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254 Section 4: Structural mechanics

Setting aside calculations, we shall rather restrict to find system of equation for ϑ and ψα. Under denotations kαβ = kα if
α = β and 0 if α 6= β, κβα = ∂αh

β , we finally obtain

∂α(〈kαβ〉∂βϑ) + 〈k3〉∂23ϑ+ ∂α(〈kαβκγβ〉ψγ)− 〈c〉∂tϑ = 0 ,

∂α(〈kαβhγhδ〉∂βψγ) + 〈k3hγhδ〉∂23ψγ − 〈kαβκ
γ
βκ

δ
α〉ψγ − 〈kαβκδα〉∂βϑ = 0 . (4)

Symbol 〈·〉(x) stands for the averaging of an arbitrary function over a cell ∆(x).

3 Overview of tolerance models

Equations (4) were obtained under assumptions that functions θ(·), ψα(·) are slowly-varying in Ξ without any specification.
If ϑ, ψα ∈ V SV 1

d (Ξ), there can be shown that the tolerance modelling procedure leads to equations

∂α(〈kαβ〉∂βϑ) + 〈k3〉∂23ϑ− 〈c〉∂tϑ+ ∂α(〈kαβκγβ〉ψγ) = 0 ,

〈k3hγhβ〉∂23ψγ − 〈kαβκ
γ
βκ

δ
α〉ψγ − 〈kαβκδα〉∂βϑ = 0 . (5)

This form of model equations was obtained independently in recent contribution on tolerance modelling, cf [1] and the
paper related. Hence, the equations (5) will be referred to as a standard model equations.

Now assume that ϑ, ψα ∈ V SV 1
d (Ξ), than

∂α(〈kαβ〉∂βϑ+ 〈kαβκγβ〉ψγ) + 〈k3〉∂23ϑ− 〈c〉∂tϑ = 0 ,

〈kαβκγβκ
δ
α〉ψγ = −〈kαβκδα〉∂βϑ .

The characteristic feature of this model (locally homogenized model) is that it has the same form as the model obtained by the
asymptotic modelling procedure.

Under assumption ϑ, ψα ∈ SSV 1
d (Ξ) the modelling procedure leads to two independent equations which are coupled only

by boundary conditions:

〈k3〉∂23ϑ− 〈c〉∂tϑ = 0 ,

〈k3hγhδ〉∂23ψγ − 〈kαβκ
γ
βκ

δ
α〉ψγ = 0 .

It can be observed that the equations for ψα describe a phenomenon which can be called a boundary-layer effect, [2].
Under assumption ϑ ∈ V SV 1

d (Ω), ψα ∈ SSV 1
d (Ξ) we obtain equations which will be called a simple boundary-layer

model given by

∂α(kαβ0 ∂βϑ) + 〈k3〉∂23ϑ− 〈c〉∂tϑ = 0 ,

〈k3hγhδ〉∂23ψγ − 〈kαβκ
γ
βκ

δ
α〉ψγ = 0 , δ = 1, 2 .

4 Final remarks

It can be easy observed that the standard model is able to describe the physical phenomena strictly related to the effect of
microstructure length on the overall behavior of the heat conduction in composites under consideration.

On the other hand, locally homogenized model is deprived of this feature. This model determines quantities which can be
called effective properties of heat conductor. The fluctuation amplitudes ψα in this model are determined only by the spatial
gradient of the macro-temperature field θ. In this tolerance approach we obtain a heat conductor as a certain new material.
The boundary-layer model has relatively simple form which enables to satisfy boundary conditions which are imposed not
only on macro-temperature but also on the whole temperature field including its disturbances.
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