H (P1x 00, x50) ] 4+ Na(v),
=N[H () + 1 (X)) + 1 (Y1x, x) + 1 (P)x 0, x ()
(

H
+H (Y1X 02, X)) ] + N6(N), for any n € {1,..., N},
+No

= N[H (V{7) 4 1 (X)) + (VX (”))+H(X("plX?7X§")>

+H(X< X\ X)) N),

N (P ¢ () 4 1 (PO X00) 0 (00 + 1 (X0

+N5( ),

NIH(P0) 4+ (X00) + H (X2 X\l X X0) + H (X)) + H (X))

+N5( ),

=N[H(YO) 4 H (X)) + 8 (X0, X1 X0) + 7 (X)) + 1 (X))

+NG&(N), (66)
where

) follows from Fano’s inequality;
b) follows from the fact that I( “ 7(1 N)) < I( ?(1 N) ?(1 N)|W )

(a
(
(c) follows from the fact that ? is included into 7(1

(d) follows from the fact that H (7“ Ny N ) 0;

(e) follows from the fact that X( ( i ?(1 N 1))

(f) follows from the fact that X ; (1) | is included into X; (1 N)

(g) follows from the fact that 1nc1ud1ng another random varlable increases the mutual informa-
tion;

(h) follows from the fact that H(Y|X) = H(X,Y) — H(X);

(i) follows from the fact that injecting information increases the mutual information;

(j) follows from the fact that W; is independent of W, then H(W;|W;) = H(W;);

(k) follows from the fact that H (X &V, x &N ¥ (5N py gy, (v N>) —0;

(1) follows from the fact that condltlomng reduces the entropy;

(

(

m) follows from the fact that X ") = f (1, ¥{#"~1);

n) follows from the fact that conditioning reduces the entropy.
From (66), in the asymptotic regime, it holds that:
2R, + Ry <H (Y") + H (X5)) + H (X700 XU X)) + 1 (X5)) + 7 (X)),

<d1m?

—dlm?

—i—dlm?gg —i—dlmX( ") + dim (angF ,XS%F> dlmX(n) +d1mX( " +d1mX§n;)>,
" +dlm?£2+d1m<X£%F,XZ(DF>—|—d1mX( +d1ijnll, (67)

S~ s/—\

RT n° 456



40 Quintero € Perlaza € Gorce

where
(o) follows from (53)).

Plugging 7 (52), , and in , it yields

+
2Rz + Rjgmin (%ii,max (ﬁu,nw)) + (max (ﬁ)“,m]) — %”)4_ + (%jj — (ﬁjj — lei)+>
+(Ti —ng) T+ (g5 —ni) ™,

+
=max (73, m4;) + (55 = (35 =) ")+ (i —nj) "+ (W5 —nig) ", (68)

and this completes the proof of . |
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