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Abstract

We introduce a new finite volume method for highly anisotropic diffusion
operators on triangular cells. The main idea is to calculate the gradient
using a nonlinear scheme. For parabolic problems, the resulting global
matrix is a strictly diagonally dominant M-Matrix without geometrical
constraints on the mesh and restrictive conditions on the anisotropy
ratio. We verify the accuracy of the method by comparing our computed
solutions with analytical solutions. The efficiency of the algorithm is
demonstrated by comparing it with numerical schemes which do not
satisfy discrete minimum and maximum principles.
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1 Introduction

In the framework of nuclear waste disposal simulation, we are interested in a trans-
port model in porous media which can be described by a convection-diffusion-
dispersion equation applied on highly anisotropic heterogeneous geological layers.
For the convective term, we use a classical upwind scheme where the physical phe-
nomenon is convection dominated, and a centered scheme where the physical phe-
nomenon is diffusion dominated. The key property of this convection scheme is that
it satisfies maximum and minimum principles. Therefore, it is natural to seek an
approximation to the diffusive-dispersive term which has also these properties.

We are interested in constructing a cell-centered scheme which satisfies the fol-
lowing :

e it is second order accurate for smooth solutions.
e it takes into account heterogeneous anisotropic tensors.

e it takes into account distorted meshes.
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e it satisfies discrete minimum and maximum principles (DMMP) without ge-
ometric constraints on the mesh and without conditions on the anisotropy
ratio.

The crucial property is the fourth property. It is very important for diffusion terms
in modelling two-phase flows in porous media [NOR 05] and for coupling transport
equation with a chemical model.

To our knowledge, there are no linear schemes satisfying all of the above require-
ments. For example, for classical finite elements, it is explained in [CIA 73, KOR 00],
that for the Laplacian, the resulting global matrix associated with the scheme is an
M-Matrix if some geometrical constraints are satisfied. We can also cite a recent
work described in [LP 09] where a linear scheme satisfying a maximum principle
for anisotropic diffusion operators on distorted grids is developed. This method is
generally first order accurate for smooth solutions.

However, a few non-linear methods have been proposed. In [BUR 04], a non lin-
ear correction of a finite linear element scheme is developed. But, heterogeneous
anisotropic tensors are not taken into account. In [BER 06], an interesting non-linear
method is proposed for homogeneous isotropic diffusion. Unfortunately, the posi-
tivity properties are obtained under restrictive geometric constraints. In [LP 05b],
we proposed a cell-centered finite volume discretization for the diffusion operator.
We showed the robustness and the accuracy of this algorithm in comparison with
analytical solutions. This scheme satisfies either the minimum or the maximum
principle but not the both simultaneously. This was extended in [KAP 07, LIP 07,
LIP 09, YUA 08] on polygonal meshes and tetrahedrons.

In this paper, we construct a new algorithm which satisfies DMMP for any anisotropic
tensor on unstructured triangular cells.

The outline of the paper is as follows. After a short presentation, we describe in
subsection 2.1 the case where the diffusion tensor is equal to the identity matrix.
Then, in subsection 2.2, we extend the algorithm to the heterogeneous anisotropic
case. In section 3, we present a few numerical results and we conclude in section 4.

2 Presentation

Let © be an open bounded convex subset of R?. We consider the following problem

§=DVC
1
wa—C:divcj’onQV‘c>0 M)
ot
with

e w, the porosity

e (), the radioactive element concentration

e D, a symmetric definite positive matrix

We also impose an initial condition and Dirichlet boundary conditions.

International Journal on Finite Volumes 2
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2.1 Isotropic homogeneous case: D=1d

We consider a grid 7 made up of N,,, triangular cells and Ny boundary edges. We
define B = {Xj{lngNmﬁNf}} as the set of the points which are the intersection of the
angle bisectors of each triangular cell and the points located at the midpoints of the
edges of the boundary. For any node O; of the grid (not located on the boundary),
there exists a triangular cell (Xr, ,, X1, ,, X7;,) (With XTIy 10s € B) so that the
node O; is inside this triangular cell.

Remark 1: as  is convex, this triangular cell always exists. It is sufficient to
take the triangular cells with vertices located at the midpoints of the edges of the
boundary. In practice, we choose the points closest to O;. So, there exists three
positive or zero coeflicients \; j.j—1 23 with Z{1§j§3}/\i7j = 1 (Figure 1), such that
Z{lgjg?)})\i»jOiXTi,j =0.

Remark 2: several triangular cells can exist that satisfy the desired property. So,
we can introduce several points X7, ; j—1 N and A j.j=1,. N (with N > 3) such that
Z{lgjgN})‘iJOiXTi,j =0.

Remark & an other solution consists in integrating divVz = 0 and divﬁy =0 on
a disk around the node O;. We obtain: ey, 1AijOiXr,, = 0 with Aij > 0,
where we define Vp, as the set of all the triangular cells around the point O;. In
this case, we do not use the assumption that the computational domain €2 is convex.
Unfortunately, it seems difficult to generalize this method to heterogeneous cases.

|
X

1,3

Figure 1: Grid composed of triangular cells

We use the same notations as that described in [EYM 99]. For T' € 7, we define
(Figure 2):

e S(T), the area of the triangular cell T, X7 the intersection of its angle bisec-
tors, ¢;(T),5 = 1,2,3 the sides of T..

e iir; the outward directed normal vector to ¢;(T) to T' with the same length
as ¢;(T), for j =1,2,3.

Let A, be the set of the edges belonging to 92, A;,¢, the set of interior edges. For
a € Aing, we define:

International Journal on Finite Volumes 3
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Figure 2: Homogeneous case

e 7.7 T, two triangular cells which share a common edge a, O1,q, O2,4 the two
nodes of the edge a.

e 7i,, the normal vector to the segment O 02, such as 7, is outward to T, A
with the same length as Oy Oz 4.

—

° ﬁlya, n;’a, ﬁia and ﬁia the normal vectors to the edges XT;OLW XTELOQ@,
XTa— O1,q and XT,; Oa 4, respectively with the same length.

e PT, , the triangular cell (Oi,avXT;7XT;) with SF; , its area and OPT;, its
boundary.

For a € Agy, we also define:

e PT, the triangular cell (O 4, Xo+, O2,) with SF, its area and OPT, its bound-
ary.

We use SF; 4Giq to denote the value of fPTi . qdQ) if a € A;pe; we let SF,q, denote
the value of f PT, qdQ) on PT, if a € Acyy énd we let C denote the value of the
concentration C at the point Xp. We approximate the value of the concentration C
at the point O; , with the expression C’om = Z{1§j§3}>\i7jCTi,j‘

Calculation of the flux ¢ ng

For an edge a belonging to A;,, the integration of the first equation of system (1)
on PT; , using Green’s formula leads to, for i=1,2:

/ &m:i/ 60&2:/" Cdl (2)
PT; , PT; , OPT; ,

Using a formula that is second order in space, we get, for ¢ = 1,2:

1
= ot | -t o
Qi,a = QSE,a Coi,a (ni,a + ni,a) + QSE,a (_CTJ ni,a - CTjni,a) (3)
(ﬁi"_a + ﬁl_a) ) Tfa (ﬁ;—a + ﬁQ_a) ’ nTl ﬁii_a ’ nﬂa
We denote A\ = : d , Ao = d d A3 =——2— and
note A 25F ., 2 25F, , 5T sk,
ﬁ2_a Mg
M=—F—.
T 28R,

International Journal on Finite Volumes 4



Finite volume scheme satisfying maximum and minimum principles

The terms ¢4 - 7, and @24 - 71, can be written:
Qra - Tia = M1(Coy, — COpt) + A3(Cp- — Oy ) (4)

and
C72,a : ﬁa = )\2(C027,1 - CTa_) + )‘4(CT; - CT;) (5)

We remark that A\jAa < 0. Let us assume: A\; > 0 and A3 < A\y. If Co, , C'T+ =0
(resp. CO2,a_CTa— = 0), we choose §-1g, = §1,4-Mq (reSp. §-1g = G2,0-7q). Otherw1se
using the same kind of combination described in [BER 06] and after discussion with
[GAL 06], we define:

—

Gty = ’)\2(002,a - CT(;) + (A1 — /\3)(CT; - CT‘;F)’JLa g + ‘)‘1(001,11 - CT;)‘(ﬁ,a “Tlg

1X2(C0,,, = Cp-) + (A1 = A3)(Cp — Cpt)[ 4 [M(Co,, = Ot )|

(6)

In any case, -7, can be written: ¢-7l, = f41,4G1,a 70+ 12,02,0"Ta With (11 o412, = 1.
Remark 1: If |q1,q - | + |@2,a - Ta| # 0, an other choice could be:

—

q-Ng =

|§27a ) ﬁan,a “Tla + |§1,a ) ﬁa|§27a Tlq (7)
‘572@ . ﬁa’ + |C.71,a : ﬁa|

Remark 2: any combination (p1,q, ft2,¢) With p1 4 + p12,4 = 1, and

7 Tl = M,001,a - Ta + 142,aG2,a - Tlq gives a consistent formulation. For example,

p1,a = 0.5 and p2 . = 0.5 leads to the so-called ”diamond” scheme ([COU 99)]).
Remark 3: if Ay < 0, the roles of ¢1, - 7, and ¢, - T, are reversed. If Ay < Az, we
define:

—

q-Ng =

1X2(Coz, = Cr )| @1a - fla + [A1(Coy = Cpt) + (A3 = A)(Cp = Ot )| @2, * T
‘)‘2(002,41 - CTG_)| + |)‘1(001,a - CT;) + (A3 — )‘4)(07“; - CT;)‘
(8)

If the edge a belongs to Ay, we integrate the first equation of system (1) on the
triangular cell PT, and we impose the values of the boundary conditions at the
points O, and Oy ,. We get:

L O 4T+ e (-
95 F,  Tat a0+ i3 25 F,

—

q-Ng =(q MNg =

COl an2a COZ anl a)} na (9)

Calculation of the main unknown Cr
Let us integrate the mass conservation equation (the second equation of system (1))
over 1. We get:

j=3

/w—dQ S(T)w 85? /dquQ @ﬁdF:Z(T-ﬁT,j (10)

or =

International Journal on Finite Volumes 5
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2.2 Properties of the algorithm

First, we use the following definition:
a matriz A is a strictly diagonally dominant M-Matriz if and only if its coefficients
a;; satisfy :
a;; >0
aij S 0 (11)
Okl > Zj;ﬁk |lak;| Vk

We let SF' denote the diagonal matrix with coefficients equal to the areas of the
grid, At the time step, C™ = C(nAt) the vector of the main unknowns and A(C™)
the discretization matrix of divDV of dimension Nia- We choose an implicit time
scheme. The discretization of the equation (10) leads to:

(SFw — AtA(C™H))C" ! = SFwC™ and we denote M = SFw — AtA(C™).
Proposition 2.  For any triangular cell, the matriz M is a strictly diagonally
dominant M-matriz.

Proof

If the edge a € A;t, and

{M(Coy. = Cre) }{Na(Cosu = Cpo) + (M = 2)(Co = Cp) } > 0, equality (6)

becomes:

. 2)‘1(001,a - CT;‘)M?(CO&(Z - CTQ—) + (A — )‘3)(CTQ— - T(j‘)|
" M2(Co,y, — Cp) + (M = X3)(Cpe — Ot )| + [M(Co, , — Opt )]

77

+)‘3(CT; — Ta+) =
(12)
2\1(Coy,, = Cpp )l {2(Couy = Cp) + (a = X)(Cp = Cpp) |
|)\2(CO2,0, - CT(;) + (A1 — )‘3)(071; - Tj)| + ‘)‘1(001,.1 - CTJ)‘

+)‘3(CT; — Ta+)

If the edge a € A;t, and
{Al(com - CT;)} {/\Q(COM — Oy )+ (a = Xa)(Cp — Cips )} <0, the flux Gt
can be written :

(j" 77’:(1 = )\3(CT‘; - Tj)

In any case, we deduce that the flux ¢ 77, can be written:
qMg = fl (001,a7 COQ,a’ CT;?CT;F)(CT;_CTJ)_'_gl(COLav COQ,a’ CT(;?CT;F)(COl,a_CTj)

with f; and g1 two positive functions. This is the flux coming from the cell T} .
Moreover, the flux ¢+ (—7i,) can be written:

q-(—7a) = f2(001,av CO2,a7 CT; ) CT(;“)(CTJ*CT; )+92(CO1,av CO2,a’ CTa—a CT;L)(COz,a*CTa—)

International Journal on Finite Volumes 6
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with fo and g2 two positive functions. This is the flux coming from the cell 7;".
If a € Aest, §- 7lg can be rewritten:

7o = f3(Co,, = Cpg) + f4(Coyu — Cry)

. _ﬁ;a "M _ﬁia "M . s .
with f3 = “ooF and fy = “oor which are also positive functions.
a a

Let V(T,") be the stencil used to calculate ¢ 77, and let V(T;) be the stencil used
to calculate ¢+ (—7ig).

In any case, we get ¢~ 7, = ZjeV(Tj) f5,5(Cj — CTJ) and

q-(—7y) = Zjev(T;) f6,;(C; — Cp-), where f5; and fe; are deduced from the
functions f; through f;. We conclude the off-diagonal entries of the matrix M
are negative. Moreover, for all cells, the diagonal term is strictly greater than the
sum of off-diagonal entries because the coefficients of the diagonal matrix SF' are
strictly positive. We conclude that the matrix M is a strictly diagonally dominant
M-Matrix. |
Remark 1 The fluz approximation is consistent because we only use a second order
i space formula.

Remark 2 Using properties of strictly diagonally dominant M-matrices, the previous
scheme, denoted VFPMMD, satisfies discrete maximum and minimum principles.
Moreover, the calculated solution has no local extrema.

2.3 Anisotropic heterogeneous case

—0.5
Figure 3: Image of a triangular cell by the application R(—%5)Dp+ R(5)

Jip DA
fT; ds2
Proposition 3. There exists one point XTj inside each triangular cell T,” € T and

We let ﬁT; denote the value of and R(6) the rotation of angle 6.

International Journal on Finite Volumes 7
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a point Py (respectively Po and Ps) between the two nodes of O1 4,024 (respectively
O2,4,03 and O3,01,4) such that : R(5)Ox, Py T+R( ) T+P1 = 0 (respectively
R(Z)O0,4,Ps. T+R( ) X7+ P2 =0 and R(3)O3Ps.D T;R(g)x;&m3 =0)

Proof _
We consider a triangular cell 7,7 with vertices O1,4, 02,4, 03. Since the tensor ET;L

2
=05 =05
is symmetric positive definite, we denote D+, such that DT;r = {DT;} , with
—0.5
positive eigenvalues. Let R(—%)Dz+R(5)T," be the image of T,F with vertices
01,405,035 which satisfies (Figure 3):

- =0.5 - - =0.5 -
01405, = R(=5) Dy} R(5)01,002,4 and 01,03 = R(=3) D1} R(5)01,.0s.
The point X' T which is the center of the circle inscribed in the triangular cell

01,40}, aOg, satlsﬁes the following equality:

01,009 4]01,005] 4+ 01,005]01,,03 |
05,4051 +01,005] 4 {01,003 4|

Y
Ol,aXT+

We define the point Xt as the inverse image of the point X ’jrj
It satisfies the equality:

This can also be written:

0 % 01,402,4|01,,0%] + 01,,05/01,,05 |
LaXp+ =
o 05,4051 +101,.05] 4 {01,004 |

01,004 d 01,40%,,|

(0%, O4[+101.204 | +101..05 are positive,

Since the values [0 205 7101,20, 101,05 an

the point X+ is inside the triangular cell T, .
Moreover, there exists a point Pj between the two nodes of 01,05, such that
O aP X7 ! P’ = 0, using properties on intersections of angle bisectors of a trian-
gular cell "Let be Py the inverse image of the point P|. Using properties of linear
applications, the point P; is between the two nodes of O ,02,. Then, we obtain
the equalities:
—0.5 -
R(—%)DT;R(g)OLaPl.R(——)DT+R(§) T+P1 =0.
Using matrix notations, we get :
=05 =0.5
YR (=F) Dy 1 Bin(3)O01,0PL} Rin (= 5) D 1 Bin(5) Xt PL = 0
where we denote ¢ the conjugate, O1,0P1, XT;r Py the components of O 4P, XTJ P,
=05
R, the matrix associated with the application R, and D,, r+ the matrix associated

:0~5
with the application Dp+.

Then, we obtain :
—=0.5 =0.5
t(Rm(%)Ol,apl)Dm,Tthm(_%)Rm(_%)Dm,T;’Rm(%)XT{j'Pl =0

The equality becomes :

International Journal on Finite Volumes 8
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t(Rm(%)Ol,apl)§m7T;-Rm(%)XT;_P1 =0.
We finally oliain :
R(%)OMZP 1'ETJR(§)X;Q+P1 = 0. Using the same kind of calculations, we show

there exists_two points P en Pj satisfying : R(g)Og,;Pg.ij R(%)X;J P, =0 and

R(3)O03P3.Dys R(5) X7 P3 = 0. ]

Finally, let us note that we also obtain the inequalities :
R(%)OLaX'TJ-R(g)OLaOé@ >0
Using matrix notations, we get :
—0.5 =05
t{‘Dm,TJRm(%)OLCL‘XFTgL }Dm,T;rRm(%)OLaOQaa Z 0.

This inequality becomes :

—05 =05
t(Rm(%)OLaXT;r)Dm’TH“FDm7Tij(%)OLGOQ,(I > 0, which can be rewritten :
R(5)010X 1+ Dy R(5)014024 2 0.

which can be rewritten: ﬁfa Dty <0
9 a

Using the same kind of calculations, we also get : ﬁ;r ~§T+ g <0 .

—+
n2,a

Figure 4: Heterogeneous case

The set B is now defined as the set of points Xp defined in proposition 3 and
with the points located at the midpoints of the edges of the boundary.
Calculation of the gradients

We introduce the additional following notations:

e the point M, is the point on the edge O1 4,02, defined in proposition 3.

International Journal on Finite Volumes 9
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° SFZ-'; (resp. SFZ»;) the area of the triangular cell Oi,aXT,j M, (resp. Oi,aXT,; M,).

e (C;, the value of the concentration at the point M, associated with O; g,

7

Using a formula that is second order in space, equation (3) becomes for i = 1:

—1 1 ., 1 .
DT; (j’ljr’a = (CTJ — Cl,a)”fa + ppep—— (CT;' — Col’a)n;_
25FY, 25F7, (13)
—1 1 1
D¢, = ———(Crm — Cr)7t;,, + ———(Com T
T, 90 25F1Ta( T, La) 1,a 25Ffa( T,

a

and for i = 2:
oL 1 =4 1 =4
DTJQZ a = F (C(TJr - nga)n2 a ¥ (C(TJr - COZ,a,)n(l
' 28F), @ ' 28F), " e
—1 17 1”7 (14)

N

D50 = %T(CTJ - C2,a)“2,a - %T(CT; = Cos.,.)
2,a 2,a

Calculation of C; ,

We delete the additional unknowns C; , by imposing flux continuity, that is to say,
cj;f PRI cj;_ . Tiq. Since 71, 'ij iy = 0 using the definition of M,, the concentration
C1,, satisfies:

1 = __ 1 =
(SFfana T, Ma SFY, o Dyt 4)Cra
1 = 1 = 1 =
_SFl“l:a na DTjn17aCT+ + S 1_7a na . DT LaCT + SFl_a na . DTCL na (CT7 —_ COl a)

1 = __ 1, = |
(SFz_,a o D1, SF;fana Dpi7i3 ) Co,a
1 = 1 . = 1 . =
_ST;‘ana . DTJTZQ,(ICTJ + ST;CLTLG . DTa_nZaCTa_ — STQ_ana DTa—na (CTa_ - COZ,U,)
o (16)
Using properties on B, we get the following inequalities: 17, - ET;ﬁ;ra < 0 and
g ‘ET; i, , = 0. We conclude that C7, and Cz, can be simplified in the following
way:
Cl,a = alcT;r + ﬁlCT; + 71001,1;
and

Coa = 2Cpt + f2Cp- +72C0,,

International Journal on Finite Volumes 10
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with aq, ag, 81, B2 positive coefficients, y1v2 <0, a1 + 81 +v1 = 1 and

ag+ P+ v2 =1

Calculation of the flux ¢- 7,

We conclude that the flux ¢ , - 77, and ¢4 - 7, can be written in the following
way:

o . 1 . =
Qo fla = =gyl - Dy, {51(CT* —Cr+) +m(Co,, — C'T+)}
SFl,a a ’ a a a
and
o o 1, =
QQaa Mg = —or Ng - DT+n;a {ﬂQ(CTf — T+) —+ 72(002,(1 — CTi)} .
SF27a a ’ a a a

We rewrite these equalities as

q)l,a ' ﬁa = A/I(COI,a - CTJ) + Aé(c T CTJ)

a

and
Go.a Tl = Ny(Co,, — Cp) + Ny(Cpm — Ot

1 —= 1 e
with \j = ————, - Dy 71, Ny = ————1q - Dt i 2

+ a T, '"1, y N2 + a To "2, ’

SF, “ SFy, @

Ny= i Dot B and N, = —— i, - Dol 3
3= SFfrana T ,aP1 and Ay = SF;a”a T 12,072

Let us assume that Al >0 (if M} <0, the roles of ¢1 4 - 7lq and ¢a 4 - 7iq are reversed).
We recognize the same kind of equalities described in the homogeneous case for
equations (4) and (5). The important point is that A5 and X} are positive coefficients
and that Aj\;, < 0. For example, if \j < X}, we can choose for a € A, 7+ 7ig in
the form:

’)\/2(002,11 - CTa_) + ()‘21 - /\é)(CTa— - Tj)’(fl,a $Tlq + ‘)‘/1(001,11
125(C0,,, = O ) + Ny = 2)(Cpr = Ol + [N (Con

—

TJ)‘(TZa *Ng

C
CT; )l

q-Ng =

(17)
As the flux can be written in the same way as in the homogeneous case, the resulting
global matrix is also a strictly diagonally dominant M-matrix. We conclude that

the scheme satisfies minimum and maximum principles without conditions on the
tensor.

2.4 Discrete system
2.4.1 Implicit scheme

We solve the equation (10) : (SFw — AtA(C"™))C™ ! = SFwC™. We use a fixed
point algorithm to treat the non linearity. We get:

(SFw — AtA(CH)C! = SFwC!

where i is a fixed point iteration.

International Journal on Finite Volumes 1].
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Method 1

We choose to calculate the following fluxes:

o PGl — i)+ = X)(Ch — Ca |G a+ a(Cy,, — C )5 e

7, = - . : . : ,
v Ma(Ch,, = Ci) + (a = )(Ch_ = Crol+ M(Ch, , = Cr)l

(18)
For any iteration of the chosen algorithm, these fluxes are consistent because they
can be written in the following way:

¢ it = (0447 - 7ia) + (1 = 02)80, + 7ia)

Moreover, for any iteration, the scheme is locally conservative. However, minimum
and maximum principles are satisfied once the convergence criterion is achieved. In
some cases, one iteration in the fixed point algorithm can be sufficient to obtain the
desired properties.
Note: this is the method we use in the numerical results.
Method 2
Another technique consists of inverting a strictly diagonally dominant M-Matrix at
any iteration and the local conservation and the consistence of the scheme is obtained
once the convergence of the algorithm is achieved. For any iteration, minimum and
maximum principles are satisfied. We calculate two fluxes at each face which can be
written:
S o i+1 i+1 i+1 i+1
Qo Tla = )\3(0?{; - }} ) + 2\icoef1(Ch L — ;} )
if {Al(c(gw - C;J)} {AQ(%M — Ci )+ (A= M)(Ch — CZTJ)} >0
S i+1 i+1
ql,a * Na = )\3(0;11: - C;:g )
if {)\1(051@ - 0;:)} {)\Q(C’OM —CE) + (M= Aa)(Cl — %j)} <0
(19)
Do fla = Ma(CF = CHY) + 2c0e o QoG = O + (M = Ng)(C! = il )
if {Al(()g)m - ZTJ)}{)\Q(C@“ — Ci )+ (= Xg)(Cl — C;j)} >0
B T = Xa(CL = CTLD)

if {M(Ch,, —Ci)}{Xa(Ch,, = Ci )+ (M= 2)(Cl —Ch)} <0

a

(20)
where
coefi = i Az (.062"1 _ C;“_) - (/\.4 _ )\3).(09“_ _ C;;L»)’ -
%2(C,., )+ O = )OOl + (G, — O )
and
])\1(6’61’& — ;+)’
coefy = a

%2(Co,, = Cp )+ Oa = X)(C] = G+ (G, — )

International Journal on Finite Volumes 12
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2.4.2 Semi-implicit scheme

We solve the following equation:
(SFw — AtA(C™))C™ ! = SFwC™

This scheme corresponds to one iteration in the fixed point algorithm described
previously. If we use the method 2, we obtain minimum and the maximum principles
but the scheme is convergent if the time step At is small enough.

2.5 Generalization to 3 dimensions

The scheme presented in [LP 05b] have been developed in [KAP 07] in 3 dimensions.
Using the same kind of method, it should be easy to generalize the VEPMMD scheme
with tetrahedrons.

3 Numerical results

3.1 Stationary case

In order to evaluate the accuracy of the scheme, let us consider the following elliptic
problem:

dw(ﬁﬁ(}) = =S on 2=10,05[x]0,0.5] ..\ F_ ( V¥te?  —(1—ezy )
= sin(mz)sin(ry) for (z,y) € 00 —(I =z 2f+eyi
(21)

and

{ S = sin(mz)sin(ry) (1 + €)n?(z? + y})) + cos(mx)sin(ry)((1 — 3€)mx1) (22)

+sin(rx)cos(my)((1 — 3€)my1) + cos(mz)cos(my) (2m2(1 — €)z1y1)

where 21 = +1073 and y; = y+1073. The parameter € is equal to 1073. Calculating
the eigenvalues (y?+z?) and €(y?+2?), it is clear that the anisotropy ratio is equal to
103. The analytical solution can be written: C' = sin(rx)sin(my). We consider five
grids, made up of about 30 cells (the first) to 38000 cells (the fifth). To treat the non-
linearity, we perform a few iterations of a fixed point algorithm. The convergence
criterion is achieved when the relative difference in L? norm between two iterations
is less than 107°. Since S is negative, the scheme satisfies the minimum principle if
and only if the computed solution is positive and if no local minima appear. We show
in Table 2 the L? errors for C' with respect to the analytical solution, the number
of iterations (nit) in the fixed point algorithm, and the percentage of local minima
(nlm) as a function of the discretization step h for unstructured triangular cells. We
notice that the order in space of the method tends toward 2. We check that the
solution has no local minima. We note a small loss of precision with respect to the
VFMON scheme ([LP 05b]) which is of order 2 in space on this computation (Table
1). Let us recall, that this scheme satisfies the minimum or the maximum principle
but not the both simultaneously. Moreover, we also show the results obtained with
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a non-monotone linear scheme, the so-called ”diamond” scheme ([COU 99]) (Table
3). We calculate the flux ¢ i, in the following way:

(T' ﬁa = (0-5(1‘1@ . ﬁa) + (0~5q)2,a . ﬁa)

We notice the scheme is of order 2 in space. It is more accurate than the VFMON
scheme. However, we observe a few oscillations with amplitudes ranging from 103
(third grid) to 107 for the fifth grid. Finally, we performed the results obtained
with one iteration in the fixed point algorithm (Table 4). Even though the fixed
point algorithm has not converged, we notice that the solution has no local minima.
So, sometimes, it is sufficient to perform only a few iterations to obtain the desired
properties.

—

T T T T
h 16 128

T
] G 32 64 256
L2 error | 42x1072 [ 1.0x1072 | 27x1073 [ 72x107% [ 1.6 x 10~% | 4.0 x

5

075

[ 2}

Table 1: L? error as a function of the discretization step for the VFMON scheme

1 T T T T T
h 5 is 3 64 28 356

L2 error | 46x1072 [ 1.4x 1072 [ 414x 1073 [ 1.13x 1073 [ 4x10-¥ [ 1 x10~%
nit 15 45 17 19 26 10
nlm 0 0 0 0 0 0

Table 2: L? error, number of iterations in the fixed point algorithm and percentage
of local minima as a function of the discretization step for the VFPMMD scheme

1 T T T T T
h & 16 3 61 28 256
L% error | 28 x 1072 [ 86 x 1073 | 1.8 x 1073 | 495 x10~% [ 7.7 x 10~P 2% 107°
nlm 0 0 1.7x107T | 42x1072 [ 1.0x10"2 | 2.6 x 103

Table 3: L? error and percentage of local minima as a function of the discretization
step for the linear scheme

T 1 T T T T
h g i6 a2 &1 28 556
L% error | 48x 1072 [ 1.05x 1072 | 255 x 1073 [ 5.9 x10~% [ 1.0x 10~% | 3.0 x 10~ ?
nlm 0 0 0 0 0 0

Table 4: L? error and percentage of local minima as a function of the discretization
step for the VEPMMD scheme
(1 iteration)

3.2 Stationary solution using boundary conditions with steep gra-
dients

To show the efficiency of the method, we consider test 3 described in [HER 08]. The
computational domain is the square ]0,1.0[x]0, 1.0[. We choose

= 10 _
D:R9<O 5>R9 !
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where Ry is the rotation of angle § = 40 degrees. The source term S is equal to
zero. The Dirichlet boundary conditions are written as follows :
1 on (0,.2) x {0.}U{0.} x (0,.2)
Cc— Oon (.8,1.) x {1.} U{1.} x (.8,.2)
T ) $on (:3,1.) x{0.}U{0.} x (.3,1.)
5 on (0.,0.7) x {1.} U{1.} x (0.,0.7)

Instead of a uniform rectangular mesh, we use 2 grids of triangular cells. The
first is made up of 34 triangular cells and the second of about 9500 triangular cells.
To test the robustness of our scheme, we set § = 10~%. In this case, we expect to
see more severe numerical oscillations. We show in Figures 5 through 8 the results
obtained with the VFSYM scheme ([LP 05a]) and with the VEPMMD scheme. We
observe oscillations on the linear scheme for the coarse and the fine grids. They
disappear with the nonlinear scheme. On this problem, we only need 2 iterations in
the fixed point algorithm to obtain minimum and maximum principles. To achieve
convergence in the fixed point algorithm with the same criterion as in the previous
section, we need 20 iterations for the coarse grid and 34 iterations for the fine grid.

Note: if we take a uniform rectangular mesh, and § = 1073, no oscillations appear
with the VFSYM scheme.

S
CORES

0.0
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90

1.0

Figure 5: Concentration with VFSYM and VFPMMD schemes: 34 cells (for VF-
SYM scheme: maximum value 1.42, minimum value —0.39, for VFPMMD scheme:
maximum value 0.954, minimum value 0.0442)
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20010 2000

0.0 0.0
0.10 0.10
0.20 0.20
vv 0.30 0.30
0.40 0.40
0.50 0.50
0.60 0.60
0.70 0.70
0.80 0.80
0.90 0.90
1.0 1.0

Figure 6: VFSYM scheme : in yellow, position of negative values (on the left) and
values higher than 1 (on the right) ; 34 cells

PR LS

0.0 0.0
0.10 0.10
0.20 0.20
0.30 0.30
0.40 0.40
0.50 0.50
0.60 0.60
0.70 0.70
0.80 0.80
0.90 0.90

1.0 1.0

Figure 7: Concentration with VFSYM and VFPMMD schemes: 9500 cells, (for
VFSYM scheme: maximum value 1.01, minimum value —6.22 x 1072, for VFPMMD
scheme: maximum value 0.997, minimum value 3.32 x 10~3)

International Journal on Finite Volumes 16



Finite volume scheme satisfying maximum and minimum principles

S
20010

0.0
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90

1.0

Figure 8: VFSYM scheme : in yellow, position of negative values (on the left) and
values higher than 1 (on the right) ; 9500 cells

6

ﬁ

X

Figure 9: Parallelogram-shaped domain 2 showing the distances X, Y and 6

3.3 Stationary solution on perturbed parallelograms

This test is described in [HER 08] and is based on an idea of I. Aavsatmark. The
domain € is parallelogram shaped. The parameters shown in figure 9 are X = 1,
Y = 1/30 and 6 = 30 degrees. The medium is homogeneous and isotropic with

D = Id. The grid is made up of perturbed parallelogram meshes. The boundary
conditions and right hand side S satisfy :
6.6) S(x)dx =1

(23)

S =0 all cells except cell(6,6) where fcell(
C =0 on 00

For the VFPMMD scheme, we divide each quadrangular cell into two triangular cells.
We show in Figures 10 the results obtained with the VFSYM scheme and with the
VFPMMD scheme. With the first algorithm, we observe large oscillations. With the
second method, we check that the solution remains positive and has no local minima.
With the same criterion as in the previous section in the fixed point algorithm, the
positivity is obtained for 212 iterations and the convergence is achieved for 238
iterations.
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S
T15ER
_0.10

0.0

0.10

Figure 10: Concentration with VFSYM and VFPMMD schemes: perturbed paral-
lelograms

3.4  Anisotropy and wells

This example is test 9 described in [HER 08]. The domain 2 is a square unit
domain. The grid is a square uniform grid with 11 x 11 cells. The medium is

(1) 100_3 ) Rg_l, Ry is the rotation of

angle 6 = 67.5 degrees. The source term S is equal to zero. The boundary conditions

homogeneous and anisotropic with D= Ry (

are homogeneous Neumann conditions at the outer boundary : DVC -ii = 0. The
pressure is fixed in two cells of the grid : C' =0 in cell (4,6) and C' =1 in cell (8,6).
For the VFPMMD scheme, we divide each quadrangular cell into two triangular
cells. We show in Figures 11 the results obtained with the VFSYM scheme and
with the VEPMMD scheme. With the first algorithm, we observe large oscillations.
With the second method, we check that the solution remains between 0 and 1. The
solution becomes inferior to 1 for 46 iterations and the positivity is obtained for
85 iterations. With the same criterion as in the previous section in the fixed point
algorithm, the convergence is achieved for 191 iterations.

4 Conclusion

We have shown the efficiency and the robustness of the new scheme for anisotropic
heterogeneous diffusion. Our scheme has the key property that we obtain a global
matrix which is a strictly diagonally dominant M-Matrix. However, this matrix
depends on the solution and so the scheme is nonlinear. The VFPMMD scheme
satisfies, simultaneously, minimum and maximum principles. We have shown that
the oscillations which can be present in non-monotone linear methods disappear
with our algorithm. We emphasize that this scheme is particularly interesting in the
case where the transport model is coupled with nonlinear chemical models. Indeed,
in this case, it is, of course, very important to calculate positive chemical element
concentrations.
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Figure 11: Concentration with VFSYM and VFPMMD schemes: anisotropy and
wells
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