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Gartner-Ellis condition for squared asymptotically
stationary Gaussian processes

Marina Kleptsyna, Alain Le Breton, and Bernard Ycart
February 14, 2015

Abstract

The Gaértner-Ellis condition for the square of an asymptotically stationary
Gaussian process is established. The same limit holds for the conditional distri-
bution given any fixed initial point, which entails weak multiplicative ergodicity.
The limit is shown to be the Laplace transform of a convolution of Gamma
distributions with Poisson compound of exponentials. A proof based on Wiener-
Hopf factorization induces a probabilistic interpretation of the limit in terms of
a regression problem.
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1 Introduction

The convergence of the scaled cumulant generating functions of a sequence of ran-
dom variables implies a large deviation principle; this is known as the Géartner-Ellis
condition [5], p. 43]. Our main result establishes that condition for the square of an
asymptotically stationary Gaussian process. Reasons for studying squared Gaussian
processes come from different fields: large deviation theory [16], 4], time series analysis
[9], or ancestry dependent branching processes [14]. Since only nonnegative real valued
random variables are considered here, we shall use logarithms of Laplace transforms,
instead of cumulant generating functions.

Theorem 1.1. Let (X;)iez be a Gaussian process, with mean m = (m(t)) and covari-
ance kernel K = (K (t,s)): for allt,s € Z,

E[X:] =m(t) and E[(X;—m(t))(Xs —m(s))] = K(t,s) .

Assume:
sup |m(t)] < 400 ; (H1)
tez
Ly !
sup max »_ |K(s,r)] < +oo. (H2)
t>1 s=0 r=0
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Assume there exist a constant my, and a positive definite symmetric function k such
that:

D Lk < o0 (H3)

teZ

i ) =0 i
1 t—1

i 7 S;O |K(s,7) —k(r—s)|=0. (H5)

Denote by f the spectral density of k:

A) =Y eME(t) . (1.1)

teEL

Fort > 0, consider the following Laplace transform:

Li(a) = lexp( aZXzﬂ : (1.2)

Then for all a > 0,

i +log(i(a)) = —£(a) = fola) — (1(a) (13)
with: 1 o
lo(a) = E/o log(1 + 2af (M) d (1.4)
and
((a) = mE o (14 20f(0)) " . (1.5)

Theorem [[.1] yields as a particular case the following result of weak multiplicative
ergodicity.

Proposition 1.2. Under the hypotheses of Theorem [L1l, consider:

Luslo) = x[exp( az;@)] , (16)

where E, denotes the conditional expectation given Xy = x.
Then for all « > 0 and all x € R,

lim 1log(L () =—l(a),

t—+oo

where { is defined by (L3), (L), and (LH).



The analogue for finite state Markov chains has long been know [5, p. 72]. Tt was
extended to strong multiplicative ergodicity of exponentially converging Markov chains
by Meyn and his co-workers: see [13]. In [12], the square of a Gauss-Markov process
was studied, strong multiplicative ergodicity was proved, and the limit was explicitly
computed. This motivated the present generalization.

The particular case of a centered stationary process (m(t) =0, K(t,s) = k(t — s))
can be considered as classical: in that case, the limit (L)) follows from Szegd’s theorem
on Toeplitz matrices: see [§], [3] as a general reference on Toeplitz matrices, and [1] for
a review of probabilistic applications of Szegd’s theory. The extension to the centered
asymptotically stationary case follows from the notion of asymptotically equivalent
matrices, in the L? sense: see section 7.4 p. 104 of [§], and [7]. The noncentered sta-
tionary case (m(t) = me, and K(s,t) = k(s — t)) has received much less attention. In
Proposition 2.2 of [4], the Large Deviation Principle is obtained for a squared noncen-
tered stationary Gaussian process. There, the centered case is deduced from Szegd’s
theorem, while the noncentered case follows from the contraction principle.

A different approach to the noncentered stationary case is proposed here. Instead of
the spectral decomposition and Szeg6’s theorem, a Wiener-Hopf factorization is used.
The limits (L4]) and (LH) are both deduced from the asymptotics of that factorization.
The technique is close to those developed in [11], that were used in [12]. One advantage
is that the coefficients of the Wiener-Hopf factorization can be given a probabilistic
interpretation in terms of a regression problem. This approach will be detailed in
section [2

To go from the stationary to the asymptotically stationary case, asymptotic equiv-
alence of matrices is needed. But the classical L? definition of [7, section 2.3] does not
suffice for the noncentered case. A stronger notion, linked to the L' norm of vectors
instead of the L? norm, will be developed in section [

Joining the stationary case to asymptotic equivalence, one gets the conclusion of
Theorem [LLI, but only for small enough values of a. To deduce that the convergence
holds for all & > 0, an extension of Lévy’s continuity theorem will be used: if both
(Ly(a))t and e are Laplace transforms of probability distributions on R*, then
the convergence over an interval implies weak convergence of measures, hence the
convergence of Laplace transforms for all a > 0. Actually, (L;())"* and e=“*) both
are Laplace transforms of infinitely divisible distributions, more precisely convolutions
of Gamma distributions with Poisson compounds of exponentials. Details will be given
in section Ml together with the particular case of a Gauss-Markov process.

2 The stationary case

This section treats the stationary case: m(t) = my and K(s,t) = k(t — s). We shall
denote by ¢; = (Mo )s—o,..+—1 the constant vector with coordinates all equal to My,
and by H; the Toeplitz matrix with symbol k: H; = (k(s — 7))sr—0....t—1. The main
result of this section is a particular case of Theorem [Tl It entails Proposition 2.2 of
Bryc and Dembo [4].



Proposition 2.1. Assume k is a positive definite symmetric function such that

D k()] =M < +o0,
teZ
and denote by f the corresponding spectral density:

FO) =" e™ME(t) .

teZ

Let Z = (Zy)ez be a centered stationary process with covariance function k. Let me
be a real. For all a such that 0 < a < 1/(2M),

i Liog (E [exp (—a S (2 + moof)]) — ()~ ta(a)

s=0
where lo(a) and £1(a) are defined by (L) and (LH).

Denote by m,; and K; the mean and covariance matrix of the vector (Xy)s—o,. . 1.
The Laplace transform of the squared norm of a Gaussian vector has a well known
explicit expression: see for instance [16, p. 6]. The identity matrix indexed by 0, ..., t—1
is denoted by I, the transpose of a vector m is denoted by m*.

Li(o) = (det(I, 4+ 2aK,)) "V exp(—amj (I, + 20K,) 'my) | (2.7)

In the stationary case, m; = ¢, and K; = H;. From (Z7), we must prove that the
following two limits hold.

. 1 1 2w
lim = log(det (L, + 2aH,)) = fo(a) = 1= /0 log(1 + 2af(A)) dA (2.8)
and o
tlgrn ?c:(lt +2aH;) ey = £ (a) = mZ a1 + 2af(0) 7. (2.9)

Here, I, + 2aH; will be interpreted as the covariance matrix of the random vector
(Ys)s=o,..+—1, from the process

Y =¢++2a7, (2.10)

where € = (&;)sez is a sequence of i.i.d. standard normal random variables, independent
from Z. The limits (Z8)) and (29) will be deduced from a Cholesky decomposition of
I, + 2aH;. We begin with an arbitrary positive definite matrix A. The Cholesky
decomposition writes it as the product of a lower triangular matrix by its transpose.
Thus A~! is the product of an upper triangular matrix by its transpose. Write it as
Al = T*DT, where T is a unit lower triangular matrix (diagonal coefficients equal
to 1), and D is a diagonal matrix with positive coefficients. Denote by G the lower
triangular matrix DT. Then GA = (T*)~! is a unit upper triangular matrix. Hence
the coefficients G(s,r) of G are uniquely determined by the following system of linear

equations. For 0 < s <,
t

Y G(t,r) A(r,s) = b, (2.11)

r=0



where §; ; denotes the Kronecker symbol: 1if t = s, 0 else. Notice that A™' = G*D'G,
and TAT* = D™, where D is the diagonal matrix with diagonal entries G(s,s). In
particular,

det(A) = (H G(s,s)>_1 , (2.12)

and for any vector m = (m(r)),

A=Y G(i’ 5 (goc:(s,r)m(r))? | (2.13)

Here is the probabilistic interpretation of the coefficients G(t, s). Consider a centered
Gaussian vector Y with covariance matrix A. For ¢ = 0,...,n, denote by Vo the
o-algebra generated by Yy, ...,Y;, and by v; the partial innovation:

v =Y, — E[Y;t | y[[o,t—l]]] )

with the convention 1y = Y. Using elementary properties of Gaussian vectors, it is
easy to check that:
1 t

v = G ;G(t,r) Y, . (2.14)

Moreover, the v;’s are independent, and the variance of v, is 1/G(t, ).
When this is applied to A = I, + 2aH;, another interesting interpretation arises.
For t =0,...,n (G(t,$))s=o,.+ is the unique solution to the system:

.....

G(t,s) + 20zzt: G(t,r)k(r—s) =dis . (2.15)

r=0

Observe that the equations (2.I5) are the normal equations of the regression of the
er’'s over the Yy’s in the model (2.I0). Actually, since E[Y, Y] = 05, + 2ak(r — s) and
Ele:Ys] = d:.5, setting
t
pe=GEtt)vn=> G(tr)Y,, (2.16)

r=0
equation (ZI5) says that for s =0, ..., ¢,

ElpYs] = Ele, Y] .
This means that:

He = E[gt | y[[O,t]]] .

Obviously, the u;’s are independent, the variance of p; is G(t,t) and the filtering error
is:

B(e— )Y = 1 - G(1,1)
In particular, it follows that 0 < G(¢,t) < 1.



The asymptotics of G(t,s) will now be related to the spectral density f. Denote
gi(s) = G(t,t — s). A change of index in (ZIH) shows that (g:(s))s=

solution to the system:

¢ is the unique

-----

9¢(8) + 2 zt: g (r) k(s —r) = 0sp0 - (2.17)

Proposition 2.2. Assume k is a positive definite symmetric function such that

S k()] = M < 400,

teEL

and denote by f the corresponding spectral density:

A) =" eME(t)

teZ

For all a such that 0 < o < 1/(2M), the following equation has a unique solution in
LY(Z).

+2aZg (s—1)=10dsp. (2.18)
One has:
4(0) = exp (—% /0% log(1 + 2af(\)) d)\) , (2.19)
and
+Zozg(s) — exp (—% log(1 + 2a.£(0)) — ﬁ /02” log(1 + 2a.f())) d)\) . (2.20)

Moreover, if g;(s) is defined for all 0 < s < t by (ZI), then for all s >0,

Aim gi(s) = g(s) (2.21)
and .
L Z gi(s) =3 g(s) - (2.22)

The main idea of the proof amounts to writing the Wiener-Hopf factorization of
the operator I +2aH. The method is originally due to M. G. Krein: see section 1.5 of
[3], in particular the proof of Theorem 1.14 p. 17.

Proof. Conditions of invertibility for Toeplitz operators are well known. They are
treated in section 2.3 and 7.2 of [3]. Here, the L' norm of the Toeplitz operator H with
symbol k is M, and the condition 0 < a < 1/(2M) permits to write the inverse as:

(I +20H)™" = Jio(—2aH)"

n=0



That the truncated inverse (I; + 2a.H;) ™! converges to (I + 2aH)™! is deduced for the
L? case from [3], p. 42]. Convergence of entries follows, hence (221)). To obtain ([2.22)),

consider §;(s) = g(s) — g¢(s). From (2I7) and (ZI]):

5t():—2a2k7’—55t —QQZg k(r —s)

r=0 r=t+1
Hence:
t t +oo +00 +o0
> o) < 20 (X501 ) (X 1l) +20 ( 3wl 5 1ot )
s=0 r=0 S=—00 S=—00 r=t+1
Thus the following bound is obtained:
2aM I
a(s)] <
Z | ' —2a M r;rl |g

which yields (2.22).
The generating function of (g(s))s=0 will now be related to the spectral density f.
Define for all s € Z,

oy Jogls) ifs>0 v Jogls) its<O
9" (s) _{ 0 else and g7 (s) = 0 else.

Denote by F* and F~ the Fourier transforms of g+ and ¢g~:
ZelsA :I:
SEL
Take Fourier transforms in both members of (ZIS):
FrOA) +F - (\)+2aFt(\)f(\) =1.
Or else:
FrO)(1+2af(\) =1— F~()\) . (2.23)

The functions F£(\) can be seen as being defined on the unit circle. They can be
extended into analytic functions, one inside the unit disk, the other one outside. For

¢l < 1: )
FH¢) =>_¢g"(s),

520
and for [(| > 1 B
F7 Q)= ¢g (s).
s<0
Similarly, we shall denote by f(¢) the value of f()\) for ¢ = e*. Let ¢, be any fixed
complex inside the unit disk. In ([223)), take logarithms of both members (principal
branch), divide by 27i(¢ — (p), then take the contour integral over the unit circle.

O lo(FRQ) L 1 loa(l+20/(0)

27Tijlil 1 C—Go 4 jL27Tijlgcl 1 ¢ —Go d (2.24)
_ b log(1 — F(¢)) '
B 27rijé¢| 1 ¢—C dc.



Since F* is analytic inside the unit disk, the residue of the first integral is F*((p).
Let us prove that the integral in the second member is null. Since the function to be
integrated is analytic outside the unit circle, the integral has the same value over any
circle with radius p > 1, centered at 0.

Ly s PO g L f st —F(Q)
2miJig=1 ¢ —=Go 2mi Jig=p>1 = Go

As p tends to +oo, it can easily be checked that the right hand side tends to zero.
Thus (224]) becomes:

_ 1 log(1 4+ 2af
log(F*(¢o) = —5 %Zl 8 <+_ Z)f@)) dc . (2.25)
Two particular cases are of interest. Consider first {, = 0.
_ 1 log(1 4+ 2af
log(F(0)) _Q_Wi]'{d:l og( —l—C af(Q)) ¢

_ _% /02” log(1+ 2af(N) dA .

Since F*(0) = g(0), [ZI9) follows.
The other particular case is (; = 1, but it is on the unit circle; so a limit has to be
taken.

log(F*(1)) = Jim, <_% 7441 1og(1§+_2?f(1)) dg
ol <1 N 0
1o log(1+2af(¢)) —log(1 + 2af(1))
2mi %421 -G d§> :

The first integral does not depend on (j:
ij{ log(1 4 2af(1))
2mi Jigl=1 ¢ —Co

Since f has no singularity at 1, the limit of the second integral is:

_ng log(1 + 2a./(¢)) — log(1 + 2af(1)) |
2711 Ji¢l=1 ¢—1

d¢ = —log(1 4+ 2af(0)) .

(.
Written as a real integral:

1 /2” log(1 4 2af(N)) — log(1 + 2a.f(0))
27 Jo 1 —e A

dA .

For all A, the real part of 1/(1 — e ™) is 1/2. The integral of the imaginary part
vanishes, because the function to be integrated is odd. Finally:

log(F(1)) = —3 loa(1 + 27(0)) — - [ log(1 +2af(x)) X,
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hence (2:20), since
FH(1) =FT(0) =>_g(s)
s=0
U

Here is the probabilistic interpretation. Consider a centered stationary process
(Yy)tez, with covariance function A(t,s) = a(t — s). For s < t, denote by Y, the
o-algebra generated by (Y;),—s . ;. Consider again the partial innovation 1, = Y; —
E[Y; | Vjo,—17]. From (ZI4), and using stationarity, v; has the same distribution as

1 t
= —rY_
U G(t, t) ;G(tat T) T

which is:
ne = Yo — E[Yo | V—t,—17] -

As t tends to infinity, 7, converges almost surely to:
Noo = }/E] - ED/O | y[[—oo,—l]]] :

Observe by stationarity that for all 7,

D
Noo = Y;’ - E[Y;’ ‘ y[[—oo,r—l]]] )

which is the innovation process associated to Y. Now the variance of v, 1/G(¢,t) tends
to the variance of 7. From the Szegé-Kolmogorov formula (see e.g. Theorem 3 p. 137
of [9]), that variance is:

exp (5 [ logo() ax) |

where ¢()) is the spectral density of Y. Let X be a centered stationary process with
covariance function k, € be a standard Gaussian noise, and Y = ¢ + v/2aX. The
spectral densities ¢ of Y and f of X are related by ¢(\) = 1+ 2af(\). Hence:

1
tl}+moo var(vy) = tl}-‘rmoo G(t,t)

— exp <% /0% log(1 + 2a.f())) d)\) ,

which is equivalent to (ZI9).
Alternatively, observe that due to stationarity, p; defined by (2.I6) has the same
distribution as:
Z G(t,t —r)

which is
§ = E[EO | y[[—uo}]] .

As t tends to infinity, & converges a.s. to:
oo = Eleo | y[[*oovoﬂ] :

9



Of course, since Ele_;Y_,] = d;,, forall s =0, ...,

E[§ie—s] = G(t,t —s) .
Hence the limiting property (2.21]) says that:

Elfwe—s] = tiiinoo G(t,t—s)=g(s).

Actually, £, admits the representation:

+oo
éoo = Z g<8) Yo
s=0
Similarly, for all ¢,
—+00
Ele: | y[[foo,t}]] = Z 9(s)Yi_s,
s=0

which means that (g(s)) realizes the optimal causal Wiener filter of ¢; from the Y;_’s.

Now, Proposition 2.1] is a straightforward consequence of Proposition

Proof. Let the coefficients g, (s) be defined by (Z17). Applying (Z12) to A = I,+2aHy,

one gets:

1/2
(det(I; + 2acHy)) -2 (H g-(0 ) )
Therefore:
1
n log (det(]t + 2aHy)) 1/2) = Z log(g-(0

From Proposition

1 2
lim_g2(0) = 9(0) = exp (=5 [ log(1 +207() 1)
Hence: ]

Jim_ ~log (det(l; + 2aH,)) /%) = —fo(a) .

Applying now (ZI3) to A = I, + 2aHy, one gets:

- 2

cGrD;  Ghep = m2, Z <Z gT(s)> )

7=0 gT s=0
From Proposition

2 | [t 2
o (Br) = g (Se)
— (1+2a(0)

Hence: o
Jim e (l+ 2aH;) " ¢y = li(a) -

10



3 Asymptotic equivalence

Proposition 2.1] only treats the stationary case. To extend the result under the hy-
potheses of Theorem [L.Il a notion of asymptotic equivalence of matrices and vectors is
needed. It is developed in this section.

From (Z7), we must prove that under the hypotheses of Theorem [Tk

| 1 jon
tkinoo % log(det(I; + 2aK})) = {o(a) = in /0 log(1+2af(\))dA, (3.26)

and o
tLigrnoo ?mr(It +2aK,) 'my = £1(a) = mEa(l + 2af(0))7 . (3.27)

If K; = H; (centered stationary case), (.20) is (Z.8). It can also be obtained by a
straightforward application of Szegé’s theorem: see [3, [I]. That (3.26) holds (cen-
tered asymptotically stationary case) is a consequence of the theory of asymptotically
Toeplitz matrices: see section 7.4 p. 104 of [§], and also [7, Theorem 4 p. 178]. Asymp-
totic equivalence of matrices in Szegd’s theory is taken in the L? sense, which is weaker
than the one considered here. In other words, (3:26) holds under weaker hypothe-
ses than (H1-5). In order to prove (3.27)), we shall develop asymptotic equivalence of
matrices and vectors along the same lines as [7, section 2.3], but in a stronger sense,
replacing L? by L™ and L', for boundedness and convergence. The norms used here
for a vector v = (v(s))s—o,..t—1 are:

t—1
t—1
o)l = o fo(s)| and ol = 3 Jo(s)]
s=0

For symmetric matrices, the norm subordinate to || - ||« is equal to the norm sub-
ordinate to || - ||;. It will be denoted by || - || and referred to as strong norm. For

A= <A<37 T))s,rzo,...,tfl such that A* = A7

-1
-1
JAl = max ) |A(s,r)] = max [|Av]
=0 foliso=1
g L
= ma A(s,7)] = max [|Av|]; .
i 3 o) = 1ol

The following weak norm will be denoted by |A|:

1 t—1

A= 3 JAG)-

s,7r=0
Clearly, |A| < ||Al|. Moreover, the following bounds hold.

Lemma 3.1. Let A and B be two symmetric matrices. Then:

[AB| < |A[[[B] and |AB] <[A][|B] .

11



Proof. |AB| is the arithmetic mean of the L' norms of column vectors of AB. If b is
any column vector of B,

[AbI < [[A[l 1Bl

because the strong norm is subordinate to the L' norm of vectors. Hence the first
result. For the second result, replace columns by rows. O

Here is a definition of asymptotic equivalence for vectors.

Definition 3.2. Let (v¢)i=0 and (wy)i=o be two sequences of vectors such that for allt >
0, vy = (ve($))s=0,..t—1 and wy = (wy(s))s=o,...t—1- They are said to be asymptotically
equivalent if:

1. ||vg]|oo and ||wy||oo are uniformly bounded,

o1
2. tlgrnoo ¥||vt —wy|l; = 0.

Asymptotic equivalence of (v;) and (wy) will be denoted by vy ~ wy.

Hypotheses (H1) and (H4) imply that m; ~ ¢;.
Asymptotic equivalence for matrices is defined as follows (compare with [T, p. 172]).

Definition 3.3. Let (A;)i=0 and (By)=0 be two sequences of symmetric matrices, where
for allt >0, Ay = (Ai(s,7))si=0,..1—1 and By = (B(s,7))s=o0,..t-1- They are said to
be asymptotically equivalent if:

1. ||A¢l| and || Be|| are uniformly bounded,
2. lim |A, — By =0.

t——+o0

Asymptotic equivalence of (A;) and (By) will still be denoted by A, ~ By.

Here are some elementary results, analogous to those stated in Theorem 1 p. 172

of [7].

Lemma 3.4. Let (A;), (By), (Cy), (D:) be four sequences of symmetric matrices.
1. If Ay ~ By and By ~ C; then Ay ~ Cy.

If Ay ~ By and Cy ~ Dy then Ay + Cy ~ By + Dy.

If Ay ~ B; and Cy ~ Dy then A;C;y ~ ByD;.

e e

If Ay ~ By and F is an analytic function with radius R > max || A¢||, max || B[,

12



Proof. Points 1 and 2 follow from the triangle inequality for the weak norm. For point
3, because || - || is a norm of matrices, ||A:Cy|| < || A ||Cel| and ||B: Dyl < || Bil| || Dell
are uniformly bounded. Moreover by Lemma [3.T],

|AiCy — BiDy| < |(As — By)Cy| + | Bi(Cy — Dy)|
< A= B [Cell + 1Bl [Cr = Dy -
Since ||Cy]| and || B;|| are uniformly bounded, and
lim |At — Bt| = lim |Ct - Dt| =0 y
t—o0 t—o0

the result follows. For point 4, let F' be analytic with radius of convergence R. For
|z| < R, let

+o0
F(z) =Y ap 2",
k=0
and .
Fo(z) = ap2*.
k=0

The matrices F(A;), F(B;) are defined as the limits of F,(A;), F,.(B;); from the hy-
pothesis, it follows that the convergence is uniform in ¢. Because || - || is a matrix norm,
| F'(A)] < F(||A¢]]) and the same holds for B;: ||F(A:)| and ||F(By)|| are uniformly
bounded. Let € be a positive real. Fix n such that for all ¢,

IF(A) ~ Fu(A)l < 5 and [F(B) — Fu(B)]| < 5 -

By induction on n using points 2 and 3, F,(A;) ~ F,(B;). There exists ¢y such that
for all t > tg,

[Fu(A) = Fu(B)] < 3 .
Thus for all ¢ > tg,
[F(A) = F(B)| < [F(A) = Fu(A)] + |Fu(Ar) = Fu(B)| + [Fu(Br) — F(By)|
< F(A) = Fu(Adl + [Fa(Ar) = Fu(B)| + |1 Fa(Br) — F(By)|
< €.

Hence the result. O

Hypothesis (H3) implies that ||H;|| is uniformly bounded, (H2) and (H5) that K; ~
H;. Point 4 will be applied to F(z) = (1 + 2a2)~!, which has radius of convergence
R =1/2a. Let M be defined as:

M=maX{r51§1><||Kt||, Z|k(t)|} :

teZ
For all & < ag = 1/(2M),
(I + 2aK,) ™' ~ (I; +2aH,) 7" (3.28)

Here is the relation between asymptotic equivalence of vectors and matrices.

13



Lemma 3.5.
1. If Ay ~ By and ||vi||oo is uniformly bounded, then Ay, ~ Byv;.
2. If vy ~wy and || A¢|| is uniformly bounded, then Ay, ~ Aywy.

Proof. That || Ait||oo, || Bivt||oo, ||Aiwe||oo are uniformly bounded comes from the fact
that || - || is subordinate to || - ||. Next for point 1:

1
;”(At — Biuilly < [[velloo| A = BJ .
For point 2:
1 1
;HAt(Ut — w1 < ¥||At||||vt —wy| -
O
The relation between asymptotic equivalence of vectors and our goal is the following.

Lemma 3.6. If v, ~ w; and u; ~ z, then

li L ) =0
Jm (vyur —wyz) =0.
Proof.

1 * * 1 * * *

n |vtut - wtzt| < n (|vt (ut - Zt)| + |(vt - wt)ztD

1
< 5 Ulvedlos llue = 2ells + llzelloclloe = wella)

Hence the result. O

Using asymptotic equivalence, ([3.20) and (327) can easily be deduced from (Z.8])
and ([2.9)), for 0 < o < 1/(2M). We shall not detail the passage from (2.8) to (3:28]): see
Theorem 4 p. 178 of [7]. Here is the passage from (2.8)) to (3.26). For all o < 1/(2M),
it follows from (3.28)) by point 1 of Lemma [B.5] that

(It -+ 20{Kt)7lct ~ ([t -+ 20{Ht>7lct .
By point 2 of Lemma [3.5
(It -+ 20{Kt)71mt ~ (It -+ 20{Ht>7lct .

Lemma implies:
: 1 * : 1 * -1
tBeroo ;mt(ft + 2aK;)my = tlgrnoo ¢ (14 2aH;) ¢ .
Hence (3.27).
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Still using asymptotic equivalence, it will now be shown that Proposition is just a
particular case of Theorem [Tl Indeed, consider the Gaussian process X? with mean

ma(t) = E[X7] = m(t) + (z —m(t)), (3.29)

and covariance function
K(t,0)K(s,0)
K(0,0)

K*(t,5) = E[(X} — ma (1)) (X7 — ma(s))] = K(t,s) — (3.30)
The distribution of (X7 );eny and the conditional distribution of (X;)ien given Xy = z
are the same. Denote by m,; and K} the mean and covariance matrix of (XZ)s—o . 1.

.....

Theorem [[Tlapplies to X*, provided it is proved that m,; ~ ¢; and K} ~ H;. By (H1)
and (H2), ||my ¢||e is uniformly bounded. Moreover from (3.29),

1 < Ll lmilloo Hthoo < Jzl A lmelloo
n Tt K \ )

thus mg ~ my, hence m, ¢ ~ ¢; by transitivity. Now from (3.30),

|1<(0 T)| = H1<tH2
K K, —|—m X —————— E K < || K| + .
H t ” H tH a’o F((0,0) = (078) H tH P((0,0)

Moreover,
2
s
K — K| < K(0, <
K = Kil < tKOO <Z| i ) tK(0,0)
thus K ~ K3, hence K} ~ H, by transitivity (point 1 of Lemma [3.7]).

This section will end with another illustration of asymptotic equivalence, which is of
independent interest and yields an alternative proof of (2.9]).

Proposition 3.7. Let F' be analytic with radius of convergence R > >, |k(t)|. Denote
by dl(g)‘) the vector d?) = (e ) +—1. Then:
F(H)d ~ F(f(\)di” (3:31)

The function (e7),z is an eigenfunction of the Toeplitz operator H with symbol
k, associated to the eigenvalue f(\). Thus Proposition B is closely related to Szegd’s
theorem: compare with Theorem 5.9 p. 137 of [3]. Notice that ¢; = moodgo): in the
particular case A = 0 and F(z) = (1 + 2a2)™!, one gets:

(14 2aH,) e, ~ (14 2af(0) ey,

from which (29) follows, through Lemma 3.6l If instead of being constant, the asym-
totic mean is periodic, Proposition B still gives an explicit expression of ¢;(a). As an
example, assume m(t) = (—1)'my. Then (Z9) holds with:

() = mZa(l +2af(m)) ™

15



Proof. We first prove (B3.31]) for F(z) = z. Using the fact that || - || is subordinate to
I loos

| Hudf Voo < || il -
Therefore ||th,§)‘) || oo is uniformly bounded. For s = 0,...,t—1, consider the coordinate
with index s of f()\)d,g)‘) — thﬁ”:

t—s—1

t—1
e—i)\s Z k(r)ei)\r . Z k’(?" _ S)e—i)\r _ e—i)xs Z k,(,r,)e—i)\r _ e—i)\s Z k,(,r,/)e—i)\r/

rez r=0 rez
) —s—1 ) ) +o00 )
—_ e*l}\s Z k(,r)efl)\r_'_efl)\s Z k(,r)efl)\r )
r=—oo r=t—s

Denote

= > k(r)e™™ and &.(s Zk e T

r=—00

Observe, due to the symmetry of k, that §_(—s) = 0, (s) Thus:

[f(0)er — Heern = Z|5 —s—1)+6,(t—s)|

N

i‘aw_(—s — 1) +i‘6|5+<t—s>|

= 230 1oils)

The sequence (|67 (s)|)sen tends to 0, as a consequence of the summability of & (H3).
Therefore it also tends to zero in the Cesaro sense. Hence the result.

By induction, using the triangle inequality, (8.31]) holds for any polynomial F,,. The
rest of the proof is the same as that of point 4 in Lemma [3.4] O

4 Asymptotic distributions

The results of the two previous sections establish that the conclusion of Theorem [
holds for a small enough «. To finish the proof, the convergence must be extended to
all @« > 0. The following variant of Lévy’s continuity theorem applies (see Chapter 4
of [10], in particular Exercise 9 p. 78).

Lemma 4.1. Let 7,7, m, ..., be probability measures on RT. Assume that for some

apg > 0, and all o € [0, a],

+o0 +o0o
lim e “dm,(x) = / e “dn(x) .
0

n—oo Jo

Then (m,) converges weakly to ™ and the convergence holds for all o > 0.
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To apply this lemma, one has to check that (Li(a))* and e are the Laplace
transforms of probability distributions on R*. It turns out that in our case, the function
Li(a) defined by (L2) is the Laplace transform of an infinitely divisible distribution,
thus so are (L;(a))'/* and its limit. We give here the probabilistic interpretation of
e (@) and e=“(® as the Laplace transforms of two infinitely divisible distributions.
Next, the particular case of a Gauss-Markov process will be considered.

Through an orthogonal transformation diagonalizing its covariance matrix, the
squared norm of any Gaussian vector can be written as the sum of independent ran-
dom variables, each being the square of a Gaussian variable, thus having noncentral
chi-squared distribution. If Z is Gaussian with mean p and variance v, the Laplace
transform of Z? is:

o(a) = (14 20w) V2 exp(—pa/(1 + 2av)) .

The first factor is the Laplace transform of the Gamma distribution with shape pa-
rameter 1/2 and scale parameter 2v. Assuming g and v non null, rewrite the second

factor as:
1 -1
exp (—% (1 — (14 2aw) )) :

This is the Laplace transform of a Poisson compound, of the exponential with ex-
pectation 2v, by the Poisson distribution with rate % Therefore, the squared norm
of a Gaussian vector has an infinitely divisible distribution, which is a convolution
of Gamma distributions with Poisson compounds of exponentials. Squared Gaussian
vectors have received a lot of attention, since even in dimension 2, the mean and co-
variance matrix must satisfy certain conditions for the distribution of the vector to
be infinitely divisible [I5]. Yet the sum of coordinates of such a vector always has an
infinitely divisible distribution.

For all ¢, the distribution with Laplace transform (L,(«))Y? is the convolution of
Gamma distributions with Poisson compounds of exponentials. As ¢ tends to infinity,
(Ly())Yt tends to e~%0(®) e=(®) The first factor e~*(®) is the Laplace transform of a
limit of convolutions of Gamma distributions, which belongs to the Thorin class T'(R™)
(see [2] as a general reference). Consider now e~“(®. Rewrite £, () as:

(o) = mia(l+2af(0)"

m? 1
= = (1 —(1+2af(0))" ") .
2f(o)( (1+2af(0)7")
Thus e “(® is the Laplace transform of a Poisson compound, of the exponential dis-
2
tribution with expectation 2f(0), by the Poisson distribution with parameter %.
As an illustrating example, consider the Gauss-Markov process defined as foﬁlows.

Let 6 be a real such that —1 < 6 < 1. Let (&)1 be a sequence of i.i.d. standard

Gaussian random variables. Let Yp, independent from the sequence (&;);>1, follow the
normal A/(0, (1 — 6%)71) distribution. For all ¢ > 1 let:

Y, =0Y, 1 +e.
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Thus (Y})ien is a stationary centered auto-regressive process. Consider the noncentered
process (X;)sen, with Xy = Y;+m.. This is the case considered in [12], where a stronger
result was proved. Formula (10) p. 72 of that reference matches (L4) and (LX) here.
Indeed, the spectral density is:

1
) = 1+ 62 —20cos(\)

Write /() as a contour integral over the unit circle.

| o 1 1 2c0
lo(a) = E/o log(1 +2af(X) dA = — %Czlglog (1 Tire 0z + C)) i

Now:

20 =045+ )0+
1+62—0(;+¢) ¢—(0+5)¢+1
Observe that the two roots of the numerator have the same sign as 6, and their product
is 1. Denote them by ¢~ and ¢, so that 0 < [(7| < 1 < |(T]. The two roots of the
denominator are 6 and %. The function to be integrated has 5 poles, among which
0,60,( are inside the unit disk, %, (T are outside. Rewrite £, as:

1 1 (¢—¢ 1 1o (e=¢"
fol) = 47?17{|1C (C—9>d<+47rijgllg <C _)dC-

0

1+

The first integral is null, since

f o co(c=c)ac=d  Troac-nac,

the two functions having the same residues inside the unit disk. The second integral
is:
1 1 ¢(—(C*
— - d¢ = l oct
47Tij£§|1< (C ) ¢= Og(C)
Therefore:

fole) = 3 1og(0c) = S1og (5 (¢ + 1+ 20+ (O + D2+ 20) (- 17 +20)))

The expression of ¢; is:

f(a) = m2, a(1 — 0)?
! (1—6)2+2a"
It turns out that the probability distribution with Laplace transform

—-1/2

o—lola) _ (% (92 1420t \/((9 +1)2 4 2a)((0 — 1) + 204))) v

has an explicit density fo(x) defined on (0, +00), which is related to the modified Bessel
function of the first kind, with order 1/2 (compare with formula (3.10) p. 437 in [6]).

146

folx) = e 2 ° (271‘9‘*1/2;5*1[1/2(|9|a:))
= o () el ()
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