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THE FINITE FOURIER TRANSFORM OF CLASSICAL
POLYNOMIALS

ATUL DIXIT, LIN JIU, VICTOR H. MOLL, AND CHRISTOPHE VIGNAT

ABSTRACT. The finite Fourier transform of a family of orthogonal poly-
nomials Ay (x), is the usual transform of the polynomial extended by
0 outside their natural domain. Explicit expressions are given for the
Legendre, Jacobi, Gegenbauer and Chebyshev families.

1. INTRODUCTION

Compendia of formulas, such as the classical Table of Integrals, Series
and Products by 1. S. Gradshteyn and I. M. Ryzhik [3] and the recent NIST
Handbook of Mathematical Functions [8] do not contain a systematic collec-
tion of Fourier transforms of orthogonal polynomials.

Special cases do appear. For instance, [8, formula 18.17.19] contains the
identity

11 1P Mg = 27T L
(1) [ Pupeas =30 400

for the finite Fourier transform of the Legendre polynomial P,,. Here J, is
the Bessel function defined by

B 0 (_1)k()\/2)2k+a
(12) To(A) = kzzo KT(k+a+1)"

A second example is [I} formula 3.3(7), page 123]

2w sin v 1,1
1. P,(z)edx = A F ’ 2N .
(13) / v S 2<—v,2+v Z)

The more natural situation, where the corresponding kernel appears in the
integrand, is included in the tables. For instance, for the Jacobi polynomial,
[8, 18.17.16] gives
(1.4)

1

1
1—2)%(1 ,BP(a,B) AT - X, (\: F n—+ o+ _9
[ e pe @ e = xuosa i (0 0.
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with

(Z/\)nel)\ n+a+B8+1
(1.5) Xn(A o, B) = T2 xBn+a+1,n+p+1)

The work presented here was stimulated by results of A. Fokas et al. [2].
A second motivation was the fact that the authors were unable to find the
finite Fourier transform of classical orthogonal polynomials readily available
in the literature. These results were also developed in [2] and some of them
appear in [5]. The authors wish to thank A. Fokas and T. Koorwinder for
correspondence on the questions discussed here.

The goal of this project is to produce closed-form evaluations of definite
integrals of the form

(1.6) P()\) = /b e P(x) da

for a variety of polynomials P, orthogonal on the interval [a,b]. The func-
tion ]3()\) is called the finite Fourier transform of the polynomial P. The
case considered here includes the Legendre polynomial P,(z), the Jacobi
polynomial pled (z), from which the Gegenbauer polynomials c (z) and
both types of Chebyshev polynomials T}, (z) and U, (z) are derived.
Naturally, depending on the representation given of the polynomial P,
it is possible to obtain a variety of expressions for P. For instance, if an
expression for the coefficients of P is available, the identity in Lemma [I.1]
and a simple scaling give directly a double-sum representation for ]3()\)

It is convenient to introduce the notation

(17) Eam) =3 %

gl
=07’

for the partial sums of the exponential function. Many of the results may
be expressed in terms of E,,. The result is elementary and it appears in [3|
formula 2.323].

Lemma 1.1. Let k > 0 be an integer and A an indeterminate. Then,

! —1)Fk! _Z
(1.8) /1 e dy = ((Z)\)LH [el)‘Ek(—z/\) —e AEk(z)\)] ,
and
! AT —1 kk' 7
(1.9) /0 a*e™dy = ((z)\))’”l [e AEg(—1\) — 1] .
Proof. Integrate by parts. O

Note 1.2. The notation is standard. The symbol (a), denotes the shifted
factorial, defined by (a), = ala+1)---(a+n —1) and (a)g = 1. The
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elementary properties

(1.10) 1) = nl

(1.11) (@)n = F(;L(:)n)

(1.12) (a+ 3 = %

(1.13) (—n), = 2;1_)’:;: forn, k€N
(1.14) (n+1)p = ("+!k)! forn, k€N,
(1.15) (—a)y = (~1)™(a—n+ 1),

are used throughout.

2. LEGENDRE POLYNOMIALS

This section contains a variety of formulas for the finite Fourier transform

of the Legendre polynomials P, (z).

These are orthogonal polynomials on

the interval [—1,1], with weight w(z) = 1. The next theorem gives all the

results.

Theorem 2.1. The finite Fourier transform of the Legendre polynomial
P, (z) is given by one of the four equivalent forms:

Pa(A) =

|27
= " TJn-i-l/Q(A)

SO

(—1)FE!

) [e”\Ek(—z)\) — e EL (1))

k) K]

o= (AR [eTE(20)) — e
2 l;) (n — (—2:\)k+1

_ ZZn: ((’I’L + k‘)' [(_1)n+ke—2)\ _ ez)\] ‘

AT
—(n E)E!

(—QZ)\)k'H

Proof. The first formula follows from the explicit representation

(2.1)
k=0

Po(z) = 2nZ": (Z) (%(n +nk: - 1)>xk

given in ?? and Lemma [Tl The second expression for P,(\) comes from

their Rodrigues formula

(2.2)

B 1
o ~onp)

d\", 4
il — 1)
dm) (:E ) ?
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(see [3, Formula 8.910.2]) and it appears as entry 7.242.5 in [3]. Then

(23) ﬁ(}\)_ 1 /1 Y i ”( 2_1)nd
‘ nA o )¢ \ag) v

and integrating by parts n-times yields

D _ (_Z)‘)n ! x2_ nez)\m z
(2.4) B\ = /_1( 1)1 dg

2nn!

Entry 3.387.2 of [3] states that

(2.5) /_11(1 _ e gy - /7 (%)V_% P(w)J

The result is obtained by choosing u = X and v =n + 1.

The third form of the finite Fourier transform of the Legendre polynomials
is obtained from their hypergeometric representation

(26) Po(x) = oF) <—n n+1‘1—$>:§:(—n)k(n+1)k <1—$>k7

1 2 (1) k! 2
that gives
- L (—n)(n+ Dy [ 1-a\"

(2.7) P,(\) = Z#/ em< ) dz.

poard k! 1 2
A change of variables and the formulas (LI4]) and (I.I5) give

(=D (4R [

9. — 9\ (n ko200 gy
(2.8) e Z I /0 e

Lemma [Tl now gives the stated result.

To produce the last form for P,()\), let ¢ = 2\ in the third expression
for this transform. Then, after multiplication by ¢t" and some simplification,
the claim is equivalent to the polynomial identity

2n 2n—
Dy RN e
k=

To simplify the sum, let v = k + j on the left-hand side to show that the
desired identity is equivalent to

2n —k)! L = (2n—E)!
(2.10) Z Z e )k)! = ﬁtk
k=0

v=0 Lk=0

Matching coefficients, the result follows from

k ; .
(=17 2n—34)!  (2n—k)
(2.11) Z;jun—j) Tk — ) KL(n—k)!
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for every 0 < k < n. This is equivalent to the binomial identity given in
Lemma below. The proof is complete. O

Lemma 2.2. ForneNand 0<k<n

o > ()= ()

Proof. The proof uses (}) = (—1)k(k_£_1) to write

e (B e (5)

and then (2.12) is converted into Vandermonde identity

(2.14) E;CD<nié>:<aZ%'

3. JACOBI POLYNOMIALS

The Jacobi polynomials Pr(La’ﬁ ) (x), defined by

31)  P@d(z) = 2in kZ:) (O‘ : ”> (i i Z) (& — 1) *(z + 1)F

are orthogonal on [—1, 1] with respect to the weight
(3.2) w(z) = (1 —z)%(1 4 z)°.

This section contains expressions for their finite Fourier transform. The
hypergeometric representation

(@8) (. — (@t Dn —n, n+a+f+1[1—z
33) R =Tmreh a+1 2 )

is used in the calculations.

Theorem 3.1. The finite Fourier transform of the Jacobi polynomials P,ﬁ”"ﬁ) ()
s given by

) _ @ “(n+a+B+1); [e P EL (2N — 1
P (A) = 2e>\(a+1)nz(n_k)!(a+1)k[ (—2uN)k+1 ]

k=0

(n+a+B+ 1)
- 22 — 2\t (n — k)!

xﬁ—n—%ﬂwﬁ+k+nm%—awa+k+n%4,
for X#£0. For A=0,

(3.4) E@E“D:(n+a+ﬁ+l)Ka+n>_04w4<5+n>}

2 n—1 n—1
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Proof. The first statement comes from the hypergeometric form
(a4 1), -n, n+a+p+1|1—-x
R il
n! a+1 2
n

a+1), —n)g(n+a+p+1
- ! n!) Z( )?mek 1)t

(3.5)  Pl(x)

k=0
and use Lemma [I.]] to produce

! IAT (2 k! — 4
(3.6) /_1(1 — )k dr = —e )‘W [e 2B (20\) — 1

and then (—n), = (—1)¥n!/(n — k)! to simplify the result.
Now use identity (the case m =1 of 3], 8.961.4]:

d n+a+pf+1

. _P(a7ﬁ) - 0
(3.7 2 PO a) !
and integrate by parts to obtain

P (),

1A -1 21\
Introduce the notation for the boundary term

- = AT 1 —_—
Py(féﬁ)()\) _ e—Pr(La’ﬁ) (z) n+a+p+1) Pr(LTll—lﬂ—H)()‘)-

3.8 @8) — € plad) (p"
( : ) Qp, - K n (l‘) _1'
to write the previous computation as the recurrence
(39) POy =y - BEOE IR penidig)
1
Iteration yields
/t;,\ - n— n+a+5+1n—k a+n—k,B+n—k
PRy = Sy O Juk fotnohiieh)
k=1
(n+a+B+1)n (atnf+n)
-" P, ’ A).
b BT )

Evaluate the last term is evaluated as a(()a’ﬁ )()\) and use

(3.10) PR (1) = <O‘ N ”) and P@8)(~1) = (—1)" (5 - ”)

n n
from (B.I)) to obtain

(3.11) al®? = % [e“ (O‘Z"> — (~1)me <BZ">] .

Some algebraic simplification now gives the stated result. The value for
A = 0 comes directly from (B.1). O

The next statement represents a hypergeometric rewrite of the last for-
mula in Theorem [3.11
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Theorem 3.1. The finite Fourier transform of the Jacobi polynomial is

given by
SaB) oy _ Bt ~1

N 20\ *

1

2N )

PP
) 1An!
Proof. The first term in the expression the last formula of Theorem BT is

simplified using (LI4]) and (B8 +k + 1), = Egﬁ%z to obtain

_ +a+p8+1,—n,1
_1n+1e Z)\F n ) )
(=1 31 511

(a+1)"e“\ P n+a+B+1,-n,l
1An! 3 a+1

(=D n+a+B+Dp(B+E+ 1)
(=2u\)F+ 1 (n — k)! B
(D™ B+ Dn (nta+t B+ 1)p(—n)p(1)r t*
2\ (B+ 1)y k!

with ¢ = —1/2¢A. Summing from k = 0 to n gives the first term in the
answer. A similar argument simplifies the second term in Theorem Bl O

Note 3.2. Define

(312)  Aledgy = 9D g <n+a+b+ 1,—n,1‘1>.

n! a+1 t

then the finite Fourier transform of the Jacobi polynomial P,ﬁ”"ﬁ) (x) is given
by

m _ 1 n+1_—\ 4(B,a) A g ()
(13 BP0 =~ [(—1) e~ AP (—2)) + P Al (mﬂ .

4. A COLLECTION OF SPECIAL EXAMPLES
This section presents a collection of special cases of the Jacobi polynomials
and their respective finite Fourier transforms.
4.1. Legendre polynomials. These polynomials were discussed in Section
Bl and correspond to the special case o = § = 0; that is,
(4.1) P,(z) = PO (x).

The first formula in Theorem BTl reproduces the third formula in Theorem
21l Similarly, the second formula in Theorem B.1] gives the last expression
for the finite Fourier transform of Legendre polynomials in Theorem 2.11

4.2. Gegenbauer polynomials. These polynomials are also special cases
(c.8) (..
of Py, "/ (x):

(4.2) Cc{(x) = CERTON (+2V1 )/"2)n P21 (),
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Theorem 4.1. The finite Fourier transform of the Gegenbauer polynomial
V) (x) is given by

() +20)6 (V) [e 22 Ep(20)) — 1
CO0) = 22w S22
( ) ( kzo ( )( V)2 (_22/\)k+1
_ Z (n + 2V)k(2’/ 4+ 2K)gn_op [(—1)"Fe™A — e
B 2V Jon i — k)N + k)n—k (=200 k1
and also
/(;) _ (2V)n 1\l —eA n+2v,—n,1 _i
G = [( D™ e sk ( v+ 1 o)t
A n+2v,—n,1| 1
F — ).
c s < v +% 2\

4.3. Chebyshev polynomials. The Chebyshev polynomial are related to
Gegenbauer polynomials by

()
(4.3) Up(z) = CV(z) and T),(z) = lim M, for n > 1
v—0 2v

These formulas are now used to evaluate the finite Fourier transform of
Chebyshev polynomials.

Theorem 4.1. The finite Fourier transform of the Chebyshev polynomial
s given by

in o st (P E+ T [e 2 EL(20)) — 1
Un(N) = kzoz kl( o L

202 (4 | DR [(—1)"Femt — ]
(2k + 1)l (n — k)! (=20 )kt

k=0

and
T — - n2k(n + k)!k! [(_1)n—ke—z)\ e
Tn()\) Z(_l)k-i-l( k) (Qk) (n + k) (Z}\)k'H

2)\}

k=0
5. BIORTHOGONALITY FOR THE JACOBI POLYNOMIALS

The sequence of functions {%e’”ﬂ : j € Z} forms an orthonormal fam-

ily on the Hilbert space L?[—1,1]. Therefore, every continuous function f
defined on [—1, 1] may be expanded in the form

(5.1) f(x) \/_ Z a] femie,

j_—OO

indent where the Fourier coefficients are given by

1 ! —TmjxT
(5:2) o) =75 [ rae i
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Parseval’s identity [6, Theorem 14] states that

o0

1 -
(5.3) / @@ dz= Y ay(F)as(a)

j=—00

This identity is now made explicit for the case
(5.4) f(a) =P (2) and g(z) = QP (2) i= (1 — 2)*(1 + 2) P (x).

The Fourier coefficients aj(QS,?’B) (x)) are given in (4] and aj(Pr(La’B) (x))
have been evaluated in Theorem [B.J1 Parseval’s identity and the orthogo-
nality of Jacobi polynomials give

> 4P (@)a; Q7 (@) =

j=—00

where ), ,, is Kronecker’s delta (1 if n = m and 0 if n # m). Only the
case n. # m leads to an interesting relation. A direct calculation shows that

208 (n + o+ 1)T'(n + B+ 1)
Cn+a+p+1)nlTn+a+F+1)

n,my

ao(Qg,?f ) (x) = 0, so that Parseval’s identity is written as

N (P (@))a; (7 (x)) =0, for n £ m.
JEZ,j#0
To simplify the previous relation, replace A = —=j in (L4 and use Kum-
mer’s identity

(5.5) R ( Y .

to obtain

oy Qe - CU” ),‘7 oMot B(m - a+ 1,m+ B+ 1)

m!
m+ [ +1
1F1
o9m+a+ B+ 2

2mj> .

Similiarly, B1)) with A = —7j gives

(plady _ 1
a; (P) 2mgn!

(C1)"(8 + D 5 (

n+a+pf+1,-n,1| 1

B+1 sz)_

n+a+pF+1,-—n,1 1
a+1 ‘_—ﬂ

1 F
(@t Dn s 1( 2

Parseval’s identity now produces the next result.

Theorem 5.1. Define

. o n+a+p+1,—n,1|1 m+a—+1
Wr(fn’f)(t;J):(a‘i'l)nJm 13Fl< b ‘ >1 1( ‘t>

a+1 t om+a++2
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Then
(5.6) (=1 > W (2my; ) = ST wlsP2my; ).

JEZ, j#0 JEZ, j#0

In particular, if n and m have opposite parity, then

(5.7) > wWENemg ) = Y WD (2my; ).
J€EZ, j#0 J€EZ, j#0

6. AN OPERATOR POINT OF VIEW

To obtain the finite Fourier transform of a polynomial start with

1
(6.1) / 2*e™ dx = (—1D)F (2 sinc \)
-1
where the sinc function is
in \
(6.2) sine A = o
A
and D = d%\. The action is extended by linearity to obtain
(6.3) P()\) = P(—1D)(2 sinc A).
For instance, for the Chebyshev polynomial
- +hk+1
(6.4 W= (" o
leads to
— " kE+1
(6.5) Un(\) = 2;@2ﬁ<”2_2'>u+4Dﬁ@smcM

= Un(—1D)(2 sinc \).
It is elementary to check that

(6.6) <%> sinc A = A, (N)sin A + By, (A) cos A

where A,,, B, are polynomials in 1/ that satisfy the recurrences
Anp1(A) = A;z()‘) — Bn(X)
Bui(N) = A, + By(\),

with initial values Ag(\) = 1/\ and Bp(A\) = 0. An explicit expression for
these polynomials can be obtain from

d\" n!  sin(A+ (n+7)%)
(6.7) (ﬁ) sinc A = Z V= .

Details of this approach to finite Fourler transform of orthogonal polynomials
will be given elsewhere.
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