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GEVREY CLASS SMOOTHING EFFECT FOR THE PRANDTL EQUATION

WEI-XI LI, DI WU AND CHAO-JIANG XU

ABSTRACT. It is well know that the non linear Prandtl boundary layer equation is instable, and the well-
posedness of the Cauchy problem in Sobolev space is an open problem. Recently, under the Oleiniks
monotonicity assumption for the initial datum, [1] have proved the local well-posedness of Cauchy problem
in Sobolev space. In this work, we study the Gevrey smoothing effects of the local solution obtained in
[1]. We prove that the Soblev’s class solution is belongs to some Gevrey class with respect to tangential
variables at positive time. We get also the precise Gevery norms estimate with respect to time variable.
This qualitative study of the solution for Prandtl’s equation in Gevery class can help us to understand the
Prandtl boundary layer theory which is justified in analytic frame.

1. INTRODUCTION

In this work, we study the regularity of solutions to the Prandtl equation which is the foundation of the
boundary layer theory introduced by Prandtl in 1904, [25]. The inviscid limit of an incompressible viscous
flow with the non-slip boundary condition is still a challenging problem due to the appearance of a boundary
layer, where the tangential velocity adjusts rapidly from nonzero away from the boundary to zero on the
boundary. Prandtl equation describes the behavior of the flow near the boundary in the small viscosity limit,
and it reads

Up + Uy + VUy + P = Uyy, t>0, z€R, y>0,
Uy + vy = 0,

(1) 0 =0]y—0 =0, Ii =U(t
U|y—0 ”|y—0 05 inJIrloou U( 7':6)7

u|t:0 = ’LLO(ZL', y) )
where u(t,x,y) and v(t,z,y) represent the tangential and normal velocities of the boundary layer, with y
being the scaled normal variable to the boundary, while U(t,x) and p(¢,z) are the values on the boundary
of the tangential velocity and pressure of the outflow satisfying the Bernoulli law

U + Ud,U + 8yq = 0.

Because of the degeneracy in tangential variable, the well-posedness theories and the justification of the
Prandtl equation remain as the challenging problems in the mathematical theory of fluid mechanics. Up to
now, there are only a few rigorous mathematical results. Under a monotonic assumption on the tangential
velocity of the outflow, Oleinik was the first to obtain the local existence of classical solutions for the
initial-boundary value problems, and this result together with some of her works with collaborators were
well presented in the monograph [24]. In addition to Oleinik’s monotonicity assumption on the velocity
field, by imposing a so called favorable condition on the pressure, Xin-Zhang [27] obtained the existence of
global weak solutions to the Prandtl equation. All these well-posedness results were based on the Crocco
transformation to overcome the main difficulty caused by degeneracy and mixed type of the equation. Very
recently the well-posedness in the Sobolev space was explored by virtue of energy method instead of the
Crocco transformation; see Alexandre et. all [1] and Masmoudi-Wong [22]. There is very few work concerned
with the Prandtl equation without the monotonicity assumption; we refer [21, 26, 28] for the existence in
the analytic frame, and [12, 18] for the recent works of concerning with the existence in Gevrey class. Recall
Gevrey class, denoted by G®°,s > 1, is an intermediate space between analytic functions and C'* space.
Given a domain €2, the (global) Gevrey space G*(2) is consist of such functions that f € C°°(2) and that

Haa < L|a\+1(a!)s

for some constant L independent of . The significant difference between Gevery and analytic classes is that
there exist nontrivial Gevrey functions admitting compact support.
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We mention that due to the degeneracy in z it is natural to expect Gevrey regularity rather than analyticity
for a subelliptic equation. We refer [6, 7, 8, 9] for the link between subellipticity and Gevrey reguality. In
this paper we first study the intrinsic subelliptic structure due to the monotonicity condition, and then
deduce, basing on the subelliptic estimate, the Gevrey smoothing effect; that is, given a general initial data
belonging to some Sobolev space, the solution will lie in some Gevrey class at positive time, just as like heat
equation.It is different from the Gevrey propagation property obtained in the aforementioned works, where
the initial data is supposed to be of some Gevrey class, for instance G7/4 in [12], and the well-posedness is
obtained in the same Gevrey space.

Now we state our main result. Without loss of generality, we only consider here the case of an uniform
outflow U = 1, and the conclusion will still hold for Gevrey class outflow U. We mention that the Gevrey
regularity for outflow U is well developed (see [19] for instance). For the uniform outflow, we get the constant
pressure p due to the Bernoulli law. Then the Prandtl equation can be rewritten as

Up + Uy + VUy —Uyy =0, >0, zeR, y>0,
Uy + vy = 0,

2 .
( ) u|y:0 - U|y:0 = 07 yEI}}oou - 15

U|t:0 - ’U/O(‘Tay) 5

The main result concerned with the Gevrey class regularity can be stated as follows.

Theorem 1.1. Let u(t,z,y) be a classical local in time solution to Prandtl equation (2) on ]0,T[ with the
properties subsequently listed below:

(i) there exist two constants C,. > 1,0 > 1/2 such that for any (t,z,y) €]0, T[xR2,

CoMy) 7 < oyult,z,y) <Culy)’ )
|02u(t, 2, y)| + |O3u(t,z,y)| < Cu(y)™ ",

(3)

where (y) = (1 +|y[*)"/2.
(i1) There exists ¢ > 0 and integer No > 7 such that

) Hehya””u””“([&ﬂ; HYo (R2)) T He%ya””ay“”L?([o,T]; o r2)) < Co

Then for any 0 < Ty < T, there exists a constant A, depending only on Cy, Ty and the above constants Cl, ¢
and o, such that for any 0 <t < T7,

(5) Vm>1+No, |[e¥0ru < ¢73me1=No) gmeAL ()3 430

)

(t) ||L2(]R2+)

where ¢ is an arbitrary number such that ¢ < c. Therefore, the solution u is belong to the Gevery class of
index 3 + 30 with respect to x variable for any 0 <t < Ty.

Remark 1.2. Such a solution in the theorem exists; for instance suppose the initial data ug can be written
as

uo(2,y) = ug(y) + up(@, ),

where u§ is a function of y but independent of x such that C~* <y>_0/2 < ufly) < C(y>_0/2 for some

constant C' > 1, and uf is a small perturbation such that its weighted Sobolev norm ||6259u6||H1\,0 ®2)
+

suitably small. Then using the arguments in [1], we can obtain the desired solution with the properties listed
in Theorem 1.1 fulfilled. Precisely, the solution u(x,y) is a perturbation of a shear flow u®(y) such that
property (i) in the above theorem holds for u, and moreover €%V (u — u®) € L* ([0,T]; HNo**(R2)) . Recall
the shear flow u® is the solution to the following initial-boundary problem

Oiu® — Oyyu® =0, t>0, y>0,

s _ : s
U |y:O 705 ygl-iI-loou - 17

U|t:0 = ug(y)a
where u s a function of y but independent of x.

Remark 1.3. The integer Ny in above theorem is fixed and large enough, and depends on the integer N
given in (12) in the following section. Thus Ny is a quantity depending only on the dimension of x (and
therefore depending only on the dimension n =1 here).
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The paper is organized as follows. We prove in Section 2 a subelliptic estimate for the linear Prandtl
operator. Section 3 and Section 4 are devoted to presenting a crucial estimate for an auxilliary function.
The proof of Theorem 1.1 is given in Section 5. The last section is an appendix, where the equation fulfilled
by the auxilliary function is deduced.

2. SUBELLIPTIC ESTIMATE

In this section we will explore the subelliptic structure, due to the monotonic condition, for the linear
Prandtl operator. We first introduce in the following subsection the notations used throughout the paper,
and then recall in Subsection 2.2 some basic facts of pseudo-differential calculus. Subsection 2.3 is devoted to
the estimates on commutator, and in Subsection 2.4 we prove the subelliptic estimate for the linear Prandtl
operator.

2.1. Notations. Throughout the paper, we use the notation
1/2
2
G = (1)
which is the regularization of the modulus |-.

Let H" be the classical Sobolev space and let L? = H° be the classical space of complex-valued square-
integrable functions, equipped with an inner product and a norm defined by

(f. 9)ps = / F@e@dz, ||f]],. = (F. FY2.

where g is the complex conjugate of g. And we denote by Re (f,g),. the real part of (f,g),-, i.e.,
1 — 1
Re (f,9)1. = 5((f,g)p + (f,g)p) = 5((f,g)L2 + (g,f)p)-

Let = be the tangent variable and & be its dual variable. Let 0 < § < 1 be arbitrarily small and we denote
by A and A¢ the Fourier multipliers associate to symbol <§>d and <5§>d, respectively, i.e.,

VFESR), (Fu(A%)(©) = (O (Fuf)(©)
and
V feSMR),  (Fo (ML) (€) = (5" (Fuf) (),

where F, stands for the Fourier transform in x variable. It is clear that A? is a self-adjoint operator in L2,
and moreover

(6) Vdi,do €R, ADAT = pAditdz,
As for the symbol <5§>d of A4, we will use the following fact:
(7) vB=1, |02 ((5)7)| < Capto0) (O,

with Cg g a constant depending only on S and d, but independent of 6. To confirm this, we use Faa di
Bruno’s Formula to get, for any 8 > 1,

o7 ((0)")
— Z B! (a§p1+w+pa) <Z>d/2)

1ol -« pal
p1+2p2+...+5m:ﬂpl-P2- ps!

0 (14 02¢2)\" of (1+062¢2)\"”
214022 1! o B!
ﬂ' (p1+p2) d/2
_ Z —(827”1 r2) (7) )

e (14062€2)\"" (02 (1+482¢2)\"
i p1!po! Z=1+452€2 1! 2! '

Since p1 + 2p2 = B > 1, then at least one of the two nonnegative integers is positive strictly, saying p; > 0
without loss of generality. Thus

<a€ (1 +52§2)>’“
1

On the other hand, direct computation shows that

‘agpl-i-pz) <Z>d/2} < Cpypad <Z>%*p1*pz

<(3a+re)©T)" <3 e @
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and thus

< Cp17P2,d (1 + 6262)%*271*;72

z=1+462¢2

(o109

with Cy, p,.a & constant depending only on pi, p2 and d. Moreover

0% (1+02¢2)\ "
2!

since 0 < § < 1. Combining these inequalities, we have
£_pi—p2 2 1 - -
92 (166)")] < Coa (1 +82€3) 57777 (14 6%63)™ (14 6%€3)™ (7" = Caa 60" (O
with Cp 4 a constant depending only on 5 and d. This is just the desired estimate (7).

< (14 0%¢H)”

2.2. Weyl-H6rmander calculus. We recall here some notations and basic facts of symbolic calculus, and
refer to [17, Chapter 18] or [20] for detailed discussions on the pseudo-differential calculus.

Let a(z,&) € S8'(R?) be a tempered distribution and let x € R. We define the operator op,a : S(R;) —
S*(R;), with §*(R,) the antidual of S(R,) (continuous antilinear forms), by the formula

((opﬁa)f, h)s*, s = <aa Qf,h("ﬁ»s/’ S
where
Qs n(r) (2, &) = / e 2= f (2 4 (1 — k)2)h(x — K2)dz.

In particular we denote ’

a(xz, Dy) = opgya
and

a® = opy jpa.

Here a(x, D,) is the classical quantization of symbol a and a® is called the Weyl quantization of symbol a.

We will write a(D,;) instead of a(z, D,) when the symbol a(z, ) is independent of x. Moreover a(z, D,) and
a®™ can be written as the following oscillatory integral

®) (ale, D2)f) (x) = / / 2D (i € f(7)dEde

) @)= [ [t (S5 ) e

We have the formula of changing quantization (see Proposition 1.1.10 and Lemma 4.1.2 of [20]):
(10) a’ = (Jl/Qa) (x,Dy),

where J'/2 is defined by the oscillatory integrals
(Jl/Qa) (x,€) = 2// e~ M0z 4 2, & + ¢)dzdC.

Lemma 2.1. Let a1 () be a function of x but independent of &, and a1(€) be a function of £ but independent
of . Then

(i) ay = ay(x), i.e., ay’ is the operator of multiplication by ai(x);
(i1) a¥ = as(D.,), and moreover as(D,) is the Fourier multiplier associated to symbol az(§), i.e.,

(Fz (a2(D2)f)) (§) = a2(§) (Faf) (&)

Proof. We first prove Conclusion (ii). In view of (8) and (9), we have

alf = / / Zin(@=2)8q, () f(2)dide = az(Dy)f.

Moreover observe

[ [ e s @) s@ndids = [ e ) (7)€,
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which implies

Then the conclusion (ii) follows.
Now we prove (i). To do so, observe
2// e~ M = 6o(2)
with dg being the Dirac delta function at origin, and thus
(Jl/Qal) (x,8) = 2// e V) (& + 2)dzd¢ = ay ().

As a result, using (8) and (10) gives

aff = [ [ e D (520 (0.9 @dide = o) [ [ D (@) = ar(a) (),

that is a¥’ = aq(x), the operator of multiplication by a;(x). The proof is thus complete. O

In the following discussions, let
g = |dzf* + |dg|”
be the flat metric. We denote by S ((£)",g),r € R, the space of symbols a(z, &) satisfying that

Va,Be€Zy, ¥V teR, 8§8§a($,£)’ < Cop ()

with C,, 3 a constant depending only on «, 8. The space S({£)", g), endowed with the semi-norms

(11) max_sup (&) |020fa(x,€)|.

0<a+p<k (z,£)ER2

HaHk;S(<§)T, Yy~

becomes a Fréchet space.
An elementary property to be used frequently is the L? continuity theorem in the class S (1, g), see
[20, Theorem 2.5.1] for instance, which says that there exists a constant C' and a positive integer N, both

depending only the dimension of x (and therefore depending only on the dimension n = 1 here), such that
if a € S(1, g) then

(12) Vue L*(R), [|a"ullp < Ollal| g1 g llell
with ||a||NAS(1 0 18 defined by (11).

From now on we alway let N be the integer given in (12), which is a fixed quantity depending
only on dimension. We denote by Sy (1, ¢g) the space of functions satisfying

Va+ 8 <N, VzeR,

agafa(x,g)‘ < Cup.
which, equipped with the norm

||a||N;S(1,g) 0<a+%X<N( Sgl)lgR2

0207 a(2,¢)|.

becomes a Banach space. Then the proof of [20, Theorem 2.5.1] also implies the following

Lemma 2.2. Let N the positive integer given in (12) which depends only on the dimension of x. If a €
Sn(1,g) then a™ € B (LQ(R)), the space of bounded operators in L?(R). Moreover

(13) Vue L*®), |la"ull, < Cllafly,s g llull -

Now we introduce the composition formula of two pseudo-differential operators. Given a; € S({(£)"" | g)
we have

(14) ay'ay = (arfaz)”

where afas € S ((f)”’”2 , g) admits the expansion, denoting Z = (,¢), Z; = (v;,&),i = 1,2,

1
) 1
(15) artas(Z) = aras(Z) + / / / 6_21”(Z_Z1’Z_ZQ)/92—Z,M(8ZI,822)a1(Zl)ag(Zg)ledZQdQ/(ﬂ9)2,
0
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where p is the symplectic form in R? given by
(0. E0) =¢2-C=

In the following we use the notation ajfgas which is defined by
) 1
(16) a1ﬁ9a2(z> = //G_Qlu(z_zl7Z_ZZ)/950,1(Zl)ag(ZQ)dyldYQ/(W9)2.
)

Proposition 2.3 (cf. Theorem 2.3.7 in [20] and Proposition 1.1 in [2]). Let § and g be defined by (15) and
(16), respectively, and let r1,12 be two real numbers, and let N be the integer given in (12) which is fized
throughout the paper.

(i) There exists a positive integer {n and a constant Cy, both depending only on the integer N, such that

(17) H‘“ﬁ“?HN;s«sVl“z,g) < CNHMHZN;S((Q”,Q)HGQHZN;S(@)”,Q)'

(ii) For any integer k > 0, there exists a posilive integer 0y and a constant Cr, both depending only on k,
such that
lartoazlygqyrisra gy < Cullarllz, s g la2llz s 00

In particular, letting {n be the integer in (17), we can find an integer kg = ko(N) and a constant Cy,

depending only on {n and thus only on N, such that
(18) lartoazlyy,sigriirs g < Ol g ozl 0

2.3. Estimate on commutators. Given two operators )1 and @2, the commutator between @)1 and Q2,
denoting by [Ql, Qg], is defined by

(Q1, Q2] = Q1Q2 — Q2Q1 = —[Q2, Q1].
Direct verification shows that
(19) Q1. Q2Q3] = Q2[Q1, Q3] + [Q1, Q2] Qs.

This subsection is devoted to proving the following

Lemma 2.4. Let N be given in (12), and let Ly, ko = ko(N) be the integers given in (17) and (18),
respectively. Let q be a symbol such that Orq € Sk, (1, g), i.e.,

(20) Va<ky, VeeR, [05(0:q9)(2)| < ca

with ¢ a constant depending only on «. Let A(§) be function of &, such that O\ € Sk, ((€)™ (66)™ , )
uniformly with respect to 9, i.e.,

(21) VB <k VEER, [0 (9N (O] a9 (5™

where g is a constant depending only on 3 but independent of §. Then there exists a constant C, depending
only on N but independent of &, such that

Ve HR®), g AP ey < ONIATAZ e

where AT, AT and N(D,) stand for the Fourier multipliers associate to symbols (€)™ ,(6&)™ and A(E),
respectively.

Proof. To simplify the notations we will use in the proof Cy to denote different constants which depend
only on N but independent of ..
Step 1). By Lemma 2.1, we have

[0, M(Da)] = [¢", A"] = ¢" A" = A"q" = (¢t\)" — (Ma)",
the last equation using (14). Moreover the expansion (15) gives

(@M — (Atg)" = (g8A — Mg)" = (r1 —12)",
where, recalling the notation Z = (x,¢) and Z; = (2;,&),i = 1,2,

1
. 1
r(Z) = / / / e_QZH(Z_Zl’Z_ZZ)/‘gZu(azI,822)q(Z1)A(Zg)lengdQ/(wt?)Q
0
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and
ro(Z) = /O 1 / / e*%#(zfzhzfzﬂ/"%u(azl,aZZ)A(Zl)q(zg)dzldzme/(we)?.

Thus we get

(22) [0, \(Dz)] = (11 —712)" .

Step 2).In this step we will show that
r1,m2 € Sen ()™ (66)™ , 9)

uniformly with respect to §, where ¢y is the positive number given in (17). For this purpose, observe
q(Z1) = q(x1) and A\(Z2) = A(&2), and thus

W07 D2 INZ) = (G5~ 5o ) deNE)
= 7(8961(1(:61))852/\(52)

= —(029) (%) (9¢A) (Z2).
This gives

Tl(Z)

1
—/ // eiQi”(Z*ZhZ*Zﬁ/G% (02q) (Z1) (OeN) (Z2)dZ1dZ2d0 ) (70)?
O l
1

=~ [ [@az(0en)]2) ds

0
recalling (0,q)t0(9¢ ) is defined in (16). Similarly,

1
n(2) = [ |eenn.0]2)s.
0
In view of the assumptions (20) and (21), we use the estimate (18) in Proposition 2.3 to get
1002020 O | 151611 (56172 g < ON[190lli501,0) 196 lkgss ey (56172 9 < O

where Cy = Ciy (maxa<k, Co) (Maxg<y, ¢5) With ¢, é5 be the constants given in (20) and (21). This implies
r1 € Sy ((6)™ (66)™ . g) and

1
lleysscer oerra.00 S/0 1(0x0)80 PeM | 516172 36y 72 5 B0 = O

Similarly, ro € Sp ((€)™ (66)™ , g) and

HTQHEN;S((&)” (6)72,9) < Cn
Thus we have r; — 7o € Spy ((€)™ (66)™ , g) and
(23) I =72l 5067 5672 .9y < O

with C a constant independent of 6.

Step 3). In view of (22) and (6) we may write
[0, M(D2)] = (r1 = 12)" = ((r1 —r2) " Ay AT )ATAP = ((7’1 —r2) 4((66) " (&)™ ))w ATAR,

the last inequality using (14). On the other hand it follows from (7) that (6¢)" ™ (£) "™ € S (<£>_Tl (66)"" ,g)

and moreover
16674 ™ Ml 516y 56)-2.5) < W

with C'y a constant depending only on N but independent of §. As a result we use (17) in Proposition 2.3
to conclude that,

11 =r2) 4697 )l wisirg)
< Oy

< Hrl - TQHEN;S(@)” <5g>fz,g)H (06) (&) Hm;S((&)*” (56)772,9) =
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with Cy independent of §. Thus Lemma 2.2 yields
Ne AP paey = [ (6= 202667 ©7™)) A AP e

S CNH T1 7T2)u(<5§>_7—2 <§>_T1)HN;S(I,g)HATIA;—QfHLQ(]R )
< CNHATIAngHL%]RI)’
with C'x independent of §. The proof is complete. O

Corollary 2.5. Let ko be the fized integer as in Lemma 2.4. Suppose that

3
Vi<a<ko+2, HaIauHLw([O,T]XRi) + HagayuHLx([O,T]x]Ri) + Z HagJ”UHLoc([o,T]xRi) < Ca
j=0

with C,, a constant depending only on . Then there exists a constant C' independent of §, such that for any
fe LQ([O,T] x Ry HTIJFTZ(RI)), we have

D [[@ay), A AT | a(o,m1xm3) < CIATAT oo e )
ki+k2<1

(| [udz, ATAF] < ClA™ AT F || o, ry e

f||L2(0T xR2) )

and
3

D @), A ATl aorycrz ) < CUA™ AT Fll ooy )
=0

Proof. Tt follows from (7) and Leibniz’s formula that the condition (21) is fulfilled, with A\(&) = (€)™ (6¢)™ €.
Moreover (20) is fulfilled with ¢ = 8’;185%, k1 + k2 < 1. Thus the first estimate in Corollary 2.5 follows
immediately from Lemma 2.4. Now we use using (19) to write,
(w0, ATAR] = [u, ATAP]0, = [u, ATAPO,] — ATAR [u, 8,
= [u, ATARO,] + ATAT (9u)
= [u, ATAPO] + (Opu) ATVAF — [(Dpu), ATAF].
Thus by the first estimate in Corollary 2.5 we have

(| [udz, ATAZLS],. ) < CIAT AT pago,ry

([0,T]xR%) )"
Similarly,
Z I1@50), A AZ ] o o 27z < CIAT T AT 2 0.7y
Then the proof of Corollary 2.5 is complete. 0

2.4. Subelliptic estimate for linear Prandtl operator. In this subsection we consider the linear Prandtl
operator which reads

(24) P =0 + udy +vdy, — 02,

where u, v are classical solution to Prandtl equation (2), and thus satisfy the following

(25) { o(t,z,y) = — [ Ooult, =, §)dy, (t,z,y) €]0, T[xRZ;
u(t,z,0) = v(t,z,0) = 0, (t,x) €]0,T[xR

Moreover we suppose that u satisfies the monotonic condition and that dyu is bounded; that is,

(26) Oyu(t,z,y) > Cu(y)™",  Oyue L¥([0,T] x RY),

where 0 > 1/2 is a given number, and C, is a constant independent of ¢,z. As to be seen later this
monotonicity is crucial to investigate the subelliptic struction of Prandtl operator. In order to estimate the
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commutators between P and Fourier multipliers defined in the previous subsection, we need the following
assumption:

(27) VO<a<k +2, Haa“HLw ([0,T]xR2 )+Z Hanr UHLOO ([0,T]xRZ) = < Ca,

where ko is the integer given in (18) and C,, is a constant depending only on .
The main result on subelliptic estimate for Prandtl operator can be stated as follows.

Proposition 2.6. Let P be the linear Prandtl operator defined by (24) with the conditions (25)-(27)
fulfilled, and let h,o € L*([0,T] x R%) be given such that dyh,0yp € L*([0,T] x R%). Suppose that
feL?([0,T]; H*(R?%)) with 03f € L? ([0,T] x R2), is a classical solution to the equation

(28) Pf =0 +udaf +v0yf —0;f =h,  (t,x,y) €]0, T[xR?,

with the following boundary conditions fulfilled:

(29) F0,2,y) = f(T,2,y) =0, (x,y) €RE,

and

(30) O f(t,x,0) = (92f) (t,x,0) + p(t,2,0), 8yf(t,x,0)=0, (tz)€l0,T[xR.

Then for any € > 0 there exists a constant C¢, depending only on ,0 and the constants C, and C,, given
respectively in (26) and (27), such that

H< <7/2A1/3JEHL2 0.7] ><]R2 + Hai 1/3fHL2 0T]><]R2)
EHAiQ/BathLz (R2) + C. (HAil/thLZ(lRi) + HanyLz([OﬂT]XRi) + HfHLZ([O’T]XRi))

c (H ()2 0 A1/6fHL2 [0,T]xR2) + H {v) Ail/gaWHL?([o,T]xRi))’

and moreover
(CA N p—
< O(HA-WSathLW AR s+ 100 | o sy * 1 oo mrcm2)
+C ([ ) F Y| o sy + 1) A0 a0 112 )-
Recall A is the Fourier multiplier with symbol (€)%

Proof. To simply the notation, in the proof we use C' to denote different suitable constants which depend
only on o and the constants C and C,, given respectively in (26) and (27).

Taking the operator A~2/3 on both sides of (28), we see the function A~2/3 f satisfies the following equation
in |0, T xR3:

AT+ ud A2 f 400, N2 f — 2N f

31
(1) = A"*3h + [ud, +vd,, A3,
and that
—2/3 _A—2/3 _ —2/3 _
(32) A /f‘t:O_A /f’t:T_O’ ayA /f’y:O_

due to (29) and (30), since A=2/3 is an operator acing only on 2 variable. Recall [u@m + 0y, A_2/3] stands
for the commutator between ud, + vd, and A—2/3,
Step 1). We will show in this step that

_ 2
H (ay“)l/Q Oz A 2/3fHL2([0,T]xRi)

(33) §2‘Re (221, 0,0,0" 2/3f)

2([0,T] xR ) T ||8§A_1/3f||L2([0,T]><]R2+)

+C (A0 o ey 1001 o a1 12 oy -
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To do so, we take L?([0,7] x R%) inner product with the function 9,0,A=2/3f € L%([0,T] x R2) on the both
sides of eq. (31), and then consider the real parts; this gives

—Re (ud,A"%3F, 8,0,A2/3
¢ (u 1> 9y f)L%[O,T]xRi)

— Re (8tA‘2/3 £, 0,0,A%/3 f) 2023, 9,0,A"%/3 f)

L2([0,T]xR% ) ( v
~Re (A*2/3h, 0,0, A=2/3 f)

L2([0,T] xR2
(34) ([0, T]xR%)

+Re (v0,A"%/f, 9,0,A72/%F)

L2([0,T]xR%) L2([0,T]xR2)

— Re ([u@m + v0y, A72/3]f’ ayaZA*Q/Bf) L2([0,T)xR2)
X

We will treat the terms on both sides. For the term on left hand side we integrate by parts to obtain,
observing u}y:O =0 due to (25),

“Re (uam/\”/gf, ayazAfwf) L2((0,T]xR2)
. i

= ; {(ua A2 8,0,A" 2/3f) (83,893/\*2/3]“, uazA,g/gf)

2([o, T]><]R2) LZ([O,T]xRi)}

= 5” (ay“)1/2 aﬂv/rQ/ngL?([o,T]xﬂ%ﬁ)‘

Next we estimate the terms on the right hand side and have, by Cauchy-Schwarz’s inequality ,

—Re (8§A72/3f, ayazAiQ/gf)Lz([O,T]x]Ri) < 2}]82 1/3fHL2(OT xe2) iHanyLZ([O,T]XRi)’
e (A0, 00072) L L AP+ 10
and
‘Re (vayA*Q/?’f, ayamA*“f)p R
= ‘(&“’f’ [A_2/3’ 0] 81“‘8961\_2/3J6)L2([o T)xR2) (vayf’ A_2/38yazA_2/3f)L2([o T)xR2)
’ +
<

2
CHanym([o,T]xRi)’

the last inequality using Corollary 2.5. Finally

“Re ([ud, +v0,, A1, 9,0,A72/%F)

L2([0,T) xR )

IN

[AY3[udy + 00y, A 2/3]fHL2(OT><]R2)+Ha A7 (10,T1xR2)

IN

2 (|| [ud + 00, AN 1 ]| [w0s + 08y, AN )

([0,T]xR%)

H10, A £ 12 g0,y

< (113 oy + 190 112 o rpnen) )

with the second inequality following from (19) and the last inequality using Corollary 2.5. These inequalities,
together with (34), yields the desired (33).

Step 2). In this step we will estimate the second term on the right hand side of (33) and show that for
any € > 0,

HaQAil/ngL?( 0,T]xR3)

(35) <& | (9yu)? 8,A 23 f|2

L2([0,T]xR%)

2
Ce (1907110 71kt + 1712 gocrymety AR g0 e )
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with C. a constant depending on e. To do so, in view of (28) - (30) we see the function A~'/3f satisfies the
equation in |0, T[ xRZ,

(36) AT + (udy +v0y) AT f — 02T
= AR + [ud, +vd,, A7V3]F,

with the boundary condition
—1/3 _ A—1/3 _ -1/3 _
(37) AT g = AT g = 0, AT g =0

Now we take L?([0,7] x R?) inner product with the function —8;A‘1/3f € L*([0,T] x R%) on both sides of
(36), and then consider the real parts; this gives

4
20 —1/3 ¢|2
(38) HayA / fHL?(]Ri) < Z‘]P
p=1
where
J — R —-1/3 82 —-1/3
! ¢ ( I f)Lz([o,T]xRi) ’
Jo = [Re ((ud, +vd,)A"V3f, 92A71/3
2 ¢ (u v 1,9y f)[o,T]xLZ([o,T]xRi) ’
Js = [Re (AP, pAVP
3 ¢ ( f)LZ([o,T]xRi)
_ A-L/3 2\ -1/3
Ja Re (ua + 0y, Jf, oA f)LZ([O,T]xRQ)

Integrating by parts and observing the condition (37), we see

(21725, 02015 ) = — (20,0711, 0,071 0p)

L2(]0,T]xR2) L2([0,T]xR2)’

which along with the fact
e (8t8yA_1/3f, ayA—1/3f)

L2([0,T]xR2 )

due to (37), implies

(39) Jy = ‘Re (&A‘l/g £, OINT3 f)

L2([0,T]xR2 )

About Jo we integrate by parts again and observe the boundary conditition (37), to compute

—1/3 2\ —1/3
Re (u@mA Iy O, f)L2 (0,TIxR2)
= —Re (v, A9, f, A7, 1) ~Re ((0,u)0.A"3f, A7/, 1)

L2([0,T]xR?%) L2([0,T]xR2)

5 ((azu) A3, f, A71/3) yf) ~Re ((ayu)azA*Wf, A*1/38yf)

L2([0,T]xR2 ) £2([0,7)xR2)

This gives

Re (uaIA*1/3 f, O2A7Y/3 f)

L2([0,T]xR2)

< AT 0y) AT a0 1y cn ) 190 2o.myxmy + Cl9S oo min2)

< (1@ AP0 AT ) o mysg ) + 1A% 0wl 0A™ fll 0,178 ) 190 20, mym2)
+C||3yf||%2([o,T}xRi)

< C (H (0,u)/? 8IA’2/3f||L2([0 T]xR3) T HfHLZ([OqT]XRi)) 19y 120,y + clo fHLZ (0.7)xR)

< 2N 0D o)+ Co (100 ooy + MW snesy)
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Moreover integrating by part, we obtain
1

= 3 } ((ayv) A3, 8yA_1/3f)

<

’Re (vo A2 7, 020712 F)

L2(]0,T]xR2) L2(]0,T]xR2)

IN

Thus
2
40) o < 1@ 0N S )+ O (1000 mny + 1 o)

It remains to estimate J3 and Jy. Let & > 0 be an arbitrarily small number. Cauchy-Schwarz’s inequality
gives

Js = [Re (A7, 92071/%F)

L2([0,T]xR?)

< ENNOAT N e oy + CellAT R Loy,

and for Jy, Corollary 2.5 implies

Ji e ([ud, + 00y, A7V f, 020713F)

L2(R2)

OA 2 oy + O (1N Eocmey + 100 o)

IN

where C. is constant depending on &. Now the above two estimates for .J3 and Jy, along with (38) - (40),
gives

[95A7 e A2 111 o o,y 2 @) 0:A £

+Ce (110130 sy 11132021022

0 (1A Bl g+ 11 ey + 1001 )

1/3
/ fHL?([o,T xR2) [0,T]xR2)

and thus, letting € small sufficiently,
20—1/3
[o5A / fHLz([O,T]x]Ri)
1/2 —2/3 )12 2 2 -1/3p |2
s € ” (81/“) Oz A / fHLZ([o,T]xRi) +Ce (HanyLZ([o,T]x]Ri) + HfHLZ([o,T]xRi) + HA / hHL?(Ri)) :
This is just the desired estimate (35).
Step 3). Combining the estimates (33) and (35), we obtain, choosing ¢ sufficiently small,

_ 2 _
1@uu)'" b= F1| o g0 rycmry + 105A™ F o e

(41) <C

Re ( —2/3f 9,0,A" 2/3f)

L2(]0,T]xR2)

+ € (AR a0 mpcnzy + 1008 32 o zrny + 171120 i) -

Step 4) It remains to treat the first term on the right hand side of (41). In this step we will prove that,
for any 1 > 0,

’Re (2221, 0,0.072/°F)

L2([0,T]xR?%)
T 2

42 - _ 2

(42) <o [ [ |(@3a2r) o] e+ Gl ) A0 oy

et 0 (™A o e + 110072 0N o))
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For this purpose we integrate by parts again and observe the boundary condition (32) , to compute

— (A*Q/?’ £, 0,0,0,A7%/3 f)

(07221, 0,0,07% 3f)L2 P
) ¥
L2([0,T]xR2 )

(aIA—2/3 £, 0,0,A~2/3 f)

L2(]0,T]xR2)

T
~ (9,0.072%, atA*Q/gf)LmO _— / /R(&A’Q/gf(t,x,o)) (0:02/5 £(t,4,0)) dir,
0

which, along with the fact that

—-2/3 Af2/3
2 Re (atA £, 0,0, f)w[o —
- (atA*2/3 f, 8,0,A°2/3 f) n (ayaI/rQ/3 £, 0N/ f)

Lz([O,T]xRi) Lz([O,T]x]R2 )

yields, for any 1 > 0,

(43)

e (atA—W3 £, 0,0,A%/3 f)

L2([0,T]xR2)

T/ (at/\—2/3f(t,x,0)) (511\‘2/3f(t,$,0)) dwdt
0 R

(A1/68tA‘2/3 f(t,x, 0)) (A—l/ﬁazA—2/3 F(t,z, 0)) dudt
R

T 2 T 2
<& / / (atA_1/2f(t, x, 0)) dadt +e7* / / (Al/ﬁf(t, x, 0)) dxdt.
o Jr o Jr

Moreover observing

N g1, 2,0) = ()72 A5 (1,,0),

it then follows from Sobolev inequality that

2
850 < 0 (1) A, + 10, )T A )

C (|1~ A0 o,y + 1072 0,05 e, )

with C a constant independent of ¢, z. And thus

(44)

T 2

/ /(A1/6f(t,x,0)) dadt

0 R

<O ([ Aoy + 195 )7 AV s )

<O ()™ A0y 110D 772 A0, 17 cn)

Using the fact that

DAV f(t,0) = (2A7Y2F) (1,2,0) + A2 (t, 2,0)

due to assumption (30), we conclude

/T/ (8,5A’1/2f(t,:c,0))2d:cdt

0 R

/T/ ’(8§A‘1/2f) (t,z,O)rdzdtJr/T/ ’A_1/2<p(t,z,0)  dudt.
0 R 0 R
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Moreover observe

“+o0
A_1/2<p(t,:13,0)‘ = ’—/ agA_l/ng(t,:E,gj)dg'
0
+o0 5 1/2 +o0 5 2 1/2
([ aa) ([ 0o a)
0 0
which implies

/ /11@‘/\_1/2(‘0@’%’0)‘ dzdi < CH {v) A_l/Qay‘:"HLZ([o,T]xRi)

/T/R(atAl/Qf(t,z,O)fdzdt
0

T 2
240 —1/2 —-1/3
/O /R‘(ayA 25) (0, 0)| ot + O ) A0, 1y
This along with (43) and (44) yields the desired (42).
Step 5) Combining (41) and (42), we have, for any 1 > 0,

I (37;“)1/2 Ox A 2/3fHL2([O T)xR2) T [95A 1/3f||L2([0 T]xR2)

IN

_ 2
< CH (y) A 1/3ay(pHL2([O,T]><]Ri)’

and thus

T
< o /0 /R [(920-1721) (t,z,0>} dadt + Cey | () A~ 0,0 a0 1y m2
— —0 2 —0
+e 'C (H (y) 2 Al/GfHL?([o,T]xRi) + H ) e Al/Gme [0,T] xR? ))

(L [ A T N )

Moreover we use the monotonicity condition and interpolation inequality to get, for any 5 > 0

—0o —0 2 _ —0 2
| (v) & Al/6fHL2( 0,T]xR2) < ef ) . Al/SfHL?([o,T]xRi) & 1” {y) 2 f||L2([0 T xR2)
s _ 2 —0o
< el /0, A wa”L?([O,T]x]Ri) +Cs || (v) - fHLZ([o T]xR2)
_ 2 2
< o (ay“)l/2 O A 2/3f||L2([0,T]><]R2+) + Ce, ||f||L2([o,T xR2)"

From the above inequalities, we infer that, choosing €2 small enough,

1@y 0™ [ o ey + IOFAT I 070z
gsl/ /] 8§A*1/2f (t,z,O)’ dzdt
(45) o JR
—o _ 2
+Ca (H< e A1/6fHL2 [0,T]xR2) + H {y) A 1/3‘97490”L2([0,T]x11%<i))

+ Cor (1007132 0.11x8) + 1 I Zaqorryney ARl e ) -

Step 6) In this step we treat the first term on the right side of (45), and show that, for any 0 < e < 1,

20 —1/2
/ /‘ o, A f (t,x,O)’ dxdt

(46) <C||(0yu) /20, A~ 2/3f||L2 0.7]xR2) +eC||[A2Ba,n][3,

+C- (HfHLZ([o,T]xRi) + HanyLZ([o,T]xRi)) :

To do so, we integrate by parts to get

/T/R ‘(aﬁAfl/Qf) (M,O)‘2 dadt
0

([0,7]xR%)

2Re (8§’A*1/2 f, O2A12 f)

L2([0,T]xR%)

= 2Re (IA3f, 020 F)

£2([0,T]xR2)

14
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This yields

/‘ 82 1/2f txO)’ dxdt
2
(47) ]83 2/3fHL2 [OT]XR2)+25 1||a2 USfHLz([o,T]xRi)

= EHaSA 2/3fHL2([0,T]x1Ri) + CfHanyLz([o,T]xRi)’

the last inequality holding because we can use (30) to integrate by parts and then obtain

||8§A_1/3f||iz([0,T]><]R2+) = (8§A_2/3f7 aif) < ‘(83/\_2/3]”, 8yf)

< [|oyA~

L2([0,T]xR%) L2([0,T]xR?% )

(48)

2/3fHL2([0,T]xR1) ||ayf||L2([O,T] xR% )’

Thus in order to prove (46) it suffices to estimate ||8§A*2/3f||L2 oT

(10.7)xE2 )" To do so, taking first d, on both
) T

side of (28) and then taking A~2/3, we have the equation

A0, f + ud AT230, f + 00, A2/30, f — 0N f
AT239,h + [udy +v0y, A3, f — A=23(0,u)0n f — A™2/3(9,0)0, f,

which implies, by taking L? inner product with —83A‘2/ 3f

_ 2
HGZ)A 2/3fHL2([0,T]x1Ri)

— —Re (atA*Q/gayf, 783A72/3f)L2([0,T]><R2+)

~ Re (ud A2, f, —QSA*W’ 7)

L2([0,T]xR2)

_ A3 AT
Re (va Oy f, — f)y([o,T]lei)
(49) + Re (A *20,h, 63A_2/3f)
Y LQ([O T]xR%)
A-2/3 A—2/3
+ Re (ua + 00y, 10uf, = f)LZ([O,T]X]Ri)
_ A3 —OyA
Re ( (Oyu)sf, —O5A f)L2([o,T1xRi)
B —2/3 _93NT2/B
Re ( 6 U 6 £ 5 f)LZ([O,T]XRi)-

Next we will treat the terms on the right hand side. Observing
-2/3 _
oA~ Oy fl,_o =
due to (30), we integrate by part to compute

~Re (9A72/30,f, ~0IA"2/F)

L2([0,T]xR2 )
(50) = —Re (203A/%F, 9207/%)

=0,

L2([0,T]xR2%)

the last equality holding because

ATy = TS|y =
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due to (29). Since u‘yzo then integrating by parts gives

~ Re (u(’?zA_Qmayfv *aSA_QBf) L2([0,T]xR3)
’ +

— R awA—2/382 62A_2/3
€ (U yfa Yy f)Lz([O,T]X]Ri)

- Re (AP0, 1 GATET)
) +

1
_ 1 A-2/392 F A—2/352
> (@22, 3yf)Lz([o,T]sz+)

— Re ((0,w)0.A"2/%0,f, 8§A‘2/3f)m([0 .
) T

IN

1 _
ol ™20 g1y

-1/3 —2/3 2 270 —1/3 ¢]|2
+HA / (Oyu)0x A / 8yf||L2([O,T]><]R2+) + H(’?yA / fHN([o,T]x]Ri)'
On the other hand, using Corollary 2.5 gives

47750, 00050, 11152

< 2HA*I/B&CA*2/3((%u)@f”iz(mﬂXRi) 1 2l|A13 0,0, ‘911\’2/3}3nyQLz([o,T]XW+)
2

< CHanyB([O,T]xRi)'

Thus
_ —-2/3 _ 93A—2/3
Re (udA=2/%0, 1, ~O}A f)m([o,mm)
2 _ 2

(51) <C (Hayfum([o,T]xRi) + H@jA 1/SfHL?([o,T]x]Ri))

= 1193 A—2/3 ¢||2 2
=€ HayA / fHLZ([o,T]xRi) + CéHanyLz([o,T]xRi)’
where the last inequality using (48). Using (48) we conclude

= Re (00,0230, f, ~O3A~2/ f)L

2(]0,7]xR2)

5 _ 2 _ 2
5“82A 2/3fHL2([0,T]xR1) + CéHasA 1/3fHL2([0,T]xR1)

—
ot
[N}

~—

IA

IN

= 1193 A —2/3 £]|2 2
£ [loga / fHLZ([o,T]xRi) + CéHanyLZ([o,T]xRi)'
Cauchy-Schwarz inequality gives, for any € > 0,

Re (A™2/%9,h, —03A2/3
(53) e( T f)ﬂ([ovﬂxm)

. _ 2 T 2

< &fjoyA Q/BfHLZ([O,T]x]Ri) +e A 2/387Jh||L2([0,T]><1R2+)’
and

~ Re (A_2/3(8yv)8y [~ f)

(54) £2([0,T]xR%)
. _ 2 ~_ 2 2
= EHGSA 2/3fHL2([0,T]x1Ri) +e 1Hay”HLooHanyLz([o,T]xRi)
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and

e ([uds + vy, A0, f, ~03A~2/%F)

L2([0,T]xR? )

< A orpn ) + 26 [0+ 00y A0, Ly

= gHGSA72/3J8H12([O,T]XR1) + CéHanyiZ([O,T]x]Ri) + CéHainl/SinZ([O,T]xRi)

< 2 (0N 1 o myne ) + CellOnd [ 0.z )

the second inequality using Corollary 2.5, while the last inequality following from (48). Finally,

— Re (A23(0,u)0, f, —03A"2/3
e (A2 @,u)0.f, 0] f)Lz([o,T]ng

< oA ey + 5N 000 oy

< A o.rpmrz ) + € @02 L g e
_1H[8 u, A” 2/3}8 fHL2 ([0.T]xR2)

< A I o,rymz ) + Cll @) 20uN > F| a0 11m2

+C§HfHL2([O,T]><]Ri)'
This, along with (49) -(55), yields, for any & > 0,
_ 2
195A™ £l 2 0 e
5”83 2/3f||L2 [0,T]xR2) + e[| (Byu) )20, A" 2/3f||L2 0,T]xR2)
+Cs (HA 2/38thL2([0,T]xRi) + HanyLZ([o,T]xRi) + HfHLZ([o,T]xRi)) :
Thus letting € be small enough, we have

_ 2
H@;’A 2/3fHL2([O,T]><]R2+)

(56) < CH (ayu)1/2azA72/3fHip([o,T]XRi)

—9/3 2 2 2
+C (HA / athL2([O,T]><]R2+) + HfHLZ([o,T]xRi) + HanyN([o,T]xRi)) :
This along with (47) yields the desired estimate (46).
Step 7) Now we combine (45) and (46) to conclude for any 0 < g,e1 < 1,

| (ay“)l/2 8IA72/3f||iz([0,T]><]R2+) + ||82A71/3f||12( 0,T]xR2)
< ac| (ayu)1/2 a90/\_2/3fH2L2([0 T)xR2) T e1eC||A™ 2% h||L2 [0,7]xR2)
+Cere (H 20 Al/Gme [0,T]xR2) + H y) A 1/Sa&f‘PHLZ([O,T]xuﬁ))

+Ceve (10017 o.1m2) T 1172 oy + 1A 2Rl e )

which implies, choosing &1 > 0 sufficiently small,

H (Oyu) 1/28 A” 2/3=fHL2([O T]xR?) + H82 1/ngN([O TIxR

)
<e HA R0 hHL2 [0,7]xR2)
—0o _ 2
Ce (H e Al/Gme [0,T]xR2) + H {y) A UB@Y!SQHLZ([O,T]XRZQ)

— 2
Ce (100113 0.m1zz ) + 171 g0y 1A e )

17
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with € > 0 arbitrarily small. This, along with
H) ™2 Al oryney < Cl @) A2 I

IN

([0, T1xR%)

CH (y)_U/Q 81A‘2/3inQ ([0,T]xR%) + CHfHN ([0,T]xR%)

IN

due to (26), implies, for any € > 0,

)™ A2 aormrny + 1A Al a0 rice

< 5HA72/3ayh||iZ ([0,7]1xR2)
Ce (H (y) 0/28 A1/6fHL2(OT xR2 ) + H 1/3(’)y<pHL2 ([0,T]xRZ ))

A (e [ >+HA Ve )

This is just the first estimate in Proposition 2.6. And the second estimate follows from (56) and (57). Thus
the proof of Proposition 2.6 is complete. O

3. AUXILIARY FUNCTIONS AND WEIGHT FUNCTIONS

Here and throughout the paper we alway let u be the classical solution to the Prandtl equation (2). As in
[22], in order to overcome the degeneracy in x direction we work with a family of auxilliary function instead
of the original u. Precisely, with each m > 1 we associate a function

w

(58) fm = 0w —8—8’" = woy (am ),

where and throughout the paper we use the notation w = dyu. Now we introduce two weight functions to
be used later: recalling c is the constant given in Theorem 1.1 and A? is the multipliers associate to symbol

©*,

(3m+i)o
. i 2c R 1. i
(59) an = €2Cy (1 + ﬁ) (1 + Cy) A3
for each pair (m,i) € Zi with m > 1 and 0 <4 < 3, and
(60 b1 = 0

for each pair (m, i) € Zi with m > 3 and 0 < i < 3, where ¢ is defined by
oty =t(T—-1t), 0<t<T.
Without loss of generality, we may assume the above T' < 1; otherwise we replace the above ¢ by
~ t t
qﬁ(t)zf(l—f), 0<t<T.
As a result we have 0 < ¢ < 1 and thus
(61) <o,
provided 3 < mgo < mq and 0 < i9 <47 < 3. '
Next we list some inequalities for the weight W}, . Observe the function

-
7—><1+%>
Y

is a monotonically decreasing function as « varies in the interval [1, +oco[ for y > 0. Thus

(62) Viz 0, (W flla@ < Wi fll 12w,y
and
(63) VO<C<i<3 (Wo fll oy < Wi AP F | oy < W fll 2o

provided that m; > mo > 1, and that 3mso + ¢ — ¢ > 3ms3 + i. Moreover, since

2¢ ey’ ey’ 1
VO<a<3, Vy>1, |9 e 1+7 (1+cy) | < Cue® 1+7 (I+ecy) 7,
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with C, a constant independent of ~y, then the following estimates:

(64) 1180 Wil llp2ez) < ClWat |l 22

182 Wi f s < © (WA s + W50 e

(65) e -
C (Wit ll oz, + 9 Win [ poge )

IN

182 Wil Fleges < € (1WAl + W0l gy + W82 e

(66) ~ ) 7 2 7
< O (Wi + 10 Wi s, + 1930 )

hold for all integers m, ¢ with m > 1 and 0 <1 < 3, where C, C are two constants independent of m.

Assumption 3.1. Let u,v be the classical solution to Prandtl equation (2) with (25), (27) and the following
two conditions fulfilled:

(i) for some o > 1/2 and some constant C > 1, we have
CoH1+y) 7 Sw=0yuly) < Cull+y)™*
and
|05u(y)| + |0july)| < C.(l+y) 777

(ii) we have

V1<a<k +2, Z |05e 2cyaJuHLw ([0,.T]xRZ) = < Ca

Jj=1
with C,, a constant depending only on a.
Lemma 3.2. Let Assumption 3.1 be fulfilled. Let c be the constant given in (59), and let A™,AS> be the

Fourier multiplier associate with the symbols (€)™ and (5¢)™, respectively. Then there exists a constant C,
such that for any m,n > 1,0 < ¢ <3, and for any ¢ > 0 with ¢ < ¢, we have

7 IATNZO ] < CIATAFWE
and
(68) ||AT1Ag28;n’UHL°0(]R+; L2(R,)) < CHATIA?WT{fW“HLQ(Ri)'

Proof. In the proof we use C' to denote different constants which are independent of m. Observe w € L™
and w > 0 then

alu

e A™ AT < Ol e AT AF == o e

u||L2(R2
On the other hand, integrating by parts we have

HecyAnA'rQ aﬂc uHLZ(]RZ) _ / /Oo (AnAm aﬂc u> ATlAT2 8z dyd:c
R JO w

1 e 26y - Oy am
— c AT1A 2 Y AT ATz T
2&/]R/0 (Gye )( ” ) dyd:z:
L L[ (g )]an s
2¢ Jr Jo w
i// (ATIATQa >8 ATIAP —— 896 dydz
w

c T T am u C T T 8 u
A A7 2 ez, () e

IN
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which implies

oM
HecyAﬁA‘rg T

IN

HGCZ‘/ATlATQa < ZJ ) ||L2(]R2
TLAT2 ,CY, \— am
= [[ATAPeYw W, ( > >HL2(R)

¢ T1 AT a u cy, — T1 AT a;nu
He YT IA YA WOy ( » >HL2(R1)+H[6 Y, A1A52]w6y <T> HLQ(Ri)'

Thus we have, by the above inequalities,

o )

IN

CYATL AT29m Cy, —1ATLAT2 a;nu cy, ,— T1 A T2 a;nu
eV AT AP ul|, 5 gy < Clle¥w™ AT AT WO, <T) Iz + Cll[e¥w™, AT AT ]wdy (T)

=) 2 e -

On the other hand, Assumption 3.1 enables us to use Lemma 2.4 with A(D,) = A™A}? and ¢ = w™'e®, to
obtain

c — T1 AT a;nu TL AT a;nu
e, APty (B oy < Ol azd, (Z2) e
N om
S CHeCyw*lATlAgzway <ITU) ||L2(]R%r)
As a result,
c T1 A T2 QM & — T1 A T2 a;nu T1 AT2
He yA A(5 (91 u”LZ(Ri) S CHG yw 1A A6 way <T) ||L2(]Ri) S CHA A6 vaf’m||LZ(]R1)7

the last inequality using the fact that f,, = w0, ( ) and that

B B 2 —v/2
MWl < Ce(1 4 y)7 < O (1 + Cy)

for any v > 1. This is just the desired (67). Now we prove (68). Recall v(t,z,y) = —foy Oru(t,z,y')dy'.
Then we have

Yy

AT ATy = — / AT AT (e, )dy
0

Therefore

[ATAFOT V| LRy L2(R))

IN

_é é T1 A T2 gm+1
6 A7 AP
= CHA“A?Wffm+1||Lz(R1)’
the last inequality using (67). Thus the desired (68) follows and the proof of Lemma 3.2 is complete. t

Lemma 3.3. Suppose Assumption 3.1 is fulfilled. Then there exists a constant C, depending only on o, ¢,
and the constants Cy, Cy in Assumption 3.1, such that for any m > 1 and any 0 < £ < 3, we have

(69) )™ Wh ol e + 1™ W07l e < CIWo Tl e

Proof. In the proof we use C' to denote different constants which depend only on o, ¢, and the constants
Cq,Cy in Assumption 3.1 and are independent of m. By Assumption 3.1 we see

—(3m+L£)o /2 —(3m+L)o/2
1 2cy 1 o1 2cy
14+ ———— 1 < C(1 7 14+ ————
w (y) ( + (3m + ) (1+cy) - (1+y) + Bm+Ll)o
—(3m+£)o /2
ol 2cy
< CRa'Jrl R o—1 1 ==
- (R+y) * Bm+{)o ’
where R > 1 is a large number to be determined later. Thus using the notation
—(3m+L£)o /2
2cy o
bt o) = (14 ——— R ot
we have
_ or'u A3
1 ¢ am _ 4 o+1]| 2cyrR T
[ W)™ W,,0; UHLZ(M) = [Jwy)™ LW ||L2(]R2 < CR7|e*by, , HLQ(Ri)'



QRANDTL’S EQUATION 21

On the other hand, Assumption 3.1 enables us to use Lemma 2.4 with A\(D,) = A3 and ¢ = w™!, to obtain

o
(A2, ™) 0wl o s ) < Ol 0] sy < Clle* VB == | g
and thus
AB3gm o _17 2¢ m
100 = o, < AP gy + (| [AY° w7 ] 0| s
< CH 2cbe AZ/Ba u )
Combining these inequalities we conclude
_ o
(70) | )™ W0 ] gy < ORI PWBE AP L
Moreover, observe u|y:0 = 0 and thus we have, by integrating by parts,
ool AP, = L[ e )’ (Af/Baw“) A2 gy
= £ @ o) (3 ) sy
b [ el @t (202 P
w

,_// ey (bﬁe(y» [a <A€/3a u>:|AZ/3a dydz
4c Jr Jo ’

LT e /3950 o pes (O
40/]11{/0 e (bmﬁe(y)) (A - Oy A - dydz,

|0,b5 o] < (¢4 (0 + R™') ]

m, £

which, along with the estimate

gives

oM 5 < +(0;—1) H 2cbe Aé/ga m
C
|| 25be Aé/?:

ey (A"/? l2ecee

ol u

o
2cy R /3%
et o, (AP s
Now we choose R =1+ 2(c + 1)c™ !, which gives R > 1 and

(c+1HR' <

l\DIﬁ

Then we deduce, from the above inequalities,

a a
H 2cbe Al/3 UHLQ r2) < Hezcbe 3/\8/3( wu> HL%R?@'

Moreover, observe R > ¢~ + 1 and the monotonicity assumption w > C (1 +y)~7, and thus

. ey —(3m+L)o/2
b < 1 (1 Tl
< c(l+y) 71 +cy) ( +(3m+€)0)
—(3m+L)o/2
_ 2cy
< Cw(l 14— — .
R e

As a result, we obtain

Hezcbe Ae/s o7'u

ou
m0y <T) "LZ(Ri)’

®3)
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which along with (70) gives

H <y>_1 Wéa?u”m(mi)

olu
sy (%) e,

au 0w
Wt () e + Ol w2100 (%) e

On the other hand, Assumption 3.1 enables us to use Lemma 2.4 with A\(D,) = A2 and ¢ = we?¥, to

IN

IN

m+L)o
obtain, using the notation p,, ¢(y) = e*¥ (1 + (373332) ) ez (1+cy)~t,
o o
| [w, W50, (T) 2y = Il A3 o ()0, (T) 22e2)

iy 9%
= |[fwe*¥, AY3]e 2% py o(y)0, (Tu) ||L2(R1)

am
C||6726ypm7e(y)8y <I_u) ||L2(Ri)

w

8m
< Cllpm,e(y)wdy (z—u) 2@,

w
‘ oT'u
< it (%) s

Then, combining these inequalities we conclude, recalling f,, = wd, (6%: u),

IN

_ Iy
™ W0l ey < W0, (2 ) e, < CIWE Sl

This along with (58), yields

)™ Wkl e
<[ )™ W fonll gy + 0™ Wi (9y) /) 05| 2 e
- <) Wl ey + 1 (@u)fw) )™ W] o e
(@), Wi ()™ Ol s

< ) W ol g+ €l ) W

< CIWhfoll oo

“HLz(Ri)

where the third inequality holds because Assumption 3.1 enables us to use Lemma 2.4 with A\(D,) = At/3
and ¢ = (Oyw)/w. Then the first inequality (69) follows and thus the proof of Lemma 3.3 is complete. O

Lemma 3.4. Let m and i be given with m > 1 and 1 < i < 3, and let 7 € R. There exists a constant C
such that

vrer (), [[0) 0NN s < IOV | + OIS oo

Proof. In the proof we use C' to denote different constants which are independent of m. By the definition of
W,zfl, we can write
_ @Bm+i-1)o
2

T/ — c 2C’y — iaT TN/
AVBAFWT = <1 i m> (1+cy) TASA] = ami(y) AT,

where
_ @Bm+i-1)o (3m+i)o
2

amn<y><1+<3m+2%1)a) 2 <”<3n3%i>o)
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Direct computation gives

0‘/2 _ Bm+ti)o (Bm+i)o
2cy 2cy 2 2cy 2
14— —_— 1+ —Y
Bm+i—1)o Bm+i—1)o (Bm +i)o
20y o/2

)) 1t
)
0

|am,i(y)]

IN

Bm+i—1)o

Moreover observe |9yam.i(y)| < 2¢|am,i(y)|, and thus

1Oyam.i(y)] < C ()7
As a result,
H< > ‘7/28 A1/3A‘rwz 1fHL2

(R%) H <y>_0/2 ayamviAgW;fHLz(Rﬂ

< Jlw amviayAEWrzﬁfHLZ(Rb + [ )72 (Byam) AFW, fHLZ(]RZ
< (10T e, + IAEWES e )
The proof of Lemma 3.4 is thus complete. (]

Lemma 3.5. Suppose Assumption 3.1 is fulfilled. There exists a constant Ly, depending only on o, ¢, and
the constants Cy,, Cyx in Assumption 3.1, such that for any integers k > 2 and 1 < i < 3, we have

[0 AT2 A5 2 G Wi | + |O5ATT A2 LW |
+ Ly ||03AT2BA ¢ Wi fi

L2([0,T]xR2) L2([0,T)xR%)
(72) < Ly||02ABA P S Wi fi

+ La| 0y Wi fi

||L2([O,T]><]R2+) ||L2([O,T]><]R2+)

HLQ([O,T]XRi) + CHQSL_lwli_lfk||L2([07T]XR2+)7

||¢2ngkaL°°( 0,T]; L2(R2)) + Hayéf’ngikaLz( 0,T]xR2) + H82A72/3¢2W’8ﬁ“||L2([07T]XR2+)
(73) < L1||¢k IWk 1fk 1||L°°(OT] Lg(Rz))‘i’LlHayd)k IWk‘ 1fk 1HL2([OT]XR )
+L1H8§ 2/3¢k—1Wk—1fk*1HLZ([O,T]xRi)’

Hai’ 1¢kakaL2([0T]xR)
(74) < Ll“‘ﬁk—ka—lfk*lHLoo([o ), 12®2) T LlHayqsi—lwkg—lf’“*l||L2([07T]XR2+)
+L1H82A 2/3¢k IWk 1fk 1HL2(OT><]R2 +LlHaSAil(bi—IWkg—lfkflHL2([O7T]XR2+)7

(75) "A72/3¢2—1W1i_1fk HL?([O,T] xR%) <L "¢2_1W1§_1fk71 HL?([O,T]xRi)

HA_2/381/¢271W1271JC’€ ||L2([O,T] xR%)

(76) . . . .
= L1||8y¢}€*1W73*1fk_1||L2([O,T]><]R2+) + LlHqﬁ;cflwlzflfk—lHLZ([O,T]xRi)'

Proof. In the proof we use C to denote different constants which are independent of k.
(i) To prove (72), we use (65) and (66), respectively, to compute

||8§ 2/3A ¢kafk||L2(0TxR2)
||A 2/3A6 ¢ka8§fk||L2([0,T]><]R2+) + HAJ/SAEQ[&;’ Wlﬁ]‘ﬁf’cnm([o,ﬂxm)

[ R CAT T+ OAT A G f

IN

IN

||L2([O,T]><]R2+) ||L2([O,T]><]R2+)

+C||[A2BAF2 QL WD, fi 220y )22
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and
Hai 1A ¢kaf’€HL2 ([0,T]xR2)
< HA 1A6 ¢kaank||L2([OT]><]R2 JrHAilAd[ag’ W’ﬂ(b;ckaLZ([O,T]xRi)
< HA_IAEQ%Wéan’CHB [OT]XRZ)J'_CHA A5 ‘kakkam([o,T]xRi)
+0HA71A5_2¢§€WkayfkHL%[O,T]X]R?QJrCHA A ‘kaka;kaLz([o,T]xRi)'
Thus

||85A72/3A52¢2W1ifk ||L2([O,T] xR2) + "aSA71A52¢2WIifk ||L2([0,T] xR?%)

< CIATAT AW fill oo ry ez y + CIAT AT WO Fill ooy cmz
+C AN W0y fill L2 o 1ymz ) + CIAT AT AW il 2 0.y

< ClATEATZ WL 05 fel oo sy + CIAT AT WL 0 fel o e
+C"A71/3A52¢7§W1§_13yfkHL2 ([0, T]><R2)+CHA VAT W 1f’€HL2 ([0,7]xR2 )’

the last inequality following from (63). Moreover, using (64), (65) and (66) again implies

A=A W 0k 2 o ey + AP AT ST O el 2 g0 11z
+"A71/3A52¢2W1§718yfk||L2( 0,T]xR%)

< OlOGAT AT AW fiell o myerz ) + CHOGATPAS W Fill 2 o e
+OYIOAT A GWT il o rymzy  CIAT AW el o 102
< OlOGAT2 AT AW fill o myemn )y + CHOGAT AT W Fill 2 oy

0110857 Wi fill 2 o,y + OB Wi Fisll o o,z -

Combining these inequalities, we obtain (72).
(7) The proof of (73) and (74) is quite similar as in (72). So we omit it here for brevity.
(ii) We now prove (75). Recall that

2/3777i—1 2cy - C1aia—1
A2BWIT i = e <1+m) (I+cy)  ASA " fi.
Observe
2y —(Bkti-lo 20y — Be=Dtio
(i (i)
since

-
= (1+2)
v
is a monotonically decreasing. Thus

(77) HA_2/3¢§671W1271fkHLZ([O,T]xRi) = }’A_l(bz*lwlz’*lfkHL%[O,T]X]R?J'

24
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Moreover, in view of (58),

HA_l(b;c—lwliflfkHL2([O,T]><R1)

o ; _ Oyw 1
< HA 1¢k71kalal(a§ 1w_y785 1U)HL2([O,T]><]R1)
+|| AT e Wi, [0n ((ayw)/w)]af_lunw([o,T]xRi)
< Hd);‘cflwliflfkflHLQ([O,T]XRi)
+||[02 ((ayw)/w)]A_1¢271W1§71a§_1u”L2([o,T]xRi)
+|| [81 ((Oyw)/w), A_lwlf;ﬂ]¢2718§_1UHL2([0,T}xR1)
<

Héf’iqwli—lfkfl HLZ([O,T] xR2)

02 (Oy0) /) | A by W1 05 a0y )

02 (@) /) () s AT W] ()™ G410 0l e )

< NG Wiaafitll o ro.pere ) + OO G W05 g 72 )

the last inequality using Assumption 3.1 and Lemma 2.4 with A\(D,) = AY3~! and ¢ = (y) 9, ((O,w)/w) .
This along with Lemma 3.3 gives

HAild)}IC_lW/i_lfkHL%[O,T]X]R?Q < CHQZ’z—lWIi—lfk*lHLZ([O,T]xRi)’
and thus, combining (77),
HA72/3¢§€71W1271fk||L2([O,T]><]Ri) = CH(z);C*lW’i*lfk*l"LQ([O,T]XRi)'

Then the desired estimate (75) follows.
(iv) Now we prove (76). The proof is quite similar as above. In fact we have, making use of (64),

|A=220,61_ Wi fil L

([0,T]xR2 )
= HA72/3¢§€—1W72_189]%HLQ([O,T]XRi) + H [ay’ W/i_l]A72/3¢§€—1fk"LZ([O,T]XRi)
= ||A_2/3¢};71W£718yfkHL2([O,T]XR2+) + HA_2/3¢?671W1271fk||L2([O,T]><]Ri)
<

HA_2/3¢§€—1Wli_layfk"LQ([O,T]XRi) + H%—lwli—lfk—l HL?([O,T]xRi)'

the last inequality following from (75). As for the first term in the last inequality we have, repeating the
arguments in the proof of (75),

HA72/3¢271W12718?Jfk ||L2([0,T]><]Ri)
A~ )  Wi_ 10y fi HL?([O,T]xRi)

= CHayQS;c—lWIi—lfk*lHL?([O,T]xRi) + C}"z’z—lwli—lfk*lHL?([O,T}xRi)'

IN

A

Thus combining these inequalities we obtain the desired (76), and thus the proof of Lemma 3.5 is complete.
O
4. CRUCIAL ESTIMATE

We will use L? method to prove the Gevrey regularity. To do so we use induction on k to estimate the
weighted L? norms of d%u, and in view of the conclusion in the previous section it suffices to estimate its
equivalent form f,, instead. Recall f,, is defined in (58), i.e.,

fm =03 w———03'u, m>1.
w

We can verify that, seeing the appendix in Section 6, the above f,, satisfies the boundary problem:

O frn + 0y frn + vayfm - aifm =Zn
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and
Oyw
(78) 8yfm|y:0 = 0; (8tfm - 8§fm) |y:0 = -2 |:8y (%)] fm’yzov
where
m m—1
m - m -
zn=-3 (") @i = X (M) @000y
(79) = ) o
Dyw < [m y - Dyw
a (%) > (") @z 2o, (22)] 5.
Thus, recalling W/, is defined in the previous section, W, f,, satisfies
(80) (01 + udy + 00y — 0f) W), fir = Zms,
where
m m—1
R o (m) WA @) frir s — 3 (m) W (050)0), fes
i=1 N i=1 N
(81) ‘ Oyw — (m\ .. ; Oyw
— 9 ¥i m—j _ L Yy

+ [0y + 00y — 02, WS] fm.
Moreover, if 9; W', fm € L*(R%), then
(52) O Wi gl o =0

in the sense of trace, due to the fact (78) and that

—(3m+i)o/2
2
(o) v

=0.
3m +i)o

y=0

Assumption 4.1. Let ko be the integer given in (18). Suppose that

+ max \]chyaya;‘fm ) < Ca,

2cy Qo
VO<a<hko+1, 152%s [Een meLoo([o,T]xRi) 19me6 HLOO([O,T]xRi
where Cy, is a constant depending on o.

Let’s first introduce the following induction assumption.

Definition 4.2 (Assumption Hy ;(A)). Let A be a given constant and let k > 7 and i > 1 be two given
integers. We say the sequence { fm},,~,, which defined by (58), satisfies Assumption Hy, ;(A) if the following
conditions are fulfilled: using the notation s = 3 + 30,

(i) for any 6 <m <k—1, for any 0 < ¢ <3 andanyogfgi—l, we have
BN LWL fry BNV LWL S, € L2([0,T] x R2);
(i) for any 6 <m <k —1 and for any 0 < ¢ < 3, we have

5

_2
H(bfintLmeL%([O,T] rew2)) HayqﬁfnwﬁzmeLz([O,T]xRi) + [l97A S(banﬁLfWHLZ([O,T]XRi)
< AT ((m—5))° (m—4) 7
(iii) for any 0 <l <i—1
o o o
Hfi’iW;fkaLoc([o,T]; r2@2)) + ||3y¢£szkaL2([o,T]xRi) +[|o;A 5 iwlfkaLz([O,T]xRi)

< AFSHE (k= 5))° (k — 4)%.

“lff:l

Now we state the main result of this section.
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Theorem 4.3. Let u,v satisfy Assumption 3.1, and let the sequence {fm}mZP defined by (58), satisfy
Assumption 4.1 and the above Assumption Hy, ;(A). Then

S AT W fi € L2([0,T] x RY)

and moreover, there exists a constant Lo, depending only on o, ¢, and the constants Cy, C.., Co in Assumption
3.1 and Assumption 4.1, but independent of k and A, such that

H(bzwéfk"Lw([O,T]; L2(R%)) + "ay¢2wlifk||L2([o,T]xRi) + "83‘/\7%gb?cwlifk”LZ([O,T]xRi)

(k=) (k- )T,

< Ly
where s = 3 + 30.

4.1. Estimates on nonlinear terms. In this subsection we estimate the nonlinear terms Z,, , defined in
(81), seeing Proposition 4.4 and Proposition 4.9 below.

Proposition 4.4. Let A™, A} be the Fourier multipliers associated to respectively the symbols (£)™ and
(66)™ with 1 < 0 and T2 < 0, let u,v satisfy Assumption 3.1, and let the sequence {fn}, -, defined by
(58), satisfy Assumption 4.1 and the above Assumption Hy ;(A) (see Definition 4.2). Then there ervists a
constant C'; such that for any 6 <m <k and any 0 < ¢ < i we have

HATI A?Qﬁfnzmvf HLZ([O,T] xR2 )

< mO|AT ARG Wi fn + Cl[A™ AR O, W fn )+ AT (n = 5)1)" m

HL?([O,T]xRi) HL2([O,T]><]R1

Remark 4.5. The constant C' in the above proposition depends only on o, ¢, and the constants Cy, Cy, Cy
in Assumption 3.1 and Assumption 4.1, but doesn’t depend on m and 9.

In view of (81), we see

HAnA§2¢fan,ZHL2([01T]><R2+)

Ms

S ( ) ’A71A7'2¢€ W’r{l(a;u)fm'i'l_jHL2([O,T]><]R1)

1

<.
Il

—1

3

+

( )HATlATz(bf W@( 0)0y frn— JHLQ (10,71x®2)

+

‘MH HM

< )||AnAfz¢f Wi, [0, (9 /)] (20 (@2 0)| 2 (0 e

+2HA7'1AT2¢€ WZ [ ( yw/W)] meL2([O,T]><]Ri)

+ AT ARG, [0y + 00, — O, Wfl]fWHLz([O,T]x]Ri)'

So in order to prove Proposition 4.4, it suffices to estimate the terms on the right hand side. We will
proceed through the following lemmas. In the following discussions, to simplify the notation we will use C
to denote different constants which depend only on o, ¢, and the constants Cy,Cy,Ca in Assumption 3.1
and Assumption 4.1, but don’t depend on m, & and the constant A in Hypothesis Hy, ;(A).

Lemma 4.6. Under the same assumption as in Proposition 4.4, we have

m—

1
< ) |AT1ATZ¢6 WE(990)8y fn— J||L2 0,T]xR2)
7j=1

< mO|[AT AP ¢L W, fm

wl?

m—6a L
HL?([O,T]xRi) +CAmS ((m = 5))"m
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Proof. We first split the summation as follows:

m—

1
< ) |ATIATZ¢Z wt (8J )(9 Jm— JHLZ [0,T]xR%)
1

Jj=

3
= Z< )|A71Arz¢l Wf( 0)Oy frm— J||L2 (10,7]xR2)
j=1

m—1

Z < )HATIAT% ( )(’) fm— JHL2 ([0,T]xR%)
=m-—3
—4

_|_

+ ( )HATlATz(be W@( )8 fm JHLZ [0 T]XRQ)

j=4
Moreover as for last term on the right hand side, we use (63) to compute, observing 71,75 < 0,

HATlAg2¢an£1(ai’U)ayfm_j}’LQ([O,T]XRi)

< Héf’an%Al/S(agv)ayfm*jHL?([O,T]xRi)

S H¢€ WO Al((?ﬂv)a fm*jHLZ OT]XR2)

= H¢e WO aJ )8y frn— JHL2 ([0,T]xR? ) + H¢e WO (8gv)ayfm*jHL?([O,T]xR’i)
<

H¢ WO aJ )a fm ]HLQ [OT]XR2 +H¢ WO 6J+1 )ayfm_jHLz([O,T]XRi)
+H¢ Wi (02.0)(0y D frn—3) HL?([O,T}xRi)'

Thus we have

m—1
m TIAT2 40 4 ]
([T
5 m
<> (])HA“AW Wi 0200y Fin—s | 210,71 x82 )
j=1
m—1
+ Z < )]ArlAmqse W, (030)0y fn— illz2(omixs )
j=m-—3
(85) =
m .
m—4
+ Z ( >H¢e WO a]+1 )8yfm7jHL2([O,T]><]R§r)
j=4
—4

£ [ ATl p—

=4

<.

Next we estimate step by step the terms on the right side of (85).

(a) We treat in this step the first and the second terms on the right hand side of (85), and prove that

z_:( )HATIAT% ( )(’) - JHL2 ([0,T]xR%)

86 T1AT2

(56) + Z ( )HA As ¢é Wé( )ayfm—jHLZ([o,T]xRi)
j=m-—3

s

TLAT m— £ S 2
S mCHA A52¢an7ifm}’L2([0,T]XRi) + CA 6+6 ((m - 5)') m
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IN

IN

IN

IN

the third
gives

IN

AMw

IN

Thus, we

IN

IN
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we have, observing 71, 7 <0,

Z ( > [[A™ AT 6, W (070)0y fon—; HL?([O,T]XM)

j=1
3
j; <m> Hqﬁfnw’ﬁl(aiv)ayfm—jHLQ([OﬁT]XRi)
3 Vi WZ ) ] 3 m Wé aj Y. 9 ‘
J; ( )H ¢ fm—JHLz([O,T]x]Ri) +jz:; (] ) H[ m> ( zv)}(bm yfm_]HLZ([O,T]x]Ri)
3
C — ( )que We 9 fm_jHL2([O,T]><]R2+)
=

w

4 4
O3 ()b ot

inequality using Corollary 2.5, while the last inequality using (61) and (62). Moreover using (64)

M-

m
() [ T P

1

J

3
() [ S Y (| CIC AR Y A P
Jj=1

Jj=1

3 3
m
Z (j ) Hayqﬁfn—jwﬁl—jfm_jHL2([O,T]><]R2 + CZ ( ) H¢ jfm—jHB([o,T]xRi)'
j=1 j=1
obtain, combining these inequalities,
3 /. }
Z ( ; > HATlAgQQbanr{z(aiv)ayfm*jHL%[O,T]xRi)
j=1
3 m

cz L P R DL ) [ AL ER S ey

& m
CZ< )||8y¢fn —J fm J||L2 [0, T]xR3. +CZ< ~>||¢fn—jW7€1—jfmj||Loc([0,T]; L2(R%))

J

This, along with the estimate

<

<

3 3
m m
S ()00t Wy Fmslinqompeesy + 22 () 1bumsWonms sl oy, e

j=1 =1 \J
3
S AT (= =5 (= )

CA™ 55 ((m —5))* m™

due to Hypothesis Hy, ;(A) and the fact s > 3, gives

(87)

Z ( >HA71A7—2¢€ WZ (83 )0y frm— JHL2 (l0.T)xR2) < CAm—G-i—é ((m — 5)! ) e
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Direct computation gives

Jj=m— J
m—1 m
< Z <J)||AT1A3’2A€/3 20y(1+cy) (be (83 )8 Jm ]HL2 [OT]X]RZ)
j=m-—3
m—1
< Z <Tjn) ||€25y Ay fm ])AnATzAé/B (1+cy) 1 glaa]c-vHL?([O,T]xRi)
j=m-—3
m—1
+ <T) H [*Y Dy fin—), ATlAgZAe/B] (L+ey) ™ fnagvHLQ([O,T]xRi)
j=m—3
R

J1

IN

< )H 1+ cy) 1||L2(]R+, L°°([0,T] xRy, ))HATIAT%E AWB&]UHLW(R+; L2([0,T]xR,))

IN

v”L%(Dh; L2([0,T]xR,))’

= (1)l ae

since ¢f, < ¢J+1 for j < m — 1. Moreover Assumption 4.1 enables us to use Lemma 2.4 with A\(D
ABATIAT? and g = €2Y0y fru—j,m — 3 < j <m — 1, to obtain

Jo

IN IN IN IN
Q Q Q Q
ng %MS %MS %M

AT A4, A30)

AN
Q
i\g

U}’LW(R+; L2([0,T]xR,))

m—1
m T1AT2
< 0 (TIAARA WAL i
j=m—3
m—1
< C < )||AT1ATZ¢J+1 J’e+1fj+1||L2([o,T}xR2+)’

j=m—3
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the second inequality use (68) and the last inequality following from (63). Moreover we use Hypothesis
Hj, ;(A) (see Definition 4.2), to calculate, observing s > 3 and 7 < 0,

m—1

j:mz:_3 (] ) HATlATz‘bJH J'é+1fj+1HL2([O,T]><]Ri)
< m||AT1A§2¢anémeL2 [0,T]xR?) +C Z ( )H%H jéHfj“HLW([O,T]; L2(R2))
j=m-—3
m—2 |
< AT ARSI s o )+ D2 G AT G- G+ DF
j=m-—3

£s

< m||[ATAZGLWE fn )+CA’”*6+§ ((m—5)1)"m*.

HLZ([O,T}x]R?+
Thus we have, combining the above inequalities,

m—1

3 (j)HAnA%e LEAC A AT (S

j=m-—3

< mC| AT AP LW

Ls
mmem([o,T]x]Ri)

+ CA™ 5 (m—5)1) m.
This along with (87) gives the desired estimate (86).

(b) We will estimate in this step the third and the fourth terms on the right hand side of (85), and prove
that

m—4

Z < )||¢e WO )8 fm— J||L2 ([0,7xR2)

J

j=4
m—4

< )W W (92 0)0y fini | 12 10 2 )
< car- O ((m—5)°.

For this purpose we write, denoting by [m/2] the largest integer less than or equal to m/2,

m—4
Z (Q > H(bl WO 8J+1 )ayfm*jHLZ([o,T]xRi)
j=4

(/2]
m 0 1170 [9j+1 _
(39) = <j ) (CALCARDICT Sl P Y
m—4
D S (A AT U
g=[m/2]+1
= 51 + 9.
We first treat S;. Using the inequality
fn = < +3¢m 7 Wr?z S W7917] fOI‘j Z 15
gives
(]
$1= 30 (7)1 00, s oy
(90) =
(]
= <J ) ||¢J+3a +1v||Lw([o,T]xRi) H(b?n*jWS%*jayfm*jHLZ([O,T]xRi)'
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By Sobolev inequality, we have

H¢2+38£+1”||Loc ([0.7]xR2)
= C||¢9+38£+1UHL00( 0,T]xRy; L2(R,)) T CH¢J+38‘+2’UHL°°([O,T]><]R+; L2(R,))
= CH¢?+2850+1“HL00([0,T]xﬂh; 2R T C|| 654504 +2’UHL°°([O,T]><]R+; L2(R,))
<

C||¢?+2WJQ+2fj+2||L°°([O,T]; L2(R2)) + CH¢J‘+3 JQ+3fj+3HL°°([O,T]; L2(R2))’

the secomd inequality using (61) and the last inequlaity following from (68). As a result, we use Hypothesis
Hj, ;(A) (see Definition 4.2) to compute, for any 4 < j < [m/2],

16545007 0[] e (o, rpmz ) < € (A5G = 3))" + 472 (7~ 2))7) < CAT2(( - 2"

Moreover, using (64) and Hy, ;(A) (see Definition 4.2) we calculate, for any 4 < j < [m/2],

||¢9n—j 8 y frn— J||L2([O T]xR2)
= ||ay ?nfjWO jfm- J||L2([o T]xR2 )+ ||¢?n,j [ay’ ngfj}fm—jHLz([O,T]xRi)
S R T L B P
= ||ay ?nfjWO jfm- J||L2([OT]><R2)+CH¢?“*J' —jfm- JHLoo ([0,77, L2(R%))
< CAMTIT ((m—j = 5))°.

Putting these estimate into (90) gives

[m/2] |
550 Y AT G- (4m= (-5 )
[m/?]
<O Y AT G- (=5
(91)
[m/2]

<C Z m/2 A" (m = T))*}

< C(m —B5)A™T (m —T))*
< CA™ O ((m—5))°.

We now treat S5. Using the inequality

m < O < a1y Wi S Wiy for j> 1,
and thus
m—4
So= > ( )H(be WO (9i+1y )ayfm_jHLZ([OﬁT]XRi)
[m/Q
m—4 )
< ( )H¢J+28]+1UHL°°([O,T]><]R+; L2(R,))
(92) s=lz]n
H¢ J+1 J+1a fn— JHL2([O T|xRy; Lo (Ry))
m—4
m
< X (M) atisal o, oy
j:[m/Q}-}-l

H¢ —j+1W J+1a fm— JHL2 ([0, T]xR; L>°(R,))’
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the last inequality using (68). As for the last factor in the above inequality, we use Sobolev inequality, (61)
and (62) to compute

H¢ —j+1W J+1a fm— JHL2 ([0, 7] xR ; L>=(R,))
CH¢ —+W, J+1a Jm— JHL2 ([0,T]xR2) +CH¢m J+1W0 —j+10y 0z frn - J||L2 ([0,7xRZ)

C"¢m—ij—jayfm_jHL2([O,T]><]R2+) +CH¢m_j+1W —j+10y 0z fm - JHLz ([0,T]xR%)"

IN

IN

On the other hand, in view of the definition (58) of f,,, we have

H¢m i+ W y+16 Oa fim— JHL2 ([0,7]xR’2)
< |lém —j+1 W, g+1a fm— J+1HL2 (10,7]xR2) + Hqﬁg%fjJer —j+10y (07 u) 0y ((Oyw)/w) ||L2([O,T]><]R§r)
< lom fj+1W7?zfj+13 an*jJrlHL?([O,T]x]Ri) + [ Em 1 Wi 41 (077 w) s ((Oyw) /w) ||L2([O,T]><]R2+)
+||¢ W, ;+1(am J )00y ((Oyw)/w HL2 ]><1R2)
= CH¢ —j+1W a+1a fm— J+1HL2 ([0,7xR2) +CH ¢0 Win— Ja;ni wHLz([O,T]xRi)
+CH<?/>_ ’rOn— m— ga;n “HLZ([O,T]xRi)’

the last inequality using Assumption 3.1, (61) and (62). Combining these inequalities, we conclude

[ &1 Wi j 110y Som— JHLz(oT]xR+ L= (R,))
< CH‘bm—j m—jayfm—me ([0,T]xR%) +CH¢m—j+1W g+13 Jm— J+1HL2 ([0,T]xR%)
O )™ 8 W0y + O 0 B W02 s
< Cl|0ydm— Wi - JHL2 [0,T]xR2 ) +C||0y J+1W7(T)b—j+1fm*j+1||L2 (0,7)xR2)
+CSmsWin—j Fn=ill 2 (j0.1yx82 ) + CllSmjis Win g =it | 2 po,1yxm2 )

where the last inequality follows from (69), (64). This, along with Hypothesis Hj, ;(A) (see Definition 4.2),
yields, for any [m/2] +1<j5<m-—4,

H¢m —j+1W, g+16 fm— JHL2 ([0, T]xR1; L>=(Ry))
CA™ =5 ((m —§ —5))" + CA™ T4 (m — j — 4))°

<
< CAmTTH((m—j - 4))°.

On the other hand, Hypothesis Hy, ;(A) (see Definition 4.2) yields, for any [m/ﬂ +1<j<m-—4,
H¢2+2WJQ+2fJ'+2HLOO([O,T]; L2(R%)) <A ((G—=3)1°.

Putting these estimate into (92), we have

m—4
DREN D S U (F 3)!)S<Amj4<<mj4>!>5)

j:[m/z}ﬂj'(m_j)
D> ;%smmif) AT (G =3))" (m—j =)

j:[m/z}ﬂ

iy m!
m—T m — .5—1

: C,_[%H m2pm i (T
< C(m=3)1 A" ((m = 7))
< CA™ ((m - 5))°,
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the last inequality using the fact that s > 3. This along with (91) and (89) yields

m—4
Z ( )H¢e w2 (99+1w )ayfm—j||L2([07T]xRi) < CA™ S ((m —5))° .

Jj=
Similarly, we have

m—4

5 (") 1652020000l < CA™ (=50

j=4
Then the desired estimate (88) follows.

(¢) Tt remains to prove that

m—4

(93) Z (])W W2 (350)(0yOs frn—; ||L2 (0712 < CA™ 5 ((m —5))°.

Jj=4

The proof is quite similar as in the previous step. To do so we first write

m—4
- () I @@ ) o

Jj=

[m/2J
S S ([ TC BICT A
J—4m_4
+ Z ( >H¢ )((’) O fm—j HL2 ([0,T]xR%)
j= [m/2]+1
= S +5,.

For the term S, we use
o < B0, <0 a0n iy, WS WPy forj>2,
to obtain
[m/2]
S5 3 (") 180080l oy 1 W10l

j=4

Then repeating the arguments used to estimate S; and S5 in the previous step, we can deduce that
51 < Clm —BNA™ T ((m =T < CA™ O ((m —6)!)°.

As for Sy, using the inequality

¢fn S ¢9n S ¢?+1¢9n7j+27 WO < W —j42 for ] > 2

gives
m—4
~ m .
S < Z (j > ||¢?+189]CUHL°°([O,T]><R+; LQ(Rm))||¢?n*j+2w7?1*j+28yamfm*j||L2([O,T]><]R+; Lo (Ry))
j:[m/Q]Jrl

Then repeating the arguments used to estimate S in the previous step, we have
Sy < C(m —3NA™ T ((m — 7)) " < CA™ 5 (m —5)!)°

since s > 3. This along with the estimate on S; yields (93). Finally, combining (85), (86), (88) and (93)
gives the desired estimate in Lemma 4.6, and thus the proof is complete. O
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Lemma 4.7. Under the same assumption as in Proposition 4.4, we have

m

m - j
3 (j ) A7 AT 66, W (020) s 1718

+Z( VA7 AT 04,2 10, 0y @202 ) 152

< mC|| AT AR G Wi fon| )+ CAOHE (m = 5))" m

L2([0,T]xR%

Proof. The proof is quite similar as in Lemma 4.6. In fact, repeating the arguments used in Lemma 4.6, we
can deduce that

m

( > HA‘HATQQS@ Wfl(ag{u)me,jHLQ([OﬁT]XRi)

j=1

< mOC||ATAPSL, W

m—64+£ s £s
mmeLz([O,T]X]Ri)—i_CA 6+5 ((m—5)’) m 3.

Moreover, Assumption 3.1 enables us to use Lemma 2.4 with A\(D,) = A3A™ AT and ¢ = (y) 9, (T)’ to
obtain

,_.

1 (T)HATIA%E Wi 19y (9w /)] (O0) (O )| 2 f0, 71 xm2 )
=
) m > ()10 @yl A" AZ G 0L0) O 1y
¥ mz_; (7 )2 @) A7 AW 40200020y
- ?j (Z_")H[ (0y0/10)] A™ AR 6 W (03000 a0y )
+mzl ( )H[ (Byw/w), ATATZW] ()™ 60, (030) (07 0| 2 0,y )
=
< cmz< )|| ATAZ WA @O0 s )

1

J

the last inequality following from Assumption 3.1. As a result, in view of Lemma 3.3 we can repeat the
arguments used in Lemma 4.6, to conclude

m—1

( )HAnmé Wi 19y (040 /0)] (020) (@2 u)| o o 17 ez

Jj=1

< mO|AT AT G W fon )+ CA™EE (m = 5)) m

L2([0,T]xR2

Then the desired estimate follows and the proof of Lemma 4.7 is thus complete. (]

Lemma 4.8. Under the same assumption as in Proposition 4.4, we have

2HAT1Ag2¢an7€1 [ay ((ayw)/w)] fm”Lz([O,T]XRi) + HATlAgQ(bfn [Uax + Uay - 8;; W’f’b:l fm”Lz([O,T]XRi)

= CHATIAZS—Z(banTl;lfm||L2([O,T]><]R2+) + CHATlAgzayﬁbanfzfmHLZ([O,T]xRi)'
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Proof. This is a just direct verification. Indeed, Assumption 3.1 enables us to use Lemma 2.4 with A\(D,,) =
AYBATAT and g = 0, (ayTw)’ to obtain

A7 AF 6L, W 18, (0) /)] | 1711

H [ay ((ayw)/w)] ATlA:S—2¢an7§zfmHL2([01T]><]R2+) + H [ay ((ayw)/w) ’ ATIA?W;;J ¢fnmeL2([0,T]><]Ri)
C|| AT AP oL, Wy,

IN

IN

fm”p([o,T]xRi)'
Moreover, using (19) gives
A7 N30t [ + 08, — 02 WAL ol s
< |[uds +vo, - ‘9;7 AT AP W] ¢fnfm||L2([o,T]xRi) + || [uds + 00, — 85’ ATlAEZ]stnWT{lmeLZ([O,T]xRi)'
By Corollary 2.5 we have
[+ 00, — 02, AP AT W ol oy = |00 + 00y A™ATT G0V,
< CAT NI ol oot + CIAT AP ol o)

and

meN([o,T]xRi)

H[“al’ ATlAEZsz](bfnmeB([O,T]xRi) = CHATlAgz(banr{zmeLZ([o,T]xRi)'

In view of (65) we have
H [*85’ ATlAEZWm ¢fnfM||L2([o,T]xRi) < CHATIAEZ(banT{lfm||L2([O,T]><]R2+) + CHATIA?ayqsanT{“Lfm||L2([O,T]><]R2+)'
Finally using (64) and Corollary 2.5, it then follows that

| [v0y, ATIAEZWm (bﬁﬂmeLZ([O,T]xRi)

|[v, A" APWE] 3y¢fnfm||Lz([07T]sz+) + |00y, ATAFW] stnmeLZ([O,T]xRi)
CHATlAgzd)an?ﬁLayfm||L2([O,T]xRi) + CHATIA?MnWﬁl

IN

IN

fm”L?([o,T]xRi)

= CHATIA?ay(ban’ﬁlfm||L2([O,T]xRi) + CHATlAgngan’ﬁlfm||L2([O,T]><]R§r)'

Combing these inequalities we conclude
AT A L, [u0y + 00, — O, W]
< ClAT AR, 6, Wi fn

meLZ([o,T]xRi)

||L2([O,T]><]Ri) + CHATIA?(ﬁanr{zfmHL2([O,T]XR1)-

Then the desired estimate follows and thus the proof of Lemma 4.8 is complete. O

Combing the estimates in Lemma 4.6-Lemma 4.8, we get the desired estimate in Proposition 4.4, com-
pleting the proof of Proposition 4.4.

Proposition 4.9. Let u,v satisfy Assumption 3.1, and let the sequence {fm},,~,, defined by (58), satisfy
Assumption 4.1 and the Assumption Hy, ;(A) (see Definition 4.2). Let 7 < 0 be given and let x(t) be a given
function of t such that 0 < x < ¢%,. Then there exists a constant C, such that for any 6 < m < k and any
0 < /¢ <i we have

—2
HX(t)A SAéayvaeHLZ([O,T]X]Ri)
< CH <y>fa Al/sAZ;—X(t)Wﬁlfm||L2([O,T]><Ri) + CHa;A—Q/?’AEX(t)WfIfm||L2([07T]><]R2+)

+mC (HA72/3¢5"W7€1meL2([O,T]xRi) + HAiQ/Sayqﬁf"W’ﬁlfm"LZ([O,T]XRi))

+CA™ G ((m — B)1)* m T
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Proof. In the proof we will use C' to denote different constants which depend only on o, ¢, and the constants
Cq, Cy, Cy in Assumption 3.1 and Assumption 4.1, but don’t depend on m and §. Recall the definition of
Zm,éa

m—1

Zm,é = —Z( )WZ a u)fm+1 —j Z (T)Wé(a&’l))ayfm__]
Jj=1
_wt o, (2 nf ™\ @y @m—iu) — ot o, (2] ¢
m Y w ~ _7 x x m Y w m

+[udy + vy — 97, W] fm-

Therefore
m m—1

AN, Z0e = =) (?)A‘gAgayW,i(aiu)fmﬂ_j -> (T)A‘%AEGyWé(aiv)ayfm_j

j=1 j=1

m—1
oo, (%) | 3 (1) @iz —2a-taga o, (%) |5

J=1
+AT3AD, [udy + 0Dy — 325 WE] funs

which yields, observing 0 < x < ¢f, and 7 <0,

Ix()A™30, Zpn ol 2 0.)xz2) < Q1+ Q2+ Qs + Qa + Qs

where

> <m) 164,430, WA, (020) 15| oo e

Jj=1 J

m—1 m .

= 3 ()16 A 2001000 s 1y

J=1

m—1 m ,

= X () I0tA=20,4 [0, (0, @L0)O 0
=1

Q=2 Hqﬁan anWf;l[ay(( Oyw)/w) }meLQ ([0,T]xR2)’

Qs = ||[x()A™F AT, [ud, + v, — 02, Wl}meLz (0.11xR3)"

The terms (1-Q3 can be treated quite similarly as in Lemma 4.6 and Lemma 4.7, and the main difference
is that we will use here additionally the induction estimates on the terms of the following form
20 —2/3 10 1378
1O5A=2 265 W Fm| 2 g0 77z

in Hypothesis Hy, ;(A) (see Definition 4.2), while in the proof of Lemma 4.6 and Lemma 4.7, we only used
the estimates on the following two forms

Hd)e We meLOO([O T}; LZ(]R ))? Hay fnwe fm||L2([O T]XR )

in Hypothesis Hj, ;(A). Thus we obtain

3
ZQj < mC (HAiQ/g(ban’ﬁlfmHLZ([O,T]X]R?J + HAiQ/Bay angbmeLZ([O,T]xRi))
j=1

FCA™ 6 ((m—5)) m ™.
Moreover, as in the proof of Lemma 4.8, we can deduce that

Qs<C (HA_2/3¢£nW7§1meL2([O,T]xRi) + HA_Q/saygﬁfnwngmHL%[O,T}xRi)) :
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So it remains to estimate Q5. We use (19) to write

@ = ||x(t)A_%A§6y [udy + 00y — 65’ Wf;z]meL?([o,T xR2 )
< |[udy +vdy — 02, ATEAFO,WEIX®) finll L2 0 TIxR)
+H| [uds + 00y — 02, A3 AFO, ] X ()W, Fmll L2 (jo,mx®2)
def

= @51+ Q5.

We first estimate @5 1. Observe

e, A5 A5, WX (W) fn 2 g0,y

< H[“aﬂ“ AiEATWZ 9y x( meL2 [0,T]xR2) + H{“aﬂ“ A™ BAT[ay’ Wrﬁ } meL2 ([0,.T]xR2)"
On the other hand, by virtue of (19), (64) and Corollary 2.5 we compute

|| [uds, A_%Anglay} X(t)meLZ([O,T] xR2)

< e, ATFATWRIOXE) fonll 2 g0,k + A7 AFWE [00: O] Xt il o 71
< Ofa” 3ATW€ Oy x(t meL2 [0,T]xR2) +HA7§ATWE (Oyu) D x(t meL2 [0,T]xR2)
< CIATSAGOXOWS il o ez ClIATFASOW Fonll 2 g0 7702
10y u) A7 AFWR 0 (1) fnl| 2 0,7y m2y I (@) A™FAFWL] 0 () Fl| 20,712
< COlIATSATXOWo fonll 2o 71xr2y + CIAT S AXOWo fonll 20 712
@A ATWED O | o 71y + 1 [@ue) ()7 5 A= FATWE] ()77 00 ol oy
= CHA%AgayX(t)memey({o,T]xRi)+CHA%AgX(t)WﬁzmeLZ([o,T]xRi)

+C|[ ()7 A%AEX(t)ngfmHLZ([O,T]XRi)’

where the last inequality using Assumption 3.1 and Lemma 2.4 with A\(D,) = AY~2/3 and ¢ = (9,u) () .
Moreover using again Assumption 3.1 and Lemma 2.4 with A\(D,) = AY=2/3A% and ¢ = u (y)7 , yields

|||:Uaz7 ATEAT[0,, W] } fMHLZ([o T]xR2)

= [ A7E5 [0, WhT | )" 0ux(®) fmll oy 2

< Ol o)™ ASAXOW ol g0,y )

As a result, combining these inequalities, we have

(| [uds, A_%Agaywé] meL2 ([0.T]xR2)

< ClATSAZOXOWi fnl oo sy + CIATS AW Fol| o 71022

+C[| ()™ AFAGXO W fon |l 12 0,7y xr2 -
Similarly, repeating the above arguments with u0, replaced by v9, and 8; respectively, one has
_2
[[v0y, A™3A50, W] x(1) meLz(OT]x]R2)

< CHA’§A§A’18§X(t)Wf;meL2 ([0.T]xR2) + CHA 3AT@ X (W, meLZ([o,T]xRi)

+CJIAT S ATXOW o fonl| 20,7182
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and
I [813’ Af%Agame X(8) fm ||L2([0,T] xR2 )

= CHA_gAE(?SX(t)Wg%fm||L2([O,T]><]R2+) + CHA_%AgayX(t)Wr{zfm||L2([0,T]xR1)

+CHA_%AgX(t)WT{lmeLQ([O,T] xR2)"

As a result, we conclude, combining these inequalities,

Q5.1

[ [“aw + v0y — 55, A_gAgayWrmX(t)meLZ([O,T]x]Ri)
C||A=5 A5 (&)W, fm |+ Cl[A5 A5, X (OWy, fin

IN

||L2([0,T]x1R2+ HLQ([O,T]X]Ri)

+O|AFATXOWE fn )+ Cll ) ™7 ASATX(O W, fon

HL2([0,T]xR1 ||L2([07T]XR2+)'

Similarly as the proof of @5 1, we have

Qs2 = |[udy + 00, — 3, A_%Agay}X(t)memeLZ([O,T]x]Ri)
< AT o)+ A NGO oo
O ATFATXOWo | 20,1782y + Cl W)™ AFATXOWo | 2 10,7702 -
Thus
Qs < CHA_%Aga.;X(t)ngfmHL%[O,T]X]R?Q + CHA_%AgayX(t)szmeLz([o,T]xRi)
AT OW Fon| 021y + Ol ) ™7 AFAX WS Fon| 2 07902
< OOGA R AXOWy fonl o7y iz, + Cll )77 A ATXOW, fn o g0,y

+CHA7§ y(bfnw’rl;lmeLZ([O,T]xRi) + C’HA*g(banflfm||L2([07T}xR2+),

the last inequality using the fact that 7 < 0 and 0 < x(t) < ¢!,. This along with the estimates on Q1-Q4
gives the desired estimate, completing the proof of Proposition 4.9. O

4.2. Upper bound of the terms with highest order. In this subsection we treat the terms with W} f;
involved, we will make use of subelliptic to estimate these terms. Precisely we will prove the following
proposition.

Proposition 4.10. Let u,v satisfy Assumption 3.1, and let the sequence {fm}mzp defined by (58), satisfy
Assumption 4.1 and the Assumption Hy ;(A) (see Definition 4.2). Then we have, for any e > 0,

k2 ||A5_2¢3(k73)+iféwlifk HLz([o,T]xRi) + ||8§A’2/3A(;2¢§€W,§fk ||L2([0,T] xR2 )

(94) s¢€ (||89Ag2¢§cwlifk||L2([O,T]><]R2+) + ||At;2¢§cwlifk||L2([O,T]><]R2+))

Okt (AR (- 5)) RS

and
HGSA_lAEQQﬁCWszk HL2([O,T] X]Ri)

(95) <C ([|0,A5 WLkl 10,1152 ) + 1T VLS 0,71 022))
T+ OE (AP (k-5 k),

where C.,C are two constants depending only on ,0, ¢, and the constants Cy,C\,Co in Assumption 3.1
and Assumption 4.1, but independent of k and 6.

Proof. In the proof we will use C' to denote different constants which don’t depend on k and §.
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(a) We will prove in this step the following two estimates:

HA ¢3(k Bti= 2VkakHL2 ([o, T]XR ) + ||a2 2/3Ag2¢ZWlifk||L2([07T]XR2+)

< CRP||(1+y)EAVPAS? ¢3(k_3)+1_§leilkaN([O,T]XRi)

(96) n CHaqu/gAgzqﬁs(k—B)ﬂ——Wz 1kaL2([07T]XRi)
+ CARTHT (k- 5))° kT
and
HaSA_lAg2¢ZWZ¢fk||L2([O,T]><]R2+)
. SCHGSA_1/3A52¢3(]C_3)H_%WliflfkHLz( 0,7]xR2)

+ C"63A72/3A6—2¢3(k—3)+i—§le'—lfk

(i—1)s
3

HL2 ([0,T]xR2)
+ CAFS (k= 5)) k&

To do so, observe

1+y) "% = ((3k+z—1a)—%_g 3“171 (3,{5?1)0)_
(F5) (ait)

o 2cy Bk
> Ck 2 (14 ——"7"— .
- ( * (Bk+1— 1)0)

(S5

Then
5 _ (Bk+i-1Do 5 _ (Bk+i)o
_o cy 2 _o cy 2
98 1 2 (14 —F—— >Ck 214+ ——"7"——
(98) (1+y) ( +(3k+il)0) - ( +(3k+i—1)0
Moreover we find
_ (Bkti)o (Bk;i)a

(3k+i)o

2cy 2 . — Bkt
(1 + m) = ((3k/’ +1— 1)0‘ + QCy)

( 3k+zfl
_ Gk . .
- ( 3k3«lij—ll ) ((3?3211')1) * (3k2+yz')o)
(w5
c

3k+i)o _ (Bk+i)o
2

(3k+7.)o _ (Bk+i)o
S 3k 41 14 2cy 2
- 3k+i—1 (Bk+1i)o
_ (Bk+i)o
2
>
- ( (3k: + z) ) ’
which along with (98) gives
9 _ (Bk+i)o 9 _ Bkti-1)o
cy 2 - e cy 3
14—+ <Ck2(1 2|14 =
( +(3k+z’)o) < Ck2(1+y) ( T BT 1)
As a result, recalling
9 _ Bkti-1)o
1 —S A3l — (1 -%e2 [ cy 1 —1p%

we have

||A5_2¢3(k73)+iiéwlifk”L?([O,T]x]Ri) < Ck"/2H(1 + y)i%Al/BAgQQI)B(k?B)J”;%Wfi_lkaLZ([O,T]x]Ri)

40
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Moreover, using (72) gives

||82A_1A52¢2Wlifk HL?([O,T]XM)

= C"8§A71/3A52¢2W271f’€||L2([O,T]><]R2+) + C||8§A72/3Ag2¢§cwliilfkHL2([O,T]><]R§r)
JrCHay(b;c_lWIi_lfk||L2([O,T]><]R2+) + CH(b;c_lWli_lfk||L2([O,T]><]R2+)
< CHaiA—1/3A(;2¢3(k—3)+i—%Wéflfk||L2([O,T]XR2+) 4 C||83A—2/3Ag2¢3(k—3)+i—%W]z'ﬂfk||L2([07T]XR2+)

(i-1)s
3

FCAF TS (k—5)) k5,
the last inequality using Hypothesis Hy ;(A) (see Definition 4.2) and the fact that
¢l < PAh=3)+i=g
Similarly,

105 AT AT 2 S Wi fill o,y xm )

(i—1)s
3

< COf|a2AT VA2 s | |+ CARTE (k=) k

L2([0,T] xR2
Thus, combining these inequalities, the desired estimate (96) and (97) follows.

(b) Now we will use Proposition 2.6, with f = Ag2¢3(k’3)+i*%W£71fk, to estimate the terms on the right
hand sides of (96).
First we prove that all the conditions in 2.6 are fulfilled. Observe

AF?: LAR,) — H?(R,)
is a bounded operator, then
AF2P=drim il foe L2 ([0,7); H? (R2))  and  93A;2¢*F—3+ =2 wi=1 £ e L2([0,T] x R2)
due to Hypotheisi Hy, ;(A) (see Defintion 4.2), since

028526 55 Al o) < ColOAT 6 Wi el

and

15262 | 0., w22 )

= C5||¢271W271fk||L2([0,T]xRi) + 05Hay‘ﬁ?lwliilkaLz([o,T]xRi)
+C§Ha’iA_Q/i%(bZilW]iilfkHLZ([O,T]XRi)’

with Cs a constant depending only 8. Here we used the fact that ¢3(:=3)+i=3 < o1t
Next we check that the boundary conditions in Proposition 2.6 are fulfilled. By (82), we have

— — i—1 i—
ayA(; 2¢3(k 3)+ 2Wk lfk’y:O —0.
And observe ¢|i—g = ¢|t—7 = 0, thus

A6—2¢3(k—3)+z‘—§wlz'—1fk _ A6—2¢3(k—3)+i—§wli—1fk 0.

}t:O |t:T -
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Now we compute, using (78),

atA52¢3(k73)+i7%W;271fk|

y=0
— d _ i— L i— — — i—1 i—
A5 2 <£¢3(k 3)+ 2> Wk 1fk}y:O + A5 2¢3(k 3)+i—3 Wk 1atfk|y:O

1

d . . _ .
_ A5_2 <%¢3(k53)+1;> W]z—lfk‘yzo + A6—2¢3(k73)+17§W12—la§fk’

_2Ag2¢3(k—3)+i—%wli—1 |:ay (ayw>:| fk

y=0

w y=0

o 4 3(k-3)i-1 i —2 ,3(k—3) i Lyrrie
_ A52 (E(bi%( 3)+ 2) A( 1)/3fk|y:0+A5 2¢3( 3)+ QWk 1a§fk‘y:()

72Ag2¢3(k73)+i7§A(i71)/3 [ay <8z)_w)]

y:0.
This, along with the fact that

A6—2¢3(k—3)+i—§wli—1a§fk ’y:O
_ agAg2¢3(k—3)+i—§Wé—1fk|y:0 _ [85, WZA}Ag2¢3(k—3)+i—%fk‘yzo

2
_ 2 A —2 13(k—3)+i— 3 pri—1 2¢ 2 =2 ,3(k—3)+i—3 A (i—1)/3
L ((3k+z’ o ) R P
due to the fact that 8yA(;2fk|y:0 =0, gives
atA52¢3(k—3)+i—%Wéflfk‘yzo o a;Ag2¢3(k—3)+i—%W]’iflfk |y:O
d .1 : 202 .1 :
_ A—2 2 3(k=3)+i—3 A(l—l)/3 _ 3 2 A—2 3(k—3)+l—§A(z—1)/3
’ (dt¢ e VT et ) R fil,y=o
_2A72¢3(k—3)+i—%A(i—1)/3 9 5y_w i
5 v\, y=0
def
- (p’yzo
with
© :A72 i¢3(k—3)+i—% A(i—l)/?)fk _ L + 302 A72¢3(k—3)+i—%A(i—1)/3fk
(99) o \dt (Bk+i—1)o J
B e UGS PR R I
5 v\,

Moreover, in view of (80) we see A52¢3(k_3)+i_%W,iflfk satisfies the following equation
(9 + udy + 00, — 02) AF2HPF DTS-,
—2 ,3(k—3)+i—1 o (4 3k-3)pi-1 i—1 —21 13(k—3)+i—Lyri—1
A2 R=3tims z o A <%¢3< S+ ) Wit o + [udy + 00y, AF2]gPt= izt p
Then by Proposition 2.6 we conclude, for any €; > 0,

™% AYEAZ2G W | oy

2A—1/37A—2 3(k—3)+i—217i—1
(100) +||5yA /Aa gt 2 Wy kaLZ([o,T]xRi)

gsl(R2+R4+R6)+C€1(R1+R3+R5+R7+R8+R9+R10)

and

10
3A—2/3A—2 3(k—3)+i—2177i—1
(101) [ g S A U kaL2([O,T]><]R2+)SZRj’
Jj=1
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where the above R;,1 < j <10, are defined by
_ 1/3 3(k—3)+i
HA A ¢ e ZZ’“ 1HL2 ([0,7)xRZ)

*HA 0,526 B o)
Rs = HA71/3A5_2 <E¢3(k3)+i2> Wli_lkaLz([O,T]xRi)

— — d — i—1 i—
Ry = HA 2/35y/\52 (EqﬁB(k 3)+ 2> w; 1kaL2([0,T}x1Ri)
s = A [0 + 00, D716 el

Ro = ||[A™%/%0, [ud, + v, A7?]¢**=DH Wil p |

(102)
L2([0,T]xR2 )
Ry = HAEQQbS(k_mH_%WFlfk||Lz (l0.7xR2)
R = HayAa_%g(kaHZifWZ 1kaL2([o,T]xR1)
Ry = | <y>—a/2 ayA1/6Ag2¢3(k_3)+i_%Wli_lfk"Lz([O,T]xRi)
Rio = || () /\71/3"'0”L2([0,T]x]Ri)7
where ¢ is given in (99).
(c) In this step we treat R; defined above. Using the estimate
¢3(k—3)+i7% < ¢;'€—1’

we have,

=[]~ VEAGR g ZZ’“ 1HL2 [0,T]xR2.) <A~ VAP O B 1||L2 [0,T]xR%)"

Moreover, using Proposition 4.4 yields

HA USA ¢Z 12’61 1HL2 [0,T]xR2)

< kC (HAil/BAE ¢271W1371fk||L2([0,T]xR1) + ||A71/3Ag2ay¢;;1wliilfk"LQ([O,T]XRi))
FOARSHTE (k= 5)1)° kT
< kC (HA_1/3¢271W1271JC’€HLZ([O,T]xRi) + }’A_l/gay%ilwliilfkHL?([O,T]xRi))

(i—1)s
3

FCOAFS 5 (K —5))° k
Thus we have

R < kC(||A‘1/3¢§;1W,§*1fk + A 130, 6 Wi £y

HL?([O,T]xRi) HLZ([O,T]xRi))

+CAFTT (k= 5)) ko
On the other hand, observing ¢} ' < ¢i |,

— i— i— 2
||A 1/38y‘75k 1Wk 1fk||L2([o,T]xR1)

— (A_2/38y¢§c_1W]i_1fka ay%_lwli_lfk)ﬁ([o T]xR?)
, ¥

= HA_2/3ay¢§cilwliilfkHLZ([O,T]xRi) Hay(b;-cilwliilfkHL%[O,T]X]R?Q
= C"A72/389¢2—1W12_1fk HL?([O,T]xRi) Hayd)ﬁc_lwli_lfk"LZ([O,T]XRi)
<

CHﬁyqﬁ};,lW;i,lfkfl ||L2([O,T] XRi) ||8y¢;cilwlzilfk ||L2([O,T] X]Ri)
+CH¢271WZ:71J67€—1 "Lz([O,T]XRi) Hay(b;-cilwliilfk"LQ([O,T]XRi)’
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where the last inequality follows from (76). As a result, we use Hypothesis Hy ;(A) (see Definition 4.2) to
compute, observing s > 3,

kI|ATY30,00 Wi 2 (jo.r)xe2)

i—1

< O (407 (k-7 1) (457507 (- )

(103)
i— (i—1)s

& (k=5 ks
< CAFSHT (k= 5))* k5

< C/{Zl_%Ak_5+

Similarly, by virtue of (75),

- i—lyyri— —5pit EPR DL
(104) kHA 1/3¢k W lkaB([o,T]xRi) < CATPHE (k= 5)) "k

Then, combining these inequalities, we conclude

(105) Ry < CAFSHS" ((k — 5)1)° k5
Now using Proposition 4.9 with y = ¢3(k_3)+i_% < qﬁ}:l, we have
_ -2/3 —2 3(k—3)+i—3 )
Ry = HA / oA 9 (h=9) Zkﬂ—lHLz([o,T]xRi)
<

CH <y>70/2 A1/3A52¢3(k73)+i7EwliqkaLz([O’T]XRi)

+C"65A72/3Ag2¢3(k73)+i7%WéﬂkaLZ([Qﬂ 52)
+Ck (||A_2/3¢§;1W1271fk||L2([O,T]><]R2+) + HA_2/3ay ;.cilwliilkaLz([O,T]xRi))

FOAR—+ T (1 = 5 R

which, together with (103) and (104), yields

—0o — — i—tyri—
Ry < C|| (y) 2NNy 1f’€HL2([o,T]xRi)

20 —2/3 A =2 3(k—3)+i—2y5i—1
(106) + CllOGAT A2 G I WT il Lo 0,1y

i—1

+ CAFSY S (k=5 k

(i—1)s
3

In order to estimate R3, we use the inequality

d _ i—1 — i—3 7—
‘%QSB(k Do | < 3pgd-Di-F < 3kl k>,

to conclude that
fa-ta-2( 9 303 i—3 i—1 —1 2711
Ry = [[A75A; (E‘b (e ) W kaLZ([O,T]x]Ri) < Bk[|AT5 g Wy kaLZ([o,T]xRi)

and

Ry < 3/6”/\_% y Z_QWIi_lfk"L?([o,T]xRi)'

Moreover, we use the relation

2—2%—2 — POU=3H20=2) _ g3(h=1)=3)+i g3(k=3)+(i=1) _ ¢2_1¢2—1 < Gi_1di_y,

to write
—1/3 ji—2yr7i—1 ¢ (|2 _ ( —2/3 i i—1 i—lyrri—1 )
HA ¢ Wy kaL?([o,T]xRi) A O Wi oy O Wi i L2([0,T]xR?% )

14726k Wi ell syt IO Wi Fell oo

IN

and

HA_2/3811¢;:2W1271]%Hiﬁ([O,T]><]Ri) = HA_2/30y¢};71W,i’1fkHL2([01T]XRZ+).
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Then, repeating the arguments used in the proof of (103) and (104), we have

FIAT 0 W Bl o)+ A0, 8 W Bl 0y
i—1 (i—1)s
3

< CAMT T (k=5))°k =,

and thus

(izDs
3 .

(107) Ry + Ry < CAM 55 (k—5))°k
As for Ry, using (19) gives

Ry = ||ATYuds + 00y, A7 ¢3(k_3)+i_%W£71fk"Lz({O,T]XRi)

< |[[udn + 00y, AT ECTITTEWIT | 0.2 )

|| [uds + vy, AT A5_2¢3(k73)+i7%Wzi_lkaLZ([o,T]xRi)’

which, along with Corollary 2.5 the fact that ¢?*~3)+=3 < ¢i=1 yields

Rs

IN

CHAféAg2¢3(k73)+iféwli—1fk

)+ CHAi%ay(bg(kig)Jrii%W’i_lkaLz([O,T]xRi)

HLZ([O,T] xR%

)+C||A_% O W i

A

= C||A_1/3¢?1W1271fk HLZ([O,T] xR% HL2([O,T]><]R2+)'

As a result, it follows from (103) and (103) that

(108) Rs < Ck™3 AP+ ((k — 5)1)° k"7 < CAFSH5 (k- 5))°k

(i—1)s
3 .
Now we estimate Rg, and use (19) to write

RG = HA‘2/38y [’uagg + ’Uay, A5_2] ¢3(k_3)+i_%W]ﬁ_1fk HLZ([(IT] X]Ri)

< [[[uds + 0y, A_2/3ayA§2] ¢3(k_3)+i_%wliflfk ||L2([0,T] xR2)
JrH [u&x + vy, A72/38y] Ag2¢3(k73)+iiéwli_lfk "LZ([O,T]XRi)
< H [udy + 00, A_2/3A52] ay¢3(k_3)+i_%wliilfk HLZ([O,T] xR2)

+]|[AT23A 2 [ud, + 00y, O] ¢3(k73)+i7%W271fkHLZ([O,T]xRi)

+H I:Uaz + Uay, A72/3:| ayA(;_2¢3(k73)+i7%W]i_lfk‘HLZ([O’T]XRi)

AT by + 00y, 0] AF2FCTITTEWIT | 0 e )

On the other hand, by Corollary 2.5 we calculate

H [Uam + 00y, A_2/3A5_2] ay¢3(k_3)+i_%wli_1fk HLz([o,T] xR2)

[ + 08y, A0 IAWE

45

< CHAiz/BayA5_2¢3(k73)+ii%Wli_lfkHLZ([O,T]xRi)+CHA72/38§A52¢3(I€73)+Z‘7%W]i_lkaLz([QT]xRi)
-1/3 i—lypri—1 —1/392 A —2 13(k—3)+i—1p7i—1

< CHA /ay¢k Wk kaLZ([O,T]x]Ri) +CHA / ayAJ ¢( I Wk kaLZ([O,T]X]Ri)
_ i—1 s (i—1)s _ _ _ i—1 i—

< CARTTT (k—5)) k™7 + C||ATV202A5 262 k=D a ) ill a0z xm2 )
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the last inequality holding due to (103). Similarly,

IA2/2052 [udy + 00y, 0,]6* W L] Loy e

IN

— — - i-3 -
IA=22A52 (Dyu) 0w ™= AW il 0 702 )

+HA‘2/3A§2 (ay”) ay¢3(k_3)+i_%wliilfkHL2([0,T] xRi)

IN

—2/3 =2 3(k—3)+i— 2 177i—1
H (ay“)A / A6 az¢ ( ) 2W kaL2 [0 T]><]R2+)

H [ 2/3[\72] 81¢3(k—3)+’__W1 1kaL2([07T] xR2)

H(a ’U)A 2/3A 28 ¢3(k 3+175W'L 1kaL2 07T]><]R2+)

[0 A0, 6D ol o

IN

CH <y>7a/2 A1/3A52¢3(k—3)+i—EW]z‘qkaLZ([O,T]XRi)

O AT 20,8 W il a0 sy + CIAT AT W il a0y cm2 )

+CARHT (k-5 kS

IN

OH <y>—<7/2 A1/3A5_2¢3(’°*3)“7’W1 lkam([o,T]xRi)

and

|47/ 0 + 00y, DA77 D EWE i a0y

)+ CAF5 5 (k= 5))° k

(i-1)s
3

—o/2 - — i—Lyysi—
< C| 2NNy 1kaL2([o,T]xRi

Combining the above inequalities, we get

Ry <C|[{y) ™7 AYVEAS2 SIS | a1y

— -2 k— 7,7— i—1
(109) +O||A 1/3‘9§A5 ¢3( Khs Wy kaLZ([o,T]xRi)

(i— 1)5

+ ORE AR (k- 5))°k
Using Hypothesis Hy, ;(A) (see Definition 4.2) and the fact that =3 +i—3 < di !, yields

R7 + Ry :"Ag2¢3(k73)+i7%W£’—1fk + HayA(;—2¢3(k73)+if%W]i—1fk

HL?([O,T]xRi) HLZ([OﬁT]XRi)

(110) SHQS;;lWIiilfk||L2([O,T]><]R2+) + Hay(ﬁ;;lwliilfk||L2([O,T]><]R2+)

(i=1)s
3

<CAFHS (k= 5))°k
As for Ry, we have, using ¢3(F=3)+i—1 = (b;';l,

. _ —3)+i— S i1 ¢ ||2
RS _ H<?/> /zayA62A1/6¢3(k 3)+ SWi 1fk||L2([o,T}xRi)

_ (<y>—a 8yA6—2A1/6¢3(k73)+i7%W]z’—lf]ﬁ ayAé—2A1/6¢3(k73)+i7%W}i—lfk)m([o —
’ T

(<y>7cr (97!/\6_21&1/3(Zﬁg(k—3)+z‘VV};‘—1fk7 ayAé—2¢3(k73)+if1W1i—1fk) T
2

IN

1607 AT S el IS0 W el e

IN

c (}’ayAEQ‘bZWlikaL2({o,T}xRi) + HAE ‘kakkap([o,T]xRi)) Hay(b;cilwlzilfk}’L2([O,T]><Ri)’

46
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the last inequality following from Lemma 3.4. This along with Hypotheisis Hy ;(A) (see Definition 4.2)
implies, for any € > 0,

Ry < ek~ (1402 (HayA<5_2¢§vWIikaL2([0,T]xRi) + HA5—2¢§€W/ifkHLZ([O,T]X]Ri))

+ OV, Wi s )

< ek (|, WL el o)+ 52 OAWE Sl o 1))
(i—1)s
3 .

(111)

i—1

5 ((k=5))"k

+ Cak/,(l+d)/2Ak75+

It remains to estimate Rqg. Recall
o = A2 i¢3(k—3)+i—% A(z‘—1)/3fk . 2¢? + 3¢2 A72¢3(k—3)+i—§A(i—1)/3fk
o \dt (Bk+i—1)o J

_ _ i—1 i— (9 w
—2A; 23 (k=3)Fi—g A (i=1)/3 [ay (%)} S
Then observing
d _ i—1 i—
<E¢3(k 3)+ 2> S 3k¢k 2
and

)—(3k+i—1)a/2

(y) < &> (1 + ( 2y (1+ey) !,

3k+i—1)o
we have, using the arguments used in the proof of (107),

Rio = || (») A_1/3<'0||L2([0,T]><]R2+) SCkHA_l/SQZ’ZiQWIZAfkHL%[O,T]xRi)

(iz1)s
3 .

(112) _
<CAP % ((k—5))°k

This along with (100), (105)-(111) gives, for any €,; > 0,

[ 6)™% AV A2 W e )

[ S e e AR A HL2([0,T]xR1)

—0o — — i—1 i—
< €1H (y) /2A1/3A62¢3(k ot 2y, lf’ch([o,T]xRi)

S 2AT ARG AWE el
+5061k7(1+g)/2 (HayAt;ng;CW]ikaLZ([O,T]><]R2+) + HAgQQS;vWIikaLZ([O,T]X]Ri))
ER(CEIU

with C¢ ., a constant depending on ¢ and £;. As a result, letting €; be small enough, we obtain

+C€ Elk(1+a)/2Ak75+

H (y)fg A1/3A52¢3(k—3)+i—§WliflkaN([O,T]XRi)

+[05ATEAG S E IR Rl a0,y

<eCk~(1H0)/2 (HayAEQQﬁchlikaL2([0,T]xRi) + HAEQ¢?€W£JC’€HLz([o,T]xRi))

i—1 (i—1)s
3

©(k=5)) k=,

(113)

+ CEk(1+0)/2Ak—5+
which, along with (96), yields

- —3)+i—L 1y - —2 i1/
||A5 2¢3(k H+ 2Vkak”LQ([O,T]><]Ri)<i>Hai‘/\ 2/3A5 2¢kakaL2([O,T]><]Ri)

< eCrT? (HayAt;Qd);CW]ifk||L2([O,T]><]R§r) + ||At;2¢§cwlifk||L2([0,T]X]Ri))

i—1 (i—1)s

FOk3TIARHT (k= 5)) k™
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This gives the first estimate (94) in Proposition 4.10. The proof of the second one is similar. In fact,
combining (101) and (105)-(112), we have

"63A72/3Ag2¢3(k73)+i7%W’i_lfkHLZ([O,T]XR?J + Hainl/gA‘;%bg(kig)Jﬂi%W]i_lkaLz([O,T]xRi)

< Ol ™2 AVEATEG I I W | Ly
+C[ oA AT S I I W | 0,2 )
ek 0002 (10,076 ol oyt + A5 WS o))
FORIHN2 AR5 (k= 5)) k5

< Cpme (HayAa_Qéf’ZW/ifkHLz([O,T]xRi) + HAgQ(ﬁCW]ifkHLZ([O,T]XIRi))

i—1 g, Li=D)s

(=) R

the last inequality following from (113). This along with (97) gives the second estimate (95) in Proposition
4.10. The proof of Proposition 4.10 is thus complete. (]

+Ck(1+a)/2Ak75+

4.3. Proof of Theorem 4.3. Now we prove Theorem 4.3, the main result of section 4. To simplify the
notation, we will use C' to denote different constants depending only on o, ¢, and the constants Cy, Cy, C,
in Assumption 3.1 and Assumption 4.1, but independent of k£ and 6. We will proceed through the following
steps.

Step 1) In view of (80) we see the function Aj2¢% W} fx satisfies the equation
(01 + udy + 00y — 07) Ay LW fi

(114) _ i
=A;2¢k Zr i + A2 de

in the sense of distribution. In this step we will show that all the terms in the above equation belong to
L?([0,T] x R%). To do so, observe

Wi fi + [0y + 00y, A% dLWifr

A2 L2(R,) — H*(R,)
is a bounded operator and then
A2 Wifw € L2 ([0,T); H' (RZ)) and 92A;2¢L W fir € L*([0,T] x R%)
due to Hypotheisi Hy, ;(A) (see Defintion 4.2), since
105A5 > S Wi f ) < Gol| AP Wi

HL2 [0,T] xR2 HL2 [0,T] xR2
( it ( 1)

and
||Ag2¢,}i<:wlifk||L2([O,T]; Hl(Ri))
< 05H(b;-cilwlzilkaL2([O,T]><]R2+> + 06Hay(b;-cilwliilfk”Lz([O,T]xRi)’

with Cs a constant depending only . Here we used (61) and (63). As a result we conclude, along with
Proposition 4.4, Corollary 2.5 and (82),

WO AP O Wi fre, VO AP OL W Sy OpAS2 G WL fry  As201Zki € L7 ([0,T] x RZ)

[udy + 00y, A5G Wi fr € L7 ([0,T] x RY)
and

(115) ayAg%;;W,ifk]y:O =0.

Similarly, observe

% S 3k¢3(k73)+i71 —_ 3]{3@/);;_1,
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and thus

d
|A52 ¢kafk < kCsloy Wy 1kaLoo (lo.1% £2(z2)) < %

HL2 ([0,7]xR%)
which gives

dej,
A 2

dt

Finally, the above conclusions along with the equation (114) yields that atAg%;;W,g fr € L? ([O, T] x Ri)

EWife € L? ([0,T] x R3).

Step 2) Let t € [0,T] be an arbitrary number. The conclusion in the previous step enables us to take
L2 ([0,#] x R%) inner product with A3 2@} W fi on both sides; this gives

Re (0AF*GLWifr, A52OLWik) a0, xz2 )
+Re ((u0y + v9y) A3 2 Wi fr, A2 Wi f’“)Lz([O,t]xRi)

—Re (07A; 2L Wi fr, Ay ¢kafk)L2(ot]xR2)

— i — i 1 — ¢
= Re (A7°0} 2k A; 2¢kafk)L2({o gxmz) T Re (A ? = Wifis A5 RO
B L2([0,]xR2)

+Re ([udy +v0y, A2 OLW fr, Ag%};W,ﬁfk)Lz([oyt]XRi).
Moreover observe
A5_2¢2W1ifk‘t:0 =0
due to the fact that ¢ (0) = 0, and thus integrating by parts gives
=2 i 11/t =2 i 1x7i Lin—2i i 2
e (atAé 2oL W s Ag 2¢kafk)L2([o,t]xRi) = §HA6 2¢k(t)kak(t)HL2(]Ri)'
Similarly observing u|,—o = v|y=0 = 0, we integrate by parts to get
e ((udy + v0y) A5 ¢ Wi fr, A52¢7§Wéfk)L2([o,t]xRi)
1 —2 i 17 -2 jiyri
= _5 ((azu + ayv) A§ 2¢kafka A5 2¢kafk)L2([O,t]><]Ri)
= 0,
the last inequality using the fact that d,u + 0yv = 0. In view of (115) we have,
2\ =2 43 T/ -2 i 17 _ —2 i £ |2
—Re (%AJ PWilw, s ‘kakfk)LZ([o,t]xRi) - ||6yA5 ¢kafk||L2([o,t]xRi)'

Combining these equations we conclude, for any ¢ € [0, T,

Lin—2i i ' —2 i i
§||A5 2¢k(t)kak(t)||i2(Ri)+/ [0y A5 2¢k(t)kak(t)||%2(Ri)dt
0

IN

+

(A 280 i p= askwkfk)

} (A(S_2¢,]L.<;Zk7i’ A(;Q#CWIifk)LZ([O,t] xR2)

L2([0,t]xR2)

+ ‘([Uaz + 00y, A;Z| Wi fr, A6_2¢§€W’if’€)L2([o,t]xRi)
105> 85 Znill 2 10,y ) 145" WSkl o 0,772 )
+3k||A6_2¢3(k73)+i7%WlikaQL?([O,T]><]R2+)
AT WA oyt + CINT WA ot 1T 25 At
the last inequality using Corollary 2.5 and the fact that
¢1

IN

<3k¢3k 3)+i— 1
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This implies
||A6_2¢§<:Wlifk||2oo([07T]; Lz(Ri)) + ||8yA(5_2¢7icWI::fk||iz([O,T]X]Ri)
—2 i —2 44 i
= HA6 (bkzkviHLZ([O,T]xRi)HAJ ¢kakaL2([O,T]><]R2+)
=2 3(k—3)+i— 31170 ¢ ||2
+Ck||A; gt ZkakHN([o,T]xRi)
—2 girrig |12 —2 i 1370 —2 i 1370
+CHA6 ¢kafk"L2([o,T]xRi)+CHA6 ¢kafk"L2([0,T]xRi)HayAé QSkakaLZ([O,T]x]Ri)'
Moreover using Proposition 4.4 gives
-2 4
HA6 (bkzkviHLz([o,T]x]Ri)
< C/“/’HAEQ%WlifkHLz([o,T]xRi) T C"ayA§2¢2Wlifk"L2([o,T]xRi) + CAFOFE (k= 5))" kS

and thus

HAEQ%Zk,iHm([O,T] xR2) HArﬁ_Q‘b};W’if’vHW({ovT} xR3)

IN

=2 i yr7i g ||2 =2 i 1170 =2 i 1170
CkHA5 2¢kakaL2([o,T]xR1) + CHA6 2¢kafk||L2([0,T]><]R2+)||89A6 2¢kafk||L2([0,T]><]R2+)

FOIATP WL a0 mpung ) (A5 (0 = 5))" k)

2

IN

CHl|AG2 G WE ]| 0.11m2y + CH T (45758 (k= 5))" k%)
+CHAE2¢§CW£~]%"Lz({O,T]xRi) HayAEQ(bZW]ifk"Lz([O7T]><Ri)'

As a result we conclude, observing ¢ = P33+ < ¢3(k—3)+i—%,
||Ag2¢%;wlifk||2m([0ﬂ vy T ||A5*28y¢}'€W,ﬁfk||2L2([07T]XR2+)
Ck”Ag2¢3(k_3)+i_%W’ifkHiz([O,T]x]Ri) Lokt (Ak—6+%. ((k — 5))° /{:?)2
+C AT

IN

||L2([O,T]><]R§r) ||8yA§2¢2Wlifk ||L2([0,T]xR1)

IN

.1 . i is 2
OR||AG 26 IW i3 0 ay.cmy + OR (A50FE (k= 5)1)° k)

+CHA52¢3(k73)+i7%W1§f’CHi?([o,T]xRi) + %HAfayQﬁWlifkHi?([o,T]xRi)’
which implies

1A 2 S Wi Fill Lo (0,135 £2ryy) + 118G Oy kWi fill 2 (0. )

< Okl/?||A6—2¢3(k73)+i*%W]ifkHLZ([O,T]XRi) FOkY2 A0S () — 5)1)° kS
As a result, combining (94) in Proposition 4.10,
||A52¢2Wlifk”L°°([0,T]; L2®2)) T ||A(;Qay%W}ifk||L2([0,T]XR1)
+||85A72/3A6_2¢2W1ifkHL?([O,T]xRi)

Ck1/2||A(;2¢3(k_3)+i_%wlifk||L2([0,T]x]R1) + ||8§A—2/3A6*2¢ZW;2]01€||L2([O,T]><]R§r)
+COEV2AROE (k- 5))° kT
< (HayAg2¢§€W/ifkHLZ([O,T]X]Ri) + HA5_2¢§€W1ikaL2([O,T]><]Ri))
+OKMT AR (k= 5)) k5 + Ok AR (k= 5)) K
< (10T AWl o 71kt y + TIAT* AV Sell e o 22e2))

i—1 (i—

FOEMT AR5 (k= 5)) k™5 4+ Ok~ 1/2 4563 ((k — 5)1)° k%,

IN

IN

IN
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and thus letting € be small sufficiently, we have

||A§2¢2W1ifk|\Loc([o,T]; r2r2)) ||A§28y¢ZWka||L2([O,T]XR1) + |\8§A*2/3A(;2¢§6W]§fk||L2([O,T]XR1)
<O AT (k= 5)) kT 4 Ok 2AR O (k- 5))° K

< CAFSHS (k= 5)) kT,

the last inequality holding because s = 3 + 30. Observe the above constant C' depends only on o, ¢, and
the constants Cy, Cy, C, in Assumption 3.1 and Assumption 4.1, but doesn’t dependent on k and . Then
letting the 6 in the above inequality trend to 0, we infer ¢} W fi, € L> ([0,7]; L*(R%)) and

Oy L Wi fr, 02N W fr € L? ([0,T] x R2)
and
||¢}L;W]ifk|‘L0°([07T]; L2(R%)) + ”ay#cwlikaLZ([oﬁT]xRi) + ||85A72/3¢§€W/ifk||L2([01T]><R2+)
CAR=HT (k- 5)1)° k%
LoAM=5H5 (k= 5))° (k — 4) ¥,

IN N

where Lo is a constant depending only on o, ¢, and the constants Cy,, C\, C,, in Assumption 3.1 and Assump-
tion 4.1, but independent of £ and the constant A in Hypothesis Hy ;(A). The is just the desired estimate
(83). Moreover by virtue of (95) we conclude

BN o Wi fe € L7 ([0,T] x RY ) .

Thus the proof of Theorem 4.3 is complete.

5. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1.1, the main result on Gevrey smoothing effect. Here
we will use the same notations as in Section 3.

Proposition 5.1. Under the same assumptions as in Theorem 1.1, we have that
VO<i<3, A ¢ Wifre L*([0,T] xRY)
for all integers k with k > 6, and that the following estimate: for any integer 0 <i < 3,
||¢2W12fk||Loo([0,T]; rew2)) + 18y 61 Wi frll L2 o1 xm2 ) + 195A ™5 6L Wi fill L2 (0,12 )
< AT (k=5))" (k- )%

holds for all integers k with k > 6, where s = 3 + 30.

Remark that Theorem 1.1 is just a consequence of the above proposition. Indeed, if k£ > 6 then

3k 3k &y ok 01770
[°5(T — t)*e yaw“HLoo([o,T]; L2(R2)) = CH‘z’kakaLoc([o,T}; L2(R2))

due to (67), which along with Proposition 5.1 yields, for any k > 6,

3k 3k ¢y ak k—5 s k s
[£2*(T — t)*Fe yamuHLx([OﬁT]; DR CAF=5 ((k —5)1)° < CA*(K!)*.

Now we choose A such that
2cy ak
A>C+1+ 11%1]?%(5 He (’)muHLx([OﬁT]; L2(®2))"
Then

Vk>1, [T —t)* ™ol < AFFL(EDS,

u||L°°([O,T]; L2(R2))

Thus Theorem 1.1 follows.
The rest of this section is devoted to
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Proof of Proposition 5.1. We we use induction on k to prove the conclusion. First observe the conditions in
Theorem 1.1 together with Sobolev inequality guarantees that Assumption 3.1 and Assumption 4.1 hold, with
the constants Cy, C,, there depending only on the integer Ny in Theorem 1.1. In particular the conclusion
in Proposition 5.1 is valid for k = 6, since Assumption 4.1 guarantees that

VO0<i<3, BHAT¢Wifs € L*([0,T] x RY)
and moreover enables us to choose A such that

(116) Az D (A il omy nomy)

1<m<6
Now assume that
(117) VO<i<3, OHA'¢, W fm € L2([0,T] x R?)
is true for all 6 < m < k — 1, and that the following estimate: for any 0 < ¢ < 3,
H(bfnwfmmeLw([O,T]; r2®2)) T ||ay¢anr€zmeL2([0,T]xRi) + HaiA_E(bfnwfmmeLZ([O,T]x]Ri)
S AT ((m = 5)1) (m—4)%
holds for any 6 < m < k — 1. We will show that
(119) VO<i<3, BN Wifre L([0,T] xRY)
and that

(118)

_2
||¢iWIfkaLoo([o,T]; L2(R2)) + ||ay¢iW£fk||L2([o,T]xRi) + ||8§A 3¢£Wlffk”L2([o,T]xRi)
<A (k- 5))° (k- 4)F

holds for all integers 0 < ¢ < 3. This gives the conclusion in Proposition 5.1.
Now under the induction assumption (118), we prove (119) and (120). First observe

||¢2W]?kaL°°([O,T]; L2(R2)) + Hayd)gwlikaLz([O,T]xRi) + "85‘/\_2/3¢2W7?fk||L2([O,T]><]R2+)
= L1||¢%*1W7§*1fk*1||L°°([O,T]; L2(R%)) + LlHay‘ﬁzflwlilfkflHL%[O,T]xRi)
+L1H83A72/3¢271WI§71J¢}€71"LQ([O,T]XRi)

due to (73) in Lemma 3.5, with L; the constant, independent of k, given in Lemma 3.5. Then using (118)
gives

H¢2W13fk”Loo([o,T]; L2(R2)) + HayqﬁgwlgkaLz([o,T]xRi) + ||a§A7%¢2WI?fk||L2([0,T]xR2+)
< LiARTTE (R —B))°.
Observing the above constant L; is independent of A, and thus we can choose A such that
(121) A>3
Then we obtain
||¢2W1?fk||Loo([o,T]; r2®2)) + ||ay¢2W1?fk||L2([o,T]xR1) + ||35A_§¢2W1?fk|\L2([o,T]xR1)
<ARE (k= 5)D)°.
Moreover by (74), we conclude, in view of (117) and (118),
BATGWY fr € L2([0,T] x RY).

This along with (117), (118) and (122) yields that the sequence f,,, m > 1, satisfies Hypothesis Hy 1(A) (see
Definition 4.2). Then by Theorem 4.3 we conclude 93A~ ¢ W} fi. € L*([0,T] x R%) and

(122)

H(bllc”likH[oo 0,7]; L2(R2 Hayqﬁllc”IclijLZ([O,l]xR?) Ha;A E(bllc”kljklllﬁ([o,l]x]W)
([ ] ( +)) + +

where Ls is a constant depending only on o, ¢ and the constants C., Ny in Theorem 1.1, but doesn’t depend
on A and k. This enables us to choose A such that

(123) A> IS,
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and thus we have

H(bllcwklkaL%([O,T]; r2®2)) + HayébllcwklkaLZ([o,T]xRi) + ||85A_§¢11cwklfk||L2([0,T]x1Ri)

< AR (k= 5))T (k- 48,

As a result, we see the sequence f,,,m > 1, satisfies Hypothesis Hj 2(A) (see Definition 4.2). Then using
again Theorem 4.3 we conclude 93A~ @7 W2 fi. € L*([0,T] x R%) and, observing (123),
H(biwlgkaL%([O,T]; L2(R2)) + HayﬁbiwlgkaLz([o,T xR3) + ||82A 3¢ka fk||L2( 0,T]xR?)
Lo AF=545 ((k —5))° (k — 4)F
AVO ARG (k= 5))° (k — 4)5 < AP 38 (b —5))* (k—4)%

[VARVAN

This gives that sequence fy,,m > 1, satisfies Hypothesis Hy, 3(A) (see Definition 4.2). Then using again
Theorem 4.3 we conclude d5A~ ¢ W fi € L*([0,T] x R%) and , observing (123),

2
HfbiW/?kaLoe([oyT]; r2m2)) + Hay(biwlgkaLZ([O,T]xRi) + |0 A 3¢iW1§fk||L2([o,T]xRi)
< LoyARFE (k= 5))° (k — 4)° < AF5H8 (k= 5)1)° (k — 4)°.

Then we obtain (119) and that (120) holds for all 0 < ¢ < 3 if we choose A satisfying (116), (121) and (123).
Thus the proof of Proposition 5.1 is complete. (|

6. APPENDIX
Here we deduce the equation fulfilled by f,, (cf. [22]). Recall that

Oyw
fm =00"w — 2L=0"u, m>1,
w

where u is a smooth solution to Prandtl equation (2) and w = dyu. We will verify that

atfm + uaﬂcfm + 'Uayfm - a;fm = Zpn,

where
m -1
m . m .
Zm = *Z ( ')(aajcu>fm+1j — Z ( _)(aiv)(ayfmj)
Jj=1 J j=1 J
Oy - (m J m—j Iyw
o (%)) () ooz -2 o (%) |
To do so, we firstly notice that
(124) Up + Uy + VUy — Uyy = 0,

and
Wy + UWy + VWwy — wWyy = 0.
Thus by Leibniz’s formula, 0, u, 0% satisfy, respectively, the following equation

0:0 v + u0, 0, u 4+ vO, 0 U — 828mu

:—i(?‘)(a (@m—itly Z 0)(9,0T )

(125) j=1 j=1

i(?‘)(aﬂ o) — S (00) 0,50 ) — (00) 6,)

j=1 jzl
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and

010w + 10,0, 'w + v0y 0w — 820m

:_Z( ) )OIty Z )(9,07 I w)

Jj=1

-3 ()@ mzl (0,0 ) — (05) (D)

Jj=1 Jj=1

(126)

In order to eliminate the last terms on the right sides of the above two equations, we observe Oyu = w > 0
and thus multiply (125) by —=~=, and then add the resulting equation to (126); this gives

Ot frn + U0y frn + vayfm - aifm =Zn

where

On the other hand we notice that

() (55 v () - (29)
w w w
= ( Oyw + 10, 0yw + v0yOyw — 828yw)

8 (8tw+uaxw+vayw782 )+2ay7‘”ay <8z)_w>
(Oa)(Oyw) | 50w 5 (Oyw
w w Y

w

= —zw+
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Therefore we have

i<)aufm+lj ’”11() )(Oy frn—1)

o (22)] 2 m : (" )@z + @2

+ (amw 76)) O + 2‘%”@ (%’u—w) O — 2 {ay (81’7“)} 0,0™u
zil; (Tjn) () frns1—j mz__;l (?) (030)(Dy fm—1)

LI G- e

— i@)(aufmﬂj M1<> )(Oy frm—1)

(] (e -2 ()]

J

Next we will give the boundary value of 9, f,, and 9, f,, — 85 fm- In view of (124), we infer, recalling
u|y:0 = U|y:0 =0,

@w‘yzo = 8§u‘y20 =0.

By fn = 0,0 — {ay (f%wﬂ o — <az‘u—“) 0,0 u,

Oy fn|y=0 = 0.

0,
oo ()] .

Oyw
(atfm - a;fm) |y:0 = Zmly:O =-2 |:ay (yT)] fm‘y:O
due to the equation fulfilled by f,.

As a result, observing

we have

Direct verification shows

and thus
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