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GENEALOGIES OF TWO LINKED NEUTRAL LOCI AFTER A SELECTIVE SWEEP IN A LARGE
POPULATION OF VARYING SIZE

REBEKKA BRINK-SPALINK AND CHARLINE SMADI

ABSTRACT. We study the impact of a hard selective sweep on the genealogy of partially linked neu-
tral loci in the vicinity of the positively selected allele. We consider a sexual population of varying
size and, focusing on two neighboring loci, derive an approximate formula for the neutral geneal-
ogy of a sample of individuals taken at the end of the sweep. We prove that the stochasticity of the
population size has a major impact on this genealogy and apply our results to the derivation of the
linkage disequilibrium between neutral loci, a statistic which is frequently used to detect recent se-
lection on genetic data. Furthermore, we provide a deeper insight into the dynamics of the mutant
and wild type population during the different stages of a selective sweep.

INTRODUCTION

We study the hitchhiking effect of a beneficial mutation in a sexual haploid population of vary-
ing size. We assume that a mutation occurs in one individual of a monomorphic population
and that individuals carrying the new allele a are better adapted to the current environment and
spread in the population. We suppose that the mutant allele a eventually replaces the resident
one, A, and study the influence of this fixation on the neutral gene genealogy of a sample taken
at the end of the selective sweep. That is, in each sampled individual we consider the same set
of partially linked loci including the locus where the advantageous mutation occurred. We then
trace back the ancestral lineages of all loci in the sample until the beginning of the sweep and
update the genetic relationships whenever a coalescence or a recombination (see Definition[4.1)
changes the ancestry of one or several loci. Our main result is the derivation of a sampling formula
for the ancestral partition of two neutral loci situated in the vicinity of the selected allele. Such
a result allows us to derive the expression of the linkage disequilibrium (see Section [2) which is
more and more used to understand past evolutionary and demographic events [18}29].

The first studies of hitchhiking, initiated by Maynard Smith and Haigh [31], have modeled the
mutant population size as the solution of a deterministic logistic equation [23}[17}33}32]. Barton
[3] was the first to point out the importance of the stochasticity of the mutant population size.
Following this paper, a series of works took into account this randomness during the sweep. In
(12} 28] Schweinsberg and Durrett based their analysis on a Moran model with selection and re-
combination, while Etheridge and coauthors [13] worked with the diffusion limit of such discrete
population models. Then Brink-Spalink and Sturm [4], Pfaffelhuber and Studeny [25] and Leo-
card [20] extended the respective findings of these two approaches for the ancestry of one neutral
locus to the two-locus (resp. multiple-locus) case.
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However, in all these models, the population size was constant and each individual had a “fit-
ness” only dependent on its type and not on the population state. The fundamental idea of Dar-
win is that the individual traits have an influence on the interactions between individuals, which
in turn generate selection on the different traits. In this paper we aim at modeling precisely these
interactions by extending the model introduced in [30] where the author considered only one
neutral locus. Such an eco-evolutionary approach has been introduced by Metz and coauthors
[22] and has been made rigorous in the seminal paper of Fournier and Méléard [15]. Then it was
further developed by Champagnat, Méléard and coauthors (see [5}[7, 6] and references therein)
for the haploid asexual case and by Collet, Méléard and Metz [8] and Coron and coauthors [10} 9]
for the diploid sexual case.

The population dynamics, described in Section (1} is a multitype birth and death Markov pro-
cess with competition. We represent the carrying capacity of the underlying environment by a
scaling parameter K € N and state results in the limit for large K. In [5] it was shown that such
kind of invasion processes can be divided into three phases (see Figure [2): an initial phase in
which the fraction of a-individuals does not exceed a fixed value € > 0 and where the dynamics of
the wild type population is nearly undisturbed by the invading type. A second phase where both
types account for a non-negligible percentage of the population and where the dynamics of the
population can be well approximated by a deterministic competitive Lotka-Volterra system. And
finally a third phase where the roles of the types are interchanged and the wild type population
is near extinction. The durations of the first and third phases of the selective sweep are of order
log K whereas the second phase only lasts an amount of time of order 1.

In Section B|we precisely describe these three phases and introduce two couplings of the pop-
ulation process, key tools to study the dynamics of the A- and a-populations. Section[d]is devoted
to the proofs of the main theorems on the ancestral partition of the two neutral alleles. Sections5]
to[7]are dedicated to the proofs of auxiliary statements. In Section[2we compare our findings with
previous results and apply them to the derivation of the linkage disequilibrium after a selective
sweep. Finally, we state technical results needed in the proofs in the Appendix.

1. MODEL AND RESULTS

We consider a three locus model: one locus under selection, SL, with alleles in &« := {A, a} and
two neighboring neutral loci N1 and N2 with alleles in the finite sets 28 and € respectively. We
denote by & = of x &8 x € the type space. Two geometric alignments are possible: either the two
neutral loci are adjacent (geometry SL — N1 — N2), or they are separated by the selected locus
(geometry N1 - SL— N2). We introduce the model and notations for the adjacent geometry and
their analogues for the separated one can be deduced in a straightforward manner.

Whenever a reproduction event takes place, recombinations between SL and N1 or between
N1 and N2 occur independently with probabilities r; and r, respectively. These probabilities de-
pend on the parameter K, representing the environment’s carrying capacity, but for the purpose
of readability we do not indicate this dependence. We assume a regime of weak recombination:

(1.1 limsup rj logK <00, j=1,2.

K—o00

This is motivated by Theorem 2 in [30] which states that this is the good scale to observe a signa-
ture on the neutral allele distribution. If the recombination probabilities are larger (which means
that neutral loci are more distant from the selected locus), there are many recombinations and the
sweep does not modify the neutral diversity at these sites. Recombinations may lead to a mixing
of the parental genetic material in the newborn, and hence, parents with types afy and 'y’ in
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& can generate the following offspring:

possible genotype event probability
aBy,a' By’ no recombination 1-r)-ry)
af'y’,a By one recombination between SL and N1 r(l-ry)
apBy’,a' By one recombination between N1 and N2 A-r)r
af'y,a' By’ two recombinations o

We will see in the sequel that the probability to witness a birth event with two simultaneous re-
combinations in the neutral genealogy of a uniformly chosen individual is very small.

As we assume the loci N1 and N2 to be neutral, the ecological parameters of an individual
only depend on the allele a at the locus under selection. Let us denote by f, the fertility of an
individual with type a. In the spirit of [8], such an individual gives birth at rate f, (female role),
and has a probability proportional to f, to be chosen as the father in a given birth event (male
role). Denoting the complementary type of the allele a by & we get the following result for the
birth rate of individuals of type afy € &:

K Janapy + fanapy
bafﬁy(n) = (l_rl)(l_rz)fanaﬁy+rl(1_r2)fana Fallat fania
Z / Z / n r( Nopv+ Talap )
+(1—r1)7’2fa p'eB Ly'e€ aPy fa apf'y foc aply
fana+ fana
Y pem Lyee Napy(falapy + fanapy)

(1.2) +r1ir2fa

’

fana+ fana
where Napy (T€SP. Ng) denotes the current number of aBy-individuals (resp. a-individuals) and
n = (Ngpy, (@, B,7) € &) is the current state of the population. An a-individual can die either from
a natural death (rate D), or from type-dependent competition: the parameter C, ,» models the
impact an individual of type a’ has on an individual of type a, where (a,a’) € o/ 2. The strength
of the competition also depends on the carrying capacity K. This results in the total death rate of
individuals carrying the alleles ¢ fy € &:

Ca,A Coc a

K )
(1.3) daﬁy(n) = (Da + T”IA + Tna) naﬁy.

Hence the population process
NK = (N5 (0),£2 0) = (N5, (D)@ prypes 2 0),

where Nfﬁy(t) denotes the number of aBy-individuals at time ¢, is a multitype birth and death
process with rates given in and (I.3). We will often work with the trait population process
((Nf (1), fo (), t =0), where Ngf (¢) denotes the number of a-individuals at time ¢. This is also a
birth and death process with birth and death rates given by:

Ca,A Caa
bX(nika) Y b5, (W =fang and dXm= Y dX, m=(Dgt+—nat+—2
“ (B,y)EBxE by A “ (BY)EB*xE Py ( ¢ K K

na)na.

As a quantity summarizing the advantage or disadvantage a mutant with allele type « has in an
a-population at equilibrium, we introduce the so-called invasion fitness S, 4 through
(1.5) Sadiz fa—Da—Ca,dfld,
where the equilibrium density 7i, is defined by

fll_DlZ

1.6 g 1=
(1.6) Ngy Coa
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The role of the invasion fitness S,4 and the definition of the equilibrium density 71, follow from
the properties of the two-dimensional competitive Lotka-Volterra system:

(1.7) 12 = (fo— Da— Ca,an'? — Ca,ann$, zeRY, nP )=z, aed.
If we assume
(1.8) na>0, n,>0 and Sas,<0<S44,

then 7i, is the equilibrium size of a monomorphic a-population and the system has aunique
stable equilibrium (0, 77,) and two unstable steady states (7i4,0) and (0,0). Thanks to Theorem 2.1
p. 456 in [14] we can prove that if NX(0) and N (0) are of order K and K is large, the rescaled
process (Nf /K, Nf /K) is very close to the solution of during any finite time interval. The
invasion fitness S,4 corresponds to the per capita initial growth rate of the mutant a when it
appears in a monomorphic population of individuals A at their equilibrium size 714 K. Hence the
dynamics of the allele a is very dependent on the properties of the system and it is proven in
[5] that under Condition one mutant a has a positive probability to fix in the population and
replace a wild type A. More precisely, if we use the convention

(1.9) P () :=P(INY(0) = [74K], NF(0) = 1),
Equation (39) in [5] states that
S
(1.10) lim P® (FixK) = 294 _. g
K—o00

a

where s is called the rescaled invasion fitness, and the extinction time of the A-population and
the event of fixation of the a-allele are rigorously defined as follows:

(1.11) TX :=inf{r=0:NX(t)=0}, and Fix":={TX <oo, NX(TX) >0}.

From this point onward, we fix d in N. We aim at quantifying the effect of the selective sweep on
the neutral diversity. Our method consists in tracing back the neutral genealogies of d individuals
sampled uniformly at the end of the sweep (time Tert) until the beginning of the sweep. Two event
types (see Definition[4.1) may affect the relationships of the sampled neutral alleles: coalescences
correspond to the merging of the neutral genealogies of two individuals at one or two neutral
loci, and recombinations redistribute the selected and neutral alleles of one individual into two
groups carried by its two parents. We will represent the neutral genealogies by a partition ®I(§
which belongs to the set 9’; of marked partitions of {(i, k),i € {1,...,d}, k € {1,2}} with (at most)
one block distinguished by the mark *. In this notation (7,1) and (i,2) are the neutral alleles at
loci N1 and N2 of the ith sampled individual. Let us define rigorously the random partition @I; :

Definition 1.1. Sample d individuals uniformly and without replacement at the end of the sweep
(time Telfn). Follow the genealogies of the first and second neutral alleles of the i -th sampled individ-
ual, (i,1) and (i,2) fori€{l,...,d}. Then the partition @5 € @; is defined as follows: each block of
the partition @5 is composed of all those neutral alleles which originate from the same individual
alive at the beginning of the sweep; the block containing the descendants of the mutant a (if such a
block exists) is distinguished by the mark *.

We will show in Theorems|l{and|2|that when K is large the partition @5 belongs with a proba-
bility close to one to a subset A, of 227, which is defined as follows:

Definition 1.2. A is the subset of &) consisting of those partitions whose unmarked blocks (if
there are any) are either singletons or pairs of the form {(i, 1), (i,2)} foronei € {1,...,d}.

Example 1. In the example represented in Figure the marked partition 7*® belongs to Ay:

7@ = {11,1),(1,2), 2,1, (5,21",12,2)}, 13,1, (3,2}, 1(4, D}, 1(4,2), 15, D}
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:

FIGURE 1. Example of genealogy for a 5-sample: dark blue neutral alleles origi-
nate from the mutant and light blue ones from an A-individual. We indicate the
selected allele, A or a, associated with the neutral alleles during the sweep. It
can change when a recombination occurs. Bold lines represent the A(green)- and
a(red)-population sizes. In this example, the two neutral alleles of the first in-
dividual, the first neutral allele of the second individual and the second neutral
allele of the fifth individual originate from the mutant; the two neutral alleles of
the third individual originate from the same A-individual, whereas the two neu-
tral alleles of the fourth individual originate from two distinct A-individuals.

For a partition 7 € 22, we define for some possible ancestral relationships the number of indi-
viduals in the sample whose two neutral loci are related in that particular way:

Definition 1.3. LetdeNandn € 9”;. Then we set:

||y =#{1<i<d such that (i,1) and (i, 2) belong to the marked block }

|7l, =#{1<i<d such that (i,1) belongs to the marked block and {(i,2)} is an unmarked block}
|ml3 =#{1<i<d such that (i,2) belongs to the marked block and {(i,1)} is an unmarked block}
||y =#{1<i<d such that{(i,1),(i,2)} is an unmarked block}

|75 =#{1<i<d such that{(i,1)} and {(i,2)} are two distinct unmarked blocks}

To express the limit distribution of the partition @5 we need to introduce:

(1 12) fagl log K _fa;zlogK _ _fa|;2 lO?K d n ( fA/f )

. 1:=e ad , (gpi=e ada , gri=e Aadl an 3 1= “—q1q92),
1 9 9 1 ri+r2(1— fal fa) & 7
where the invasion fitnesses have been defined in (I.5) and s in (I.I0). We did not make any
assumption on the sign of f,;(r, + 2) — far2, but g3 can be written in the form §(e ™ —e™") /(v — )
for (5, u,v) € R3 so that it is well defined and non-negative. It is easy to check that g3 < 1. We now

define five non-negative numbers (py, 1 < k < 5) which will quantify the law of @5 for large K in
Theorem!1}

(1.13) P=qiql-A-q)1-g)], p2:=qill-q192) —q242(1 — q1)],
pP3:=q1G2(1-q2)A—q1), pa:=g2q3 and ps:=1-qg1)(1—-q1G2(1- o)) — G2qs.

Note that ) 1<x<5 px = 1. Finally, we introduce an assumption which summarizes all the as-
sumptions made in this work:

Assumption 1. (Nf (0), fo (0)) = (lmaK|,1) and Conditions on the recombination probability
and on the equilibrium densities and fitnesses hold.

With Definitions and|[L.3)in mind, we can now state our main results:
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Theorem 1 (Geometry SL— N1 - N2). UnderAssumption we have for everym € 2

I7lo o, 713

lim |P%@©F = 7lFix ) — 1jzea 1™ pa pa™ips'™e| = 0.

K—o0

P3

Notice that when K is large, @5 belongs to A, with a probability close to one, and that

7l4

(p1|7[|1p2|71|2p3|ﬂ|3p4 p5|ﬂ|5,ﬂ€Ad)

is a probability on A, (depending on K). Moreover, this result implies that the d sampled indi-
viduals have asymptotically independent neutral genealogies. With high probability, the neutral
alleles of a given sampled individual i either originate from the first mutant a and belong to the
marked block, or escape the sweep and originate from an A individual. In this case they belong to
an unmarked block which is of the form {(i, 1)}, {(i,2)} or {(i, 1), (i, 2)}, according to Deﬁnition
As a consequence, if some neutral alleles of two distinct sampled individuals escape the sweep,
they originate from distinct A-individuals with high probability. However, the genealogies of the
two neutral alleles of a given individual are not independent. For example the probability that
(i,1) and (i,2) escape the sweep is p4 + ps; the probability that (i, 1) (resp. (i,2)) escapes the sweep
is ps + p4 + ps (resp. p2 + ps + ps), and for every K e Nsuch that r; #0

(P3+Ppatps)(p2+patps)=1-q)1-q1g2) <A —q) (1 —q1G2+ G1G2G2) = pa+ ps.
This is due to the fact that if (backwards in time) a recombination first occurs between SL and N1,
the neutral allele at N2, linked to N1, also escapes the sweep. As the term ¢; g2 g, does not tend
to 0 when K goes to infinity under Condition (I.I), the only possibility to have an equality in the
limit is the case where r;log K <« 1 or in other words when the probability to see a recombination
between SL and N1 is negligible.

Let us now consider the separated geometry, N1 — SL— N2:
Theorem 2 (Geometry N1 - SL- N2). UnderAssumption we have for everym € &

lim (P“O(@’; = 7|Fix®) = Limea s [q1 421 (g1 (1 = 217211 = g1) 421511 - g1) (1 - g2)1™| = 0.

K—oo

Again the neutral genealogies of the d sampled individuals are asymptotically independent.
Furthermore, we have independence between the neutral loci. Indeed the result stated in The-
orem 2 means that a neutral allele at locus Nk escapes the sweep with probability 1 — g inde-
pendently of all other neutral alleles, including the allele at the other neutral locus of the same
individual. This is due to the fact that in the separated geometry a recombination between SL
and one neutral locus has no impact on the genetic background of the allele at the other neutral
locus. Note in particular that there is no block of the form {(i, 1), (,2)} in the limit partition, as the
two neutral alleles have a very small probability to recombine at the same time.

2. APPLICATION AND COMPARISON WITH PREVIOUS WORK

From this point onward we will write Ny (resp. Nygy) instead of NK (resp. N clfﬁy) and P instead
of P for the sake of readability.
2.1. Linkage disequilibrium. The linkage disequilibrium (LD) is the non-uniform association of

alleles at several loci. For sake of simplicity we suppose for this application that 2 = {8, 8} and
€ = {y,7}. The LD between the two neutral loci in the a-population at time ¢ can be expressed by:

Naﬁy(t) Naﬁy(t)+Na’5}7(t) Naﬁy(t)"'Naﬁ'y(t)
Ng(t) Ng (D) Ng ()

D(a,t):=

In other words it corresponds to the absolute value of the difference between the frequency of the
combination of alleles § and y and the product of frequencies of allele § and of allele y. We can
check that the value of D(a, t) does not depend on the choice of (8,y) € 8 x €. Theoretical and
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empirical studies have shown that LD is an important signature of selection [1} 24} 19} 26} 27} 35].
Initially, biologists only focused on the LD between the selected locus and a neighboring locus.
The expected effect of selective sweeps was then to increase the level of LD as the genetic variation
is reduced. However, as first observed by Gillespie [16], then followed by [18} 32} 21], "linked
selection can reduce variation without building up high levels of linkage disequilibrium, contrary
to our intuition". Suppose that the LD between the neutral loci in the A-population was zero
at the beginning of the sweep (which is a classical assumption, see [34] for instance), and recall
(I.12). Let D (and D) denote the LD between loci N1 and N2 for the adjacent (SL—-N1-N2)
(and separated (N1 — SL— N2)) geometry. Then the patterns of LD are the following:

Proposition 1. Suppose that D(A,0) 6% = D(A,0)8 = 0 and that the first mutant is of type afy €
&. Denote by ug and uy the initial proportions of alleles 5 and 'y in the A-population. Then under
Assumption[]|

Jim )E[D(g“)(a, TX)IFixS1 - (1 - up) (1 - u)) (1 - 1) 41242 | = Jim E[D8% (a, T IFix"] = 0.

Hence the LD between two neutral loci is very dependent on the relative position of the se-
lected locus (between the two neutral loci or adjacent to these latter, more or less close to one of
them,...). By using this property it is possible to construct statistical tests (see [21] for example) to
distinguish loci which have undergone a recent selective event, and further the selection strength
during this event.

2.2. Previous work. In [28] the authors gave an approximate sampling formula for the genealogy
of one neutral locus during a selective sweep. In their work, the population evolved as a two-locus
modified Moran model with recombination, selection, and in particular constant population size.
They introduced the fitness s5° of the mutant a as follows: when one of the iid exponential clocks
of the living individuals rings, one picks two individuals uniformly at random (with replacement),
one dies, and the other one gives birth. But a replacement of an a-individual by an A-individual
is rejected with probability s3P  In this case, nothing happens. In [30], the author studied the one
neutral locus version of the here presented model. It was shown that the ancestral relationships
in a sample taken at the end of the sweep correspond to the ones derived in [28] when we equal
the fitness of [28] and the rescaled invasion fitness s3° = Saal fo and when we have the equality
[Saall fa= Saal fa (in this case the first and third phases have the same duration, S,4log K/ f,).

In [4], the authors generalized the model introduced in [28] towards two neutral loci and used
similar methods to derive a corresponding statement for the genealogy of a sample taken at the
end of the sweep. If we however make the analogous comparison and try to match our result
for the adjacent geometry with the statement from [4], we observe an interesting phenomenon:
the probabilities of the different types of ancestry only coincide if the birth rates of a- and A-
individuals are the same, that is, if f,; = f4 holds true. In biology, the fitness describes the ability
to both survive and reproduce, and can be defined by the average contribution of an individual
with a given genotype to the gene pool of the next generation. Hence a mutation which affects the
fitness of an individual in a given environment can either act on the fertility (f, in our model), or
on the death rate, intrinsic (D) or by competition (Cy ), or on both. Our result is comparable to
that of [28] if the mutation only affects the death rate (and still if sSP =84/ fa=18aall fa)-

In [25], instead of a birth and death process, the authors modeled the population with a struc-
tured coalescent. It is shown that this process can be approximated by a marked Yule tree where
the different marks are realized by Poisson processes and indicate a recombination of one or two
loci into the wild type background. The impact of the third phase is taken into account by a cer-
tain refinement prior to the beginning of the coalescent which leads to the same effect of splitting
of the two neutral loci as it is seen here. We again find similarities with our results when f4 = f,;. In
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contrast, the techniques and precision used in [25] yield that coalescent events with A-individuals
cannot be ignored, that is, there are neutral loci of different individuals from the sample which
have the same type- A-ancestor. The structure of the sample is therefore different from our results
here. Notice that it is also the case of the second approximate sampling formula stated in [28],
which is more precise than the first one.

3. DYNAMICS OF THE SWEEP AND COUPLINGS

3.1. Description of the three phases. We only need to focus on the trajectories of the population
process where the mutant allele a goes to fixation and replaces the resident allele A. Champag-
nat has described these trajectories in [5] and in particular divided the sweep into three phases
with distinct A- and a-population dynamics (see Figure[2). In the sequel, £ will be a positive real
number independent of K, as small as needed for the different approximations to hold.

B Bapveaw— —
log K X 1Ky, logK 7
SaA ‘SAE\

FIGURE 2. The three phases of a selective sweep The y-axis corresponds to the
two type populations sizes (A in black, a in red), and the x-axis to the time. In this
simulation, K = 1000, (fa, fa) = (2,3),Dq =050 € A, Capa=Caq=Cpa=Cyq=
1. We have also indicated some of the notations introduced in Section[3.1]

First phase. The resident population size stays close to its equilibrium value 714K as long as the
mutant population size has not hit |eK]: if we introduce the finite subset of N

3.1) K= [K(ﬁA—ZE%),K(ﬁA+2€gA’a) AN,

AA AA

and the stopping times TX and SX, which denote respectively the hitting time of |eK] by the
mutant population size and the exit time of IX by the resident population size,

(3.2) TX :=inf{t=0,N,(t) = [eK]} and SX:=inf{t>0, Na(n) ¢ IX},

then we can deduce from [5] (see Equations (A.5) and (A.6) in [30] for the details of the derivation)
that the events FixX, {TX < SX} and {TX < oo} are very close:

(3.3) limsupP({TX < S5} A\ Fix)<ce, and limsupP({TX < oo} /\ Fix®) < ce,

K—oo K—o0
for a finite ¢ and ¢ small enough, where we recall convention (1.9). In this context, /\ is the sym-
metric difference: for two sets B and C, B\ C = (BN C) U (Cn B°). From this point onwards, "first
phase" will denote the time interval [0, TX] when the a-population size is smaller than [eK].
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Second phase. When N4 and N, are of order K, the rescaled population process (N4/K, N,/K) is
well approximated by the Lotka-Volterra system (L.7). Moreover, under Condition the system
has a unique attracting equilibrium (0, 77,) for initial condition z satisfying z, > 0, where 71,
has been defined in (I.6). In particular, if we introduce for (14, n,) € N2 the notation,

(3.4) Pnang () :=PLINA) = na, Na(0) = ng),
then Theorem 3 (b) in [5] implies:

(3.5) lim sup P(LZAKJ,LZaKJ)( sup % - n&z)(t)‘ > 6) =0,
T

0 ze 0<t<t.,acesf

for every 6 > 0, where

(3.6) = {zeRf’,LzAKJ eIX z e [e/z,s]},

(3.7) t:(2) :=inf{s 2 0,Vt = 5,n'P (1) €[0,6%/2],nP () € [71q — €12, T + £/2]},
and

(3.8) te :=supit:(z),z €T} < oo.

In the sequel, "second phase" will denote the time interval [TX, TX + z,] when the population
process is close to the solution of the system (1.7).

Third phase. Equation also implies that

K K K K
(3.9) Jim P(M € oy, wp), [ B -y | <, (M, Mg er) =1,
—00
where
(3.10) 2w :=inf{nff)(tg),z€1"}>0, and wgzzsup{nff)(tg),zel"}sez.

The "third phase", which corresponds to the time interval [TX + z, TX ], can be seen as the sym-

metric counterpart of the first phase, where the roles of A and a are interchanged: during the

extinction of the A-population, the a-population size stays close to its equilibrium value 71, K.
Let us introduce the positive real number M" := 3 + (f; + C4,4)/ Cq4,4 and the finite subset of N

(3.11) JE = [K(a— M"e), K(f1q + M"e) | AN,

Tl(lK,A) SéK,a)

Let us also introduce the times and , which are two stopping times for the process
restarted after the second phase, and denote respectively the hitting times of |[uK] by the A-
population for u € Ry, and the exit time of /X by the a-population during the third phase,

3.12) T :=inf{t> 0, NA(TX + t. + ) = [uK]}, S :=inf{t =0, No(TX + £ + 1) ¢ J5}.

<l

we get from the proof of Lemma 3 in [5] that for a finite ¢ and £ small enough,
(3.14)
timsup {PFix ALAK AT < TE A sED) +pEXE A AK AT < TEO] < ce.

K—oo

If we define the event

NA(TX+1,)

K
(3.13) NE = {TF < SKn {T € (w1, wp], | et _

x_ la

In other words, the fixation event FixX is very close to the following succession of events:

e The a-population size hits |K] before the A-population size has escaped the vicinity of
its equilibrium IX (first phase)

o The rescaled population process N/K is close to the deterministic competitive Lotka-
Volterra system during the second phase

o The A-population size gets extinct before hitting |¢K] and before the a-population size
has escaped the vicinity of its equilibrium JX (third phase)
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This justifies the use of the couplings described in the next section.

3.2. Couplings for the first and third phases. We are interested in the law of the neutral genealo-
gies on the event FixX. Equations and imply that it is enough to concentrate our at-
tention on the event 4K N {TéK’A) < TE(K’A)}, but the dynamics of the population process N con-
ditionally on this event is complex to study. Indeed it boils down to studying the dynamics of a
process when we condition on a future event ({TX < SX} for the first phase and {TéK’A) <T, E(K’A)}
for the third one). Hence the idea is to couple the population process with two processes, N and
N, whose laws are easier to study. In particular the A-population size and the number of births of
A-individuals will be easy to control for the process N during the first phase, and the a-population
size and the number of births of a-individuals will be easy to control for the process N during the
third phase. These processes will satisfy:

(3.15) limsup P({3t < TX, N(1) # N()}, TX < 00) < ce.

K—oo

3.16) limsupP({30< 1< TN, N(TX+t.+1) # N(TK+ 1+ 0}, TFY < TEA 4K < 00) < ce.

K—oo0

Let a be in o and n be in N¢. Denote n'® the a component of the population state:

(3.17) n“= Y ngpreapy
(B,y)eBxE

where (eapy, (@, B,7) € &) is the canonical basis of R®. We are now able to introduce a process
needed to describe the couplings:

o . . . (a) .
Definition 3.1. We call a Moran process of type a with recombination a process MR™ ") with values
inN*%x€ initial state n'®, and which evolves as follows:

o After an exponential time with parameter fy i1, K we pick uniformly and with replacement
three individuals and draw a Bernoulli variable R with parameter 1,

o The first individual dies, the second one gives birth to an individual carrying its alleles at
loci SL and N1

e IfR =0, thereis no recombination and the allele at locus N2 of the newborn is also inherited
from the second individual; if R = 1 there is a recombination between N1 and N2 and the
newborn inherits its second neutral allele from the third individual

o We again draw an exponential variable with parameter f, i, K and restart the procedure

Let us first describe the coupling with N: N and N are equal up to time SX; after this time the A
individuals in the population process N follow a Moran process with recombination independent
of the a-individuals. We choose an individual in the A-population and decide that this individual
exerts a competition C4,N4/K on each a-individual and the probability that an a-individual
recombine with this A-individual is fAN Al ( fAN A+ faNa) at each birth of an a-individual. To
choose the individual A which interacts with the a-population we introduce a total order < on
the pairs (8,7) € 2 x € and define for every ¢ = Sf,

be(0) :=1{(B,y) € B x €, Napy (1) #0,Y (B, ¥") # (B,Y) € Bx €, Nagy (1) #0= (B,7) < (B, ¥},

the minimum label of the A-individuals in the process N at time ¢. The process N is defined by:

~ (A) (K
N = 1gNO+ g (MRY D= sKe Y eqpy
(B, Y)EBxE
t
M ) ) ) ]
(3.18) [[ f QUds,dNligcg- 5 b, (NatsIensers ) N@ (s D<K, (Nals™)enpets), N@ (s}
Sf R, B y=(B.y) ap'y’ — apy —

t
_ @ - - - -
fs « fR + Q' (ds, d@)1{o<e—(ﬁ,yyl)z<(ﬁ,y)d§ﬂ,y,(NA(s-)eAm—),NW(s-))sdfﬁy(NA(s-)eAm—),NW(s-))}])’
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where MR™™) has been defined in Definition QW and Q@ are two independent Poisson
Point processes with density dsd#), also independent of MR ")) Note that N is a Markov process.

The coupling with the process Nis simpler: we assume that 4K from holds; N and N
are equal up to time TX + £, + SEK’“) A TE(K’A). Then the a-individuals in the population process
N follow a Moran process with recombination independent of the A-individuals, and each ABy-
population evolves as a birth and death process with individual birth and death rates f4 and f4 +
IS aql, independent of the a-individuals and the AB’y’-populations with (8,y) # (8',7"):

- @) (K@)
(319) N(TK+te+ =1, geaN(TE + te+ )+ 1, g [ MRV (¢ sH00)

r<S¢

TX+te+1
* ( ﬁ,y)ez%xcge/w[ fTsKﬂﬁséK,m fmu Qpy(ds, de){1{o<eszﬁAﬁy(s*)}_1{o<0— fAifAﬁy(s*)s(fA+|sAu|)ﬁfAﬁy(s*)}}])’
where MR has been defined in Definition [3.1]and is independent of the sequence of inde-
pendent Poisson measures (Qgy, (8,7) € 8 x €), with intensity dsd6. The process N is also Mar-
kovian.

Inequality (3.15) follows from (3.3). Moreover, from the proof of Lemma 3 in [5] we know that

minfP(TY < TEA A SED| 4Ky > 1 - ce
K—o00

for a finite ¢ and ¢ small enough. Adding (3.14) we get that (3.16) is also satisfied. Hence we will

study the processes N and N and deduce properties of the dynamics of the process N during the
first and third phases.

4. PROOFS OF THE MAIN RESULTS

4.1. Events impacting the genealogies in each phase. Let us now summarize the results on the
genealogies for the three successive phases of the sweep that we will derive in Sections[6|and|[7}

First phase: As explained in the previous section, we work with the process N to study the first
phase. Let us introduce the jump times of NV:

(4.1) T8 =0 and X =inflt>78_ N #NGK_)), m=1.

m-1’
The number of jumps during the first phase is denoted by JX(1):
(4.2) JX(1) :=inf{m e N, N, (tX) = leK]}.

Coalescence and recombination events are defined as follows (see Figure[3):

Definition 4.1. We sample two distinct individuals at time X, and denote by a By and o' 'y’ their
type.

We say that B and ' coalesce at time tX, if they are carried by two distinct individuals at time
X and by the same individual at time Tln(?_ |- Seen forwards in time it corresponds to a birth and
hence a copy of the neutral allele. Seen backwards in time it corresponds to the fusion of two neutral
alleles into one, carried by one parent of the newborn. We define in the same way coalescent events
at locus N2 (resp. loci N1 and N2) for allelesy andy' (resp. allele pairings (8,y) and (8',Y")).

We say that 3 (and/ory) recombines at timetX, from the a- to the a’ -population if the individual
carrying the allele 3 (and/ory) at time X, is a newborn, carries the allele a inherited from it first

parent, and has inherited its allele B (and/ory) from a different individual carrying allele '.

We are only interested in recombinations which provoke new associations of alleles. In particu-
lar, in the adjacent geometry SL— N1— N2 we will not consider the simultaneous recombinations
of a pair (B,y) within the a-population.

Let us now describe the genealogical scenarios which modify the ancestral relationships be-
tween the neutral alleles of one individual and occur with positive probability when K is large.
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_ K _ K
= Tm—1 t =T
A mm A 9
——0 - &—O0—7"0J
(a Lk

FIGURE 3. Illustration of Definition the newborn (individual k) has inher-
ited the selected allele from its "white" parent and the two neutral alleles from its
"blue" parent; hence the encircled neutral loci (of individuals 7 and k) coalesce at
time 7X . In terms of recombinations, the two neutral loci of the newborn individ-
ual recombine at time 7X, from the a- to the A-population

Let us first focus on the first phase and pick uniformly an individual i from the a-population at
time TX. We introduce for the adjacent geometry SL— N1 — N2:

NR()W :  there is no recombination into the A-population affecting (i, 1) or (i,2)
and both neutral loci of the i-individual originate from the first mutant,
R2(i)(” : only the neutral allele (i,2) is affected by a recombination with the A-population,
hence (i, 1) originates from the first mutant and (Z,2) from an A-individual,
R12(i)(1) : onerecombination between SL and N1 from the a- into the A-population occurs
and both neutral alleles (7, 1) and (i, 2) originate from the same A-individual,
[2,11Y7: first (backwards in time) (i,2) recombines into the A-population, then (i, 1)
recombines into the A-population and connects to a different individual than (i, 2).
[12,2]77: first (backwards in time) the tuple {(i, 1), (,2)} recombines into the A-population,
then a second recombination splits the two neutral loci inside the A-population.

R112() ™89 (2,179  u 12,2177 (see Figure[d)

S

FIGURE 4. Illustration of events [2, I]fo (individual 1) and [12,2];1‘31? (individual 2)

Finally, we introduce a conditional probability for the process N:
4.3) PP =P (1) <o0),

where JX(1) has been defined in (@.2). Hence, recalling the definition of (g1, g2, g3) in we
will prove in Section 6}
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Proposition 2 (Neutral genealogies during the first phase, geometry SL— N1 - N2). Leti be an
a-individual sampled uniformly at the end of the first phase (time TX). UnderAssumption there
exist two finite constants ¢ and €, such that for every € < €,

limsup { [P (VR ™) - g102 | + [PV (R2() ) - 11 - g2)|
K—oo
PO R ™) - g5+ [PV R1I26) ) - (1 - g1 - g5)| | < ce.
For large K, the sum of the four probabilities of Proposition[2]equals one up to a constant times
€. Hence, in the limit we only observe the events described on page The probabilities of the
first two events are quite intuitive: broadly speaking, the probability to have no recombination at

abirth eventis 1-r; —r, the birth rate is f,; and the duration of the first phase islog K/S,4. Hence
under PY, the probability of the event NR(i) D jg approximately

(1= (ry + 12)) a198K/San _ exp (= (1) + 1p)) /198K Sar = g, g

Similarly the probability to have no recombination between SL and N1 is close to g; and subtract-
ing the probability of NR(HY we get this of R2(i) M), The probabilities of R12())® and R1|2(i) 8%
are more complex. The proofs rely on a fine study of the different possible scenarios.

Let us now introduce the possible genealogical trajectories for the separated geometry N1 —
SL— N2 during the first phase:

NR(HY,R2()W:  defined as for the adjacent geometry SL— N1 — N2
R1())Y: only (i,1) is affected by a recombination with the A-population;
(i,2) originates from the first mutant and (i, 1) from an A-individual
R112()18% . (i,1) and (i,2) are affected by a recombination with the
A-population; they originate from two distinct A-individuals

In Section[6|we will prove the following asymptotics for the separated geometry N1 — SL— N2:

Proposition 3 (Neutral genealogies during the first phase, geometry N1 — SL— N2). Leti be an
a-individual sampled uniformly at the end of the first phase (time TX). UnderAssumption there
exist two finite constants c and €, such that for every € < g,

limsup{‘[P’(l) (NR(HY) - qy q2| + ||P’(1) (R2()M) — g1 (1 - 672)|
K—o0

+)uﬂ>(”(R1(z')“’) —a- (/h)qz| + ﬂP(”(Ruz(i)“'g”) —1-q)(1- qz)|} < ce.

For this geometry, the intuitive interpretation gives the proper results. The independence of
the two neutral loci follows from the fact that a recombination which affects one neutral locus
does not change the genetic background of the other neutral locus.

Second phase: We work with the process N to study the second phase. The latter one has a dura-
tion of order 1, and the recombination probabilities are negligible with respect to one (Condition
(1.I)). Consequently, no event impacting the genealogies of the neutral loci occurs during the
second phase. More precisely, let us sample uniformly two distinct a-individuals i and j at the
end of the second phase (time TgK + t¢) and introduce the events:

N R(i)(Z) : there is no recombination affecting (i,1) or (i,2),
NC(i, )®: there is no coalescence between the neutral genealogies of i and j.

Then we have the following result, which will be proven in Section[7]
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Proposition 4 (Neutral genealogies during the second phase for the two geometries). Let i and
j be two distinct a-individuals sampled uniformly at the end of the second phase (time TX + t.).
Then under Assumption|l]

Jim P(NR@HP nNCG, P TN <5 =1.
—00

Third phase: Finally, we focus on the process N. When K is large, there is only one event occurring
with positive probability during the third phase which may modify the ancestry of the neutral
alleles of an individual i sampled at the end of the sweep in the adjacent geometry:

44) R2(i)®8%9 . arecombination between loci N1 and N2 occurs and separates
' (i,1) and (i, 2) within the a-population,

Indeed, if we also define the events
N R(i)(g) : there is no recombination affecting (7, 1) or (i,2) and they both
originate from the same a-individual at the end of the second phase

NC(i, j)(3) : defined as NC(i, j)(z) for two distinct individuals sampled
uniformly at the end of the sweep,

and the conditional probability for the process N::
(4.5) PP :=PAE, féK'A) < Yz"g(K'A)),

where ]:‘éK’A) and Jz}(K’A) are the analogs of T(gK'A) and TX? (defined in (3:12)) for the process N,
then we will prove in Section[7}

Proposition 5 (Neutral genealogies during the third phase, geometry SL—N1—-N2). Leti and j be
two distinct a-individuals sampled uniformly at the end of the sweep. Under Assumption[l} there
exist two finite constants ¢ and €, such that for every € < g,
timsup { [P (R2()*59) - (1 - @) +[PO VR D) - go | + PO NC, ) -1} < e
K—oo
In particular, there is no recombination with the A-population during the third phase. As

for the Proposition [3| this result is quite intuitive, as the duration of the third phase is close to
logK/|Saql.

Independence: Finally we again consider the population process N and state a proposition which
enables us to give the statement of Theoremindependently for all sampled individuals, that is,
jointly for the whole sample. To this aim, let us introduce a partition @;K’D € &7 which is the
analogue of @5 where the d individuals are sampled at the end of the first phase and not at the end
of the sweep. Recall Definitions[1.2/and[1.3] and denote by |R28%|; (resp. INR®| ;) the number
of a-individuals in a d-sample taken at the end of the sweep whose neutral alleles originate from
two distinct a-individuals (resp. from the same a-individual) at the beginning of the third phase.
Then we have the following result:

Proposition 6. Let Assumption[l| hold. Then there exist two finite constants c and €, such that for
every € < g9, the ancestral relationships of a d-sample taken at the end of the first phase (time TX)
satisfy in the adjacent geometry SL— N1— N2, for every (my,1 < k<4) e 74:

limsup [P0 | = my, 1< k <4|TX < S5)
K—o00
da!

— . nmy _ my M3 _ _ my
1{m1+m2+m3+m4:d}ml!mglmg!m4!(qlq2) (g1(1—¢g2)) "2 qy " (1—q1—qs3)™| < ce.
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In the same way, the neutral genealogy of a d-sample taken at the end of the sweep satisfies for every
(mp,1<k<2)ez?:

' dl _ -
limsup [P((IR2®8|4,INR®|4) = (my, m)|NL) = Vi, 4 mymay ——— (1= )™ @3 | < ce.
K—oo mlmy!
The Proposition|[6]is a key result: we only need to focus on individual neutral genealogies to get
general results on the genealogy of a d-sample with respect to the neutral loci. It will be proven in
Section[8

4.2. Proof of Theorem(l} Let i be an individual sampled uniformly at the end of the sweep. The
idea of the proof is the following: in a first step, we list certain compositions of coalescent and re-
combination events leading to specific ancestral relationships which could be described by blocks
of a partition of A;. Then we approximate the probabilities of the described events and finally
prove that these probabilities sum to one up to a constant times /¢ for some fixed small . This
shows that in the limit for large K the neutral genealogy of the individual i belongs to those de-
scribed on page[12|with a probability close to one. In a second step we use Proposition 6] to treat
the neutral genealogies of the d sampled individuals independently.

i) We consider two possible trajectories such that the alleles at both neutral loci originate
from the mutant: either the two neutral loci separate inside the a-population during the
third phase and coalesce during the first phase, or they stay in the a-population and do
not separate during the whole sweep (see individual 1 in Figure[1):

(R2(i)(3'g“) ANRGDPNNRi2)®PnNci1,i2?P nINRGDP uR2(1DY] N NR(iz)(”)
LI(NR®® n NRH® n NR)™D),

where U is the disjoint union and we denote by i1 and i2 the labels of the parents of the
first and second neutral loci of i, respectively, at the end of the second phase (the way we
label the a-individuals has no importance as they are exchangeable).

ii) We consider two possible trajectories such that (i, 1) originates from the mutant and (i, 2)
originates from some A-individual

(Rz(i)@"g“) NNRGED® N NR(2)? nNC(i1,i2)? nINRGDY uR2(11)D)
n(R1262)Y uR12(:2) P 1 RV LI (NRG® 0 NRG®P nR2() V).

Note that the first bracket considers a separation of the two neutral loci during the third
phase. As a consequence, the fate of the first neutral locus of individual i2 during the
first phase has no consequence on the neutral genealogy of i. This is why we consider
the event {R12(i2)M L R1]2(i2)™M b R2(i2)V} and not only {R2(i2)V}. The second bracket
corresponds to individual 2 in Figure([l}

iii) We consider one possible trajectory such that (i, 1) originates from some A-individual and
(i,2) originates from the mutant (see individual 5 in Figure

R2()®EYANRGDP N NR(2)P N NC(1,i2)? n[R12G1DP L R112G1)V891 1 NR(i2)P

iv) We consider one possible trajectory such that (i,1) and (i,2) originate from the same A-
individual (see individual 3 in Figure

NRH® nNRHP® nR12(HY
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v) Finally, we consider two possible trajectories such that (i, 1) and (i, 2) originate from dis-
tinct A-individuals (see individual 4 in Figurefor the second bracket):

(RZ(i)(3'g“) ANRG1DP NNR(G2)® N NC(1,i2)? n[R12G1D)Y L R112G1)M]

n(R12G2) U R12(2) Y U R2(2) V1) (NRD® 0 NRGP A R12()59).

Thanks to (3.3), and (3.14) to (3.16) we know that for all non negligible measurable events C,
C® and C® occurring during the first, second and third phase respectively,

46  PCY,c? Y Fixk) =pcc?,c?,c®, 4K ATED < TEA A KA} + Ox(e)
where Ok (¢) is a function of K and ¢ satisfying

4.7) limsup |Ok(¢)] < ce,

K—oo
for € < g9 where €( and c are finite. Using the same inequalities we can decompose the right hand
side of (4.6) as follows

No(TK+1)
€ w1, 0], | === — gl < e}l CW (TS < SFY)

+P(CO TN < T A sEMy D @ 4 K) + Ok (e).

K
PCY(TK < 0o)) +P(C?, (Falletle)

Then from we get
PCYATX < 00)) = PD(CV)P(TX < 00) + Ok (e),
from
PC®, (MATZD) ¢ [y, 0], | MTEHE _ ) < g3 CO,(TK < SK3) = P(CP|CW (TX < K + Ok (e),
and from and

PCO AT < TEA A KAy @ 4Ky = p® (@ 1cW, c?) + Ok (e),
where C (resp. C®) corresponds to the event C'V (resp. C®) expressed in terms of the process
N (resp. N). Putting everything together we finally obtain
@8  P®,c?, cP¥FixK) =p®E®1ch, c®)pc®icW (K < SKHPP (ED) + Ok e).
Then by applying Propositions and [6|we get for these five successive events the value of the
probabilities (py, 1 < k < 5) defined in (I.13), which sum to one. Let us detail the calculations for
the case i): by applying (@.8), Proposition[4|and the Markov property, the probability to see one of
the two trajectories described in i) is
4.9 23i,1)=P®R2()®EPY(INRHY uR2()V1nNR(HY)

+PP(NRHDPVINRGHD) + Ok (o),

where i and j are two distinct individuals (exchangeability). But thanks to Proposition[6|we know
that the neutral genealogies of individuals i and j are nearly independent. Hence adding Propo-
sition2]leads to

POANRGH™M u RPN NR()™) = (192 + 1 (1 - 42)) 142 + O (€).
Applying Propositions[2]and[5|in yields
2,1) = (1= G2)q; G2 + 421 G2 + O (VE) = p1 + Ok (Ve),
where we recall the definition of p; in (T.13).

Finally, we get the asymptotic independence of the neutral genealogies of the d sampled in-
dividuals during the first and third phases by applying the multinomial version of the de Finetti
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Representation Theorem (see [11] Chapter 4 for a simple proof) to the result of Proposition [6]
The asymptotic independence during the second phase follows from Proposition [4]as, with high
probability, nothing happens.

4.3. Proof of Theorem |2, It is similar to the proof of Theorem |1} Proposition (3| states that in
the separated geometry, N1 — SL— N2, the two neutral loci recombine independently with the
A-population during the first phase. Propositions |4 and |5|state that coalescences and recombi-
nations between A- and a- populations during the second and the third phases are negligible.
Hence the ancestral relations are not modified by these two phases and the overall ancestral re-
lations are those stated in Proposition[3] In the separated geometry, the independence between
genealogies is even easier to derive as the genetic background of a neutral allele does not depend
on the recombinations undergone by the individual’s other neutral allele.

5. NUMBER OF BIRTHS AND DEATHS DURING THE SELECTIVE SWEEP

In this section we derive some results on birth and death numbers of the population processes
N and N, needed in Sections @ and|7|to prove Propositions and

5.1. Coupling with supercritical birth and death processes during the first phase. We are inter-
ested in the dynamics of the process N, during the first phase, that is, before the time TEK . The
idea is to couple this process with two supercritical birth and death processes, and deduce its dy-
namics from well known results on birth and death processes. Recall the definition of the rescaled
invasion fitness sin (I.10), and for e < S;a/(2Cy, 4Ca,4/ Ca,a+Cgq,q) define the two approximations,

2Ca,ACA,a + Ca,aCA,A . L Ca,ACA,u
- e=:s5_(e)<s<s;(e)i=s+2—
JaCa,a faCaa

Then for ¢ < TX A SK the death rate of a-individuals in the process N equals that of the process N,
defined in and satisfies

da(N(t Can - Caa -

4aV(D) _ ¢, Cas (Na(D) — iaK) + 2N, (1) < 1—s_(e).

faNa(1) JaK faK

For SX < t < TX, according to the definition of N in (8.18), the death rate of a-individuals also
satisfies

(5.1)

(5.2) 1-s.(e) <

AX(Naeape(r), N (1)
faNa(1)

Hence, following Theorem 2 in [5] we can construct the processes Z;, (N4, N,) and Z;} on the
same probability space such that almost surely:

(5.3) 1-s.(8) =

<1-s_(¢).

(5.4) Z7(t) < Nu(t) < 27 (), forall t< TK,
where for * € {—, +}, Z} is a birth and death process with initial state 1, and individual birth and
death rates f,; and f;(1 — s« (€)).
Let 0X denote the time of the first hitting of [«] by the process Nj:
(5.5) oK =inflt=0,N, () = lul}, ueR,.

If for 0 < s <1, Z©¥ is a random walk with jumps +1 where up-jumps occur with probability
1/(2 - 5) and down-jumps with probability (1 — s)/(2 - 5), we denote by 22 the law of Z) when
the initial state is i € N and introduce for every p € R, the stopping time

(5.6) 1,:=infine Z,,Z = |pl}.

5.2. Number of jumps of N, during the first phase.
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5.2.1. Expectation of the number of upcrossings. Let us recall Equation and consider k <
eK]. Then the number of upcrossings from k to k + 1 during the first phase is:

(5.7) US () :=#{m, Tk, < TK, (Na(th), Na(rh 1)) = (k, k+ 1)},
where (1) stands for the first phase. Recall and (5.I), and introduce a real number A,
(5.8) Aei=(1-s_()*(1-s: ()72

which belongs to (0, 1) for € small enough. We have the following result:

Lemma 5.1. There exist three positive finite constants c, Ky and €, such that for K = Ky and € < €:
Ifj<k<|eK]andnpeIX +1,
1- (1 _ S) leK]-k _ (1 _ S)k+1

(5.9) Eq,, (U (D] - - <ce.
Ifk<j<|eK] andnyeIX £1,
0 Ky < L@
(5.10) B Uk D1 = ===

Ifk' <k< |eK] andnAelfil,
(5.11) Covll) (UK, U,f,(l))( < C(Ag’“‘k’”z +£).

(na,j

Proof. The idea, which comes from [28] and which will be used several times throughout Section
is to compare the number of upcrossings with geometric random variables. Suppose first that
j < k. Then on the event {TX < oo} the process N, necessarily jumps from k to k+1. Beingin k+1,
it either reaches |eK] before k, or it goes back and then again from k to k + 1 and so on. We first
approximate the probability that there is only one jump from k to k+ 1. As we do not know the
value of Ny when N, hits k for the first time, we bound the probability using the extreme values
it can take. Recall Definitions and (5.6). The upper bound is derived as follows:

m K1y — m =K K
(5.12) IP’(nij)(Uk I1)=1) = sup [FD(nA,k+1)(T€ <o)
naelf+1
FK K
= sup PonkenTe <) (54(8),5-(€)
k M

naelk+1 P(nA,k+1)(TeK<°o) -
where we use (4.3) and for (s1, s,) € (0,1)?

(s1)
(5.13) g = L Tk <70

k = —( ) .

Similarly, we show that [P’&)A ].)(Ulf m=1= q](cs‘(g)’s* € In the same way, we can approximate

the probability that there are least three jumps from k to k + 1 knowing that there are at least two

jumps, and so on. We deduce that we can construct two geometric random variables G; and G,

possibly on an enlarged space, with respective parameters q](:* ©5-E) A1 and q,(:‘ €5+ guch that

(5.14) G =Uf1) =G, as.
In particular, taking the expectation we get from
(1-0-s: @ Ha-a-s(en*h

s+(©)(1— (1 - s_(e)eK])
<E{, UFMD]I<

na,j)

(5.15)

(1-1-s_(e) =Ry 1 -1 - s (eN*)
s_(6)(1— (1 - 54 (&) eK])
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According to (I.I0) and (5.I), 0 < s < 1 and [s+(&) — s_(e)] < 4CxACa .+ CyaaCan)el (faCa n)-
Hence the last inequality and straightforward calculations lead to (5.9).
Let us now assume that k < j. Then we have

PO WEW=z1) = sup PV ok <T5

(na,j) (na,j)
& naelker M7

P("ij)(j:g< <°O|(71k( < TIQK)P(nA,j)((TIIS <TK

= sup —
K
naelX+1 P("A,j)(Te <00)

_ (@I(CSJ,(E)) (Tex < TO)@;S,(S))(Tk <Te¢x) - 1-s_ (5))j—k

<) @@
where we again used (4.3) and (B.I). Moreover, the same proof as for (5.14) leads to:

1
B UEOIUE D 211 = (g8 @) <570,

(na,j)
where we used Equation (B.3). This ends the proof of (5.10). The last inequality, (5.11), has been
stated in [30] (Equation (7.26)). O

5.2.2. Expectation of hitting numbers. Let us recall (5.7) and (6.12), and introducefor0< j < k <
K] the total number of downcrossings from k to k-1,

(5.16) DE (D) :=#m, 7y, < TS, (Na(ty), Na(Ty,,.)) = (k, k= 1)},
and the number of hittings of the state k by the process N, before the time TX:
(5.17) vEW:=Uf 0 +DE, (1) =#m 18 < TX, NaX) = k, NarX L ) # K.

Recall the definition of A € (0,1) in (5.8). We can state the following Lemma, which will be
useful to get bounds on the number of upcrossings of the A-population during the first phase
(see Lemmals.4):

Lemma 5.2. There exist three finite constants ¢, Ky and €y such that for K = Ky, € < €9 and k' < k <
leK]:

2-91-Q1-9EKF_1q-gk
S

EV vEWI- < ce, and |Cov? (VE (1), VEW)I = c(e+AFF72),

Proof. Under P the a-population size goes from 1 to [eK], thus the number of downcrossings
from k +1 to k is equal to the number of upcrossings from k to k+ 1 minus 1. Adding yields
vEw=uv ,m+ufm-1, PPV -as.

We get the first part of the Lemma by taking the expectation and applying (5.9). The proof of the
second part follows that of (5.11), and once again we can find the details in the proof of Equation
(7.26) in [30]. g

5.2.3. Number of upcrossings during an excursion above or below a given level. We now focus on
the number of upcrossings from k to k+ 1 during an excursion above or below /. Let us denote by
Uf (1) the jump number of the first hitting of / before the end of the first phase: for [ < |eK],

(5.18) o (1) :=inf{m, T < TK Na(r ) =13,
andfor1<k,l<|eK|]and nge IX +1,

(5.19) U e = #{m < of (1), (Na(eh), Na(e, ) = (e k+ 1}
Then, if we denote by . the real number

(5.20) pe = (1= s_(e)*(A—s+(e) 7},
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which belongs to (0, 1) for £ small enough, we can derive the following bounds:

Lemma 5.3. There exist three positive, finite constants ¢, Ky and €y such that for K = Ky, € < &,
l<k<l<|eK] andnAelfil,

Egn o [Un i D10k (D) <00l VEG) IO | (D] < e

Proof. Equations (B.5) and (B.6) in [30] state that for k </ < |eK]| and n4 € If +1,

PY UK 210k <00) < el - s_@)'F,
and
— -k
PO U W= 1UK )2 1,0K0) <o) 2 (%ﬁg)

for a finite c. By comparing U ffA pwiey with a geometric random variable we get the first inequality.
To bound the expectation of upcrossings from k to k+1 during an excursion below ! we first bound
the probability to have at least one jump from k to k + 1 during such an excursion. By definition,
N, necessarily hits /-1 during the excursion below /. Recall Definitions [@.3), and (5.6). Then
for every n4 in X4,

[FD(nA,l_l)(TéK < OO|O'Ik( < U{()P(nml_l)(a'llf < 0'5()

pd) (O'K < 0'K|O'K < 00) —
(na, -1\ k ) ! [FD(nAl 1(TK<OO)

gﬂ(‘ﬂ(&‘)) (TEK < To)g(s (e ))(Tk < Tl) < (1 —-$§_ (E))l_k_l

PP D (1 ek < 10) - s-(e)

IA

’

where we used (B.I). The next step consists in bounding the number of upcrossings from k to
k + 1 during the excursion knowing that this number is larger than one: for n, € IX + 1,

P+ (TXK <o0lo] < 0 )P, k+1) (01 < Ok)

P (<o) = _
(nak+1) Poa,k+1) (TK < 00)
!@(S— (€)) (T <T )(@(5 (€) (T < )
l ek k+1 1< Tk 2
= . @) =z s-(8),
P Tek <70)
where we again used (B.I). Hence on the event {UK N =1}, U " k(l) is smaller than a geo-

metric random variable with parameter 52 () and we get:

(1-s_(g))!*1
s3 ()

which ends the proof of Lemma g

E)) . pIUN ] = s P

K
(na,l-1) al-1) Unp e =1 =

)

5.3. Number of jumps N, during the first phase. We introduce for k < [¢K] the number of up-
crossings of the A-population when the a-population is of size k:

(5.21) UEQ) =#m, T < TX Na(rh 1) - NarX) =1, No(05) = &b
We are now able to get bounds for the expectations and covariances of these quantities:
Lemma5.4. There exist three finite constants c, Ky and €y such that for K = Ky, € < €9 and k < |eK]|,

fanaKlogk

‘[E(l) [ Z%K(D] o

k
<cK(1+¢logk) and VarV (Z %iK(l)) < CK2(1 +£10g2 k).
i=1
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Proof. The proof is based on the comparison of the A- and a-population jump rates. Let us first
focus on the a-population. For k < |eK] and ny € 15 +1,

>

P(nA,k)(TEK < ool Ng(dt) = k*1)

P (Na(d) # k) Py (Naldt) =k * 1)

(na,k) il W (TK < o00)
2 E))(TK < 00)
< *1 P (N, (dD) = k1)
= (na,k)
*€{+,—}t@]is (s))(TgK< ) na a
1
< ﬂ((l—(1—s)k+1)fak+(1—s)(l—(l—s)k_l)(Da+CaAﬁA)k)dt
1-(1-9)k
(5.22) = (L+ce)fa2— s)kdt,

for a finite constant ¢ and ¢ small enough, where d is a small time step and by abuse of notation
we did not indicate the o(dt)’s. We used the definition of P! in for the equality, Coupling
for the first inequality, for the second one, and the equality S;4 = f; — D4 — Cg 4714 for
the last one. Reasoning similarly we get:

(5.23) (1-ce) fa2=)kdt <PQ) | (Na(dD) # k).

Let us now focus on the number of upcrossings of the A-population. The definition of N in (3.18)
and Bayes’ Theorem yield

(5.24) (1—-ce)fanpKdt <P (NA(dt)—nA+1)<(1+cs)fAnAKdt

(n k)

for a finite ¢ and € small enough. Indeed, from Coupling and Equation we get the
following bound, independent of 4 in If +1:

1-(1-s_(e)* - K 1-(1-s.()F
1-Q1 _s_(g))LgKJ SH:D(HAJC)(TE <o0) = ].—(]_—S+(8))L£KJ .

Hence there exist two finite constants ¢ and gy such that for every € < ¢, if we introduce the
parameters

1 4K 14K 1
(5.25) o =14 (= ce) AR (14 g AR —
(e) 2~=9)fak @-9fak g2 @
we can deduce from (5.22) to that for k < [eK]
i K i
(5.26) )3 (¢, . ) =ufo = )3 (qu)@ -1),
vEQ) vE)

where for j € {1,2}, (G’ , ,i€N) is a sequence of geometric random variables with parameter

(]) )

(] )(5) independent of VK (1) (defined in (5.17)) for all / < |eK|. Hence a direct application of
Lemmaslﬂ] andlﬂ]leads to

K
(5.27) BV [2f )] - fA (1 (1= 9k - (1 - 5Kk <ce,
for a finite ¢ and € small enough. This 1mplies the first inequality of Lemma

Let us now bound the second moment of % (1) and the expectation of %S (1)%; (1) for k # .
The first upper bound follows again from a direct application of Lemmas|[5.2/and[B.2] We get

fAflAK)2
sfak 17

2EDVEMN?
(g2 ()2

(5.28) [E(l)[(%K(l)) ]<[E(1)[( G )2] <

<2(1+ce (
o, e e
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for a finite ¢ and ¢ small enough. A new application of the same Lemmas yields, for k < [ < [eK]
EDVEmVEW] (fafiaK)?
a?©q? ) (fa$)?kl’

where we used that EV [XY] = EV [ X]EX Y] + Cov? (X, V) for any real random variables (X, Y).
From (5.26) to (5.29) and we deduce that there exists a finite ¢ such that for € small enough
and k < |eK]|,

(5.29) ED g k)| = <cl+e+ A0

(5.30) [E(”[(Zk:%il((l))z] < (1+C£)(MA—Kslogk)2+cK2.
i=1 a

Reasoning similarly to get the lower bound, we obtain

O[] -2
i=1 a

Adding the first inequality if Lemma5.4)we conclude the proof. O

)2’ < cK2(1+¢log? k).

5.4. Coupling with subcritical birth and death processes during the third phase. We couple the

process N, with two subcritical birth and death processes to control its dynamics. We recall the
definition of AKX in (8.13) and introduce

(5.32) §:= S aall fa.
Let us define for € small enough,
M'C Can+M'C
(5.33) 5— Al e 5 (6)<5<5i(e)=5+ AT “Aa,
fa fa

where M"” has been defined just before Definition 3.11). Then, according to the definition of N
in (3:19), we can follow Theorem 2 in [5] and construct the processes Y,;*, N and Y, on the same
probability space such that on the event 4K

(5.34) YO <sNa <Y (1), forall TN + 6, <t < TX 46, + TFY,  as,
where for * € {—,+}, Y is a birth and death process with initial state N (T, EK + 1) and individual

birth and death rates f4 and fa(1 + 5. (¢)), and we recall that Jz"éK A s the analog of TéK’A) (defined
in (3.12)) for the process N.

If for 0 < s < 1, Z® denotes a random walk with jump +1 where up-jumps occur with proba-
bility 1/(2 + s) and down-jumps with probability (1 + 5)/(2 + 5), we denote by 2 the law of Z
when the initial state is i € N and introduce for every p € R, the stopping time

(5.35) vp:=inflne 2., 2 = |pl}.

5.5. Number of jumps of N 4 during the third phase. Similarly as in we introduce for 1 <
k < |eK| the random variable VkK (3) which corresponds to the number of hittings of state k by

the process N 4 during the third phase. Recall Definitions (3.10), (3.11) and (5.33). We have the
following approximations:

Lemma5.5. Let u be in [wy,w;]. There exist three finite constants c, Ky and €y such that for K = Ky,
e<egandng inJX +1, ifluK| < k< |eK],

2+S
3 K = lukK|-k
[E(LMKJ’na)[Vk 3)] s(1+ce)—s_ (1+5_(e)t™ ,

and ifk < |uK],

[E(3)

2+5§ . ke
kg Ve B === 1=+ -+ 9k K < ce.
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Proof. The proof is very similar to that of (5.9), hence we do not detail all the calculations and
refer to the proof of Lemma First we consider [uK] < k < |eK] and approximate under p®
the probability for N 4 to hit k before the extinction of the A-population. Indeed, if k < [uK], we
know that N hits k P®-as. Let luK] < k < [¢K]. Then for every n, € JX + 1, Equation
implies

2D <ve2Emi<v _ 1hce

25 (v <ve0) " (15 (e F e

(5.36) P yny (Na hits k) <

for a finite ¢, € small enough and K large enough. The second step consists in counting how
many times the process N hits k during the third phase knowing that it happens at least once.
Once again we will compare this number with geometric random variables, by approximating
the probability to have only one jump. The following inequality follows the spirit of (5.12). The

only difference is that in the third phase N, is coupled with subcritical birth and death processes,
whereas in the first phase N, was coupled with supercritical birth and death processes. For every
ng€JX+1and k < [eK],

Q](C%if)) (VO < Vk)Q](ji(E)) (Vk—l < Vk+l)
QI(C§+(8)) (Vo < Vex)
(1-ce)s
R+3A—-(1+35 k- +3k-Llekly

We derive the upper bound similarly and end the proof by comparing the hitting numbers with
geometric random variables. For |uK| < k < |eK] we have to multiply the expectation of the
geometric random variables by the probability to hit k at least once, approximated in (5.36). [

P (NA(t) < k, V= 0)

v

v

5.6. Number of births of a-individuals during the third phase. Recall andletU ,f (3) be the
number of births in the a-population during the third phase when N4 equals k < |eK]

(537) UK@):=#im, TK + 1 < 7K < TX, Na@X) = k, and (N, (K, ) - N.(K) = 13

or {N,(tX, ) = No(K), N@ @K ) # N@ K.

We now state an approximation for the expectation of U ,f (3). We do not prove this result as it
is obtained in the same way as Lemma5.4} the birth rate of the a-population is close to fa.K,
the jump rate of the A-population is of order (2 + 5) fak when N, = k and the expectations of
the hitting numbers for the A-population are given in Lemma The only difference is that
the A-population size can hit values bigger than the initial value of the third phase, N4 (TX + t,).
However the probabilities to hit such values decrease geometrically (see Lemma and they
have a negligible influence on the final result. Thus we get

Lemma 5.6. There exist three finite constants c, €9 and Ky such that for e < gy and K = Ky,

K

k 5 log k k
|[E(3)[ZUZK(3)] _fanag—og < cK(1+e¢logk), and Var(g)(ZUiK(B))SCK2(1+£log2K).
i=1 i=1

fa

6. FIRST PHASE

This section is dedicated to the proofs of Propositions[2]and [3] We first consider in detail the
alignment SL — N1 — N2, prove that there are only four different possible ancestral relationships
of the two neutral loci and subsequently calculate the probabilities for the non-negligible possi-
bilities. In Section|[6.4)we briefly consider the separated geometry, N1 — SL— N2.
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6.1. Coalescence and recombination probabilities, negligible events. Recall Definition4.1{and
define, for j € {1,2}

ri=n+lj=p(r2—-2nr), and rj, =17,
which denote the probability to have (only) one (resp. two) recombination(s) somewhere before

the locus Nj (resp. before the locus N2) at a birth event.
Deﬁnition6 1. For(a,a’) € o2, jel{l,2} andn=(na,ng) € N we define:

P, a, Dny = = probability that two randomly chosen neutral alleles, located at locus Nj and associ-
ated respectively with alleles a and &' at time TX,, coalesce at this time conditionally on

(N4, Ny) (TK _1) = nand on the birth of an individual carrying allele a at time k.
(])

P, (W) :=probability to have one (and only one) recombination from the a- into the a’'-population

before locus N j conditionally on (N, Ng)(t m—l) = n and on the birth of an individual car-
rying allele a at time tX..

(1 (n) = = probability to have a double recombination under the same conditions

aa’

Then we have the following result:

Lemma 6.1. Leta € of, n = (na,ng) € N? such that n, < |eK], na € I;:Ki 1and j€{1,2}. Then
there exists a finite c such that,

(1_ rifana rifa < £
Na(ng+ 1D\ fana+ fang (a+ D (fana+ fanag)’ K%
Proof. The proof of the two equalities can be found in [30] (Lemma 7.1) as the expression is the
same for n4 € IX or d(ny, IX) = 1. The only difference is that we consider two neutral loci and have

to exclude the double recombination case. Indeed, if there are simultaneous recombinations the

alleles located at SL and N2 in the newborn originate from the same parent. The expressions of
) ])

(¢, )) (¢c,])

Paa (n) =

), paA (n) = and p,.

(n) in the case where n4 € IK are also stated in [30] (Lemma 7.1), and from the definition

of N in ( we get that when d(ny, IX) = 1, p(c Dn) = 2/nA and p(c 7 (1) = 0. This ends the

proof. O
Next we focus on the recombination probabilities:

Lemma 6.2. Leta € of, n = (na,ng) € N such that ng < leK], na € X+1 and j €{1,2,(1,2)}.
Then there exist two finite constants c and €, such that for every € < g,

0 r;fa(na_l) 0 r;fAnA
Pia(n) = P () = ,
(ng+1)(fana+ fang) @ (ng+1)(fana+ fang)
) € r2 @ r2
(6.1) pin )SKlogK and (1—cg)n <pAA(nA,k)Sn—A

Proof. The second equality is stated in [30] Equation (7.2).

Conditional on the birth of an a-individual and the state of the process at the (1 — 1)-th jump,
the probability of picking the newborn when choosing an individual at random amongst the a-
individuals is equal to 1/(n, + 1). A recombination before the locus Nj (or before locus N1 and
locus N2 if j = (1,2)) happens with probability r]’.‘, independent of all other events. Finally, the
probability that the second parent is an a-individual but is different from the first parent is equal
to fa(ng—1)/(fana+ fang). This proves the first equality.

When 1,4 € IX we get similarly that

P(]) (n) = i Jatna= 1 and P(j) (n) = i Jura
A4 (na+1D)(fana+ fana Aa (ma+D(fana+ fana)’
and from the definition of N in we obtain that when d(n4, IX) = 1, p(z) (n) = rp(na—1)/n%
and p(] ) (n) = 0. Condition completes the proof. O
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Remark 1. Let us recall the definition of IX in B.1). Then there exist three finite constants c, €y and
Ky such that fore < €9, K = Ky, j €{1,2,(1,2)}, na € IK + 1 and k < |eK|,

* *

r *
@) J ®) fa T2 c
(6.2) 1- ce) S p (na, k) < 1 and pg,,(na k)< — <

fana~ KlogK’
Recalling the definitions of the mth jump time and the number of jumps in and (@.2), we
define for k € {1,2,(1,2)}, m € N and an individual i uniformly picked at the end of the first phase,

6.3) (aik)y:={m=< ]K(l) and the k-th locus/loci of the i-th individual is/are associated
to an allele « at the m-th jump time}.

The notation (ail),,, (@'i2),, here implies that the two neutral loci of individual i are associated
to two distinct individuals at the mth jump time, for any a, a’ € of.

To approximate the genealogy of the neutral alleles sampled at the end of the first phase we
will focus on the recombinations and coalescences which may happen during this time inter-
val. We first prove that we can neglect some event combinations. Sample 2d distinct individuals
uniformly at the end of the first phase (maximal number of ancestors for the 2d neutral alleles
sampled at the end of the sweep) and define:

aAa: aneutral allele recombines from the a-population to the A-population, and then (back-
wards in time) back into the a-population
CR: two neutral alleles coalesce in the a-population, and then (backwards in time) recombine
into the A-population
CA: two neutral alleles coalesce and at least one of them carries the allele A at the time of
coalescence
2R: aneutral allele takes part in a double recombination (i.e. a recombination before N1 and
arecombination before N2 at the same birth event)
R2a: arecombination separates the two neutral loci of an individual within the a-population

We can bound the probability of these events as follows:

Lemma 6.3. There exist three positive finite constants c, Ky and €y such that fore < g9 and K = Ky

clogK

PY(aAa) + PV (CR) +PY 2R) + PV (R2a) < lOgCK, and PY(CA) < —2—
Proof. The probabilities of events aAa, CR and CA are bounded in [30] Lemma 7.3 and Equation
(7.19) for the process N. But according to Lemmas[6.1]and|[6.2]the coalescence and recombination
probabilities for the process N are very close or even smaller when d(n4, IX) = 1 than when N
and N are equal. Hence we just have to bound the probability of 2R and R2a. If a neutral allele
experiences a double recombination, it happens either when it is associated with an allele a, or
with an allele A. From Lemma and the fact that r; and r, are of order 1/logK we get for
k< |eK]:

1,2) 1,2) 4
su (ng, k) + nak))| s ———
nAe11I<)+1(pM A Paa 1A ) (k+1)log’K’
and
(1,2) (1,2)
sup |[p (nA,k)+p (ng, k)| < ———.
nAezKil( Aa ) Klog’ K

Recall the definitions of U]f (1) and %,f (1) in and respectively. As a birth of an a-
individual is needed to have a recombination from the a- to the a’-population, we can bound the
probability to have a double recombination by:
le KJ LUkt

(Fr =)

PP @R = ——EW
(210 = log [ - Ck+1 K
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By applying inequality (5.9) and Lemmawe succeed in bounding P! (2R) by a constant over
logK. It remains to consider the event R2a of a recombination within the a-population. Define
the first time (with respect to the backwards-in-time process) that this event happens:

(6.4) (1) a(1) :==sup{m, m= JX(1) and both neutral loci of the i-th individual are
’ associated to distinct a-individuals at the (m — 1)th jump,

where R%(i) = —oo if the event does not happen during the first phase of the sweep. Then,

leK]-1
PU(RG(1)20)= 3 PV (RG ()20, Na(Ty ) =1)

l:1 aa
leK]-1 B B

= Y Y PYm=T Q) NX_ D=L N, zK)=1+1,
=1 m<oo

(@il) ;, (@i2) p, Ym' > m: (ail2) )

leK]-1

<Y Y sup (pQma bRl (¥m=0:(ail2),)

I=1 m<oop,elK+1

PY(m <50, N,oX _ D=1, N,zX)=1+1D)

leK]-1 c " .
= [E (U; (D] = )
l; Klog logK
by and (6.2). d

To simplify the notations we will denote the union of all negligible events by

(6.5) NE:=aAaUuCRUCAU2RUR2a.

6.2. The two loci of one individual separate within the A-population. Having excluded events
of small probability, there are exactly two ways for the neutral alleles of an individual sampled at
the end of the first phase to originate from two distinct A-individuals. The two possibilities were
already described on page|12|and represented in Figure |4l The ideas which are pursued in this
section are similar to the ones from [4], but there are extra difficulties due to the randomness of
the population size.

6.2.1. Event[2,1]'f "¢¢. The aim of this section is to prove the following approximation:

Proposition 7. Leti be an a-individual sampled uniformly at the end of the first phase. There exist
two finite constants ¢ and €y such that for € < g,

limsup |PY((2, l]rec 2 _ o~ 7 logleK] | Le‘ e logLEKJ” <cveE.
K—o00 r+re r+rnrs

We first give a preliminary Lemma before proving Proposition |7} Recall and define for
ke{l,2,(1,2)}and meN,

(6.6) R(i,k):=sup{m,m= ]K(l) and the k-th locus/loci of the i-th individual
is/are associated to an allele A at the (m — 1)th jump time},

the last jump (forwards in time) when the k-th locus/loci of the i-th individual belongs to the A-
population (with sup @ = —o0). To prove Proposmonlthe idea is to decompose the event [2, 15)y rec
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according to the different possible a-population sizes when the first (backwards in time) recom-
bination between N1 and N2 occurs.

P (2, 1779 = PO(R(,2) > R(i,1) = 0)

leK] B
Y PY(R(,1) 2 0,R(i,2) > R(i, 1), Na(T ;) = D
I=1

leK]-1 N
= Y PORG,2) > R, D, NG5 = )
=1
6.7) PO (R(,1) = 01R(,2) > R(i, 1), Na(rX,; ) = D).

In the following Lemma, which then gives rise to the proof of Proposition[7} we consider separately
the two probabilities of the above product:

Lemma 6.4. There exist three finite constants c, Ky and €y such that for K = Ky, e < ep and l < |eK]|,

, Sk 1-(1=-9K -9t nem ey cVe
m K —n_ - log
6.8) |PURG,2) > RG, 1, Nalrh; ) = D=1 T e = gk
and
-1 R
6.9 [PORGDZ0IRG,2) > RG D, NK (@5 5) =D - Y ——e H 6% | <oV
: & s(k+ D)

Proof of Proposition[7, From Lemmal6.4/and Equation (6.7) we get the existence of a finite ¢ such
that for K large enough and € small enough,

leK]-1
6.100 P21 < Z |2

_ntr LeK]
s log = |

s(l+1) llogKHk 1s(k+1)

n -1
e+ logF +c\/E].

Rewriting the second term in brackets and applying Lemma[B.3|with c¢y/log N = 1 /s yields:

-1

~Mlogl-1) 11 I n —Mlog(i-1)( 1L A

e s8N N _pilogk o\ e < e losd 1)(exl°gl—1+c—)+c\/5
S o k+1 s

_n
< l1-e 198l ¢/,

for K large enough, € small enough and a finite ¢, whose value can change from line to line and
which can be chosen independently of I. We use in the last inequality Condition (1.I) which
claims that limsupg_,., 7110g K < co. Including the last inequality in (6.10) gives

leK]-1

P (2, 1]’“ - Z ro e—%log[gl{]&%logl_e%zlogl)+C\/Ey
o sU+1)

for a finite ¢, K large enough and € small enough, where we again use (I.1) which ensures that
exponential terms are bounded away from zero and infinity in the following sense:

1 L. i+ . r1+rp
= <liminfe~ "+ 1°8K) < limgupe s 108Kl < ¢
C K—oo K—o00

for a positive and finite c¢. Applying again Lemma|B.3} we get:

_n r _ntrz
P(l)([z’l]rec) <( e LlogleK] n 1 e 13210gL£KJ)+C\/E.

r+rs ri+rs

The lower bound is obtained in the same way. Notice that it is a little bit more involved as we need
to use (B.2) in addition. O

The end of this section is devoted to the proof of Lemma
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Proof of Equation (6.8). We can decompose the event {R(i,2) > R(i, 1), N, (Tg(iyz)) = [} according
to the jump number of the (backwards in time) first recombination. Recall the definition of
NR(i)® on page[12] We will use this event with a different initial condition for (N4, N,;), which
will not necessarily be (|714K], 1). It will however still correspond to the absence of any recombi-
nation before the end of the first phase. We recall conventions and (3.4). With the definition
of (aik),, in we get

6.11) PY(R(,2) > R(i,1), Na(T ;) = )
= Y POm=J50), Noeh, ) = 1-1, No(rh) = 1, (@il) jyo1, (Ai2) jp1, Ym < m' < JE(1) 1 (ai12) )

m>1
<Y sup {pZmal-DRY  (NROD)PD m < J50), Nk ) = 1-1, Nzl = D

m>1n,elf+1

= sup {p&na 1-VPY | (NRGHD)EV WS, W),

naelf+1
and the same expression with the infimum on 74 € IX + 1 for a lower bound. More details on the
approximation of the second probability, [P’EBA »(NR(:)M), can be found in Lemma The first
probability in the sum, pilljl(n 4,1—1), can be bounded thanks to (6.2). This yields,

LeK]

PURG,2)> R, D, Nalrp) =D = (L+ce) (e 8 T+ e/ BEVUF, )

IA

r ry+r £.
1+ cﬁ)Hile—%log#[E(”[U{il(m,

for a finite ¢, € small enough and K large enough, where we used that (r, + r2)log K is bounded.
We similarly get a lower bound and end up the proof of Equation by applying (5.9). O

Proof of Equation (6.9). We will decompose the event considered here according to the value of
N, when the first (backwards in time) recombination occurs. Let us denote by ¢ I,f (1) the jump
number of the last hitting of k < |¢eK| by N, during the first phase,

(6.12) (X :=supim,7X, < TX, N,(r5) = &3,
and recall (5.18). Then we can define the events

(6.13) NR(l,¢, Q) = {the first locus of individual i sampled at jump time T?K(l)
1

K

does not recombine from the a- to the A-population between 0 and )
1

where ¢ € {(, g}. Similarly as in (6.11)), Bayes’ rule leads to:

(6.14) PORG,1) = 0] R(i,2) > R(i, 1), Na(T]; ) = 1)

leK] -

= Y PU(R(,1) 20, Na(t]y;1))= k| R(,2) > R(, 1), Na(T g 5) = D),
k=1
eK]

<> ( sup phna kDB ((NRU0,i)) 7k, D),

k=1 npeIX+1
where for sake of simplicity we have introduced the notation

Fk,D:= Yy PYm<R(,2),No(th, ) =k—1,Nu(1y) = k| Na(t3g; ) = D.

m<oo

The lower bound is obtained by taking the infimum for n4 in IX + 1 and replacing o by {. To
lighten the proof, the expectations of these two quantities are stated in LemmalA.1]
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First we prove that with a probability close to one the a-population size is bigger when the
(backwards in time) first recombination occurs than when the second, oflocus (i, 1), occurs. Note
that by (5.9) and Lemma there exists a finite ¢ such that for every Il < k < |_£KJ'

Sk <EPwf W sup EY UK WIef ) <ocol = ep

(ny4,l+1)
na€lk+1 A

where we recall that p, < 1 for € small enough, and we used (6.9) and Lemmal5.3] Hence, recalling
(6.14) and (6.2), we obtain for k > I

leK] k-1 c

i k7 logK’

PUR(,1) =0, NS (1 ;1)) = [IR(i,2) > R(i, 1), N,

for a finite c and € small enough. We therefore canignore all k > [ in the sum in (6.14) and continue
with the case k < [. Here, we can bound the sum as follows:

EVUE 1= sup Ey) U8 IEP USR] = 2k, D <EVUE ).
naelk+1
Bounding the difference between the two bounds within Equation (6.14) then yields

l l k c

J1-1
naetker D =1 k logK

for a finite ¢ by (6.2), and Lemma and thus we can work with EV[U} | (1)] as an approxi-
mation for the sum .#(k, I). Reasoning in the same way to get a lower bound and using and
(A.2) we get the existence of a finite ¢ such that for K large enough and ¢ small enough,

l
Z% sup EN 0K IEPUF

-1
P(U(R(i,l)20|R(i,2)>R(i,1),N§(T§(i'2)):l)—Z%e g T K )| < ovE.

k=1
Applying and yields Equation (6.9). Notice that we have replaced 1/k by 1/(k+1). We
used Condition to do this. O

6.2.2. Event[12,2]'77. Recall the definition of [12,2]’7F on page This section is devoted to the
proof of the followmg result:

Proposition 8. Let i be an individual sampled uniformly at the end of the first phase. There exist
two finite constants ¢ and €, such that for € < g,

r+ry

5 logleK]|

T+ _fAr2
—%logLEKJ — e Tas logleK]|

1-¢e" e

limsup [PY ([12, 21 - +
K—»oop ! r+r r+ra(1- fal fa)

Proof. As the proof is very similar to the proof of Proposition[7]we will be very brief here and only
give the ingredients. Let us introduce for / < [¢K] the event:

Hsc\/E.

6.15) RA(L,1):={[12,2'%,R(i,2) = R(i,1) 2 0, Na(r; 1)) = I}
Then we can rewrite the probability of [12, 2] '“ as follows:
[eK]
(6.16) PO12,21¢0) = Y PO RAUL )PV (R, 2) = R(i,1) =0, N (T 1)) = D).

=1
Apart from the point of recombination, the second probability in the above sum coincides with
the probability studied in and we obtain for € small enough and K large enough,

6.17)  sup I|{PY(R(,2) = R(i,1) =0, N} (T 1)) = D—
I1<|eK]

rn(1-0-9¥97 - A-9" e gpe NG
e =cC ,
s(l+1) logK
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for a finite ¢, when substituting r, by r; in the fraction which mirrors the recombination proba-

bility. The probability of RA(I, i) is derived in Lemma[A.1] Inserting and into (6.16)
yields

leK] far r 4T
—= = 1 _ntrp LeK]
PO[12,2%¢) < Y (1—e o+ 08 L= 2 8" o /E
Al =1 [+1
n+ry n+ra=farylfa
4 logl¢K] e logLsKJ_l e S logLEKJ_l
= ne s [ — - A Ta—faral ] +C\/E
1 2 1 2= JAT27 Ja

where we again applied Lemma [B.3|to express the sum in a different way, and used the finiteness
of limsupy_ ., (r1 + r2)log K assumed in Condition (I.I). Reasoning similarly for the lower bound
and rearranging the terms end the proof of Proposition [g] U

6.3. Proof of Proposition[2]

Event R2(i)V: By definition and from Lemma

P (R2)™M) =PV (R(0,2) 2 0) - PV (R(,1) 2 0) + O(logK)y

where R(i,1) and R(i,2) have been defined in (6.6). But these probabilities have already been
derived in [30] Lemma 7.4, and we get:

PO R2(1)P) = (1 - q1g2) — (1 - q1) + Ok (€) = 1 (1 — g2) + Ok (),
where Ok (¢) satisfies (4.7).

Event R1|2(i) 189 By definition (see page[12)

PW(R12() 189 =P (2,117 + PP ((12,2]75).

The result then follows from Propositions|[7]and|g]

Event R12(i)V: From Definition (6.15) and Equation we obtain for K large enough,

eK]
Y =P RAUL PV (R(G,1) = R(i,2) 20, Na (T ,) = 1)
=1

K] _%%logll—(l—s)lf“—l—(1—s)1+16_¥logw

np. e T+ 0 (Ve)

= s(I+1)

PW(R12(1)™)

r _n2fay _ntr
— (e s Ja OgI_EKJ —e n lOngKJ)"‘OK(\/E),
r+r2—faral fa

where we again used the statement of Lemma|B.3|to substitute the sum, as well as Equation (B.2).

Event NR(i)"V: From Lemmal6.3}

PONRGH™M) =1-PV(R2)") -V (R12()™M) - PP (R2)™M) + O(lozgf)'

This ends up the proof of Proposition[2}

6.4. Proofof Proposition All results concerning the background birth and death process (N4, N,)
are independent of the geometry. The statements derived in Section [5|and the conclusions on
negligible events can be used without modification. Note that we can stick with the recombina-
tion probabilities from Lemma 6.2 but have to keep in mind that the recombination probability
pfx];,(n) now refers to the probability to see a recombination between SL and Nj. Following the
reasoning in Section[6.2} there are exactly two non-negligible events which lead to two singletons
in the A-population: if k # k' € {1,2},
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e First (i, k) recombines into the A-population, then (i, k') recombines into the A-population
(and connects to a different individual than (i, k)). This event will be called [k, k' 1 r e? .

A close look at the proofs of Lemmal6.4]shows that the calculations stay the same also in the case
of the separated geometry. We therefore have an analogous statement. As both situations are
symmetrical, the probability of [1, 2]’ °¢ is obtained by exchanging r; and r» in the expression of

PP ((2,11779), and the asymptotical probablhty of R1|2(i) 189 follows by adding the probabilities
for the events [I, 2]’¢i and [2,1]'f7. Due to symmetry reasons we can treat the probabilities of

R1(i))" and R2(z)(” in one step. As the proof for R1(i)") from Proposition [2|only uses the results
from Lemma [6.4] which still hold true in the second geometric alignment both claims follow at
once. Finally, the statement about NR(i)"! results from the previous observations about negligi-
ble events.

7. SECOND AND THIRD PHASES

This section is devoted to the proofs of Propositions[4]and 5}

7.1. Proof of Proposition[4, We need to show that two distinct lineages picked uniformly at the
end of the second phase coalesce or recombine during that phase only with negligible probability.
Let us recall the definition of the jumps 7%, in and denote by UX(2) the number of upcross-
ings of the a-population during the second phase:

(7.1) UX@):=#im, 1K <X < 1K + 1, N, K ) - N, 5) = 1.
Let us introduce the event CX:
K ._ K K K 2 K K
CK = (1K <5y niNK( = ?K/4,v TR <t < TK 4 1.

In particular on the event Cf, for TEK < rfn < TEK +t.and j € {1,2}

8r;
paA(N(TK))_—IQ and pcf)(N(rﬁ))s€4K2.

Then if we recall the definition of NR(i)®) on pagewe have for meN,

8(r + Tz))m
e2K

But for K large enough, log(1 —8(r; + 12)1(€2K)) = —10(ry + 12)/ (€2K) and hence

(7.2) PO NRHP UK ©2) = m,CcK) = (1 -

r1+r2))

PY(NR()PCK)

\%

(1-PD WX @) > KloglogK|CL)| X808 10801~

10(rq +19)loglog K

(I—IP(”(UK(Z) >KloglogK|C§))e_ e

v

According to Condition the exponential term is equivalent to 1 when K is large. Moreover,
by @.5), N{f is smaller than 27,K on the time interval [TEK , TgK + t.] with probability close to 1.
When this property holds, we can bound the birth number UX (2) by the sum of 272,K iid Poisson
random variables with parameter f,t.. The strong law of large numbers then yields

Jim PY WX 2) > KloglogK|CX) = 0.
—00

Applying again to get limg_ o P(CX|TX < 00) = 1 finally gives
lim P(NR()?|TX < 00) = 1.
K—oo

The coalescence part in Proposition[4]can be proven in the same way.
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7.2. Proof of Proposition@ The proof of the asymptotic probability of R2(i)®8% is the same as
for (A.3), except that the roles of A and a are exchanged. Hence we do not give more details. Note

however that it extensively uses Lemma Let us now focus on the event NR(i)®, and introduce
NRA(i)(?’) := {no neutral allele of individual i recombines from the a to the A population}.

Recall the definitions of P¥) and U* (3) in @.3) and (5.37) respectively. We decompose the proba-
bilities according to the number of upcrossings of N, during the third phase and get in the same
way as in (7.2), for m e N

falri+r)e )m

PO WNRAG)P UK B) = m (T < TEA A 5K} = (1-
(NRAG)® UK (3) = m, (T ; ey > ( TS T

where we recall that igK’A) and i(K'A) are the analogs of TéK'A) and TS(K’A) (defined in (3.12)) for
the process N. But for K large enough and € small enough,

falr +r2)e (1 +r)e
falita— M"s)ZK) =2/

lo (1 - .
; farioK
Hence we get for a finite constant ¢ and € small enough:

PONRAD®) = (1—P(3)(UK(3)>—KlofK))eXp(_ZfA(“*’Z)\/aOgK)

falt%
VEER (UK (3)] 2fa(r) +1r2)velogK )
> (1— Klogk )(1— > )z(l—c\/E),

where we used Lemma and that (r; + r2)log K is bounded (Condition (I.1)).

The proof of the last part of Proposition|[5is very similar to that of Proposition[d] The key argu-
ments are that the expectation of the birth number of a-individuals during the third phase under
P® is of order Klog K (Lemmal5.6), whereas the probability for two neutral alleles associated with
an allele a to coalesce is of order 1/K? at each birth of an a-individual (Lemmal6.1).

8. INDEPENDENCE OF NEUTRAL LINEAGES

This section is dedicated to the proof of Proposition[6} We sample d distinct individuals uni-
formly at the end of the first phase. We recall the definitions of the genealogical events for the
adjacent geometry SL — N1 — N2 during the first phase on page[12]and introduce:

R(112):= ) 1gppuee, RD):=RA2)+ Y lgppo and R@):=RML)+ Y lppo
1<i<d 1<i<d 1<i<d
From Proposition 2] we know that R(1), R(2) and R(1|2) are sufficient to describe the neutral ge-

nealogies at the end of the first phase up to a probability negligible with respect to one for large
K. Let j, k,l be three integers such that [ < j and j + k < d. We aim at approximating

6.1 Pl kD :=P(R) = j,RQ2) = j+ Kk R(112) = T} < 5
=P(R() = jITS < SHP(RQ) = j + KITS < SF,R() = j)
P(R(112) = ITK < SX,R1) = j,RQ2) = j + k).

The approximations of the two first probabilities are direct adaptations of Lemma 5.2 and the
proof of Proposition 2.6 in [28], pp 1623-1624. More precisely, Lemma 7.3 in [30] which states
that with high probability two neutral lineages do not coalesce and then recombine (backwards
in time) allows us to get an equivalent of Lemma 5.2 (with J = 0) in [28]:

d

P(R(1) = jITK < K5 - j E[F) (1 - F)" | 1K < 8K

< C(logK+£)’
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for € small enough, where c is a finite constant,
Fy:=P(R(i,1) 2 0|(Na, Na) (T}), n < JX (1)), TX = 85),
and R(i,1) is defined in (6.6). Then Equations (7.21), (7.23), (7.24) and (7.26) of [30] yield

limsup |[E[Flj(1 — )4 TK < K1 - (1 - q1)1q§”‘f’| < ce,

K—o0

where ¢; has been defined in (I.12), which allows to conclude

K—o0

d i .
8.2) limsup |P(R() = jITX < SK) - (j)(l—ql)fqid ”‘ < ce,

for £ small enough where c is a finite constant.

33

The derivation of the second probability, P(R(2) = j + kITX < SX,R(1) = j), follows the same
outline. The lineages where N1 does not escape the sweep can be seen as lineages where SL and
N1 are the same locus and the recombination probability between SL— N1 and N2 is r,. This
is due to the independence of the recombinations between SL and N1 and between N1 and N2.

Hence we can rewrite the probability as follows:
P(RQ) = j+kITX <SX,R(1) = j)=P(RQ)-R(1) = kITX <SX,d-R(1)=d - j).
We can then directly apply the result for the law of R(1) and get:

(8.3) limsup |[P(RQ) = j+ k|TX < SK,R(1) = j) -

K—o00

d—j .
k])(l—qg)kqg” =0 < ¢,

for £ small enough where c is a finite constant and g» has been defined in (I.12).

The derivation of the last probability in (8.I) is more involved but follows the same spirit. First
note that we only have to focus on genealogies where N1 escapes the sweep. Hence the derivation

of the probability comes down to the derivation of P(R(112) = I|TX < SX,R(1) = j). The idea is
to propose an alternative construction of the process with the same law and where we add the

recombinations between N1 and N2 at the end:

« First we construct a trait population process (N4, N,) with birth and death rates defined

in (1.4)

Second we "add" the recombinations between SL and N1: at each birth event we draw a
Bernoulli variable with parameter r; to decide whether there is a recombination or not. If
there is a recombination, the parent giving its neutral allele at N1 is chosen with a proba-
bility proportional to its fertility (f4 or f3).

After this step of the construction we know the genealogies of the d neutral alleles at N1
sampled at the end of the sweep. We label (iy,...,i;) the j sampled neutral alleles at N1
which experience a recombination between SL and N1 in their genealogy.

Finally we "add" the recombinations between N1 and N2 sequentially in the lineages
where there is already a recombination between SL and N1: we first follow backward in
time the lineage of i; and at each birth event we draw a Bernoulli variable with parameter
r, to decide whether there is a recombination or not, and choose the parent of neutral
allele at N2 as in the second step. Then we do the same with the lineage of i», and so on
until the lineage of i;. Finally we "add" the recombinations between N1 and N2 in those
lineages which were not marked with any recombination between SL and N1.

Such a construction generates a process distributed as the original process and facilitates the
study of the dependencies between lineages (i1, ..., i;). According to Lemma with high prob-
ability there is no recombination between SL and N1 after (backwards in time) a coalescence at
locus N1 among the d sampled individuals. In the same way, there is no coalescence at locus N1
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after a recombination between SL and N1 in the A-population (this is due to the large number of
A-individuals; similar proof as for the last probability of Proposition[5] Hence if we introduce

NC(j) := {there is no coalescence between lineages (i1, ..., i;) atlocus N1},

we get:
1
P(R(1I2) = ITX < SK,R() = j) =P(RAI2) = ITX < S, R(1) = j, NC(j)) + o(iKK).

With the construction of the alternative process we can also define sequentially for 1 < k < j:

NC(j, k) := {there is no coalescence between lineages (iy, ..., ix) after completion of the

process of adding the recombinations between N1 and N2 in the lineage ix}.
Then, if we introduce for 1 < k < j and 6 € {0, 1}

{r;, = 6} :={there is 6 recombination between N1 and N2 in the lineage i},

then for (61,...,6) € {0,1}/

P(ri, =6k 1<k=<jITS <SK,RQ1) = j) =

logK
M lP(rik:5k|TKsS§,R(1):j,NC(j),NC(j,1),..‘,NC(j,k—1))+O( Ig< )
1<k<j

Indeed, the probability that the event NC(j, k) is not realized after witnessing the recombinations
between N1 and N2 in lineage iy has order log K/K according to Lemmal6.3] Butfor1 <k < j,

8.4) P(r;, =6(TX <SX,R(1) = j,NC(}),.., NC(j, k- 1))
_ P(rj, =6r,RQ) = j,NC(}),....NC(j, k=1 T < SK)
~ P(R() = j,NC(j),...NC(j, k—1)| TK < sK)
Py, =61, RQ) = JITX < SK) - P(ry, = 61, RA) = j,(NC(j) N...n NC(j, k- 1)°| TX < SK)
B P(R(1) = jITK < S5 -PRQ) = j, (NC(j) n...n NC(j, k—1)¢|TX < SK)

and according to Lemma and Coupling (3.15), there exists a finite ¢ such that for K large
enough and ¢ small enough,

)

log K
P(INC()N...ANC(j, k= 1) TX < 85 = ¢ 08

+£).

AsP(r;, =06k, R(1) = j] TXK < Sf) does not go to 0 when K goes to infinity, we get

logK
IP(rik:5k|TEKSSf,R(1)=j,NC(j),---,NC(j,k—1))=P(rik:5k|T£KSS§'R(1)=j)+O( Ii +£)
P(R1|2(ix) V89| TK < §K P(R1|2(ix) V89| TK < §K log K
P(R(it,1) = 0|TK < SK) P(R(ix,1) = 0|TK < SK) K
1-q1-q3 1-q1—-qg3 logK
=6, —— L ia- 1-—-= 2= t¢l,
Ok - +( 6k)( T )+O( © +£)

where we recall the definition of R(it, 1) in (6.6), the definition of R1|2(ix)1'8% on page ‘ and we
used Proposition Adding Equations (8.2) and (8.3) we finally obtain:

, B ) P N )Y Rt A P o o o T A TR/ B LG/ B T
Pl kD (].)(1 a’a; (k )(1 @) q, (l)(l =) () rox@
n! il -
(8.5) = TR e @ - e '1-q1- 9" + Ok (o).

This ends the proof of the independence between genealogies during the first phase.
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The derivation of the asymptotical independence of neutral lineages during the third phase is
an easy adaptation of Lemma 5.2 and the proof of Proposition 2.6 in [28], pp 1623-1624 as with
high probability two lineages do not coalesce during this phase.

APPENDIX A. LEMMA[AT]

Recall the definition of NR(i)!V on page|12, and Definitions (6.13) and (6.15). Then we have
the following approximations for large K.

LemmaA.1. There exist three finite constants ¢, Ky and € such that for every K = Ky and € < &g
r+r eK

A1) sup |uﬂ>“) (NR(i)(D)—exp(—¥log%)‘ < ¢V,

S

(na,0)
na€lX+1,l<|eK] 4

-1
(A.2) sup sup ‘P&) 0 (NR(l,7,i)—exp ( - ﬂlog—)‘ <cVe,
1€{(,0} npeIX+1,k<l<|eK] o S k
(A.3) sup |u3>(” (RAQ, ) - (1-exp - Jar: logl))| < cVE.
I<|eK] fa s

Proof. Let us introduce the sigma-algebra generated by the trait population process
F = U((NA,NL;)(TI;),TI; < TEK)

We use some ideas developed in [28] and extended in [4] towards the two-locus case. The proof,
although quite technical, can be summarized easily: for (g, b,c,d, f) € Ri, the Triangle Inequality
and the Mean Value Theorem imply

lg—ebI<lg—eCl+lc—dl+|d— fl+|f - bl.
Hence for every random variables (X, X») € IRE%r and measurable event C:

r+ry leK]

PO (Cl) - e e

<[PV iz -

+x1- %]
+| X - EV 6]+ [EV 1] - Lﬁlog@’.

By taking the expectation and applying Jensen and Cauchy-Schwarz Inequalities, we obtain:

r+ro log @

(A4) ||P>(”(C)—e‘ ;

<gW |uﬂ>(“(C|ff) _e X

+ED[x - X

K
+/Var(Xy) + |[E“) [X,] - Lﬁlog%’.

Hence the idea is to find the appropriate random variables (X1, X») € R? to get small quantities on
the right hand side.

Proof of Equation (A.I): The first step consists in working conditionally on &%, describing this
probability as a product of conditional probabilities close to one, as well as in deriving a Poisson
approximation. To this aim, we define for m e N:

12 . 1) )~ N K
02 (m) =15 <79 LN, () - Ruef_ =1y Pas + Pad) Na Na) (T,1),

where we recall the definition of the pg()x, in Deﬁnition Notice that Remarkimplies that for
pefl,2}, ngeIX+1and < |eK],
(A.5)

e UK

(1—ce)(r1+r2)p(z (r,1

) o = ED Uk
A E—— S
o k+pe )T b

oo
0(12) 1 _ p < + 14 L .
mZZI( (MF, %)< ] (ri+72) (k; (k+1)° )
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Then, similarly as in [28], we have for n4 € If +1and < |eK]

o0
P&) n (NR()"V|2) = [Ta 0" (my), PP  —as.

m=1 (s

If we introduce the variable,

(12 Z 9(12 (m),

m=1

which will play the role of X; in (A.4), we get by following the path of Lemma 3.6 in [28]:

(A.6) E ,|1':[1(1—6“2)(m))—exp(—n“2))j <el) 2(9“2)(m)) ] e

for K large enough, ny4 € IEK +1,1 < [eK] and a finite ¢ (which can be chosen independently of 1),
where we used Equations (5.9) (5.10) and (A.5), and Condition for the last inequality. Next
we introduce an approximation of the random variable n'?, namely

o0
~ (12 12
(A7) 7%= 3 0" M)y, %) 7,00

m=1

which will play the role of X; in (A4). For ny € IX+1and [ < [eK]:

(A.8) 0< IEEL) B [n(IZ) ~(12)] [E(l 1)[ Z 9(12)(’,”)1 (N (E)<l)
A9) __ntn Zl (L-s_(e)"™* _ (ri+r2)

si(&)s2e) (= k+1 =T

for a finite ¢ and € small enough, where we used and for the first inequality, and
for the second one. This latter ensures that ¢ can be chosen independently of [. The expected
value of 7!? can be bounded by using (A.5), and

leK]|-1 1 1- (1 _s) leK]-k _ (1 _s)k+1
(1) (12)
Eop 712 @ —ce)(r+712) kg,l k+1( . —cs)
r+rnr leK ] c
A.10 >(1- I - ,
( ) (1~ ce) s 8 l logK

for a finite ¢ and ¢ small enough. For the upper bound we get similarly,
ry+ro leK]
log 5

The last step consists in bounding the variance of 7**<’. As the calculation of this variance is quite
involved, we introduce an approximation of 7%, namely

A.11) Ef, 07211 +ce)

(12)

leK]-1
=(12) . rn+r rn+r: g
G 1y 15 K& _ —=Uf.
Z 1)>N (0)} {Na(Tm) Na(T 1) 1 Na(Tm 1)+1 k %(0 k 1

Equation (6.2) yields (1 - C£)T:](12) < 17(12) < 1:](12) for a finite ¢ and ¢ small enough. Hence

2
Q) =(12) N 312 7(12)
(A.12) ‘Var(nml)n Var(n o1 ’<CE[E(n 1) (T’ ) ]
, KT EV UK 1))2) + ED (UK (1))2)
<ce(ry+r19) - <ce,
ol (k+1)(K'+1)

where we used (5.14) and which ensure that U ]f (1) is smaller than a geometric random vari-
able with parameter q,(cs’ ©.5:) > ¢_(¢). Thus it is enough to bound Var&)A 1)1:7(12). Thanks to (5.11)
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and Condition we get:

leK] - 1COV(n l)(UK(l) U (1)
o (k+1)(K'+1)
leK]-1 Agk’—k)/z

+& logleK]
2(r1 +12)? <
(r+72) ks%:,(lw D+ - TogK

1 z12)
Var ’1A,l)17

(r1 +12)?

IA

(c+elogleK]).

Recalling and again Condition (1.I), we finally obtain

(A.13) hglsupVar(D l)n(lz) <ce,

for a finite ¢ independent of [ and & small enough. Applying with X; = n? and X, = #(?
yields

1+r2 log LeK]

PY (NRGHWP)-e

(na,0)

[E(l) l)| 1—[ (1-092 (1)) — exp(~ n(12))|

W (02 _ 2021, D =12, |[f®  ma2,_ 1t LeK]
+E, M n- "1+ /Var, 1 +|[E(nA,l)[17 ] S log s

We end the proof of Equation with Inequalities (A.6), (A.8), (A.13), (A.I0) and (A.11).

Proof of (A.2): There is a supplementary difficulty due to the randomness of N, (7% Riz)- In the
previous case we were interested in an event before the first hitting of [¢K], while in the current
case, the conditioning on the value of Na(fg(i,z)) does not tell us how many times N, has hit this
value before. This is why we have introduced NR(l,0,i) and NR([,{, i) in (6.13). Define for m > 1,

1 1 N N K
6" (m) := l{r{;sff}1{Na(r’,;)—1va(r’,;,1):1}P;/)a((NA,Na)(rm)).

We again condition on the trait population process and get for ny € IS +1and k<1 < |eK],

ok
m : m @
(A.14) P, VR0, )IF) = ”]l'[l(l 0% (m)), P, —as.,

and the same expression with o replacing {. We define the corresponding parameters for the
Poisson approximation as follows:

ok ¢r
=Y 0Vm), and niV" = Y 0V (m).
m=1 m=1
They will play the role of X; in (A.4). We will show that both can be approximated by:
g
(A.15) ) = Zl 0V (M1 g, 028, K)<t0
m

which will play the role of X, in (A.4). Recall Definitions (5.7), and (5.19). On the one hand,
fornge IX+1and k < [eK],

xa
(1) (), ~(1)
(na, k)[nl ' I= (n N5 Z o (m)(1 (NK@K)<k} +1{NK(T )>l})
s[E“)[DI,f(l)]Z sup pii(na,j) sup EN (UK L))
j=1nuelk naelX+1 !
ekl 1 1
(A.16) +EV W W1 Y, sup p(na,j) sup [EE,QAM)[UA”(DW (1) < o0l

j:l+1nA€I§ nAEIg(il
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where we used that in the first phase, under P the number of excursions below k (resp. above
1) is equal to D1k< (1) (resp. UlK (1) — 1). Applying Inequalities (5.9), (2?), Lemma and Equation
(6.2), we get the existence of a finite ¢ such that for € small enough:

leK] |] ]

(1) D,+ _ (1) c
B M I=cn Z

j+1 logK

as e € (0,1) for € small enough and by Condition (I.I). On the other hand, by using the same
results as in (A.16), we get

Yoy
MD,- =) (1) ~
Eqr, ol =1 = (nAk)[ZG ML, e+ 2 07 Mgag, o8
m=0f(1)+1
k=1, k=j 11 -]
C
< crl( HE +y Ke )<
e o i logK"

This shows that it is sufficient to use n(” for the Poisson approximation. From we deduce
that this approximation holds true up to terms of order 1/log® K. Recalling once again (A.4), we
see that it only remains to calculate the expected value of ﬁ(ll) and to bound its variance. The
expectation can be approximated in the same way as the expected value of f)(lm from the previous

partin (A.I0) and (A.11):

(A.17) A-ce)llog =t ¢ _gw [n”]<(1+ce)—logl_
s k  logk ~ (mak™ll k

1

A comparison of the definitions of ") in (&I5) and 7"'? in (A7) shows that the variance of 7"
can be bounded by the same express1on that is, a constant times €. This ends the proof of Equa—

tion (A.2).

Proof of Equation It can be done in a similar way as for Equations and (A.2). We have
the following lower and upper bounds:

(K(l)

~ Ul 1) ~
(A.18) [1 - PN N))| = 1-PORACDIF) < [1 - P& (N4 N (K) |,

Once again we aim at deriving a Poisson approximation. As a birth event in the A-population
is needed to see a recombination within the A-population, bounds on the expected number of
jumps will concern the process N4 and we have to use Lemma O

APPENDIX B. TECHNICAL RESULTS

This section is dedicated to technical results needed in the proofs. First we recall a well known
result on the hitting times of birth and death processes which can be found in [2]:

Proposition 9. Let Z = (Z;) >0 be a birth and death process with individual birth and death rates
bandd. Forie Z*, T; = inf{t = 0, Z; = i} and P; is the law of Z when Zy = i. Then for (i, j, k) € Zi
such that j € (i, k),
1—(d/b)i~i
1—(d/b)k-i

We also recall Lemma 3.5 in [28] and the first part of Equation (A.16) in [30] which are used
several times:

(B.1) Pi(Tx<Ti)=

Lemma B.1.
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e Ifa>1 thereis a C such that for every N €N,

a a
(B.2) y L =2
=1 N
e Recall Definition (56.13). Then for (s1, s2) € (0, 1)? and k < |eK]|,
(B.3) gV = 5 A s

Finally, we state two technical results. The first one can be proven by using characteristic func-
tions, the proof of the second Lemma is given below:

LemmaB.2. LetV be a geometric random variable with parameter p, and (G, i € N) a sequence of
independent geometric random variables with parameter p», independent of V. Then the random

variable: .
Z:=) G
isV
is geometrically distributed with parameter p1 p-.

Lemma B.3. Let (cy, N € N) be a bounded sequence of R. Then there exists a finite constant ¢ such
that .
) k=1 giog 108! logN
limsup sup Z -
N—oo k<N'iZ3 [1+1 CN

logk

N
(elosN -Di=c

Proof. We prove the Lemma for a sequence (cy, N € N) in R* and extend the result by using the

convention 1
(Og“(e—log\,logk 1)) log k.
=logk
CN len=0

The idea is to compare the sum with the integral

ko ey logN
fx@‘ldxzi(embg’“—n.
1 CN

Letlbein{l1,..., N—1}. Then we have

N [ log N o e ey R
logN ™~ (] x — - [+ 1)logN — [logN —
fl o o I+1 N (( ) 10gNl+1)
() L e )
CN l (I+1logN

An application of the Taylor-Lagrange formula yields that

1\ ool 1 ek 2

(1+_)1gzv_1: N, _CN ( CN _1)_(1+x)1gzv

l llogN logN\logN 212
where x belongs to [0,1/1]. As the sequence (cy, N € N) is bounded, we deduce that there exists a
finite constant ¢ such that o

I+1 ¢ TogN
‘f xloéVN_ldx—llgN|s£.
I

I+117 2
This ends up the proof of Lemma|B.3 O
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