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Abstract. We prove a Carleman estimate and a logarithmic stability estimate
for an inverse problem in three dimensional viscoelasticity. More precisely, we
obtain logarithmic stability for the inverse problem of recovering the spatial part
of a viscoelastic coefficient of the form p(z)h(t) from a unique measurement on an
arbitrary part of the boundary. The main assumptions are: h’'(0) = 0, h(0) # 0,
p is known in a neighborhood of the boundary and regularity and sensitivity of
the reference trajectory. We propose a method to solve the problem numerically
and illustrate the theoretical result by a numerical example.

PACS numbers: 00.00, 20.00, 42.10

Submitted to: Inverse Problems

1. Introduction and main results

This article is concerned with the inverse problem of determining an unknown
coefficient in the 3D viscoelasticity system. We set 2 an open bounded domain of
R3 with a sufficiently smooth boundary 9. The viscoelasticity system, endowed with
initial and boundary conditions, is then the following:

Pu(z,t) = f(x,1), V(z,t) € Q x (0,400),

u(z,0) = ao(x), Vo €, 1)
dru(x,0) = 11 (z), Vo €,

u(x,t) =0, V(z,t) € 9Q x (0,400),

where P is the integro-differential hyperbolic operator defined as
Pu(z,t) = Ofu(z,t) — V- (u(z)(Vu(z,t) + Vu(z,t)") + Mz)(V - u)(z, 1))
t - 2
+/ V- (/l(x, 8)(Vu(z,t — s) + Vu(z, t —s)7) + Mz, 8)(V -u)(z, t — S)I) ds. ®
0

This system models the dynamics of a 3D viscoelastic material subjected to a load
f, u being the displacement vector, uy and @y the initial displacement and velocity,
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(A, 1) the Lamé coefficients and (X, i) the viscosity coefficients, respectively. The
well-posedness nature of the direct problem (1)-(2) is guaranteed by the following
proposition:

Proposition 1 (Theorem 4.2 in [1]) Under regularity assumptions on the coeffi-
cients (A, i, \, 1), if Go € H{(Q)3, w3 € L) and f € L>(0,+o00; L*(2)3) N
L2(0, +00; L?(Q)3), then there exists a unique weak solution u € L>(0, +o0; H}(2)3)N
W12 (0, 4005 L2(2)3) N W2:°°(0, +-00; H1(Q)3) to the problem (1)-(2).

If we assume now that the coefficient i can be decomposed as follows:
fa,t) = ph(t),  V(a,t) € Q x (0,+00). (3)
Then, the inverse problem we are interested in is formulated accordingly:

Definition 1 (Inverse problem) Given (A,u,j\,h, ug,u1, f), recover p(x), for all
x € 2, from measurements of

u(z,t), V(z,t) €T x (0,T),
where I' is a part of 0Q and T > 0.

Several authors have dealt with the problem of recovering the coefficients of the
viscoelasticity system (1)-(2). Some of them, e.g. Grasselli [2], Janno et al. [3], von
Wolfersdorf [4], Cavaterra et al. [5], recovered the time dependance h of the coefficient
it by reducing the problem to a non-linear Volterra integral equation by using Fourier’s
method to solve the direct problem and by applying the contraction principle. Others,
e.g. Lorenzi [6], Lorenzi and Romanov [7], recovered the space dependance p of the
coefficient i by using the method of Bukhgeim and Klibanov [8] based on Carleman
estimates [9]. Thus, in 2007, Lorenzi et al. [10] recovered the coefficient p from three
measurements, relying on the assumption that all the coefficients in the operator (2)
are independent of the third space variable. Here, unlike the latter, we recover p from
a unique measurement, assuming that it is known in a neighborhood of the boundary.
Furthermore, Theorem 1 establishes the logarithmic stability with respect to a
unique measurement on an arbitrary part of the boundary for the inverse problem
of recovering the coefficient p. Its proof is given in Section 2. It relies on a Carleman
estimate (Theorem 2) and a sharp unique continuation result (Theorem 3) for the
operator (2). We prove theses results in Section 3 and 4 respectively. In Section 5,
we propose an adaptive spectral method to approximate the solution of the inverse
problem numerically.

1.1. Stability estimate

Inverse problems are ill-posed in the classical sense [11]. Stability estimates play thus a
special role in the theory. Bukhgeim and Klibanov [8] developed a remarkable method
based on Carleman estimates [9] to prove the uniqueness and stability for inverse
problems associated to partial differential equations. In [12], using this method, we
proved a Holder stability result with a unique internal measurement for the recovery
of p in the system (1)-(3). In this article, we extend this result using a unique
continuation estimate and obtain a logarithmic stability result. Although this estimate
is weaker, it is nonetheless related to a measurement on an arbitrary part of the
boundary. A similar result was proved in Bellassoued [13] for the hyperbolic scalar
equation and in Bellassoued et al. [14] for the Lamé system. We follow their method
but adapt it to take into account the additive integral term of operator (2). Thus, our
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result can be seen as an extension of the paper [14]. Nevertheless, the presence of the
integral term modifies the structure of the equation. Firstly, the latter is not reversible
anymore because of the energy dissipation associated with the viscous phenomenon.
In practice, this prevents the extension of the solution to [T, 0] as usually performed.
This explains why we need using a point-wise Carleman estimate (see Section I1.2).
Secondly, the coefficients of the equation now depend on time and not only on space
as for the Lamé system. This implies that the FBI transform classically used to prove
the unique continuation result (see Section 1.3) is useless. Hence, we have to introduce
a new transformation in order to deal with convolution terms. We need now to define
the following condition on a scalar function g:

Condition 1 The scalar function q is said to satisfy Condition 1 if
(i) there exists K > 0 such that Yz € Q, q(x) > K,

_ — 1
(ii) there exists xog € R\ Q such that Vx € Q, §q(x) —Vq(z) - (x — x0) > 0.
We can now state the main result:

Theorem 1 (Logarithmic stability) Let u (respectively u) be the solution of the
system (1)-(3), associated to the coefficient p (respectively p). We assume that

(H1) (M p) € C*(Q)? and (N, 1) € C*(Q x (0, +00))? are such that the solutions u and
e W8>(Q x (0,4+0))3,

(H2) w and X+ 2u satisfy Condition 1 with a same x,

(H3) p = p is known in a neighborhood w of 012,

(H4) h(0) # 0, h'(0) =0,

(H5) there exists M > 0 such that, Vz € Q\ w, |(Vig + Vuad)(x) - (x — z0)| > M.
Then, for T' C 9Q arbitrarily small, there exist k € (0,1) and Ty > 0 such that, for all
T > Ty, the following estimate holds:

C
Yo 102w = D)2 wx o,y

1<]a|<2

where C > 0 depends on the C*(Q)-norm of p and p and on the W&°°(Q x (0,T))3-
norm of u and u.

lp = plla2@) < C |log | 2+

An example of an initial datum @ verifying (H5) corresponds to the choice uy €
H} ()3 such that ig(z) = z, Vo € Q \ w. Thus,

(Vg 4+ Val)(z) - (x — x0)| = |z — 20| > dp >0, VzeQ\w.

From Theorem 1, we immediately deduce the Corollary 1.

Corollary 1 (Uniqueness) Under all the hypothesis of Theorem 1, we have then
ogu(z,t) = 0xu(x, ), V(z,t) €T x (0,T), |a/=1,2
= p(z) = p(x), Vo € Q.
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1.2. A Carleman estimate

In a pioneering work [9], Carleman introduced what is now commonly known as a
Carleman estimate, in the context of proving the uniqueness in the Cauchy elliptic
problem. Since then, the theory of Carleman estimates has been extensively studied.
As for a general treatment of Carleman estimates, see Hormander [15], Isakov [16],
Tataru [17], Imanuvilov and Yamamoto [18]. In 2006, Cavaterra et al. [19] modified
the point-wise Carleman inequality of Klibanov and Timonov [20] for a hyperbolic
scalar equation and integrated, thanks to a change of variable, the integral term of
(2). In 2008, Imanuvilov and Yamamoto [21] proved a Carleman estimate for the 3D
Lamé system - operator (2) without the integral term. Their approach consisted in
decoupling the system by writing the equations satisfied by u, VAwu and V - v in view
of applying well known results for hyperbolic scalar equations [22]. In this article,
we prove a Carleman estimate for the complete integro-differential operator (2) by
combination of these two techniques. We start by introducing the following Carleman
weight function:

Definition 2 (a Carleman weight function) For zp € R3\ Q and 8 > 0, we
introduce a function p in the following way:

o(x,t) = |v — z0|* — Bt?, V(z,t) € Q x (0,400). (4)

|| delta=0
097 delta=0.1
0.81|— delta=0.2
0.71 — delta=0.3
~ 0.6 /
/
£ 0.5 S
0.4 /
0.3 / /
0.2 /
0.1 /
0.0

00 01 02 03 04 05 06 07 08 09 1.0
Space x

Figure 1. The Carleman weight function ¢(z,t) (left) and its isovalues p(z,t) = §
(right) for 29 =0 and 8 = 1.

Let us introduce now some notations used in the sequel:

e Distances (see Figure 2)
For zp € R3 \ Q, we note

dp = inf |z — x and d = sup |z — zo|%.
x€EQ TEN

e Domains (see Figure 3)
For ¢ > 0 and § > 0, we note
Qe) = {z € Q, dist(x,00) > e}, Q0) =9,
Q(e,8) = {(x,t) € Q(e) x (0, +00),(x,t) >0}, Q0,0) = Q.

d
We notice that @ C Q x (0,7) if T > —.
VB
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<_ldo

Figure 2. Definitions of the distances dg and d.

t
o
p(x,t) =0
N,
-0k 7w

Figure 3. Definitions of the domains Q(¢e) and Q(g, d).

e Norms
For Q C R? xR, ¢ > 0 and k € N, we introduce the following norms:
% 70 @) = IV % 1220y + 21 * 720
oy = 2 02 g
la|<k

e Constants
C and Cj, 1 < j <6 are generic positive constants.
Equipped with these definitions, we can now state the following result:
Theorem 2 (Carleman estimate) Let P be the operator defined by (1). We

assume that
(H1) (\ 1) € C2(@)2 and (A, i) € C2(Q x (0, 100))2,
(H2) p and X+ 2 satisfy Condition 1 with a same xg.

Then, there exist By > 0 and og > 0 such that, for all B < By, for all o > oy,
for all e > 0, for all 0 < § < d3 and for all uw € H*(Q)3 satisfying u(z,0) = 0 or
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Ou(z,0) =0, Vo € Q, the following estimate holds:

Il

C (o [on
;Hue fqﬁ"’(Q(E,(s)) < N(Pw)e 721y + IV (Pu)e™ 1720

+eca||UH12LI2(Q(5,5)\Q(25,6)) + 036206”””%2(@7
where o is defined by (4) and C > 0 depends on the C%(Q)-norm of the coefficient i
but is independent of o.

The last term of this estimate is rather uncommon since it is global but it will disappear
thanks to a clever choice of o.

1.8. A unique continuation result

In [23], Bellassoued proved a sharp unique continuation result for the Lamé system.
He applied a method initially developed by Robbiano [24] which uses the Fourier-
Bros-Tagolnitzer (FBI) transform [25] to change the problem near the boundary into a
problem for which elliptic estimates can be applied. In this article, we show a similar
result for the system (1)-(2) by adapting these techniques. In particular, we propose
a new transformation inspired from the FBI transform but which is able to deal with
the additive convolution term of the operator (2). The result we prove is the following:

Theorem 3 (Unique continuation) Let u be the vector solution of
Pu(z,t) = R(x,t), V(x,t) € Q x (0, +00),

u(z,0) =0, Vo €,
Oru(z,0) =0, Va € Q,
u(z,t) =0, Y(z,t) € 902 x (0,400).

We assume that

(H1) (\p) € C2Q)? and (M) € C*(Qx (0,400))? are such that the solution
u € WH>(Q x (0,4+00))3,
(H6) R(x,t) =0, V(z,t) € w x (0,+00) where w is a neighborhood of OS).
Then, for T' C 9Q arbitrarily small, there exists Ty > 0 such that, for oll T > Ty and

for all p > 0, the following estimate holds:
-1

C
Z ”8;1“”%2(F><(0,3T))

1<]al<2

”uHiIz(wx(o,%fp))SC log | 2+

where C > 0 depends on the C%(Q x (0,T))-norm of the coefficient fi and on the norm
W42 (Q x (0,T))3 of u.

1.4. Numerical results

Section 5 presents a numerical example to illustrate one of our theoretical result [12].
Here, we propose a non-quadratic functional to solve the inverse problem. Moreover, as
regularization method [26], we use a spectral basis, adapted in space and in frequency
to the solution. This idea, combined with mesh adaptation, allows to improve the
accuracy of the method by minimizing the numerical error. The unknown parameter
is successfully recovered at each vertex of the discretized domain.
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2. Proof of Theorem 1

This section presents the proof of the stability result (Theorem 1). The idea of the
proof is the following. Firstly, we bring the unknown parameter p to the source by
writing the equation satisfied by © = 9;(u—u). Then, we use the method of Bukhgeim
and Klibanov, i.e. we differentiate the previous equation to bring the parameter in the
initial condition and we apply the Carleman estimate of Theorem 2 to the new variable
0¢v in order to bound the initial energy. Thanks to a Carleman estimate for a first
order operator (Lemma 2), we come back to the coefficient in the estimate. Thus, we
obtain a first Holder stability result with an internal measurement on a neighborhood
of the boundary. Finally, we combine this result with the unique continuation relation
of Theorem 3 to conclude.

Let u (respectively ) be the solution of the system (1)-(3), associated with the
coefficient p (respectively p). We suppose that hypothesis (H1)-(H5) hold and we
fix I' C 0N arbitrarily small. By linearity and without loss of generality, we can
suppose that u; = 0.

2.1. Bring the unknown parameter p to the source

We suppose (p, %) known and we introduce p = p — p and & = u — @ which satisfies
the following equation:

Pi(z,t) = Ofi(z,t) — V- (u(z)(Va(z, t) + Va(z,t)") + Mz)(V - @) (z, t)])

v (h(s)p(m)(Vﬁ(m,t —8) + Vi(a,t — )7) + Ma, $)(V - @) (2, t — s)z) ds

_ 7/0 h(s)V - (p(@)(Va(a,t — s) + Ve, t — )T)) ds, W(z,t) € Q x (0, +00),

with null initial and boundary conditions. We notice that the coefficient p we wish to
recover appears in the source term. The problem is that this source term vanishes at
the initial time t = 0, so it does not satisfy the hypothesis of the method of Bukhgeim
and Klibanov [8]. To overcome this problem, we derive the equation in time and set

0(x,t) = dpti(x, t), V(z,t) € Q x (0,400).

Then, v satisfies the equation

Pﬁ(m,t):—/o W)Y - (p@)(Vo(z,t — 5) + Vo, t — 5)T)) ds o)

—h(t)V - (p(z)(Vio(z) + Vao(z)")),  V(z,t) € Q x (0,400),
with null initial and boundary conditions. As a consequence, the unknown coefficient
is still in the source term but it is not vanishing at the initial time anymore.

2.2. Use the method of Bukhgeim and Klibanov

We derive (5) and set
W(x,t) = 0s0(x,t) = OFi(z,t), V(x,t) € Q x (0, +00),
which satisfies then

Pw(z,t) =— /0 h(s)V - (ﬁ(x)(VzD(a:,t —8) + Vw(x,t — s)T)) ds

— W)V - (p(x)(Vio(z) + Vae(z)")), V(z,t) € Q x (0, +00),
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with the following initial and boundary conditions:

(x,0) =0, Vo € Q,
Opb(x,0) = —h(0)V - (p(z)(Vio(z) + Vae(z)")), (7)
w(z,t) =0, V(z,t) € 9Q x (0,400).

Therefore, the coefficient p that we want to recover appears now in the initial
conditions. We are going to write an inequality by bounding the energy of the system
(7) by the source and the observations. To do that, we apply the Carleman estimate
of Theorem 2 to w and to its time derivatives.

2.3. Apply the Carleman estimate

Theorem 2 states that for ¢ defined by equation (4) with S sufficiently small, for o
sufficiently large, for ¢ > 0 and 0 < § < d3, the following estimate holds:

1 ~ O Co |~ o0 ||,
e 2z e gy < C (€l Mrz oe itz + ¢ Il g

2

_|_/ e27%@0) dg: dt

Q lJo

t 2 (®)

+ / h(s)V (V- (p(z)(Vo(z,t — s) + Vw(z,t —s)T))) ds 7@ dyg: dt

Q lJo
+ W'V - (5(Vao + Vg )) €772 + 1K'V (V - (p(Viio + Vi ))) ewniz(@) .
We now need a result to bound the integral terms. This is given by the following
lemma:
Lemma 1 (Lemma 3.1.1 in [20]) Let ¢ be defined by (4). There exists C > 0 such

that, for all o > 0 and u € L*(Q),
2

¢
/(/ |u(x,s)ds> ezaw(z’t)dxdtgg/ lu(x, t)[2e279 @0 dy dt.
Q \Jo 7JQ

We use the result of Lemma 1 and the fact that (p, k) is bounded in © x (0, 400) (H1)
to write:

C

o sTP ]2 Co
S e Wz e oy < €771

IV - (3(Ti0 + VD)) 7 2y + I (V - (3(Viio + VD)) €722

Thus, taking into account the fact that @iy € W (2 x (0, +00)) (H1), we obtain
¢ 2

Zlape®?
S l0e 2.0 s

/ h(s)V - (p(z)(Vw(z,t — s) + Vo(z,t — s)T)) ds

~ od ~
|wH§{2(Q(s,5)\Q(25,5)) +o%e? ”wH%[?(Q)

Co 2112 3 206 2 2
ySe 107 @l a2 (@ e.on@2e0)) T o€ 7 1070|720

+ ) 109D)e?720)-
lo|<2
Similarly, we obtain, for i = 1,2,
C
=

(Gi0)e” Wigz.0 qe.sy) < €710l Qe an@eae.yy + 07 107 il g

+ ) 109D)e”?720)-

o] <2

(9)

In order to apply the Carleman estimate, we verified that the functions 9w and 92w
have one of their initial conditions null. This requirement is true since we supposed
h'(0) =0 in (H4). We will now bound the initial energy of the system (7).
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2.4. Bound the initial energy
We define the cut-off function xy; € C®(R?® x R) by 0 < x; < 1 and

1, i (x,t) € Q(0,26),
xi(z,t) = { 0, if (z,t) €@\ Q(0,9),
and we set
w*(z,t) = x1(z, t)w(x,t), V(z,t) € 2 x (0, +00).

This function is illustrated in Figure 4.

t

Figure 4. Definition of the cut-off function x;.

Since the time derivative of w* is null outside (0, d), i.e. for

b |z —xo|? =6
> Uy 5

which is well defined for all z € Q because § < d3, we can write:

ta
/ |8, w* (,0)|2e27¢ (@0 dg = —/ / O <|3tw* (x,t)|262‘”"(z’t)) dx dt
Q(e) Q(e) Jo

= / (4ﬁto\6tw*(x, t)[2e27° @D _ 29,w* (. t) - O2w* (x, t)eQ"“@(m’t)> dz dt.
Q(e,0)
In addition, we have
Ow*(z,t) = x1(z,t) Oy (z, t) + Orxa(z, ) W(x, t), V(z,t) € Q x (0,+00),
az?w*(x, t) = X1 (ZL’, t) 8752@(99, t) + 2815)(1(58’ t) atw(xa t) + 8t2X1 (ZL’, t) 12)(99, t)'
Therefore, we obtain

/ |atw*(x’0)|2e2mp(z,0)dm
Q(e)

<C (/ (oli(z,t)* + o|0pi(z, 1) [* + |07 0(2, t)]?) 279D dx dt) :
Q(e,9)
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We do the same work for the derivatives in z for || < 2 and thus we obtain:

S 01 [ 19200, 0P Oda
)

|a|<2 Qe

C
~ A op|2 N\ ,o0P |2 2,~\ 0p|2
<5 (”“’6 2o ey T O™ 2.0 e 5y T+ 1(Bi0)e ”Hi*f'(cz(s,a»)

<C Z ”(8;?]3)66('0”%2(@) + ecgHQH%IG(Q(EQ(S)\Q(QE,(S)) + 036205”71\\?16(@)
|a]<2

where we used (9) in the last inequality. We have to go back to the coefficient in the
left hand side.

2.5. Return to the coefficient in the estimate

To this end, we need a Carleman estimate for a first order operator. It is given by the
following lemmas:

Lemma 2 (Lemma 3.2 in [18]) We consider the following first order partial
differential operator:

R(z)*x = a(z) - V * +ag(z)*, Vo €,
with
ap € C(Q), laollce@ <M1 and  ac€ cr)m, lallcz@) < Mo,
Jxo, |a(x) - (z —z0)| > M3 >0, wo(x) = |z — x0?, vz € Q.

Then, there ezist oo > 0 and C > 0 such that, for all ¢ > oy and for all ¢ € C3(Q),
Y / 02q(z) e Wde < C > / 102 (R(2)q(x)) Pe*#0 @ da.
la] <2 la|<2
Since the coeflicient p satisfies the following first order system:
h(0)V - ((z)(Vao(z) + Vig(2)T)) = —9yw*(z,0),
we can apply Lemma 2 to each equation of the system with
a(@) = (), R(x)a(x) = —Ow* (x,0), eol) = plz,0
ao(x) = h(0)V - (Vig(x) + Vag(z)), a(x) = h(0)(Vig(x) + Vag(z)T),
which satisfy (H5) and we obtain then
> / 02p(x) P27V dn < € Y 0?07 ‘a“/ |02 (Dsw™ ) (x,0)|?€”7 0 .
laj<2 (e || <2 Q(e)

We supposed in (H3) that we know p in a neighborhood w of the boundary 992, i.e.
p =0 in w and so we can assume ¢ to be sufficiently small such that Q\ Q(e) C w.
This allows to integrate on €2 in the left hand side. Then, we have

Z / |aoz |2 20¢(xo)d$

| <2

<C Z H(@i‘ﬁ)e”“"”%z(@ + ecaH{LH%{G(Q(E,é)\Q(Qe,é)) + 036205”@@16(@)
[ <2
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We can absorb the first term of the right hand side of (10) in the left hand side, thanks
to the Carleman weights. Indeed,

Z ” aa mp||L2(Q) Z / |8a |2 20¢(x,0) (/ 2a(¢(z t)— z,O))dt> dz,

la| <2 || <2
with, Vx € Q:

B (et —p@0) T aepe T e c
2o (e(an—¢(x. dtg/ 2088 gy / R
/0 0 \/20 Vo

Then,
8aﬁ e 22 < (c)oz 2 2<7Lp(x0
T L2(Q
|<2

lo]<2

Finally, we obtain

20d0||p||H2 < Z / |aaA |2 20’pr0
o] <2
~ S~
< C (Nl geanaes) + o' il )
and thus, we conclude that

. . e
1152 @) SC(@C lllZrs (e sn\@ze.y €77 5)),

with [ = d? — § > 0, since sup(o®e™7") < +o0 and since we assumed in (H1) that @ is
in W8°°(Q). In order to have

Co|5112 —ol
e Nalze@ee.naess =€ 7
we propose to set

1
0= l+CIOg (||UHH6 (5,6)\@(25,6))) : (11)

We have o > 0 if we suppose that HﬂHHG(Q(E s\Q(2e,6)) < 1. Thus, the right hand side

of the equation can be written as follows:
L

Tl —0 A~ i+
Nl Fro (e.on ey T+ € l:2(”UH%G(Q(E-,&)\Q(%ﬁ)))

We use now the following interpolation result:
Lemma 3 (Proposition 4 in [27]) For all m € N*, there exists a constant C > 0
such that, for all r satisfying 0 < r < m and for allu € H™(Q), we have

HUHHT(Q) < CHUHL2 ”u”Hm(Q)

We apply Lemma 3 to the second derivative of 4 € H®(Q) with m = 6 and r = 2 in
order to write:

”uHH" Q(e,0)\Q(2¢,9)) < CHUH H2(Q(e,0)\Q(2e, 6))”“”]—[8(@(8 H\Q(2¢,6))"
Hence,

L
- L 11/3 Enes
1pll 20y < C (||U||H2(Q(555)\Q(25’5))) . (12)
So we already have a stability result with observation in Q(g,d) \ Q(2¢,d) which is
d
included in (Q2(e) \ 2(2¢)) x (0,T) if T > —.
VB
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2.6. Use the unique continuation result

We can now apply Theorem 3 to 4. We verify that hypothesis (H6) holds, i.e. that
/ hs 2)(Vale, t — )+ Va(e,t — 5)T)) ds

vanishes in 2\ 9(26) C w and choose p < §. We deduce that, if T' is large enough, we

have
-1
C
log <2+ 3 P )] :
2\04:1 ||8acuHL2(F><(0,6T))

< c {(Exe))
log {2+ —5 " )1 :
Z|a\:1 ||8§‘U||2L2(rx(o,6T))

l
We set k = m € (0,1) and change 67 by T. This achieves to prove Theorem 1.

2l 2 neees) < C

Therefore,

15/l 20y < C

3. Proof of Theorem 2

This section is devoted to the proof of the Carleman estimate (Theorem 2). The proof
consists in decoupling the system of equations as in [21] by writing the equations
satisfied by u, V Au and V - u. Then, the idea is to introduce a change of variable as
in [19] to reduce the problem to a scalar hyperbolic equation for which the Carleman
estimate is well known (Corollary 2). Finally, we come back to the initial variable
by a series of inequalities assuming the regularity of the coefficients and using the
fundamental Lemma 1.

Let u be the solution of the system

Pu(x,t) = F(z,t), V(z,t) € Q x (0,400),
u(z,0) =0 or OJwu(x,0)=0, Vo €, (13)
u(z,t) =0, V(x,t) € 9Q x (0, +00),

with
Pu(z,t) = Ofu(z,t) — V- (u(z)(Vu(z,t) + Vu(z,t)") + Mz)(V - u)(z, 1))
¢
+/ V- (/l(x, 8)(Vu(z,t — s) + Vu(r,t — s)7) + XNz, 8)(V - u)(z,t — s)I) ds.

0
Let assume that hypothesis (H1) and (H2) are satisfied. We have first to decouple
the equations.
3.1. Decouple the system of equations
To this end, we develop the system (13) as follows:

Ofu(z,t) — (@) Au(w, t) — (u+ M) (@) V(V - u)(@,t) = (V- u)(z, 1) VA@2)

— (Vu(z,t) + Vu(z, )" x,t — s)Au(z, s)ds

ﬁ

+ /0 (V- u)(z, s)VA(z,t — s)ds + /0 (A4 N(z,t —s)V(V - u)(z, s)ds

+ /t (Vu(z, s) + Vu(z,s)") - Vi(z,t — s)ds = F(x,t) V(z,t) € Q x (0,400).
0
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Notice the change of variable in the convolution terms. Then, we take the curl and
the divergence of this system. We introduce the vectors u; = u, us = V A u and the
scalar ug = V - u which satisfy then the following system of seven equations.

¢
Oui(x,t) — qi(x) Aui(x, t) +/ Gi(z,t — 8)Au;(z, s)ds
0

(14)
= Fi(z,t) + A;(u1,u2,uz)(x, t), Vi € {1,2,3},
where we set
@ =q=p 43 = A+ 2p, G =3¢ =i, ds = X\ + 2fi,
F,=F, F, =V AF, and F;=V_.F.

Here, the coupling terms A; are first order integro-differential operators in x and
t, with coefficients bounded in © x (0,400), according to hypothesis (H1). These
equations are coupled only at order 1, therefore we can apply the results known for
the scalar equations. However, the problem is now that the trace of the functions
V -u and V Au on 02 are not defined anymore. We need now to change the integro-
differential hyperbolic equation (14) into a hyperbolic equation in order to apply the
classical results.

3.2. Use a change of variable

We introduce the following change of variable:

;(z,t) = qi(x)u;(z,t) — /0 Gi(z,t — s)u;(x, s)ds, Vi e {1,2,3}. (15)

Then, we have, for all ¢ € {1,2,3} and for all (z,t) € Q x (0, +00),

t
8t2ﬂi(x,t) = qi(a:)afui(x,t) - / 8?@(3:,25 — s)ui(x, s)ds
0
+8t§i($, 0)”2’ (SL‘, t) + G ('757 O)atui (x’ t)?
and

At (z,t) = qi(x)Aug(x, t) — /0 Gi(z,t — 8)Au;(z, 8)ds + 2Vq; () - Vu,(x,t)

¢ ¢
+Aq; (z)ui(x,t) — 2/ V§i(z,t —s) - Vu;(z,s)ds — / AGi(z,t — s)u;(x, s)ds.
0 0

Therefore, for all ¢ € {1,2,3} and for all (x,t) € £ x (0,+00), the @; satisfy an
hyperbolic system of the type:
O ui(x,t) — qi(x) At (x, t)
= q;(z) (F;(z,t) + Aij(u1,ug, uz)(z,t)) + Li(u;)(z,t),
where the L; are first order integro-differential operators, the coefficients of which are

bounded in © x (0,+00). We now need a Carleman estimate for a scalar hyperbolic
equation.
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3.3. Use a Carleman estimate for an hyperbolic scalar equation

The equations we consider are valid in (0, +00) and because of the presence of the
integral term, we can not extend the solution to (—o0,0). That is why we can not use
a classical global Carleman estimate found in the literature. Therefore, we will start
with the following point-wise Carleman estimate stated in Q(0, d):

Lemma 4 (Theorem 2.2.4 in [20]) Let ¢ € C?(Q) satisfy Condition 1 and ¢ be
defined by (4). Then, there exist By > 0 and o9 > 0 such that, for all B < By, for all
o > o9, for all § > 0 and for all u € H*(Q(0,9)), we have

(0|Vaiu(z, t)]? + o u(z, t)[})e? @D £ V. Uz, t) + 0,V (x,1)

< Clo2u(x, t) — q(x) Au(z, t)|2e27¢ @) V(x,t) € Q0,0).
Here, (U, V) is a vector-valued function and satisfies
U (z,t)| + |V(z,t)| < C(0|Vapu(z, 1) + o®fu(z, t)|?)e7 ™D, Y(z,t) € Q(0,6).
Moreover, V(z,0) =0, Vo € Q if u(z,0) =0 or dyu(z,0) =0, Vo € Q.
From this Lemma, we deduce the following Carleman estimate:

Corollary 2 Let g € C?(Q) satisfy Condition 1 and ¢ be defined by (4), with 3 > 0
sufficiently small. Then, there exist B9 > 0 and oy > 0 such that, for all B < [y,
for all o > oq, for all § > 0 and for all u € H*(Q(0,0)) satisfying u(x,0) = 0 or
Ou(z,0) =0, Vo € Q, we have

(16)

0||U€W||§11=0(Q(0,5)) <C (||(5t2U - qAU)ewHiz(Q(o,(s)) + O—HUGWP”?YLG(BQ(O,J)\(QX{O}))) :

Proof We integrate (16) over Q(0,9):

/ (0| Vasu(z, t)]? + o®|u(z, t)[?)e27 ¢t da dt
Q(0,9)

< / (V- U.t) = 0V (a,0) + Clofule, 1) — p(@)due, D90 de dr
Q(0,9)

We define now (see Figure 5) ¥t > 0, Q:(g,9) = Q(e,9) N (Q x {t}) and

[z —x9]2 — 0 )
VeeQ, = |60 if 6 < |z — x0?,

0 else.

‘We notice that

/ V~U(a:,t)dxdt:/ / V~U($,t)dzdt:/ / U(z,t) -ndxdt
Q(0,6) 0 ©:(0,0) 0 99:(0,8)

:/ Ul(z,t) -ndxdt
9Q(0,8)\(2x{0})

and that
t2
/ OV (x,t)dx dt = / / OV (x, t)dt dx :/ (V(z,ti) —V(z,0)) dx
Q(0,5) aJo Q

= / V(x,t) dx dt.
0Q(0,6)\(2x{0})
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t
Figure 5. Definition of the domain Q4 (g, §) and the time 2.
Thus,
- / V- Ul(x,t)dzdt — / OV (z,t)dz dt
Q(0,9) Q(0,9)
</ (10, 0)] + |V (o, 2) e
9Q(0,0)\(2x{0})
<C (0|Vpsu(z, t)|? + o |ulz, t)[?)e2 @D dz dt.
9Q(0,9)\(2x{0})
This achieves to prove the expected result. O

For ¢ > 0 and 6 > 0, we introduce then the cut-off function yo € C*°(R?® x R) which
satisfies 0 < x2 < 1 and such that

1, if (x,%) € Q(2¢,20),
x2(z,t) = { 0, if (z,t)€Q\Q(,9). "
t
0

Figure 6. Definition of the cut-off function x2.
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Figure 8 illustrates this cut-off function. Then, we set
ul (x,t) = xo(z, ) (x,t), Vie{l,2,3}, V(z,t) € Qx(0,+00).
Thus, u; satisfies the equation
OFu; (x,t) — qi(x) Auj (w,1)
= x(z,1) (8t2ﬂi(x,t) — (@) At (z,t)) + 20, x(2, )0yt (, t)
+ai(,t) (9 x (@, 1) — () Ax(x, 1)) — 20(2) V(. 1) - Vii(z, )
= x(@, 1) (gi(x) (Fy(,t) + Ai(ur, g, ug) (2, 1)) + Li(wi) (2, 1)) + Li(@) (x, 1),

where L; is a first order integro-differential operator with coefficients bounded in
Q x (0,+00). Since we supposed u(z,0) = 0 or dsu(z,0) = 0, Va € Q, and that,
according to (H2), the coeflicient ¢; satisfies Condition 1, we can apply the Corollary 2
to uf in Q(0,0/2), i.e. there exists 8 > 0 sufficiently small such that, for o > 0
sufficiently large, we have

U||Ufew||%{w(<;)(s,5)) < CH@EU? - (JiAUf)CWH%z(Q(s,&))v

without boundary term since ] is null in @ \ Q(g, ).

3.4. Return to the initial variable u

3.4.1. Upper bound for the right hand side We take into account the fact that
e all the coefficients A, p, A, fi and x are bounded in € x (0, +-00) according to (H1),

e all the operators A;, L; and L; are of order inferior or equal to 1,

e Lemma 1 holds,
to calculate:
107 u; — @iduy)e” |1 72(0c.00)
= (X (1 (Fi + Ai(ur, uz, uz)) + Li(ui)) + Ei(ﬂi)) e |172(0e.6))-
Then,

U||U;:kew||§11»o(@(g,5)) < OHFiem‘OH%P(Q) +C Z ”ujeo—@”%[l'”(@(e,é))' (18)
1<5<3

3.4.2. Lower bound for the left hand side We use again the change of variable (15),
for all (z,t) € Q x (0, 400):

o :Lﬂ.x tmu.xs S i
wtet) = pymlet + [ e i, vie (123),

Then, we can write, taking into account (H2) and thanks to Lemma 1, Vi € {1,2,3}:

/ |ui(x7t)|2620tp(z,t)d;c dt < C’/ |ﬁi(x,t)|262a@(x,t)dz dt
Q=) Q(e.0)

C
+— / lui(x,t)[2e27°@ 0 dy dt.
7 JQ(e,9)
For o sufficiently large, we obtain

/ s (2, ) 2e27° @D g dt < © g ()220 dg .
Q(e,9) Q(e,9)
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In the same way,

/ |V aiui (2, )2 €279 da: dt
Q(=,5)

< C/ (Jas (2, t) | + | Vit (2, 1)|?) €270 da dt
€,0)

which allows to write, Vi € {1,2,3}:

||ui€w||%11~v(Q(e,5)) < C||ﬂz‘ew||%{w(cg(g,5))~ (19)
In addition, x2 = 1 sur Q(2¢, 26), so we have @; = u}. Hence Vi € {1,2,3},
25" e @e,sy) = N5 €T (@eae,26)) F 187 710 ((e.60\@(2¢,26)) - (20)
Finally, using (18), (19) and (20) and again Lemma 1, we obtain

Y olluie® e
1<i<3

<C > <||Fz'€w\|%2(Q) + [Jui-e " 3o ey + UHUiew||?{1¢0(Q(g,5)\Q(25,26))> ,
1<i<3

and thanks to the Carleman weights, we absorb the second term of the right hand
side in the left hand side. Finally, we need the following lemma:

Lemma 5 Let ¢ defined by (4). There exist C > 0 and og > 0 such that, for all
o > o0g and for all u € H*(Q), we have

1 o 2
o e 2.0 (g 2c 26
< O (ol 10 ey + V(7 -0 ey + V(Y A0 By ) -
Proof With x5 defined in (17), we compute, for all (x,t) € @,
A (Xg(x,t u(z,t)e oz, t)) = 2(ox2(z,t)Ve(z,t) + Vxa(z,t)) - Vu(z,t)e”‘p(x’t)

+ (0P, D) Vel ) + oxalw, ) Ap(a, 1) + Axa(e, 1)) u(z, e # 0
+(oVp(x,t) - Vxa(z, 1) u(e, e 4 xo(z, ) Au(e, t)e”# 1.

O
Zo

2,(0,0)

Figure 7. Definition of the open O.
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For all t > 0, we can find an open O with smooth boundary (at least C':!) such
that Q;(,6) € O C ©;(0,0). Since, for ¢ fixed, the function xo(-,t)u(-,t)e??1) is in
H?(0) N HE(O), we can write:

2 yul, e 2 0) < CIAG2( ul- e D) L2 (0)- (21)
If we integrate inequality (21) for ¢ € (0, 4+00) and notice that x; =0 in O\ (g, ),
we obtain

2
Ix2ue”™ 520 (.00

< HuewH%2(o,+oo;H2(Qt(s,5))) + 0%V (ue” )||L2 (.0 T o |jue” “0||L2 (e,8))

< O (Il Aul22 e 5y + 02 1€ Va2 gersy + 0 ue™ 32(qiey) ) -
We use the classical formula
Au=V(V-u)=VAVAu),
and the fact that x2 = 1 in Q(2¢,20) to write

|lue” ||H2 (Q(26,26)) = < [Ixaue” HH2 7(Q(e,5))

e (||ewv<v W) Z2qeean + 1€V (VA w) Baiesy + 0 e ooy -
This is the expected result. O

Using this lemma, we can finally write:

1 2
e 2.0 (e 2))

<C (UHUleWH?{;w + [[Vuge” S9||L2(Q(5 &) T ||VU3€W||L2 (e 5)))

(Q(e,6))
<C Y olwe™ e e
1<i<3
<C ). (”Fiewni%@+‘7||“iew\@11’6(@(5,6)\@(25726)))’
1<i<3
then
o 2 o 2
*”“e ez ey = e 20 qae2sy T G4 2o (e.on2e.26)
<C ) (”Fﬁw”%m)+"”“z‘ewHiﬂﬂ(@(s,é)\mzszs)))'
1<i<3

Moreover, we have

Y oluie™ i @e.sneee2s)
1<i<3

= > (C’”“iew||%11’0(Q(a,6>\cz<2e,6>+””“iew\ﬁfl’a(cz(e,a)\cz(e,%)))
1<i<3

5
< 600||U\|§{2(Q(a,5)\cg(25,5)) + %7 |[ull32 )

since
oz, t) <6, V(z,t) € Q(e,9) \ Q(e, 20).
Thus
1
- gp |2
ez (e

< C (IFeI3aq) + I(VF)e 32 + Nl qeanaiean + o' lullizg))

and this concludes the proof of Theorem 2.
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4. Proof of Theorem 3

In this section, we prove the unique continuation result of Theorem 3. It consists
in transforming the integro-differential hyperbolic system (1)-(2) into an elliptic one
thanks to a FBI type transform. Then, we show a Carleman estimate (Theorem 4) for
the resulting integro-differential elliptic operator, using the same techniques as in the
proof of Theorem 2. And we use this Carleman estimate to obtain interpolation
inequalities which link the value of the solution in an interior domain near the
boundary to the one on the boundary. Finally, we come back to the solution of
the initial problem by a series of inequalities.

Let u be the solution of

Pu(z,t) = R(z,t), V(z,t) € Q x (0, +00), (22)

with null initial and boundary conditions and let assume that (H1) and (H6) are
satisfied.

4.1. Transform the hyperbolic system into an elliptic one

Let us choose € > 0 such that Q\ Q(3¢) C w.

Figure 8. Definition of the neighborhood w of 92 and the cut-off function xs.

We introduce the cut-off function 3 € C§°(R3) (see Figure 8) which satisfies
0 < x3 <1 and is such that

(z) = 0, if zeQ4e),
W= 1 i 2eQ)\ 003,
and we set

(1) = xa(@) uls,t), V(1) € 2 x (0,+00).
Thus, the new variable u* satisfies the following equation:

Pu*(x,t) = x3(x) Pu(x,t) + [P, x3]u(z,t)

, ‘ (23)
— 0 (a0) — L) (0,0) + [ Lo s)u (ot = 5)ds = [Pla ) xule. ),
0

since, according to (H6), R(z,t) is equal to zero in w. We have introduced the following
operators:

L(z)x =V (u(@)(Vx+Vx") + Xz) (V- %)),
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qmw*zv-@@wmxv*+vﬂd+ﬁm¢xv-ﬂg.

We define a special transformation which is inspired from the classical Fourier-Bros-
Tagolnitzer transform [25]:

1 ~
Definition 3 LetT > 1 and0 < n < 6 We introduce Q = Qx (—%, 3Ly x (=3n,3n).

Then, ¥(x,t,r) € Q, we define

o0 )
(Fr)(@,tr) = %/ =3V (1 — y)u* (2, y)dy,
0
where § € C*(R), 0<60 <1,

) T
1, if z>—5+3n,

) T 3n
0 - .
, if 2z < 5 + 5

This function is plotted in Figure 9.

Figure 9. Definition of the cut-off function 6.

Thanks to this transform, we will convert locally the hyperbolic system (23) into
an elliptic system. Firstly, we notice that, V(z,t,7) € Q,

+oo ) 5
O (Fyu) (e, t,r) =\ o / —iy(t+ ir —y)e” TNt — yyu(z, y)dy

+o0 5
— V[ e 3T gty
21 0 ’

+oo 2
_ W / ie 3T (0t — y)u* (2,1))dy.
271' 0

The boundary terms of the integration by parts vanish because u*(z,0) = 0 and
e~ 3(t+ir=v)* __, 0 if y — co. Moreover O(t—y)=0if y > T. Then,

“+oo R
RF ) oter) == [ [ IR 0t — (o) dy
0
= —(F,(2u)) (@, t,1) — Fy(,t,r), Y(z,t,r) € Q,
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where
v [ 2y
F,(z,t,r) = 2—/ e 2T (97 (t — y)u*(z,y) — 20/ (t — y)Dyu*(z,y)) dy.
™ Jo

Similarly, we can write:

Gf(fvu*)(x,t,r) = (fv(asu*))(x,t,r), Y(z,t,r) € Q.
and it is easy to see that
L(x)(Fyu™)(z,t,r) = (Fy(L(x)u"))(z,t,7), V(z,t,r) € Q.

We have now to look at the integral term

7 (/Oy £, syu (2, — s)ds) (z,,7)

’7 oo ol ; 2 v
=4/ 5 / e~ 2=V g1 — y) / L(z,s)u*(z,y — s)dsdy
0 0
v +oo +oo 5 ) 2
=4/ o / L(x,s) / e 2=V g(t — )t (z,y — s)dy ds
0 s
+oo v +oo 5 ) 2
= / L(z,s)y]=— / e 2SI 0 s — 2 (x, 2)dz ds
0 21 Jo
+oo t

= / L(x, 8)(Fyu)(2,t —s,7)ds = / Lzt — 8)(Fyu)(z,s,7)ds.
0 —T/2
The main advantage of this transformation with respect to the FBI transform is that
it transforms the convolution product of two functions into the convolution of the first
function by the transform of the second function. The function v, = F,u*, function of
three variables (z, ¢, 1), satisfies then a system of elliptic integro-differential equations,

Y(x,t,r) € Q:
Quo (w,t,7) = — 202u (z,t,7) — OPuy (x,t,7) — L(2)u, (2, t,7)
t 24
+ / L(x,t — s)uy(z,s,r)ds = 2F,(x,t,5) + G(2,t,5), (24)
—-T/2

where

+oo - 5 .
Gy(z,t,1) =4/ %/0 e~ z(tHir—y) 0(t — y)[P(x,t), xsli(x, y)dy,

with the boundary conditions:
T 5T
uy(z, t,r) =0, V(x,t,r)€dx (—5, 7) x (—3n,3n),
T
Uy(,f,t,’l") = 03 V(x,t,r) S Q x {_5} X (_3777377)
We notice then that
Gy(z,t,r) =0, Vo e Q\ Q(3¢), (25)

because [P(x,t), x3] only involves the derivatives of x3 and its support is in (3e) \
2(4e). We also have

12 g1y < Ce™ ™ [lw* || a2 (ax (0,3m)) (26)
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as well as
||U7||H2(@) < CeCVHu*HHz(QX(O,ST))y (27)

where C depends of 1, T, {2 but not of v and where m is independent of 7". Indeed,

2 —
”F’Y”Lz(@) -
Yy oo ol ) 2 2
3 5 / e 2=V (97 (t — y)u* (2, y) — 20/ (t — y)yu™ (x,y)) dy| drdtda.

0

with

+o0 R 2
| @ (eg) - 260 - )0 ) dy
0

|e‘3“+"‘y)2l2dy>

<

</920-, =T/2+3n/2<t—y<-T/2+3n
t+T/2 )

x ( [ - )~ 20— )00 o) dy>
0

<

- —1 2—7’2 *
(/ e {(=9) )d?/> Cllu ($7')‘|%{1(0,3T)
y>0, =T/2+3n/2<t—y<-T/2+3n

< Ce_m'yTHuiF(xv ')”%Il(O,ST)a V(m,t,?‘) € @

Indeed, (t —y)? > (- + 37])2 and 72 < 9n? therefore (t —y)? — r? > (T —6n).
Thus, if we suppose T' > 1, since n < 1/6, then there exists m > 0 independent of T
such that (t —y)? —r? > mT. We can do the same work for the derivatives of F..

Likewise, we have
[ [ grir—yy
o /o e 2UFTTIG(t — y)u* (z, y)dy

, 5T/2 31
s 22,5, = /Q / . / N
2

2
dr dt dx

with, ¥(z,t,7) € Q,

+o0
/ e BVt — yyu (2, y)dy
0

t+T/2 t+T/2
< / = HeHr— 2y / 6(t — y)u* (z,y) 2 dy
0 0

3T
- —y)2—r? * *
< </0 e (=) )dll> Cllu*(z,)I72(0,37) < Ceu (@, 22087

And we use the same procedure for the derivatives of u, to obtain the desired result.

4.2. Prove a Carleman estimate

We write a Carleman estimate for the system of elliptic integro-differential equations
(24), applying the same methods we used in the hyperbolic case. That is, we combine
the decoupling of the equations proposed by [14] with the change of variables of [10],
and we use a classical Carleman estimate for a scalar elliptic equation (Lemma 2).
The difference is that here we have 3 variables (z,t,7), so the weight function has to
be modified. Let us introduce first some notations:
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e Domains
For T'> 0 and n > 0, we note

~ T

Q=0x (- ) (—3n,3n),

= T 5T

2 =00 x (=5, ) x (=3n,3n).

e Norms

1 20 gy = D0 2o 5 2,
la| <k

1 Py = 3 o200 %12, 5.
la| <k

Definition 4 (a Carleman weight function) Let o € R*\ Q and £ > 0. We
introduce a function v in the following way:

T _
P(x,t,r) = |x—xo|2—|—(t—|—§)2+r2, V(x,t, 1) € Q,
and we set
o(z,t,r) = e_g’b(gﬂ’t’r), Y(x,t,r) € @ (28)

Because we introduced this new weight function, we must now check that we still have
a result, similar to to one of Lemma 1, to bound the integral terms in the proof of the
Carleman estimate. It is given by the following lemma:

Lemma 6 Let ¢ be defined by (28), 0 > 0 and u € L2(Q). Then, there exists a
constant C' > 0, independent of o, such that

; 2
C
/ / lu(z,s,7)|ds | > @t dg dt dr < —/ lu(z, t,r)|2e2°@0) da dt dr.
Q \/-1/2 7JQ

Proof Using the Cauchy-Schwarz inequality, we can write:

. 2
/ / lu(z,s,r)|ds | > ?@E) dg dt dr
Q \J-1/2

! T
< / / lu(x,s,7)2ds | (t + =)e? @t dg dt dr.
Q -T/2 2

We notice then that, V(x,t,r) € @,
eS¥(a,t,r)

C
,4570-(% (62c7<,0(:13,t,7’)) < 7;[% (62090(1,@7‘)) )
Therefore,

: 2
/ / |u(z, s,r)|ds 20 (@) o dt dr
Q \J-1/2
5T/2
/ / / (/ lu(z, s,r)|2ds> A (€279 @) dt da: dr
T/2 O T/2
5T/2
<*// / lu(z,t,r)|%e 200(.t7) dt do dr
Q T/2
T/2
—g20¢(x,5T/2,r) (/ |U(Z‘,S,T)|2ds> dx dr] .
—T/2

(t+ g)€2mp(m,t,r) <
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Thus, we deduce the result.

We are now ready to state the Carleman estimate for the operator Q:

Theorem 4 (Carleman estimate) Let Q be the operator defined by (24). Let K be

a compact set in Q x (—%,2L) x (=3n,3n). We assume that

(H1) (\,p) € C*(Q)? and (A, i) € C*(Q x (0, 400))?.

Then, there exists &y > 0 such that, for all £ > &y, there exists g > 0 such that, for
all o > o and for all u € C§°(K)3, we have the following estimate:

1 . o a
e 12 gy < © (10Qe™ 2 ) + eI 5 )

where o is defined by (28), and C > 0 depends on the C*(Q)-norm of the coefficient
i but is independent of o.

Proof Let K be a compact set in @ x (=2, 31) x (=3n,3n), let u € C5°(K)? be the
solution of:

Qu(z,t,r) = S(x,t,r), Y(x,t,r) € @, (29)

and let assume (H1). We must first decouple the equations. To this end, we take the

divergence of (29) and we introduce the scalar v = V-« and the vector w = VAu. We

obtain the following system of seven scalar equations only coupled at the first order:
t

—20%u(z, t,7) — 2u(x,t,r) — p(x)Au(x,t,r) + / iz, t — s)Au(z, s,r)ds

-T/2
= S(z,t,7) + Ay (u,v) (2, t,7), /V(x, t,r) € q,
—202v(x,t,r) — OFv(w,t,r) — (N + 2u) (2) Av(, t, 1)
+ / tm(x +201) (2, t — 8)Av(z, s,7)ds (30)
= (V-8)(z,t,7) + As(u,v,w)(z,t,7), V(z,t,r) € Q,
—202w(z, t,1) — O2w(a, t,7) — p(w)Aw(a, t,7) + / tm izt — 8)Aw(, 5, 1)ds
= (VA S)(z,t,7) + Az(u, v, w)(z,t,7), V(z,t,r) € Q,

where A;, Ay and Az are first order integrodifferential operators. We only treat the
first equation of (30), the others equations can be treated accordingly. We introduce
the following change of variable:

t
o tor) = (e ter) ~ [ et = s ules)ds, V) €Q.

—T/2
Thus, u satisfies the classical elliptic equation
—20%0(x,t,r) — OFu(z, t,r) — p(x)Ad(x, t,r)

= p(x) (S(z, t,r) + A1 (u,v)(z,t, 7)) + L1 (u)(x, t, ),

where L; is a first order integro-differential operator with bounded coefficients. We
now need a Carleman estimate for a scalar elliptic equation. It is given by the following
lemma:
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Lemma 7 ([28] and [29]) Let Q be an open domain in R™, K be a compact set in
Q and ¥ be a C*(Q) function satisfying Vi(x) # 0, Vo € K. Let
olx) = e @) v e Q,
where £ > 0 is sufficiently large. We consider the scalar second-order elliptic operator
R(z)x = a(x) : V? % +b(z) - V % +c*, Vo € Q,
where all the coefficients are C%(Q). Then, there exist og > 0 and C > 0 such that,
for all 0 > og and for all u € C§°(K), the following Carleman estimates hold true:

C
— ez ) < IRW)e (172 () + lue” Il (a)

Collue™|l31.0(q) < |(Ru)e™ [Tz (q) + ollue™ .- a)-

As the weight function ¢ defined in (28) satisfies the hypothesis of Lemma 7, we can
apply the first inequality to u:

1 o ~ ~ ~\ O ~ O

e 12 g, < C (12020 = 8 — pATe |12, 5 + e |2, 5, ) -

We take into account the fact that the coefficients A, 5\, 1, v are bounded in @, that

the Lemma 6 holds and that all the terms of the operators A; and L, are of order less
or equal than 1. Then, we obtain

1
T yeoe|2 _
Ljger )2, 5,
agp |2 gp |2 gp |2 op||2
< C (186712 g, + 12,0 ) + 10212 ) + ue™ 2 s, ) -

We use again the change of variable

1 bz, t—s) ~
u(z, t,r) = —a(z,t,r) +/ ——u(x, s,r)ds, Y(z,t,r) € Q.

() —T/2 ()

Hence,
/~|u(x,t,r)|262”*"($’t’r)d£cdtdr
Q
C
SC/ |11(a:,t,r)|262”¢(x’t’r)dxdtdr+—/ lu(z, t, r)|2e27 @4 dy dt dr.
Q 7JQ

For o sufficiently large, the second term is absorbed. We do the same for the derivatives
of u, which leads to

1, o 1
il ®1|2 - e’ |2 ~
~ue | 0 gy < O e ]2, -

Finally,

1 g

— ®||2 ~

~ e 2.
op2 op |2 ~ op |2 _ op |12 ~

< C (156712 gy + @120 ) + 10120 ) + 0™ 25, ) -
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Thanks to the Carleman weights, we absorb the second term of the right hand side in
the left hand side. We make the same work for v and w but using the second Carleman
inequality of the Lemma 7 in order to obtain

oloe* 2,0,
<C(I(V-9)e™ |20 g + 12,0 ) + lwe™ 2, 0 g + lloe12, L 5))
U”weU[PHHl,a(@)

< C IV AS)e™ 2 g+ 0™ 2 0 g + 10PN ) + O™ 2 )
Hence,

olloe® 2,0 )

< C (I078)e™ 2 5, + Nue™ 1210 ) + 0™ 120 55 + N0 20 5 )
Finally,

1 g

7”“6 Lp”Hz 7 (Q)

<00@wwmm” SITQUE I gy + S oy + 1 s, )

And thanks to the Carleman weights, we absorb the third term of the right hand side
in the left hand side to obtain the result:

e 1 gy < © (1Que120 gy + 67 s

and this concludes the proof of Theorem 4. O

H29(Q

4.8. Obtain local estimations

We are now going to apply the Carleman estimate we proved in Theorem 4 to the
function u.. To ensure that its support is in a compact set of {2 x (—%, %) x (—3n,3n),
we multiply it by a cut-off function. A good choice of this cut-off function leads to
two local estimations. Summing these estimations, we obtain the desired interpolation
result. This work is inspired from [23] which uses some results of [24] but noticing

that we have here an additional variable.

4.4. First estimation

Let I' C 09 be arbitrarily small. We begin by estimating u, in a ball, which is close
to I'. Let us choose 0 < 1 < ¢ and z(*) € R®\ Q such that

B(z©® . n)NnQ =0, B9, 2n)nQ # 0, B(z® 4n)noQ cT.

Figure 10 illustrates this construction. We define then

T ~
v (@, tr) = |z — a7 + ;Q(H 1% V) €q,

and we set

— £ O (g ~
O (a,tr) =Dy ) € Q.
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Figure 10. Definition of (9 and .

As in Figure 11, we introduce the cut-off function x4 € C§°(R) such that

. 1
0, if z< > z > 8,
Xa(2) = 3
1, if 1 <z<T7,

and we set

O ~
U;($7t,T):X4 (772) U’Y(Z',t,’/‘), V(Z‘,t,’/’) GQ

= W

1
2
Figure 11. Definition of the cut-off function x4.

Here, u has a compact support in Q x (—g, %) x (—3n, 3n) since
¢(0)(x,t, +3n) > 10n° — ul(z,t,7) =0 if |[r[ > 3n,
@b(o)(x,%,r) > 1077 = ul(z,t,r) =0 if t> g,
and
uy(z,t,r) =0 if t< —g + 3217

Therefore, we can apply the Carleman estimate we showed in Theorem 4 to this
function

(0) (0)

II*"“"

1220 < € (10Qu)e™ ™ 12, 5, + e 12, 5 )
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The last norm is actually in T = T x (=%, 2L) x (=35, 3n) C . Indeed, we supposed
B(z(®,4n) N 9Q C T, therefore, if x € 9Q \ T, then ul(x,t,r) = 0. In addition,
V(z,t,7) € é,

Qu’ (w,t,7)
(0) (0)
= y4 (w ) Qu. (z,t,7) {Q,m (1/;72)] uy(z,t,7)

- (w(0)> (z,t,7) + Gy (x,t,7)) + [Q,m (1/;](20))] Uy (2,t,7)

(0) 1/}(0)
—X4( > (x,t,7) {Q X4< o )] uy(z, t,7),

since we saw in (25) that G, (z,t,r) = 0, Vo € Q\ Q(3¢). And here, X4(

different from zero if |z — 2(?)|? < 8n?, thus, in particular, if |2 — 2(%| < 35 < 3e.
Then, we can write:

1 (0)
e I gy < € (I1(Qu3)em”

N 1620‘6
(o2

(0) .
1S

||H1(Q)+||u:e”“’ IIHM )
H ’Y”Hz 7 ({n2<y(®<6n2}1NQ)

ce—T¢ rr,7§ g
< 0 (2 iy + 0 IRy + e s )

We choose then p and ") such that

dist(z(V,0Q) > 4p, By = B(z™, p) x (=

g ) % (=p,p) C {n* < v <6n?}.

no|

Figure 12. Definition of z(1) and p.

This choice is valid since, in By, we have
2
-

T
P 7)2+T2

POz, t,7) < |z — 22 4 [z — 22 4 5

(t+

<4 2™ — 2O 42 4 2
and since B(z(®,2n) N Q # (), we can choose (1) such that |#(*) — (9|2 < 4n? and
4p < n so that (O (x,t,7) < 6n?. Then, if o is sufficiently large, we have

||u’Y||H2(B ) S CC Clo””"/”i]?(@) + CeCQJ (HF’Y”?LIl(Q) + ||u’Y||H2(F )
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Cy

We minimize with respect to o (cf. [24]) to obtain, with vy = ——:
Ch+ Cy

1—vo Yo
lsllz sy <€ (lalie@) (Bl @) + 1ol

4.5. Second estimation

29

(31)

Now, we extend the estimation in B(z(),p) into Q(e) \ Q(2¢). Let B(zV), p),
2 < j < N be a cover of Q(g)\ Q(2¢). We suppose that () is such that for 2 < j < N,

dist(z9),0Q) > 4p, and Bzt p) c B2\, 2p).

B(z), 2p)

Figure 13. Definition of the balls B(z(%), p).

We introduce

T T
_5’5) X (_pap)

This construction is illustrated in Figure 13. We define

Bj = Bz, p) x (

2
) ) T ~
WO (@) = o~ 2P+ L+ 5) 7, Wt €Q,

2
and
) — & D (ptr ~
oW (x,t,r)=e v mtr) V(z,t,r) € Q.
We set
w(j) ~
’U:;(i,t,?‘) = X4 <p2) u’Y(‘T7t7T)ﬂ V(Ji,t,T’) € Qa

to which we apply Theorem 4, without the boundary term, since the support of 7 is

an interior domain:

1 ) )
Tl * 00 2 _ *\ 0 2
e 20 ) < CNQuy)e 2, 5.
In addition, V(z,t,r) € Qv,

p) »)
Qul (x,t,7) = X4 <p2> F.(z,t,7r) + {Q,)@ <p2ﬂ uy (2,8, 7).



Logarithmic stability in determination of a 3D wviscoelastic coefficient 30

Thus, we have
C

206 2
;6 ? HU'Y||H2,o({p2§w(j)§6p2}ﬂé)
2 20’67%

_¢ e
<g?erre ” ||u7||?{2(w(j)§p2) +o%e?e Hu'yniﬂ(w(j)gspa t+o'e ||F’YH§{1(§)?

and, if we choose o large, we can write:
20e76¢ 2
el (wor <omng)
20’67§ 2 2057% 2 20‘67§ 2
<Ce ||uv||H2(1p(j)§p2) +Ce ||u"/||H2(¢(j)§8p2) + Ce ||F7||H1(@)-
This allows to conclude that

< Ce% (llur |2z, + 13 ) +Ce s |

2 ) 2

HY(Q) H2(Q)’

since §j+1 c {¥) < 6p?} and {9U) < p?} C Ej. We minimize with respect to o to
4 .

Cs+Cy°

2 2
le ez 3, .0y H?(B))
obtain, with v, =

V1

lslle5,y < € (lisllreig) (sl + Tallos s,)
We use then the recurrence result of the following lemma:
Lemma 8 (Lemma 4 in [29]) Let o; > 0 satisfying, for all j >0,
a; < Bl_”(ozj_l + A and a; <B
where A >0, B > 0 and v €]0,1[. Then, for all u €]0,vN[, we have:
ay <2V Bk (g + A2,
Here,
a; = ||u7||H2(§j+1), A= ||F7||H1(@)7 B = ||U7||§12(@)-

Therefore, we obtain

1—v

||U7||H2(§n) <cC (||“7||H2(@)> (”F'v”Hl(@) + ||“7||H2(§1))

We apply the Young inequality and we obtain

||“v||H2(§") < eqHuv”HZ(@) +e ! (HFWHHl(@) + ||u“/||H2(§1)) )

1
where ¢ = 1 and ¢’ = —. We use the estimations (26) and (27) on F, and u, to
v

write: -
||u7||H2(§n)

< equVHU*”H%Qx(O,?)T)) + = (6im7Tl|u*HH2(QX(O,3T}) + ||u,y||H2(§1)> .
We choose then € = e 2M7/4_ g0 that
||“~/||H2(1§n) < 37M7||“*||H2(Qx(0,3:r))

’
— — a
(mT—2M <

2M~ L
+e ”Hu*lle(Qx(o:aT)) + ey [l 2,5

If we fix T' > T,, with

q/
ml, —2M=— = M,
q
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we obtain, with k = 2M7%7
-M
luyll g2,y < € u laziex0,81) + € Mty g2 5,)-

We can do the same work on the first estimation (31), the one in El. We apply the
Young inequality and the estimations (26) and (27) to obtain

||“7||H2(1§1)

< eqoeM"’||u*||H2(Qx(o,3T)) +e D (€_m7T||“*HH2(QX(0,3T)) + ”u“/”HZ(l:)) :

1
and ¢) = —. We choose then ¢ = e~ (3M+8)7/%0 5o that
— Vo

where ¢y =

el g2 0y < €M [ | a2 2 087

e (A 4 I

If we fix T > T with

(J
s )VHU ||H2 (Qx(0,37)) +

mTy — (2M + )qo =M +k&,
4o

we obtain

- e}
||Uv||Hz(§1) <e (MJFH)WHU*HHQ(QX(OBT)) +e 7||UvHHz(f)

And we regroup the two estimations in
||“v||H2(§n) < €_M7||U*||H2(Qx(o,3T)) + €CW||U*H%{2(rx(o,3T))-

Finally, we take T' > max T, and we sum the inequalities to obtain
n

—C * C *
HuvHip(g(s)\g(ga)x(_%’?)x( pp)) = ’YHU ||§{2(Q><(O,3T)) t+e ’YH’U’ ||%I2(F><(O,3T))'

We can now go back to the variable u in the estimations.

4.6. Return to the variable u

We introduce the new variable

wy(z,t) = uy(z, t,r =0) = \/;/ 30 y)9t— y)u*(z,y)dy

= (Ky*u")(z,1), ) € QA xR,

K () = 1/%6_%t26(t), Vt € R.

We see that w, converges to u* when ~ tends to infinity. We have

with

) 2
Iz @enaee 05— = Clualiz@enoeo 1. 5)x0m
< e Tl i @xary + € e xo.sm))-

Indeed, the Cauchy formula says that, for 0 < d < p, we have

w.(z,a) = 1/ Mw

207 Jjpy—al=a W —a
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which, using polar coordinates, implies that
2w
lw. (z,a)]* < C/ lw. (2, a + de'?)[do.
0
We integrate then, for 0 < d < p, into
C P 27 )
o ()2 < 7/ / w, (2, a + de™®) 26 dp,
P Jo Jo

that we can write:

P
lw. (z,a)]* < C/ / lw., (z,t + ir)|?dt dr
—pJ|t—a|<p

p
= C/ / lu, (z,t,7)|*dt dr,
—pJt—al<p

according to the definition of w,. Then, we integrate for z € Q(e) \ 2(2¢):
P

s anaas <€ [ [ ot Ol
—pJlt—al<p

2
< C||u7||L2(Q(5,25)><(—1 TYyx(=p.p))”

272

We integrate for a € (0, % — p):

2 2
Iy lz2enaeex 0.2 -0 = Clluallzz e o0 < (- 2,2)x (.00

and we do the same for the derivatives of w,. We can now come back to u* (and )
using the classical Fourier transform (noted with a big hat symbol) because we notice
that

—~ o~

wy(z,t) = (Ky xu™)(x,t) = wy(z,7) = Ky(T)u* (2, 7),

oo to—3t?
1/27T/ o(t)dt
D e
:,/7/ eimte a4 [ L / el (0() — 1) dt.
27 J_ o

‘We have

\ 27/+°° it gt = \ 2r /+OO (VEHF) o Eay
T J -0

= —e bl e dz=e %

v /_oo

— L2 —F+3n

K(r)=e 5 +, /%/ e iTem 3 (0(t) — 1) dt.

Therefore, we have
[~ —%+3n
+ %/ —z‘rt —7t ‘|0 _ 1|dt
— 00
42

2 —Z+3n
r + l/ e 2 dt,
2y 21 J_ o

where

Hence,

(1=K < [1-e 5

IN
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1—et
where we used for the first term the fact that the function —a is bounded in R.

. . 1 1 .
We win one order of convergence since we have — and no — as in [14]. Then, we can
Y Y

introduce in the second term the change of variable z = e_%tz, that is t = —%ln(z),

and dz = —’yte_%tzdt and so we have'

3n

i e I
27 —o0 N 2f _ln( )

3% o
~ 2f B < —
VESem)’T

Then,

o —

[Ju* — ww||2L2(Q(e)\9(2a)x(o,g_p)) <’ - wv||2L2(QxR) = Jlu* — wwHQH(QxR)

+oo
QJ—o0
C +oo g /\ C
A S e O ey
Y JaJ - Y

Finally, if we suppose that u* is prolonged by zero outside (0,37), we have

72+C’2

|$(x, T) |2dT

* C *
[u” — w’Y||L2(Q(5)\Q(25)X(O,%fp)) < ;HU [ 122 (0,37))
Thus,

[[w” HH2(Q(5)\Q(25) x(0,% —p))

<C (||U - w"/||H2 (2(e)\Q2(26)x (0,Z —p)) T ||w’>'||H2 Q(e)\Q(2¢)x (0, T p)))

..
< ;HU | 74 (2x (0,31)) JrC”w’y||H2(Q(s)\ﬂ(2s)><(0,%fp))'

Coming back to u and taking into account that u*(x,t) = x3(z)u(z,t), so that u = u*
in Q(e) \ 2(2¢), we have

C
||UHH2(Q(E)\Q(25)X(o,g—p)) < ;HUHH‘*(Qx(O,BT)) + er||uHH2(rx(0,3T)>'

We use the fact that ||ul| g+x(0,37)) is bounded and that

||UH3{2(I‘><(O,3T)) = Z ||3gu||i2(r><(0,3T))’

lal=1
since 4 and its time derivatives vanish on I, to write:
Cs

||“Hi12(9(a)\9(2e) x(0,Z—p)) = *ercﬂ Z Haguﬂiz(rx(o,sT)y
lal=1

Then, we choose vy such that the first term dominate the second. We can for example
choose

v = log ( < )
. .
206 > lal=1 ||6§‘UH%2(M(0,3T))

We achieve the proof of Theorem 3.
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5. Numerical results

To illustrate the theoretical result (12), we present here one numerical example in 2D,
even if the result is also valid in 3D. The numerical resolution that we propose leads to
recover the values of the unknown coefficient p at each vertex of the discretized domain.
Since the linear viscoelastic system (1) is a simplified model for the mechanical
behavior of brain structures [30], we could use the method to retrieve the localization
of a brain tumor. However, this example can be considered as an academic test case,
sufficient to emphasize the motivation of the study, to illustrate the stability result
and to propose an efficient numerical method.

5.1. Direct problem

We consider now the system (1)-(3), in two dimensions, with the following coefficients:
o u(x) = Mx) = 1200, h(t) = e /7 with 7 = 1, A(z,t) = 400 h(t),
. plz) = 400, in the healthy tissue,
PR)= 9 > 400, in the tumor (cf. Figure 14),
o f(x,t) =0, u1(x) = 0 and g is the solution of the stationary problem associated
to (1):
—V - (u(2)(Vig(z) + Vag(z)") + A(2)(V - @) (z)]) =1, Vo €Q,
up(x) =0, Vo € 0.
When dealing with a real experiment, it is difficult to ensure that the initial
data g satisfies hypothesis (H5). In practice, the recuperation is carry out with
g # 0. Moreover, we assume that p is known in the boundary of €. This hypothesis,

less restrictive than hypothesis (H3), is more likely to be acknowledged because
experimental measurements of the coefficient on the boundary may be possible.

Figure 14. Unknown coefficient p (on the left), computational mesh and initial
data @o (in the center), observation zone w (in red, on the right).
We can solve numerically the direct problem (1)-(3) by discretizing the equations
e in space using P! Lagrange Finite Elements in the mesh shown on Figure 1,
e in time using a f-scheme with 6 = 0.5 (implicit centered scheme) and 6t = 1,
e by using the trapezium formula for the integral term.

The time of observation is taken equal to T' = 50 whereas the observation zone w
is the one shown on Figure 1. A uniform relative error of 2% corresponding to the
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experimental error is added to the solution i.e. the observed displacement measured
experimentally u.ps is obtained by the formula:

Uops (T, ) = (1 + 7 0.02)u(z, ), Y(z,t) € wx (0,T),
where 7 is a constant in [—1, 1], randomly chosen (according to a uniform distribution
law) at each discretization point in the domain w x (0;7).
5.2. Inverse problem

We are looking for the minimizer of the non quadratic functional

1 T
=5 | [ (o 90w P) dt
0 w

with u = M(p), M being the nonlinear operator from P to U associated to system
(1)-(3). In general, uops & M(P). Notice that adding a Tikhonov regularizing term
to J does not numerically help in this case since we will filter high frequencies when
choosing the parameter space for p (see section 5.4). We solve the minimization
problem by a Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [31]. Thus, we
calculate

VJ(p,6p) = lim © (J(p + i) — J (1)

/ / Mpop - ((w — uobs) — A(u — uops)) d dt,

with M, the linearized operator of M around p, i.e. Mpdp = du satisfies

Pou(x,t) / V- (6p(2)h(t — s)(Vu(z, s) + Vu(z,s)")) ds,

du(z,0) = Vo € Q, (32)
Opdu(x,0) = 07 YV € Q,
du(z,t) =0, Y(z,t) € 00 x (0,T).

We introduce the adjoint operator P* of (2)
Pru(z,t) = 0fv(z,t) — V- (u(x)(Vo(z,t) + Vo(z,t)") + MNz)(V - v(z, 1))

b

T
+/ V- (p(a:)h(s — 1) (Vo(z, s) + Vo(z, s)T) + Ma, s — t)(V - v)(z, S)I) ds
t
and we define du*, the solution of

P out (2,1) = { (U — Uops ) (X, 1) — A(u — ups)(x,t), Vo €w,

0, Vo e (2\w),
ou*(z,T) =0, Vo € Q,
Opou™(z,T) =0, Vo € €,
du*(z,t) =0, Y(z,t) € 0 x (0,T).

Therefore we can write:

VJ(p,dp) = / /5u z,t) - P ou™(z, t)dxdt = / /’Péu (x,t) - ou™(x, t)dzdt

= /Qép (/ / (t — s)(Vu(z,s) + Vu(z,s)") Véu*(x,t)dsdt) dx.
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5.3. Regularization method

We denote by p* the numerical parameter and by p the exact parameter, and we
suppose p* close to p. We can write:

I = Bllp = 1M (Mpp® — )| p < | M [[[|Mpp™ — o

If Mj, linear from P (of infinite dimension) to U, is compact for ||.||p and |||, then
its inverse M ! is not bounded. So, even if we find p* such that Mpp* is close to u,
we cannot guarantee that p* will be close to p. Thus, as regularization method [26],
we introduce the operator

Ri =M,

where Ilg is the projection of P to a finite dimensional space Px. This operator Ry
is bounded in U and verifies

Rx — M;' if K — +oo,

and we now look for p* € Py.

5.4. Mesh and basis adaptation

We choose to look for the unknown coefficient p* in the space Px of the K first
eigenfunctions of the mesh, that is

K
Pr = {p € P,p=ploa +Zpi%}a
=1

where plsq is a raising of the trace of the exact value of p (which is known as we
assumed p known in w) and

—Api(z) = oipi(), Vo € Q,
wi(x) =0, Va € 0N.

Figure 15. Initial mesh (left), initial basis functions n°l, n°2 and n°5 (right).

We propose an adaptive method to solve the problem accurately. After computing
a first solution p§ on the initial mesh, we use it to refine the mesh and to adapt
the spectral basis. Indeed, we consider next as basis functions the solutions of the
following problem:

=V - (a(z)Vei(r)) = oipi(), Va €,
pi(r) =0, Yz € 09,
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with
1
a\r) = —————.
@ = Tn@

The initial and adapted meshes and basis functions are shown on Figure 15 and

Figure 16

Figure 16. Adapted mesh (left), adapted basis functions n°1, n°2 and n°5
(right).

5.5. The results

We solve the inverse problem by the method introduced in 5.2-5.4. On Figure 17, we
plot the relative error between p* and p in L?-norm with respect to the number K of
eigenfunctions in the basis and for different steps of the iterative process.

N step 0

% of error
[9)]
1

step 1 with Ky = 40

step 1 with Ky = 80

0 — T T 1T T T T T T T T T T T T T

10 20 30 40 50 60 70 80 920 100

number of eigenvectors in the basis

Figure 17. Relative error for the coefficient p in L2?-norm with respect to K.

On Figure 18, we show the exact coefficient and the numerical result we obtain at
different steps.

5.6. Perspectives

Notice that we only try to recover the coefficient p, assuming that all the other
coefficients are known. Indeed, the aim of this example is to illustrate the main
result of the paper, which is the theoretical stability for recovering the spatial part of



Logarithmic stability in determination of a 3D wviscoelastic coefficient 38

Figure 18. Exact coefficient p (on the left), recovered coefficient p* at step 0
with Ko = 50 and Ko = 100 (in the center), recovered coeflicient p* at step 2
with Ko = K1 = K2 = 50 (on the right).

only one viscoelastic coefficient from only one measurement. The other objective of
this example is to show the interesting choice we can do for the spectral basis in an
adaptive way. To recover simultaneously all the coefficients, there are various methods
(see [32]). One method consists in adding to the minimal criteria more parameters, but
this could be unstable if only a single observation is available, so we would need more
independent observations. Another method consists in using an iterative procedure
fixing all coefficients except one at each step. In both cases, we should start in a
neighborhood of the real coefficients and play with noise levels. All this deep analysis
of the numerical simulations is of course very relevant but it is out of the scope of
the present publication. We are preparing a forthcoming publication that will include
these numerical issues and more details about the choice of the spectral adaptive basis.
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