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On the hypergroup property
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Abstract

The hypergroup property satisfied by certain reversible Markov chains can be seen as a general-
ization of the convolution related features of class random walks on groups. Carlen, Geronimo and
Loss [3] developed a method for checking this property in the context of Jacobi eigen-polynomials.
A probabilistic extension of their approach is proposed here, enabling to recover the discrete exam-
ple of the biased Ehrenfest model due to Eagleson [8]. Next a spectral characterization is provided
for finite birth and death chains enjoying the hypergroup property with respect to one of the
boundary points.
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1 A theoretical result

There are several definitions of the hypergroup property for a reversible Markov kernel P. One of
them, recalled in (4) below, is the non-negativity of certain sums of products of quantities related
to the eigenfunctions associated to P. In the context of Jacobi polynomials, Carlen, Geronimo and
Loss [3] developed a method in order to check this property. Here we begin by extending it, giving
it a general probabilistic flavor by replacing in their criterion some mappings by Markov kernels.
Next we will see how the resulting abstract condition can be applied to recover the first instance
of the hypergroup property, namely the example of the biased Ehrenfest model due to Eagleson
[8]. We will investigate further the hypergroup property for birth and death Markov chains, by
providing a spectral criterion in the last section. For general motivations relative to the notion of
the hypergroup property, see for instance Diaconis and Griffiths [4] or Bakry and Huet [2].

Let (S, S, i, P) be a reversible Markov framework: (S, S) is a measurable space endowed with a
probability measure ji and P is a self-adjoint Markovian operator on L?(f). Recall that the Markov
property consists in two assumptions: on one hand, for any non-negative function f e L?(j), P[f]
is non-negative, and on the other hand, P[1] = 1, where 1 € IL?(jz) is the constant function taking
the value 1 (f-a.s.).

Consider another measurable space (S,S), as well as a Markov kernel Q from (S,S) to (9,S):
it is a mapping from S x S to [0, 1] such that for any z € S, Q(z, -) is a probability distribution and
for any A€ S, Q(-, A) is a measurable mapping (for our purpose, the requirements with respect to
the first variable only need to be satisfied fi-a.s.). The kernel @) can be seen as a Markov operator

from B(S), the space of bounded measurable functions defined on (S, S), to B(S), via the formula
VIeBS) YreS, Q@ = [ f) Q@)
Denote by u the image of i by Q:
VAeS, w(Ad) = ~[Q¢uA)uwx)

Then we have

v feB(S), ulfl = plQlf]]

and since by Cauchy-Schwarz inequality, (Q[f])? < Q[f?], it appears that @ can be extended into
an operator of norm 1 from L2(u) to L?(fr). Denote by Q* the adjoint operator of @, it is in
particular an operator of norm 1 from L2(fz) to L2(p). In fact we have a little better:

Lemma 1 The operator Q* is Markovian.

Proof

To check the preservation of non-negativeness, it is sufficient to see that for any non-negative
felL?(n) and g € L2(u), (Q*[f], 9), = 0, where (-, -)  stands for the scalar product in L2(y). This
property is an immediate consequence of

@ fl.p, = (Rl
0

=
For the computation of Q*[1], note that for any f € L?(u),

Q1 £, = LRI
= plQ[f]
= plf]
= A, 1),



Since this is valid for all f € L?(u), we conclude that Q*[1] = 1.

Define
P = Q*PQ (1)

By composition, P is a Markov operator from L2(u) to L2(p), which is clearly self-adjoint, by
self-adjointness of P. To get a more interesting property of P, we need to introduce the following
notion. A Markov operator G from IL2(fi) to itself is said to be Q-compatible if we have

QR*GQ = GQ (2)

Lemma 2 If P is Q-compatible, then the operators P and P are intertwined through Q:
QP = PQ

Proof
By definition, we have

QP = QQ*PQ

= PQ
by Q-compatibility.
|

From now on, P is assumed to be Q-compatible. It seems that an important tool to investigate
the Markov operator P intertwined with P is the set G of Markov operators G from L?(j1) to itself
which commute with P, GP = PG, and which are Q-compatible. This set G has the structure of
a semi-group: for all G, G’ € G, GG’ € G. Indeed, GG’ clearly commutes with P if both G and G’
commute with P. If (2) is satisfied by G’ and G’, then the same is true for GG’, because

QQ*GG'Q = QQ*'GQR*G'Q
= GRR*G'Q
= GG'Q
In particular G contains {P" : n € Z.}, the semi-group generated by P, but as it can be observed

on the example of the next section, G can be larger than a temporal evolution semi-group. Under
the above setting, to each G € G, we can associate a Markov operator Kg on L2(), via

KG = Q*GQ

Proposition 3 For all Ge G, Kg and P commute.

Proof

The argument is similar to that used in the proof of Lemma 2: using Lemma 5 and Assumption
(2), it appears that

KeP = Q"GQQ*PQ
- Q'GPQ
= Q'PGQ
= Q"PQQGQ
- PKg



It is time to come to the main application of the above considerations. Assume that S is a
finite set of cardinal N € N (then up to lumping some of its elements together, there is no loss of
generality in taking for S the o-algebra consisting of all the subsets of S and up to removing the
p-negligible points from S, we furthermore assume that p gives a positive weight to all the points
of §). By symmetry, P is diagonalizable, let (¢;)e[n] be an orthonormal basis of IL2(y) consisting
of its eigenvectors. We make the hypothesis that all the eigenvalues of P are of multiplicity 1 and
that there exists xg € S such that for all z1 € S, there exists G € G such that

KG(:EOV) = 5$1 (3)

Theorem 4 Under the above conditions, P satisfies the hypergroup property with respect to xg,
namely we have pi(xo) = 0 for alll € [N] and

Z ei(@)ei(y) () > 0 (4)

Yxyz€eS,
@i(zo)

le[N]

Proof

Fix [ € [N] and denote 6; the eigenvalue associated to the eigenvector ¢;. From P|y;] = 0;¢; and
Proposition 3, we deduce that for any G € G,

PlK¢led]l = Ka[Pla]
= 0 Kgly]
namely, either Kg[p;] = 0 or Kg[g] is an eigenvector of P associated to the eigenvalue ;. Due the
multiplicity 1 of this eigenvalue, we deduce that Kg[¢;] is proportional to ¢; (this being also true if

Kalpi] = 0), say Kalpi] = MG, 1)¢;. Since this is true for all [ € [N], the spectral decomposition
of K¢ is given by (MG, 1), ¥1)iepny and we have

VyzeS,  Kaly,z) = D) MG Daw)e(2)p2) (5)
le[N]
Fix 1 € S and let G € G be as in (3). We get from this equation that
MG, De(zo) = Kealed(wo)
= ¢(z1)

If ¢;(zp) was to vanish, the same would be true of ¢;(x1), for all x; € S, contradicting that ¢ is
a vector of norm 1. Thus ¢;(x¢) = 0 and A(G,1) = ¢(x1)/p(xo). It follows from (5) that for all
Y,z €S,

3 cpz(wl)soz(yiw(z) = Y MG Dawwlz)

1e[V] wi(zo 1e[N]
KG(yv Z)
()
= 0

because K¢ is a Markovian matrix. This is the wanted hypergroup property, because x1 was chosen
arbitrarily.
|

To put more flesh on the notion of Q-compatibility, let us present a traditional instance of the
above setting. Instead of a Markov kernel @), assume that we are given a measurable mapping ¢
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from (S,8S) to (9,8). It can also be seen as a “deterministic” Markov kernel from (S,S) to (9,S),
via

Vze S, Q(z,) = 5q(5c)() (6)

so that the above development applies.

Let 7 be the o-field generated by ¢. In this context, the operator @Q is an isometry from L2 (u)
to L2(f1), because for all f € B(S), (Q[f])? = Q[f?] (this identity is in fact a characterization of
the fi-a.s. determinism of @)). A convenient property of Q* is:

Lemma 5 The Markov operator QQ* corresponds to the conditional expectation with respect to

T.

Proof

By composition, QQ* is a Markov operator from L?(fi) to itself. To show that it corresponds to
the conditional expectation with respect to 7, we must prove that

v f9e (), (QQ*[fl.QlaD = {f.QlgD,

This comes from the fact that () is an isometry, which implies that the Lh.s. is equal to

plQIQ*[flgll = wl@*[flg]

= Q*[fl.p,
= {},Qlgh
|
The notion of Q-compatibility (2) of a Markov kernel G is then equivalent to
GQ is a Markov operator from L2(u) to L2(z, T) (7)

where IL2(fi, T) is the subspace of IL?(y) consisting of functions measurable with respect to 7.
Thus in the context of a deterministic ), Lemma 2 amounts to the famous criterion of Dynkin
[7] insuring that a function of a Markov chain is itself a Markov chain.

2 An example

Eagleson [8] proved that the biased Ehrenfest model satisfies the hypergroup property, let us show
how Theorem 4 enables to recover this result.

We begin by recalling the underlying birth and death Markov transition kernel P on S = [0, N],
with N € N* (so there is a slight modification of the notations of Theorem 4: the cardinal of S is
now N + 1), parametrized by p € (0,1):

Nﬁmp yify=xz+1
Z(1—p Jify=o-1
v,y € [0,N], P(@y) = {\[—]9—()1—2]9)£ if@y/=:17 ®)
N Y
0 , otherwise

This birth and death kernel is irreducible and its unique reversible probability measure p is given
by

Vee[oN], p@) = ({Z)pma—pw (9)



This can be computed directly or d_educgd, as in the previous Section,_from the existence of a simple
reversible Markov framework (S,S, i, P) “above” P. Indeed, take S = {0,1}"V, endowed with the
o-field S of all its subsets, and consider the mapping ¢ going from S to S defined by

VT o= (t’zl)le[[O,N]] = 5'7 q(f) = Z I
le[N]

The probability measure f is given by
veesS, @ = p’@(1-py@

For any [ € [0, N], consider the Markov transition matrix P, defined by

- P ,if gy =1 and g = Ty, for k=1
V x = (Tr)refo,N], ¥ = (Uk)kefo,n] €5, Bi(Z,9) = 1—p ,if g =0and gy = 7y, for k =1
0 , otherwise

The measure fi is clearly reversible for P, as well as for

As in the end of last section, we reinterpret the mapping ¢ as the Markov kernel from (S,S) to
(S,S) given in (6). The associated o-field T < S consists of the events which are left invariant
by all the permutations of the indices. In particular, Assumption (2) is satisfied, PQ being clearly
a Markov operator from L2(uz) to L2(ji, 7). Furthermore the Markovian matrix P defined in (1)
is given by (8) and the image of i by ¢ coincides with p described in (9). Thus p is necessarily
reversible with respect to P.

But the interest of the above construction is that it enables to recover the hypergoup property
of P via Theorem 4. From now on, assume that p € (0,1/2] (if p € (1/2,1), reverse the order of
the segment [0, N] to come back to the situation where p € (0,1/2)). For [ € [N], consider the
Markov transition matrix H; defined by

V 2= (Zk)ke[n)s ¥ = (Uk)ke[n] € S,
1 ,if =1, 4, =0 and gy = Ty, for k=1
H(.’i’ 7) — p/(l_p) it 7 =0,y =1and g = Ty, for k =1
_&Y) = (1-2p)/(1—p) ,ifZ;=0,7 =0and g = Ty, for k =1
0 , otherwise
It is immediate to check that
P = pl+(1-p)H

where [ is the identity matrix (seen as the motionless Markov kernel). In particular, H; commutes
with P, and with P. More generally, for A < [N], let H4 be given by

Hy = HHl

leA

(in r.h.s. the order of the compositions of the Markov kernels does not matter, because they
commute among themselves). Again, Hy4 is a Markov kernel commuting with P. Nevertheless, it
lacks symmetry to belong to G. So for any [ € [N], consider
1
Go= o ) Ha
( l ) Ac[N]:card(A)=I

6



which is easily seen to belong to G.
This leads us to consider the Markov kernel K¢, on [0, N]. It appears without difficulty that

Vie[N],  Kg(N,) = dnal)

This observation enables to apply Theorem 4 to get that P satisfies the hypergroup property with
respect to the point N (if p = 1/2, P satisfies the hypergroup property with respect to the point
0).

To investigate the extent of the applicability of the approach of the previous section, it would be
interesting to study the multidimensional Krawtchouk polynomials, which are a multidimensional
extension of the above example, cf. Diaconis and Griffiths [4, 5]. Nevertheless, to generalize the
result of this section, staying in the one-dimensional setting of finite birth and death chains, already
presents surprising challenges, as we are now going to see.

3 On birth and death chains

Instead of working with a “covering Markov framework” (S,S, i, P), where hidden symmetries in
the initial model (S,S, u, P) are more obvious, one can also try to find directly the commuting
Markov kernels. We investigate here the situation of finite birth and death chains, by providing
a spectral characterization of the hypergroup property with respect to the left boundary point.
This enables to construct a practical algorithm for checking this property. Next we conjecture
two seemingly natural discrete versions of Achour-Trimeche’s theorem [1] (see also Bakry and
Huet [2]), asserting the hypergroup property under certain log-concavity of the reversible measure.
Using numerical implementations of the proposed algorithm, it appears they are both wrong.

We begin by recalling the framework of finite birth and death chains. For some N € N, we take
S = [0, N] endowed with its total o-field S and an irreducible birth and death Markov kernel P,
i.e. whose permitted transitions are those to the nearest neighbors, S being given its usual discrete
line graph structure (with self-connecting loop at each vertex, to allow non-zero diagonal entries
for P). Then there exists a unique invariant probability measure p for P and it is reversible. Our
purpose is to investigate the set of Markov kernels commuting with P, namely the set

K = {KeM: KP=PK}

where M is the set Markov kernels on S. Note that the elements of K admits p as invariant
probability. Indeed, we have

uKP = uPK
This shows that pK is invariant by P, so that pK = pu.
We are looking for conditions on P which ensure that for any probability distribution pug, there
exists a Markov kernel K,, € K such that K,,(0,:) = o, namely we are trying to check the

hypergroup property with respect to 0. By convexity of I, this amounts to find, for any given
x1 € S, Ky, € K such that K, (0,-) = dz,(+), since we can next take for any probability distribution

Ko,
Ku = Y. pole1)Ky, (10)

IE1€S

Remark 6 The commutation relation K P = PK can be seen as a discrete wave equation in K,
by interpreting the first (respectively, second) variable in the matrix K as a time (resp., space)
variable. More precisely, denote k the density kernel associated to K:

K(t,x)

vhrelO, N k(ta) = —os



Using that for all z,y € [0, N], u(x)P(x,y) = pu(y)P(y,x), we can transform the equality

Vtze[o,N], Y K(ty)Py.z) = > PltyK(y,z)
yeS yeS

into

Vtae[O,N], )Y Payklty) = n) Y Plty)ky.a)
yeS yes

Dividing by u(x) and considering the generator matrix L = P — I, we get
Viee[o,N],  LORKE2) = LP[KE, )

where for i € {1, 2}, L) gtands for the generator acting on the i-th variable as L. A least formally,
one recognizes a wave equation. Thus our objective is to see when a wave equation starting from
a non-negative initial condition remains non-negative.

The biased Ehrenfest birth and death processes of the previous section with p € [1/2,1) provide
examples of the Markov kernels we want to characterize. We will denote by M,, the Markov matrix
defined in (8) with p € [1/2,1). Here is a simpler example where the discrete wave interpretation
is particularly obvious:

Example 7 Consider the birth and death random walk on [0, N]: its Markov kernel My (not to
be confused with the notation M,, for p € [1/2,1), defined above) is given by

1 7if(x7y):(071) or (ﬂj‘,y)Z(N,N—l)
Va,ye[0,N],  My(z,y) = { 1/2 ,if|lz—y|=1and z€ {0, N}
0 , otherwise

For any xg € [0, N] and € € {—1, 1}, let ()4y,c())zez, the deterministic and discrete time evolution
in [0, N] constructed in the following way: 1, -(0) = zo and if g € [1, N—1], then we take 1), (1)
to be zg +e. If g = 0 (respectively g = N), we take 1y, (1) = 1 (resp. ¢z,(1) = N —1). Next
for x € N, if ¢ (x — 1) and 14, < (z) have been constructed with dy () = Vg () — Vzye(z —
1) € {—1,1}, then we take 95, (x + 1) = yyc(z) + dyy(x), except if it is not possible (i.e.
Vazoe(z) € {0,N}), in which case we consider vy, (x + 1) = Yy, o(x) — dgyo(x). Visually, it
corresponds to a trajectory of a particle issued from zg, starting to go to xg + ¢ and keeping in the
same direction until it is reflected on one of the “walls at —1 and N + 1”.

We leave to the reader as an exercise to check that for any o € [0, N], the Markov kernel K,
defined by

Y x,y € [0, N], Kyo(2,y) = <5¢xo,1(y) + 51%0,71(@/))

N |

does commute with Mj.

We come back to the situation of a general irreducible birth and death Markov kernel P. To
describe the main theoretical result of this section, we need some further notations. For n €
[0,N — 1], denote by —1 < 6,9 < 0,1 < -+ < Opn—1 < 1 the n eigenvalues of the minor of P
corresponding to the rows and columns indexed by [0,n — 1].



Proposition 8 The Markov kernel P satisfies the hypergroup property with respect to 0 if and
only if for all n € [0, N — 1], the matriz

(P - 9n,0)<P - 971,1) to (P - en,n—l)
has non-negative entries.

We excluded the case n = N, because the corresponding product matrix vanishes by the Hamilton-
Cayley theorem.

Remark 9 Markov kernels usually refer to discrete time processes. Continuous time processes
rather use Markov generators. A matrix L is called a Markov generator if its off-diagonal entries
are non-negative and if the raw-sums all vanish. It is equivalent to the fact that we can find a
positive number [ > 0 and a Markov kernel P such that L = [(P — I), where I is the corresponding
identity matrix. A technical advantage of Markov generators over Markov kernels is that it is
straightforward to perturb them (in addition to the fact that continuous time is often easier to
manage than discrete time). It is convenient for them to rewrite the above result under the following
form.

Consider an irreducible birth and death Markov L generator on [0, N]. For n € [0, N — 1],
denote by —1 < A0 < A1 < -+ < A\ppn—1 < 1 the eigenvalues of the minor of L corresponding to
the rows and columns indexed by [0, n]. The Markov generator L satisfies the hypergroup property
(4) with respect to g = 0 (and N replaced by N + 1) if and only if for all n € [0, N — 1], the
matrix

(L - )\n,O)(L - )\n,l) o (L - )\n,n—l)

has non-negative entries.
[m]

At the end of this section, we will explain how Proposition 8 enables to construct a relatively
efficient algorithm to check the hypergroup property. First we prove Proposition 8 through a
sequence of intermediate results.

We begin by showing that it is always possible to solve the commutation equation K, P = PK
explicitly in terms of P and pg. It will remain to see if the obtained solution is non-negative, but
the condition K, 1 = 1 will be automatically satisfied. Indeed, for any matrix K commuting with
P, we have

K1 = KP1 = PK1

so that K1 is an eigenfunction associated to the eigenvalue 1 and thus must be constant by
irreducibility of P. The first component of K, 1 is equal to doK,, 1 = po(1) = 1, so that we get

K1 =1.
Define
YV n,m € [0, N], a(n,m) = P"(0,m)
(note that a(n,n) > 0 for n € [0, N]) and for n € [0, N], the polynomial R, (X) given by
1 1 1
R.(X) = p—— ny)———— XM
I PR AT MP S CL vy
ni1€f0,n—1]
+ ! Z Z a(n,ny) ! a(ny,ng) ! X"+
yn1) ————a(ni, ng) ———
CL(’I’L,TL) n1€[0,n—1] n2€[0,n1—1] CL(’I’Ll,TLl) CL(’I’LQ,TLQ)
1 1 1
+(—1)" Z Z Z a(n,n;)———a(ny,ng) ———
(I(TL,’I’L) n1€[0,n—1] n2€l0,n1—1] nn€l0,nn—1—1] a(nl’nl) (I(TLQ,’I’LQ)
1
n—1,Mn 7Xnn
a(np—1,n )a(nn,nn)



This polynomial has degree n and the last sum over n,, is empty except if n,,_1 = 1, because for
any [ € [0,n], n; <n —1[. The interest of R,, comes from

Lemma 10 For any probability distribution pg, there exists a unique matriz K,, commuting with
P and whose first line coincides with ug. It is given by

Vne [[OvN]]v KMO(”? ) = NORTL(PX) (11)

Proof

We begin by showing that a solution K satisfying the two requirements of this proposition is
necessarily given by the above formula. To simplify the notations, we consider the case where
o = 0z, with 21 € [0, N] given. Fix some n € [1, N]. From the commutation relation, we get
that P"K = K P™. The first line of this matrix identity reads

> PY0,m)E(m,:) = P"(z1,)

me[0,n]

because P"(0,m) = 0 for m € [n + 1, N]. It follows that

K(n,-) = a(nln) Pia)— S amm)K(m,:)
’ me[0,n—1]

which provides an iteration formula for the computations of K(n,-), starting from K(0,-) = dg,.
It leads without difficulty to the announced expression, K (n,:) = 05, Rn(P)(:). These arguments
extend to the situation of a general probability measure p. Conversely, the matrix defined by (11)
satisfies on one hand, K,,,(0,-) = uo(-) and on the other hand, for all n € [0, N,

K, (n,-) = —— | mP"() - Z a(nvm)Kuo (m, )

namely

Z Pn(()?m)Kuo(mv') = NOPn<')

me[0,n]
or equivalently, we have the equality of the first line of P"K,, and K, P":
doP"K,, = 060K,,P"
Since this is true for all n € [0, N], we deduce that
Y ne[l,N], SoP" 'PK,, = 6P" 'K,P

Note that the support of the measure o P" ! is exactly [0,n — 1], thus by iteration, it follows that
all the lines of PK,, coincide with the corresponding ones of K, P, i.e. K,, commutes with P.
|

It is natural to wonder if, for given n € [0, N], the polynomial R,, is uniquely by the property
(11). Indeed, assume that ]Sm is another polynomial of degree n satisfying the same equation. Since
it must be true for all probability measure g, we get that R, (P) = }an(P) Thus a priori, R, is
only determined up to an additional term belonging to the ideal generated by the unital minimal
polynomial @) associated to the matrix P. Since P is an irreducible birth and death transition
kernel, it is diagonalizable and all its eigenvalues are different.This implies that @ is of degree V.
Thus if n € [0, N — 1], R,, is uniquely determined, due to the fact that its degree is n. But this

10



argument doesn’t seem to work for n = N. There is a more convenient way to see that R, is
uniquely determined for all n € [0, N], even under an apparently weaker requirement, as we are to
see.

Note that if g = dg, the identity matrix [ is a trivial solution to the problem corresponding to
K. By the uniqueness statement of Lemma 10, we conclude that Ky = I. In the wave equation
interpretation, Ky corresponds to a wave initially localized at 0 and which travels at speed 1 to
the right, until it reaches N at time N. The polynomial R,, is in fact characterized by (11) with
po = do:

Lemma 11 For all n € [0, N], there is a unique polynomial R,, of degree n such that

on(-) = doRn(P)(") (12)
Proof
Let us fix n € [0, N] and write
Rp(X) = > rpX?
pe[0,n]

Since the support of the probability measure 6o PP is [0, p], for all p € [0,n], we deduce from (12)
applied at n that 1 = r, P"(0,n), namely r,, = 1/a(n,n). Next applying (12) at n — 1, we deduce
that 0 = 7,1 P" " 1(0,n — 1) + 7, P*(0,n — 1), i.e. rp_1 = —a(n,n —1)/(a(n,n)a(n — 1,n —1)). Tt
appears that we can deduce iteratively the values of r,_o, 7,_3, ..., T0.

|

The previous result enables an interesting interpretation of Ry, for fixed n € [0, N, from which
Proposition 8 follows at once. Consider the matrix P,, indexed by [0,n] x [0,n] and given by

N Pk,1) ,ifke0,n—1

It is a Markov transition matrix absorbed at n. Its eigenvalue are 6,,, = 1 and the eigenvalues
-1 < bOpp < Op1 < -+ < bOpp-1 < 1 introduced before Proposition 8 and corresponding to
eigenvectors vanishing at n.

Lemma 12 For n € [0, N] fized as above, we have

Rn(X) = CL(’I’L n) (X - en,O)(X - en,l) to (X - Hn,nfl)

Proof

Since P is a birth and death transition matrix, we have

Vazelo,n], doRn(P)(x) = 6&Rn(Py)(z)
thus reinterpreting (12) on [0, n], we get
5n() = 50Rn(ﬁn)() (13)

The same arguments as in the proof of Lemma 11 show that this equation determine the polynomial
R, (X), in particular the coefficient of X™ is 1/a(n,n).
Consider the polynomial

Q(X) = (X - en,O)(X - en,l) U (X - en,nfl)

11



Hamilton-Cayley theorem says that Q(P)(P, — I) = 0 and in particular S0Q(P) (P, — I ) =0,
which means that doQ(F,) is an invariant measure for P,. Since the invariant measures of P, are
proportional to §,, we deduce that there exists a constant ¢, € R such that

cnbn() = 0Q(Pn)(-)

Applying this inequality at n, we get that ¢, = P"(0,n) = a(n,n) and the announced result is a
consequence of the uniqueness statement of Lemma 11.
|

Proposition 8 suggests the following algorithm to check for the hypergroup property at 0 of
a finite birth and death Markov kernel P: for all n € [0, N — 1], one computes the eigenvalues
00,0,0n.1, - ,0nn—1 and checks the non-negativity of its entries (P —6,,0)(P —60.1) - (P—0nn-1).
From a theoretical point of view, it may seem simpler to compute the normalized eigenvectors
(¢n)nefo,n7 and to check directly the hypergroup property as it stated in (4) (with 29 = 0 and the
appropriate change of indices of the eigenvectors). But in practice it is more delicate to compute
eigenvectors than eigenvalues and in the numerical experiments we made (using Scilab), first just to
check the Markov kernels M, for p € [1/2,1) and M (defined in Example 7) satisfy the hypergroup
property, the algorithm based on Proposition 8 is more stable.

Thus we rather used the latter to proceed to the numerical experiments described below (the
codes are available on request).

Let us recall the Achour-Trimeche’s theorem [1]. Consider the differential operator L = 62 —U"0
on [0,1] with Neumann boundary conditions, where U : [0,1] — R is a smooth convex potential,
which is assumed to be either non-increasing or symmetric with respect to the point 1/2. Then
L satisfies the hypergroup property with respect to 0 (the finite sum in (4) has to be naturally
extended into a denumerable sum, see for instance Bakry and Huet [2]).

We would like to find an extension of this result to its discrete analogous setting of finite
birth and death processes. Seeing 0% — U’0 as a Metropolis modification of 6% with respect to
the probability measure admitting a density proportional to exp(—U) (for this point of view, cf.
e.g. [6]), a first guess is as follows. Let U be a convex and non-increasing function on [0, N] and
consider the probability measure p defined as

Vo[V, ule) = o exp(~U)mo(a) (14)

where Z is the normalizing constant and g is the invariant probability of My, namely

N  Lifze[l,N—1]
vV z € [0, N], mo(z) = {1/(2N) ,if x € {0, N}

The usual choice for a Markov kernel admitting p as reversible measure is the Metropolis pertur-
bation of M (initiated in Metropolis et al. [9]) given here by

Ve=ye[0,N], Plz,y) = Mo(r,y)exp(—(U(y) —U(x))+)
_ { Mo(l‘,y) ,if$<y
MO('Z'?y) exp(_(U<y) - U(l’))) ,if o> Yy

Numerical experiments based on Proposition 8 show that the conjecture that P satisfy the
hypergroup property with respect to 0 is wrong. We checked this assertion by taking N = 10 and
by sampling the convex function U according to the following procedure: let (V(x))gefo,n—1] be
independent exponential random variables of parameter 1/N, we take

Voe[l,N], U@-1)-U@ = > V©
nel0,N—z]
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Finally, we replaced in the above considerations the exploration kernel My by M, for p €
[1/2,1). This should reinforce the log-concavity of the probability measure u defined as in (14),
where g is replaced by the invariant probability measure m, of the Markov kernel M,,. Nevertheless
the conjecture still seems to be wrong (but less so when p becomes closer to 1).

Of course these experiments suggest that the right notion of log-concavity of a measure (or
rather of a Markov kernel) has yet to be found in the discrete setting.
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