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(Communicated by the associate editor name)

ABSTRACT. This paper is devoted to the partial null controllability issue of
parabolic linear systems with n equations. Given a bounded domain 2 in RN
(N € N*), we study the effect of m localized controls in a nonempty open subset
w only controlling p components of the solution (p,m < m). The first main
result of this paper is a necessary and sufficient condition when the coupling
and control matrices are constant. The second result provides, in a first step, a
sufficient condition of partial null controllability when the matrices only depend
on time. In a second step, through an example of partially controlled 2 x 2
parabolic system, we will provide positive and negative results on partial null
controllability when the coefficients are space dependent.

1. Introduction and main results. Let 2 be a bounded domain in RY (N € N¥)
with a C2-class boundary 99, w be a nonempty open subset of Q and 7" > 0. Let
p, m, n € N* such that p, m < n. We consider in this paper the following system of
n parabolic linear equations

Oy =Ay+ Ay+ Bl,u  in Qr:=Q2x(0,T),
y=0 on X7 =090 x (0,7), (1)
y(0) = o in Q,
where yo € L?(Q)" is the initial data, u € L?(Q7)™ is the control and
A€ L>®(Qr; LR™)) and B € L*®(Qr; L(R™,R™)).

In many fields such as chemistry, physics or biology it appeared relevant to study
the controllability of such a system (see [4]). For example, in [10], the authors
study a system of three semilinear heat equations which is a model coming from
a mathematical description of the growth of brain tumors. The unknowns are the
drug concentration, the density of tumors cells and the density of wealthy cells
and the aim is to control only two of them with one control. This practical issue
motivates the introduction of the partial null controllability.
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For an initial condition y(0) = yo € L?(2)™ and a control u € L?(Qr)™, it is
well-known that System (1) admits a unique solution in W(0,T)™, where

W(0,T) :={y € L*(0,T; Hy(Q)), oy € L*(0,T; H ' ()},
with H=1(Q) := H(Q)" and the following estimate holds (see [21])

||Z/\|L2(0,T;Hg(sz)n) +llyllcoqo,1s22 ) < Clllyollzn + llullLzrym),  (2)

where C' does not depend on time. We denote by y(+; yo, u) the solution to System
(1) determined by the couple (yo,u).

Let us consider II, the projection matriz of L(R™) given by II, := (I, 0pn—p)
(I, is the identity matrix of £(R?) and 0y, ,,—, the null matrix of L(R"~?,RP)), that
is,

IT R™ — RP,

(y17~-~7y7z) = (y17'~'ayp)~

p -

System (1) is said to be
o Il -approximately controllable on the time interval (0,7T), if for all real
number £ > 0 and yo, yr € L?(Q)" there exists a control v € L?(Q7)™ such
that
IMTLy(T'5 yo, u) — Hpyr|| L2 Q) < &
o II,-null controllable on the time interval (0,7"), if for all initial condition
Yo € L?()", there exists a control u € L?(Qr)™ such that

ILy(T; yo,u) =0 in Q.

Before stating our main results, let us recall the few known results about the
(full) null controllability of System (1). The first of them is about cascade systems
(see [19]). The authors prove the null controllability of System (1) with the control
matrix B := e; (the first vector of the canonical basis of R™) and a coupling matrix
A of the form

a1 Q12 Q13 T A1.n
Q21 Q22 Q23 T a2 n

A= 0 a32 azz - azn | (3)
0 0 ce QApn—1 Onn

where the coefficients «; ; are elements of L>(Qr) for all ¢, j € {1, ...,n} and satisfy
for a positive constant C' and a nonempty open set wy of w

ait1, 2Cinwy or —ap1,;,2Cinwy forallie{l,.,n—1}.

A similar result on parabolic systems with cascade coupling matrices can be found
in [1].

The null controllability of parabolic 3 x 3 linear systems with space/time de-
pendent coefficients and non cascade structure is studied in [7] and [22] (see also
19]).

If Ae L(R™) and B € L(R™,R"™) (the constant case), it has been proved in [3]
that System (1) is null controllable on the time interval (0,7) if and only if the
following condition holds

rank [A|B] = n, (4)
where [A|B], the so-called Kalman matriz, is defined as

[A|B] := (B|AB|...|A"'B). (5)
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For time dependent coupling and control matrices, we need some additional
regularity. More precisely, we need to suppose that A € C*~1([0,7]; £L(R")) and
B e C™(]0,T]; L(R™;R™)). In this case, the associated Kalman matrix is defined as
follows. Let us define

{ Bo(t) := B(t),
Bz(t) = A(t)Bi_l(t) — 8,5Bi_1(t) for all i € {1, = 1}

and denote by [A|B](-) € C([0, T]; L(R™™;R™)) the matrix function given by

[AIB](-) := (Bo(-)| BL()|-+[Ba-1(-))- (6)
In [2] the authors prove first that, if there exists to € [0, T] such that
rank [A|B](tg) = n, (7)

then System (1) is null controllable on the time interval (0,7). Secondly that
System (1) is null controllable on every interval (Tp,T1) with 0 < Top < Ty < T if
and only if there exists a dense subset E of (0,7T') such that

rank [A|B](t) = n for every ¢t € E. (8)

In the present paper, the controls are acting on several equations but on one
subset w of €). Concerning the case where the control domains are not identical, we
refer to [24].

Our first result is the following:

Theorem 1.1. Assume that the coupling and control matrices are constant in space
and time, i. e., A € L(R™) and B € L(R™,R™). The condition

rank II,[A|B] =p (9)
is equivalent to the IL,-null/approzimate controllability on the time interval (0,T)

of System (1).

The Condition (9) for II,-null controllability reduces to Condition (4) whenever
p =mn. A second result concerns the non-autonomous case:

Theorem 1.2. Assume that
Aec™ [0, T]; LR™)) and B € C"([0, T]; L(R™; R™)).
If
rank II,[A|B|(T) = p, (10)
then System (1) is IL,-null/approzimately controllable on the time interval (0,T).
In Theorems 1.1 and 1.2, we control the p first components of the solution y. If

we want to control some other components a permutation of lines leads to the same
situation.

Remark 1. 1. When the components of the matrices A and B are analytic
functions on the time interval [0, 7], Condition (7) is necessary for the null
controllability of System (1) (see Th. 1.3 in [2]). Under the same assumption,
the proof of this result can be adapted to show that the following condition

there exists to € [0, 7] such that :
{ rank II,[A|B](to) = p,

is necessary to the II,-null controllability of System (1).
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2. As told before, under Condition (7), System (1) is null controllable. But unlike
the case where all the components are controlled, the II,-null controllability
at a time ¢y smaller than T" does not imply this property on the time interval
(0,T). This roughly explains Condition (10). Furthermore this condition can
not be necessary under the assumptions of Theorem 1.2 (for a counterexample
we refer to [2]).

Remark 2. In the proofs of Theorems 1.1 and 1.2, we will use a result of null
controllability for cascade systems (see Section 2) proved in [2, 19] where the authors
consider a time-dependent second order elliptic operator L(t) given by

N N
Lt)y(z,t) = — Z (‘%, (ai’j(sc,t)aaxyj(x,t)) +Zbi(m’t)%(x’t) +c(z, t)y(x,t),

11
with coeflicients o 5, b;, c satisfying -
{ @i € WL(QT), biyc € L™(Qr) 1 <i,j <N,
a; (x,t) = aj(x,t) V(z,t) € Qr, 1 <4, <N
and the uniform elliptic condition: there exists ag > 0 such that
N

Z i j(7,0)&&; = aolé?, Y(z,t) € Qr.

i,j=1
Theorems 1.1 and 1.2 remain true if we replace —A by an operator L(t) in System

(1).

Now the following question arises: what happens in the case of space and time
dependent coefficients 7 As it will be shown in the following example, the answer
seems to be much more tricky. Let us now consider the following parabolic system
of two equations

Oy=Ay+az+1,u in Qr,

Orz = Az in Qr,

y=2=0 on X,

y(0) =wo, 2(0) =2  in{,
for given initial data yo, 2o € L%(f2), a control u € L?(Qr) and where the coefficient
a € L>(Q).

Theorem 1.3. (1) Assume that a € C*([0,T]). Then System (12) is 11 -null con-
trollable for any open setw C Q C RN (N € N*), that is for all initial conditions
Yo, 20 € L%(Q), there exists a control u € L*(Qr) such that the solution (y,z)
to System (12) satisfies y(T) =0 in Q.

(2) Let Q := (a,b) C R (a,b € R), o € L®(Q), (wg)k>1 be the L*-normalized
etgenfunctions of —A in Q with Dirichlet boundary conditions and for all k,1 €
N*,

(12)

Qg = / a(z)wg(z)w (z) dz.
Q
If the function a satisfies
lags| < Cre= %=l for all k,1 € N*, (13)

for two positive constants C1 > 0 and Co > b — a, then System (12) is I -null
controllable for any open set w C €.
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(8) Assume that Q = (0,2m) and w C (m,27m). Let us consider o € L*(0,2m)

defined by

— 1

Z ]—2 s(155z) for all z € (0, 27).

=1

Then System (12) is not II1-null controllable. More precisely, there exists k1 €
{1,...,7} such that for the initial condition (yo,z0) = (0,sin(k1z)) and any
control u € L*(Qr) the solution y to System (12) is not identically equal to
zero at time T'.

We will not prove item (1) in Theorem 1.3, because it is a direct consequence of
Theorem 1.2.

Remark 3. Suppose that 2 := (0, 7). Consider o € L>°(0, ) and the real sequence
(ap)pen such that for all « € (0, )

)= Z o cos(px).
p=0

Concerning item (2), we remark that Condition (13) is equivalent to the existence
of two constants C; > 0, C5 > 7 such that, for all p € N,

lap| < Cre™ Cap,

As it will be shown, the proof of item (3) in Theorem 1.3 can be adapted in order
to get the same conclusion for any o € H*(0,27) (k € N*) defined by

o
1
a(z) = Z iz cos((2k + 13)jz) for all z € (0, 27). (14)
j=1
These given functions a belong to H*(0,7) but not to D((—A)*/2). Indeed, in the
proof of the third item in Theorem 1.3, we use the fact that the matrix (au)k en=

is sparse (see (103)), what seems true only for coupling terms « of the form (14).
Thus « is not zero on the boundary.

Remark 4. From Theorem 1.3, one can deduce some new results concerning the
null controllability of the heat equation with a right-hand side. Consider the system

Oy=Ay+ f+1,u in (0,7) x (0,T),
y(0) =y(m) =0 on (0,7, (15)
y(0) = yo in (0, 7),

where yo € L?(0,7) is the initial data and f,u € L?*(Qr) are the right-hand side
and the control, respectively. Using the Carleman inequality (see [16]), one can
prove that System (15) is null controllable when f satisfies

e f € LA(Qr), (16)

for a positive constant C'. For more general right-hand sides it was rather open.
The second and third points of Theorem 1.3 provide some positive and negative
null controllability results for System (15) with right-hand side f which does not
fulfil Condition (16).
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Remark 5. Consider the same system as System (12) except that the control is
now on the boundary, that is

Oy = Ay+az in (0,7) x (0,7,

Oz = Az in (0,7) x (0,T), (17)
y(0,t) = v(t), y(m,t) = 2(0,t) = 2(m,t) =0 on (0,7T),

y(,0) = yo(x), 2(x,0) = 2zo(z) in (0,7),

where yg, 20 € H (0, 7). In Theorem 5.4, we provide an explicit coupling function
« for which the IIj-null controllability of System (17) does not hold. Moreover
one can adapt the proof of the second point in Theorem 1.3 to prove the II;-null
controllability of System (17) under Condition (13).

If the coupling matrix depends on space, the notions of II;-null and approximate
controllability are not necessarily equivalent. Indeed, according to the choice of the
coupling function « € L>*(Q2), System (12) can be II;-null controllable or not. But
this system is II;-approximately controllable for all o € L (Q):

Theorem 1.4. Let a € L*(Qr). Then System (12) is Iy -approximately control-
lable for any open set w C Q C RN (N € N*), that is for all yo,yr, 20 € L*(Q) and
all € > 0, there exists a control u € L*(Qr) such that the solution (y, z) to System
(12) satisfies

[y(T) = yrllL2@) <e.

This result is a direct consequence of the unique continuation property and exis-
tence/unicity of solutions for a single heat equation. Indeed System (12) is II;-
approximately controllable (see Proposition 1) if and only if for all ¢y € L?(9) the
solution to the adjoint system

06 = Ad i Qr.
0w =Ab+as i Qr
6=t =0 on T, (18)

H(T) = ¢o, Y(T)=0 inQ
satisfies
p=0inwx (0,T) = (¢,¥) =01in Q7.

If we assume that, for an initial data ¢o € L?(Q2), the solution to System (18)
satisfies ¢ = 0 in w x (0, T"), then using Mizohata uniqueness Theorem in [23], ¢ =0
in Q7 and consequently ¢» = 0 in Q. For another example of parabolic systems
for which these notions are not equivalent we refer for instance to [5].

Remark 6. The quantity ay;, which appears in the second item of Theorem 1.3,
has already been considered in some controllability studies for parabolic systems.
Let us define for all k¥ € N*

I i (a) == /Oa a(z)wg(z)%dr,

Ik(()l) = Okk-
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In [6], the authors have proved that the system

Oy = Ay + az in (0,7) x (0,7,

Oz =Az+1,u in (0,7) x (0,7, (19)
y(0,t) = y(m,t) = 2(0,t) = z(7,t) =0 on (0,T),

y(x,0) = yo(x), 2(z,0) = 2o(x) in (0, ),

is approximately controllable if and only if
\Ik(a)| + |Il,k(a)| 7é 0 for all k¥ € N*.

A similar result has been obtained for the boundary approximate controllability in
[9]. Consider now

— 1 in{|] I
To(a) = lilrgrl sup Og(mm{k‘zkl : | 1’k|})
—00

It is also proved in [6] that: If T > Tp(«), then System (19) is null controllable
at time T and if T < Tp(a), then System (19) is not null controllable at time 7.
As in the present paper, we observe a difference between the approximate and null
controllability, in contrast with the scalar case (see [4]).

In this paper, the sections are organized as follows. We start with some pre-
liminary results on the null controllability for the cascade systems and on the dual
concept associated to the II,-null controllability. Theorem 1.1 is proved in a first
step with one force i.e. B € R™ in Section 3.1 and in a second step with m forces in
Section 3.2. Section 4 is devoted to proving Theorem 1.2. We consider the situations
of the second and third items of Theorem 1.3 in Section 5.1 and 5.2 respectively.
This paper ends with some numerical illustrations of I1;-null controllability and non

«

IT;-null controllability of System (12) in Section 5.3

2. Preliminaries. In this section, we recall a known result about cascade systems
and provide a characterization of the II,-controllability through the corresponding
adjoint system.

2.1. Cascade systems. Some theorems of this paper use the following result of
null controllability for the following cascade system of n equations controlled by r
distributed functions

Ow=Aw+ Cw+ Dl ,u in Qr,

w=0 on X, (20)
w(0) = wo in Q,

where wo € L*(Q)", u = (u1,...,u,) € L*(Q7)", with r € {1,...,n}, and the
coupling and control matrices C' € C°([0,T]; L(R™)) and D € L(R",R") are given
by

Cll(t) Clg(t) cee Olr (t)
0 Caa(t) -+ Ca(t)
C(t): ) . ) . (21)

0 0 - Crlt)
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with . 4 '
a1y (t)  ajp(t) ois(t) 1,5, (8)
L aby(t) agg(t) -+ ag (1)
C“‘ (t) = 0 1 Oéé3 (t) é,si (t) R
0 0 1 al (D)

s; €N, Yl s =nand D = (eg,]...leg,) with Sy = 1 and S; = 1+ 23;11 S5,
i €{2,...,7} (e; is the j-th element of the canonical basis of R™).

Theorem 2.1. System (20) is null controllable on the time interval (0,T), i.e. for
all wy € L2(Q)™ there exists u € L*(Q)" such that the solution w in W(0,T)" to
System (20) satisfies w(T) = 0 in Q.

The proof of this result uses a Carleman estimate (see [16]) and can be found in
[2] or [19].

2.2. Partial null controllability of a parabolic linear system by m forces
and adjoint system. It is nowadays well-known that the controllability has a dual
concept called observability (see for instance [4]). We detail below the observability
for the II,-controllability.

Proposition 1. 1. System (1) is II,-null controllable on the time interval (0,T)
if and only if there exists a constant Cyps > 0 such that for all initial data
o = (£Y, ..., ¥0) € L*(Q)? the solution ¢ € W(0,T)" to the adjoint system
—Op=Ap+ A%p in Qr,
=0 on X, (22)
90(7T) :H;@O = (90(1)7"'7@2707“%0) in O

satisfies the observability inequality

T
le(0) 72y < Cobs/0 1B @l|72 (ym dt- (23)
2. System (1) is I1,-approzimately controllable on the time interval (0,T) if and
only if for all po € L?(Q)P the solution ¢ to System (22) satisfies
B*o=0in (0,T) xw = ¢ =0 in Qr.
Proof. For all yg € L?(Q)", and u € L*(Q7)™, we denote by y(t; yo, u) the solution

to System (1) at time ¢ € [0,T]. For all ¢ € [0,T], let us consider the operators S;
and L; defined as follows

Sy L2(Q)" —  L2(Q)" Ly: L? mo L2(Q)"

A @ L 12Qn) @ gy

Yo = y(t;90,0) u = y(t;0,u).

1. System (1) is II,-null controllable on the time interval (0,T') if and only if

Vyo € L2(Q)", Ju € L?(Qr)™ such that

25
HpLTu = _HpSTyO- ( )

Problem (25) admits a solution if and only if

Im II,S7 C Im I, L. (26)
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The inclusion (26) is equivalent to (see [11], Lemma 2.48 p. 58)
3C > 0 such that Vo € L*(Q)P,
15700l 72(0yn < CILIIG @0l 72 (g ym-
We note that
SEIls . L2(QP — L2(Q)" LIl : L2(QP — LA(Qp)™
P and P *

eo = ©(0) vo = 1uB%y,
where ¢ € W(0,T)" is the solution to System (22). Indeed, for all yo €
LA(Q)", u € L*(Qr)™ and ¢ € L*(Q)P

(IpStyo, o)z = W(T590,0), 0(T)) L2()n

T
= /<3ty(8;yo,O),w(S»L?(Q)ndS
0

T
+/ (y(8;90,0), 0:0(5)) L2 ()mds + (yo, ©(0)) L2(q)n
0

= (W0,%(0))L2()n
(28)
and

(Il Lru, po) 2 = (Y(T50,u), o(T))L2()n
T
— | @uls0.0), (5D 20y
’ T (29)
+ [ (550.. 060(9)) s
0
= <]1wBu7<p>L2(QT)" = <u, ]le*(p>L2(QT)m.

The inequality (27) combined with (28)-(29) lead to the conclusion.
2. In view of the definition in (24) of St and Lp, System (1) is II,-approximately
controllable on the time interval (0,T) if and only if

Y(yo,yr) € L*(Q)" x L*(Q)?, Ve >0, 3u € L*(Qr)™ such that
I, Ly + 11, S7y0 — yrll 2 (a)r < e

This is equivalent to

Ve > 0, Vzr € L*(Q)P,3u € L*(Qr)™ such that
||HpLTu - ZT||L2(Q)P e

That means

I, L7 (L2 (Qr)™) = L*(Q)”.
In other words
ker L3I0, = {0}.

Thus System (1) is II,-approximately controllable on the time interval (0,T)
if and only if for all py € L2(Q2)P

LIl g =1,B"0 =0in Qr = ¢ =0in Qr.
O

Corollary 1. Let us suppose that for all ¢y € L*(Q)P, the solution ¢ to the adjoint
System (22) satisfies the observability inequality (23). Then for all initial condition
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yo € L?(Q)", there exists a control uw € L*(qr)™ (qr := w % (0,T)) such that the
solution y to System (1) satisfies IL,y(T) =0 in Q and

llullL2(grym </ CobsllyollL2(yn - (30)

The proof is classical and will be omitted (estimate (30) can be obtained directly
following the method developed in [15]).

3. Partial null controllability with constant coupling matrices. Let us con-
sider the system

Oy = Ay + Ay + Blyu  in Qr,

y=0 on X, (31)

y(0) =wo in Q,
where yo € L2(Q)", u € L*(Qr)™, A € L(R") and B € L(R™;R"). Let the natural
number s be defined by

s :=rank [A|B] (32)

and X C R” be the linear space spanned by the columns of [A|B].

In this section, we prove Theorem 1.1 in two steps. In subsection 3.1, we begin
by studying the case where B € R™ and the general case is considered in subsection
3.2.

All along this section, we will use the lemma below which proof is straightforward.

Lemma 3.1. Let be yo € L*(Q)", u € L*(Q7)™ and P € C'([0,T7], L(R™)) such

that P(t) is invertible for all t € [0,T]. Then the change of variable w = P~1(t)y
transforms System (31) into the equivalent system

Ow =Aw+ C(t)w + D(t)1,u  in Qr,
w=0 on X, (33)

with wo := P~Y(0)yo, C(t) := =P~ 1(t)0, P(t)+P~1(t)AP(t) and D(t) := P~*(t)B.
Moreover
ILy(T)=0in Q < I,P(T)w(T)=0in Q.
If P is constant, we have
[C|D] = P~'[A|B].

3.1. Omne control force. In this subsection, we suppose that A € L(R"™), B € R"
and denote by [A|B] =: (kij)i<ij<n and s = rank [A|B]. We begin with the
following observation.

Lemma 3.2. {B, ..., A*"'B} is a basis of X.

Proof. If s = rank [A|B] = 1, then the conclusion of the lemma is clearly true, since
B #0. Let s > 2. Suppose to the contrary that {B, ..., A*"'B} is not a basis of
X, that is for some i € {0, ..., s — 2} the family {B, ..., A* B} is linearly independent
and A" B € span(B, ..., A'B), that is A""'B = Y, _, ax A*B with ay, ...,a; € R.
Multiplying by A this expression, we deduce that A"*2B € span(AB, ..., A1 B) =
span(B, ..., A'B). Thus, by induction, A'B € span(B, ..., A'B) for all [ € {i +
1,..,n — 1}. Then rank (B|AB|...|A""'B) = rank (B|AB|..|A'B) =i+ 1 < s,
contradicting with (32). O
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Proof of Theorem 1.1. Let us remark that
rank II,[A|B] = dim IT,[A|B](R") < rank [A|B] = s. (34)
Lemma 3.2 yields
rank (B|AB|...|A*"'B) = rank [A|B] = s. (35)
Thus, for alll € {s,s+1,...,n} and i € {0,...,s — 1}, there exist «y,; such that

s—1

A'B =Y "0 ;A'B. (36)
=0
Since, for all l € {s,...,n}, ,A'B = Z::_Ol ay,i11,A’B, then
rank I1,(B|AB|...|A*"' B) = rank II,,[A|B]. (37)

We first prove in (a) that condition (9) is sufficient, and then in (b) that this
condition is necessary.
(a) Sufficiency part: Let us assume first that condition (9) holds. Then, using
(37), we have
rank I1,(B|AB|...| A*"*B) = p. (38)
Let be yo € L*(Q)". We will study the II,-null controllability of System (31)
according to the values of p and s.
Case 1 : p = s. The idea is to find an appropriate change of variable P to the
solution y to System (31). More precisely, we would like the new variable

w := P~y to be the solution to a cascade system and then, apply Theorem
2.1. So let us define, for all ¢ € [0, T7,

P(t) := (BIAB]...| A" B[Py (8)]. | Pu (1)), (39)

where, for all I € {s+ 1,...,n}, P(t) is the solution in C!([0,T])" to the
system of ordinary differential equations

O Pi(t) = AP(t) in [0,T],
{ PAT) = er. (40)
Using (39) and (40), we can write
roy=( 0. (1)

where Pyq = I1,(B|AB]|...]A57'B) € L(R?®), Ps; € L(R*,R""%) and I,,_s is
the identity matrix of size n —s. Using (38), Py is invertible and thus P(T)
also. Furthermore, since P(t) € C([0,T], £L(R")) continuous in time on the
time interval [0, T, there exists T* € [0,7T') such that P(t) is invertible for
all ¢ € [T, T).

Let us suppose first that 7% = 0. Since P(t) € C([0,7T], L(R™)) and
invertible, in view of Lemma 3.1: for a fixed control u € L?(Q7), y is the
solution to System (31) if and only if w := P(t) "'y is the solution to System
(33) where C, D are given by

C(t):=—P Y (t)o,P(t) + P~ (t)AP(t) and D(t):= P '(t)B,
for all ¢ € [0,T]. Using (36) and (40), we obtain

—8tP(t)+AP(t)—(AB|...|ASB|O...|0)—P(t)<CO“ 8) in [0, 7], (42)

P(t)e, = B in [0, 7],
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where
0 0 O Q5,0
1 0 0 ... s
Coie=| O 1 0 oo | e p(re), (43)
00 ... 1 ass1
Then

aw(%18>ampwq. (44)
Using Theorem 2.1, there exists u € L?*(Qr) such that the solution to
System (33) satisfies w1 (T) = ... = ws(T) = 0 in Q. Moreover, using (41),
we have
y(T) = (y1(T)y ooy ys(T)) = Pr1(wi(T), ..., ws(T)) = 0 in Q.
If now T™* # 0, let ¥ be the solution in W (0,7*)™ to System (31) with
the initial condition 7(0) = yp in ©Q and the control v = 0 in Q x (0,7*).
We use the same argument as above to prove that System (31) is IIs-null
controllable on the time interval [T*,T]. Let v be a control in L?(2 x
(T*,T)) such that the solution z in W(T™*,T)™ to System (31) with the
initial condition z(T™) = 7(T™) in  and the control v satisfies II;z(T) = 0
in Q. Thus if we define y and u as follows

(y,0) if t € [0, T*],
(y,u) == . .
(z,v) if t € [T*,TY,
then, for this control u, y is the solution in W(0,T)" to System (31). More-

over y satisfies
IMyy(T) =0 in Q.

Case 2 : p < s. In order to use Case 1, we would like to apply an appropriate

change of variable @ to the solution y to System (31). If we denote by
[A|B] =: (kij)ij, equalities (35) and (38) can be rewritten
kin oo ks kin e ks
rank =s and rank =p.
knl T kns kpl o kps

Then there exist distinct natural numbers A,11,..., A; such that we have
{Ap+15 A C{p+1,...,n} and

kw0 ks
rank For e s =s. (45)
o S W
kxa 0 kags

Let @ be the matrix defined by
Q= (€1|...|6p|6)\p+1|...‘€,\n)t,

where {Ast1,-s A}t = {p+ L,..;n}\{Aps1, .., As}. @ is invertible, so
taking w := P~y with P := Q~!, for a fixed control u in L*(Qr), y is
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solution to System (31) if and only if w is solution to System (33) where
wo == Qyo, C = QAQ™! € L(R") and D := QB € L(R;R"). Moreover
there holds

[C1D] = Q[A|B].
Thus, equation (45) yields
ki o kg
kpi oo kpn
rank II;[C|D] = rank II,Q[A|B] = rank =s.
k)‘p+11 T k>\p+1n
kxqa -+ R
Since rank [C|D] = rank [A|B] = s, we proceed as in Case 1 forward

deduce that System (33) is IIs-null controllable, that is there exists a control
u € L?(Q7) such that the solution w to System (33) satisfies

M w(T) =0 in Q.

Moreover the matrix @ can be rewritten

1, 0
@= ( 6) Q22 ) ’
where Q22 € L(R™"?). Thus
ILy(T) =1,Qy(T) = I,w(T) =0 in Q.

(b) Necessary part: Let us denote by [A|B] =: (ki;):j. We suppose now that
(9) is not satisfied: there exist p € {1,...,p} and f; for all i € {1,...,p}\{p} such

P
that kpj = > Biksj forall j € {1,...,s}. The idea is to find a change of variable
i=1,i#p
w := Qy that allows to handle more easily our system. We will achieve this in three
steps starting from the simplest situation.

Step 1. Let us suppose first that
kor - kas
ki1=..=kis=0 and rank : ; = s. (46)
kst1i1 0 kstis
We want to prove that, for some initial condition yo € L?(Q)", a control

u € L*(Qr) cannot be found such that the solution to System (31) satisfies
y1(T) =0 in Q. Let us consider the matrix P € L(R"™) defined by

P := (B|...|A* ' Blei|esial...|en)- (47)
Using the assumption (46), P is invertible. Thus, in view of Lemma 3.1,
for a fixed control u € L?(Q7), y is a solution to System (31) if and only
if w := P~ 'y is a solution to System (33) where C, D are given by C :=
P71AP and D := P~!'B. Using (36) we remark that

A(B|AB|..|BA*) = (B|AB|..|BA*) ( o ) 7
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with Cy; defined in (43). Then C' can be rewritten as
_( Cu Ci2

c= (G ar). (18)

where C13 € L(R"%,R?®) and Ce € L(R"®). Furthermore
D=P 'B=P 'Pe;=e.

and with the Definition (47) of P we get

y1(T) = ws1(T) in Q.

n

Thus we need only to prove that there exists wo € L?(2)™ such that we
cannot find a control v € L?(Qr) with the corresponding solution w to
System (33) satisfying wsy1(7) = 0 in Q. Therefore we apply Proposition
1 and prove that the observability inequality (23) can not be satisfied. More
precisely, for all wy € L?(2)™, there exists a control u € L?(Qr) such that
the solution to System (33) satisfies ws1(7T) = 0 in ©, if and only if there
exists Cops > 0 such that for all ¢9,, € L?(2) the solution to the adjoint
System

—Op = Ap+ ( Cil 0* ) ® in Qr,
Cly O3 (49)
p = 0 on X,
QO(T) = (07'“70a§02+1707'~70)t = €S+1302+1 in
satisfies the observability inequality
/ ©(0)2 dz < Cps / o3 da dt. (50)
Q wx(0,T)

But for all ¢0,; # 0 in ©, the inequality (50) is not satisfied. Indeed, we
remark first that, since ¢1(T) = ... = ps(T) = 0 in Q, we have p; = ... =
s = 0in Qr, so that wa(O’T) ¢% dz = 0, while, if we choose ¢9,; # 0in €,
using the results on backward uniqueness for this type of parabolic system
(see [17]), we have clearly (ps41(0),...,,(0)) # 0 in .

Let us suppose only that ki3 = ... = k15 = 0. Since rank (B|...|4571B) = s,
there exists distinet A1, ..., A\s € {2,...,n} such that

k)\l,l e k)\l,s
rank :

|
i

Exgi 0 Eas

Ex) s

Let us consider the following matrix

Q = (61 |6>\1 |"'|6)\n—1 )ta

where {A\si1, s An_1} = {2, ..., n}\{A1, ..., As }. Thus, for P := Q~!, again,
for a fixed control u € L?(Q7), y is a solution to System (31) if and only
if w := P~ 'y is a solution to System (33) where C, D are given by C :=
QAQ~! and D := QB. Moreover, we have

[C1D] = Q[A|B].
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If we note (‘I::Z])'L] = [C‘D], this implies ];311 =..= ]:315 =0 and
ko1 o ks kxji oo ks
rank = rank =s.
I%erl,l ce ]N{:erl,s k)\511 e kAs,S

Proceeding as in Step 1 for w, there exists an initial condition wy such
that for all control u in L?(Qr) the solution w to System (33) satisfies
wi(T) # 01in Q. Thus, for the initial condition yo := Q~!wy, for all control
u in L?(Qr), the solution y to System (31) satisfies

y1(T) = w1 (T) £ 0 in Q.
Step 3. Without loss of generality, we can suppose that there exists g; for all
P
i € {2,...,p} such that ki; = > Bik;; for all j € {1,...,s} (otherwise a
i=2

permutation of lines leads to this case). Let us define the following matrix

P t
Q:= ((e1 - Z,@iei)|eg|...|en> .
=2

Thus, for P := Q~!, again, for a fixed initial condition yo € L*(2)" and
a control u € L?(Qr), consider System (33) with w := Py, y being a
solution to System (31). We remark that if we denote by (k;;) := [C|D],
we have kiy = ... = kys = 0. Applying step 2 to w, there exists an initial
condition wy such that for all control u in L?(Q7) the solution w to System
(33) satisfies

wy(T) # 0 in . (51)

Thus, with the definition of @, for all control u in L?(Qr) the solution y to
System (31) satisfies

wi(T) =y (T) - Z Biyi(T) in Q.

Suppose II,y(T) = 0 in Q, then w1 (T) = 0 in Q and this contradicts (51).

As a consequence of Proposition 1, the II,-null controllability implies the II,-
approximate controllability of System (33). If now Condition (9) is not satisfied,
as for the II,-null controllability, we can find a solution to System (49) such that
$1=0inw x (0,T) and ¢ Z 0 in Qr and we conclude again with Proposition 1.

O

3.2. m-control forces. In this subsection, we will suppose that A € £L(R") and
B € L(R™,R™). We denote by B =: (b']...]b™). To prove Theorem 1.1, we will use
the following lemma which can be found in [2].

Lemma 3.3. There exist r € {1,...,s} and sequences {l; }1<j<r C {1,...,m} and

{siticicr C {1, on} with 377, sj = s, such that

B:= | J{vh, Abls, ..., A1)

j=1
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is a basis of X. Moreover, for every 1 < j < r, there exist ai,sj eR for1<i<j
and 1 < k < s; such that
Asipli = zj: (aisj b+ AV 4+ aii,sjASiflbli) : (52)
i=1
Proof of Theorem 1.1. Consider the basis B of X given by Lemma 3.3. Note that
rank II,[A|B] = dim IT,[A|B](R") < rank [A|B] = s.
If M is the matrix whose columns are the elements of B, i.e.
M = (myj)ij = (0" |Ab" [ | A%~ L |bln [Abl || A5~ i)
we can remark that
rank IT,M = rank II,[A|B]. (53)
Indeed, relationship (52) yields

J
I,A%b =3 (mi,sjnpb“ +ab, AV + .. +al HpAsflb“> .
i=1

We first prove in (a) that condition (9) is sufficient, and then in (b) that this
condition is necessary.

(a) Sufficiency part: Let us suppose first that (9) is satisfied. Let be yg €
L?(Q)". We will prove that we need only r forces to control System (31). More
precisely, we will study the II,-null controllability of the system

Oy = Ay+ Ay + Bl,v  in Qr,

y=0 on X, (54)
y(0) = yo in Q,
where B = (0" |b%2|---|b!7) € L(R",R"). Using (9) and (53), we have
rank IT,(b" | Ab"[...| A5 = 1ol ||l |Abl7|.. | A5~ 1blr) = p. (55)

Case 1 : p=s. As in the case of one control force, we want to apply a change of
variable P to the solution y to System (54). Let us define for all ¢ € [0, T
the following matrix

P(t) := (0" |Ablr || A5 = bl | bl | AL || A% b | Py gy (1)) P (t)) € L(R™),
(56)
where for all I € {s+ 1,...,n}, P, is solution in C*([0,T])" to the system of
ordinary differential equations

DR (t) = APi(1) in [0,7),
{nn o7

Using (56) and (57) we have
ro=( 0. (59)

where Py := I (bl |Ablr|...|A51= bl |blr | Ablr|...|As-—1blr) € L(R®) and
Py; € LR™ % R?®). From (55), P;; and thus P(T) are invertible. Further-
more, since P is continuous on [0, T, there exists a T* € [0,T) such that
P(t) is invertible for all ¢t € [T, T1.

We suppose first that 7% = 0. Since P is invertible and continuous
on [0, 7], for a fixed control v € L?(Qr)", y is the solution to System (54)
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if and only if w := P(t)~'y is the solution to System (33) where C, D are
given by

O(t) := —P~Y1)3,P(t) + P *(t)AP(t) and D(t) := P~(t)B,

for all ¢ € [0,T]. Using (52) and (57), we obtain

_O,P(t) + AP(t) = (A1 AZN || A5 B, |Ab|A2bY .| A5 b [O]...|0),
_ Cii 0 .
- P(t) ( 0 0 ) m [07T]7
P(t)es, = bl in [0,T],
| (59)
where S; =1+ E;;ll s;forie{1,...,r},
Cii Ci2 -+ Cyy
_ 0 Co -+ Oy
Cn = ) . . € L(R?) (60)
0 0 - C

and for 1 < < j < r the matrices C;; € L(R%,R*) are given by

00 0 ... aj,
10 0 ... ab
Cy;i = o1 0 ... aé’si
0 0 1 .
and
0 0 O Ls;
0 0 O 2,5,
Cij = 00 0 T Otéﬁsj for 7> .
0 0 0 ag,
Then R
011 0
c(t) = 0 0 and D(t) = (eg,|..-les,)- (61)
Using Theorem 2.1, there exists v € L?(Qr)" such that the solution to
System (33) satisfies w1 (T) = ... = ws(T) = 0 in Q. Moreover, using (58),
we have

ILy(T) = (y1(T), .oy ys (7)) = Pr1(wi(T), ...,ws(T)) = 0 in Q.

If now T* # 0, we conclude as in the proof of Theorem 1.1 with one
force (see § 3.1).
Case 2 : p < s. The proof is a direct adaptation of the proof of Theorem 1.1 with
one force, it is possible to find a change of variable in order to get back to
the situation of Case 1 (see § 3.1).

(b) Necessary part: If (9) is not satisfied, there exist p € {1, ...,p} and, for all
P

i€ {1,...,p}\{P}, scalars f3; such that mpz; = > fim,; for all j € {1,...,s}. As
i=1,i#p
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previously, without loss of generality, we can suppose that
ma1 T mas
mi1 =..=m1s =0 and rank =35 (62)
Msy1,1 =0 Ms4l,s
(otherwise a permutation of lines leads to this case). Let us consider the matrix P
defined by
P = (b1 Ab ]| AS D bl |Abl . | AS b eq |estal - len). (63)
Relationship ensures (62) that P is invertible. Thus, again, for a fixed control
u € L*(Q7)™, y is the solution to System (31) if and only if w := P~ly is the
solution to System (33) where C, D are given by C' := P"1AP and D := P~ 'B.
Using (52), we remark that
A ABN .| AS 1B L bl | Ablr ... | ASr bt

— (ABAZDD | [ AS B || Al [AZB | [ AS bl ) = P( Ca > ,

where C1; is defined in (60). Then C' can be written as

_ Cii Cha
c_< ! C) (64)

where Cy5 € L(R*,R"*#) and Coy € L(R™#). Furthermore, the matrix D can be

written
_( D
p=(%).

where Dy € L(R™,R®). Using (63), we get
y1(T) = wsy1(T) in Q.

Thus, we need only to prove that there exists wy € L?(€2)" such that we cannot
find a control u € L?*(Qr)™ with the corresponding solution w to System (33)
satisfying wyy1(7) = 0 in Q. Therefore we apply Proposition 1 and prove that
the observability inequality (23) can not be satisfied. More precisely, for all wg €
L?(Q)", there exists a control u € L*(Qr)™ such that the solution w to System
(33) satisfies w11 (T) = 0 in Q, if and only if there exists Cpps > 0 such that for all
©%,, € L*(Q) the solution to the adjoint system

*atgﬁ = Agﬁ + < Cjil ~0* ) © il’l QT,
Cl2 C22 (65)
o =0 on X,
o(T) = (0,...,0,9,1,0,....,0)" = esp19%,; nQ
satisfies the observability inequality
/90(0)2d33 < cobs/ (DX (g1 p)VV2 da . (66)
Q wx(0,T)

But for all ¢0,; # 0 in , the inequality (66) is not satisfied. Indeed, we remark
first that, since p1(T) = ... = ps(T) = 0 in , we have p; = ... = s = 0 in Q.
Furthermore, if we choose ¢, | # 0 in £, as previously, we get (ps41(0), ..., pn(0)) #
0 in Q.

We recall that, as a consequence of Proposition 1, the II,-null controllability
implies the II,-approximate controllability of System (54). If Condition (9) is not
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satisfied, as for the IL,-null controllability, we can find a solution to System (65)
such that Di(¢q,...,05)* =0in w x (0,T) and ¢ # 0 in Q7 and we conclude again
with Proposition 1.

O

4. Partial null controllability with time dependent matrices. We recall that
(AB](-) = (Bo(:)|.-|Ba1(-)) (see (6)). Since A(t) € C™1([0, T; L(R™)) and B(t) €
C™([0,T); LR™;R™)), we remark that the matrix [A|B] is well defined and is an
element of C1([0,T], L(R™",R™). We will use the notation B; =: (bi|...|b%,) for all
i €{0,...,n — 1}. To prove Theorem 1.2, we will use the following lemma of [19]

Lemma 4.1. Assume that max{rank [A|B](t) : t € [0,T]} = s < n. Then there
exist To, Th € [0,T], with Ty < Th, » € {1,..,m} and sequences (sj)igj<r C
{1,...,n}, with >;_, s; = s, and (Ij)1<j<r C {1 ..m} such that, for everyt €
[TO,Tl] the set

B(t) U{bo (£), b7 (1), -, b5, 1 ()}, (67)
j=1
is linearly independent, spans the columns of [A|B](t) and satisfies

J
KE) ljal J?
=3 (0 @U ) + 02 OB (@) + 02 @) (69)
k=1
for every t € [Ty, T1] and j € {1,...,r}, where
008 (1), 01 (8), 637 1 (1) € C(([To, Th)).

9 Vs5,8k—1

With exactly the same argument for the proof of the previous lemma, we can
obtain the

Lemma 4.2. If rank [A|B](T) = s, then the conclusions of Lemma 4.1 hold true

Proof of Theorem 1.2. Let yo € L?(2)™ and s be the rank of the matrix [A|B](T).
As in the proof of the controllability by one force with constant matrices, let X
being the linear space spanned by the columns of the matrix [A|B](T). We consider
B = B(t) the basis of X defined in (67).

As in the constant case, we will prove that we need only r forces to control
System (1) that is we study the partial null controllability of System (54) with
the coupling matrix A(t) € C*~1([0,T]; £L(R™)) and the control matrix B(t) =
(B, (t)|Bi, ()| -+ - |By,.(t)) € C™([0,T]; L(R",R™)). If we define M as the matrix
whose columns are the elements of B(t), i.e. for all ¢t € [0, T

M(t) = (mi; () 1<i<n1<i<s = (bff (105 (O)]--- |G 1 (1)1 | (D)7 (2)].. |béT_1(t)) :
we can remark that

rank I, M (T) = rank II,[A|B](T) = p. (69)
Indeed, using (68),

Hbl 2]:(91’ blk<)+el]lk()npblk()+ _|_9J’6k 1( )H blsk 1(t))-
k=1
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Case 1 : p=s. Asin the constant case, we want to apply a change of variable P to

the solution y to System (54). Let us define for all ¢ € [0, 7] the following
matrix

P(t) := (b (£)[by (8)]...|00, 1 (1))
B (1B ()]0 3 (D) Paga (8)]-.| Pat)) € LER™),

sp—1

(70)

where for all i € {s+ 1,...,n}, P is solution in C*([0,T])" to the system of
ordinary differential equations

{ QP(t) = AP(t) in [0,T),

PT) = er. (1)

Using (70) and (71), P(T) can be rewritten

ry=( 0. (72)

whete Pry i= Tl (5 ()W (7). by (7). [bly (DB (D). |8l _,(T)) €
L(R®) and Py; € L(R™*,R®). Using (69), P11, and thus P(T), are invert-
ible. Furthermore, since P is continuous on [0, T, there exists a T* € [0,T)
such that P(t) is invertible for all ¢ € [T™*,T].

As previously it is sufficient to prove the result for 7% = 0. Since
P(t) € C1([0,T], L(R™)) and is invertible on the time interval [0, 7], again,
for a fixed control v € L?(Qr)", y is the solution to System (54) if and only
if w := P(t)~'y is the solution to System (33) where C, D are given by

O(t) := —P~Y1)3;P(t) + P *(t)AP(t) and D(t) := P~(t)B,
for all ¢ € [0,T]. Using (68) and (71), we obtain

—0P(t) + AP(t) = (B () (E)]...|bh (£)]... |6 (£)]Y (£)]..|bk (£)[0]-..]0),

P(t)( 051 8 ) in [0, 77,

P(t)es, = by in [0,T],
‘ (73)
where S; =1+ z;;ll s; for 1 <i <,
Cii Ci2 -+ Chip
~ 0 Cypn -+ Cy
Chp = . . . . S E(RS), (74)
0 0 - C,

and for 1 < i < j < r, the matrices Cy; € C°([0,T); € L(R%,R%)) are given
here by

00 0 ol
10 0 .. eiil
ci=|01 0 ... @
00 ... 1 @k

Si,Si—1
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and
00 0 0%
00 0 0
R Lo
Cij=|00 0 .. 05]1_72 for j > 1.
: ol
O O 0 Sj,8i—1
Then )
c= ( o ) and D = (es, |...|es.). (75)
Using Theorem 2.1, there exists v € L?(Q7)" such that the solution to
System (33) satisfies w1 (T') = ... = ws(T) = 0 in Q. Moreover, the equality

(72) leads to
Hay(T) = (0 (T), . a(T))" = Pot (s (T), .y ws(T))* = 0 in .

Case 2 : p < s. The same method as in the constant case leads to the conclusion
(see § 3.1).
The m,-approximate controllability can proved also as in the constant case.
O

5. Partial null controllability for a space dependent coupling matrix. All
along this section, the dimension N will be equal to 1, more precisely 2 := (0,7)
with the exception of the proof of the third point in Theorem 1.3 and the numerical
illustration in Section 5.3 where © := (0,27). We recall that the eigenvalues of
—A in Q with Dirichlet boundary conditions are given by s := k? for all k > 1
and we will denote by (wg)r>1 the associated L?-normalized eigenfunctions. Let us
consider the following parabolic system of two equations

Oy=Ay+az+1,u in Qr,
Oz = Az in Qr,
y=2=0 on X,
y(0) =yo, 2(0) =2z  inQ,

(76)

where yo, 20 € L?(Q) are the initial data, u € L?(Qr) is the control and the
coupling coefficient « is in L (€2). We recall that System (76) is IT; -null controllable
if for all 0,20 € L?(Q2), we can find a control u € L?(Qr) such that the solution
(y,2) € W(0,7)? to System (76) satisfies y(T') =0 in Q.

5.1. Example of controllability. In this subsection, we will provide an example
of TI1-null controllability for System (76) with the help of the method of moments
initially developed in [13]. As already mentioned, we suppose that € := (0, ), but
the argument of Section 5.1 can be adapted for any open bounded interval of R.
Let us introduce the adjoint system associated to our control problem

—0ip = Ao in (0,7) x (0,7,
=0 = A+ g in (0,7) x (0,7),
$(0) = ¢(m) = $(0) = ¢(m) =0 on (0,T),
¢(T) = o, »(T) =0 in (0,m),
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where ¢g € L?(0,7). For an initial data ¢o € L?(0,7) in adjoint System (77), we

* /d)oy dm—/ (0 yodx—/ (0 zodm—//qquSuda:dt (78)

with the notation g7 := w x (0,T). Since (wy)r>1 spans L?(0,), System (76) is
111 -null controllable if and only if there exists u € L?(qr) such that, for all k € N*,
the solution to System (77) satisfies the following equality

— 0 dx — 0)zpdx = dx dt, 79
/Oqsk( o da /Om )20 da /mu (79)

where (¢, 1) is the solution to adjoint System (77) for the initial data ¢g := wy.
Let £ € N*. With the initial condition ¢y := wy is associated the solution
(¢r, ) to adjoint System (77):

dr(t) = e T Dy in (0, 7)
for all t € [0,T]. If we write:
t) := Zwkl(t)wl(a:) for all (x,t) € (0,7) x (0,7T),
1>1
then a simple computation leads to the formula
—k2(T—t) _ —1%(T—t)
e e
t
Vi (?) k2 + 12
where, for all k,l € N*, ay; is defined in (2). In (80) we implicitly used the
convention: if [ = k the term (e (7= — ¢=*(T=1)) /(_k2 4 [2) is replaced by

(T — t)e”&(T*t). With these expressions of ¢ and vy, the equality (79) reads for
all k > 1

o forall 1> 1, t € (0,7), (80)

—kT —

k2 .2
—et Ty](z_z k2+l2 OéklZl //qT =Dy (x)u(t, z) dedt.  (81)

>1

In the proof of Theorem 1.3, we will look for a control u expressed as u(x,t) =

f(@)y(t) with y(t) = > 451 7kqx(t) and (gx)rk>1 a family biorthogonal to (e‘th)
Thus, we will need the two following lemma

k>1-

Lemma 5.1. (see Lemma 5.1, [6]) There exists f € L?(0,7) such that Supp f C w
and for a constant 3, one has

. 37
]g;flfkk =p>0,

where, for all k € N*, fi := [ fwy dz.

Lemma 5.2. (see Corollary 3.2, [13]) There exists a sequence (qx)k>1 C L*(0,T)

biorthogonal to (67k2t)k>1, that is

2
<qka eil t>L2(0,T) = Okt
Moreover, for all € > 0, there exists Cr . > 0, independent of k, such that
larllz20,m) < Or,ce (mte)k v > 1. (82)

Remark 7. When Q := (a,b) with a,b € R, the inequality (82) of Lemma 5.2 is
replaced by
gl z20.7) < Cr,ce® 9% Wk > 1.
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Proof of the second point in Theorem 1.5. As mentioned above, let us look for the
control u of the form wu(z,t) = f(x)y(t), where f is as in Lemma 5.1. Since fi # 0
for all k € N*, using (81), the II;-null controllability of System (76) is reduced to
find a solution v € L?(0,T) to the following problem of moments:
g —k%t -1 KT, 0 eHT T
\/O ’Y(T—t)e dt = fk‘ —e Y — ; —kQ——"—lQaklZl = Mk Vk 2 0.
(83)
The function y(t) := >, Mkqr(T' —t) is a solution to this problem of moments.
We need only to prove that v € L?(0,T). Using the convexity of the exponential
function, we get for all k € N*,

—K2T —i?T k —k2T —1?T
e — € e — €
S e |l = ey lewd
e e*kQT _ efl"’T
+ l
l}k;l |l (s
k 2 x 2
< S Te ' ay|+ Y Te *T|ay]
I=1 I=k+1
=: Al,k+A2,k~

With the Condition (13) on «, there exists a positive constant Cp which do not
depend on k such that for all k£ € N*

k
A < ClTZe—ZZTe—Cg(k—l)
=1

< Oy Te-Cak i o~ PT+Cal (85)
=1
< CTe—CQkJ
and
2 &)
A2,k < ClTefk T Z e*Cg(l*k‘)
I=k+1
< O Te R T S (eC2)i (86)
§=0
1
—k2T
Combining the three last inequalities (84)-(86), for all £ € N*
e—k’T _ —I’T ok
—_— < Cre “2%, 87
l; TR |k e (87)

where C is a positive constant independent of k. Let ¢ € (0,1). Then, with Lemma
5.1, (83) and (87), there exists a positive constant Cr . independent of k such that
for all k£ € N*

871 (e ¥ Tllyoll p2(0.m) + Cre™ |20l p2(0.m) )

<
< OT,eech(lfs)k(Hyo||L2(077r) + |20l 2 (0,m))-
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Thus, using Lemma 5.2, for € small enough and a positive constant Cr .

IVllz20.m) < Cre( Y e 0= R (jlyg | L2,y + |20l L2(0,m)) < 00
keN®

O

5.2. Example of non controllability. In this subsection, to provide an exam-
ple of non IIj-null controllability of System (76), we will first study the boundary
controllability of the following parabolic system of two equations

Oy = Ay+az in Qr = (0,m) x (0,7,
Oz = Az in Qr,

y(0,t) = v(t), y(m,t) = 2(0,t) = z(m,t) =0 on (0,7,

y(l‘,O) = yo(x), Z(l‘,O) = ZO(-T) in := (0771-);

(83)
where yo, 20 € H1(0,7) are the initial data, v € L%(0,T) is the boundary control
and o € L>(0, 7). For any given yo,z0 € H~(0,7) and v € L?(0,T), System (88)
has a unique solution in L2(Q7)% N C°([0,T); H=(Q)?) (defined by transposition;
see [14]).

As in Section 5.1, for an initial data (yo, 20) € H1(0,7)? we can find a control
v € L*(0,T) such that the solution to (88) satisfies y(T") = 0 in (0, 7) if and only if
for all ¢pg € H}(0,7) the solution to System (77) verifies the equality

T
— {30, ON) 1.1 — (0, H(O)) 1. = / o(t)6a(0,6)dt,  (89)

where the duality bracket <~,~>H71’H3 is defined as (f, g>H71_’Hé = f(g) for all
f e HY0,7) and all g € H}(0, 7).

The used strategy here is inspired from [20]. The idea involves constructing
particular initial data for adjoint System (77):

Lemma 5.3. Let m,G € N*. For all M € N\{0,1}, there exists ¢po s € L*(0,7)
given by
Goar = Y BN WM i
i=1
. 0,M 0,M . .
With Gyt o Pinom € R, such that the solution (¢ar,Yar) to adjoint System
(77) with ¢o = Po nm satisfies

T 1/2
</0 (¢M)w(0at)2dt> < m, (90)

where 1 does not depend on M. Morover for an increasing sequence (M;);en C

N\{0,1} and a k1 € {1,...,m}, we have |¢%g\/1j+k1| =1 for all G € N* and j € N.

To study the controllability of System (88) we will use the fact that for fixed
m, G € N*, the quantity in the left-side hand in (90) converge to zero when M goes
to infinity.

Proof. We remark first that

Ay = /0 (a0, dt = /0 '

GM+m 2

ST ke MITOGM ar, (91)
k=GM+1
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We can rewrite Ay, as follows:

2

T| m
. 2
AM _ / Z(GM+3) —(G2M?4+2GMj+352)(T— t)¢GM+] dt
0 |i=1 (92)

T
- / T2EMAT=0 gy (1) dt,
0

where, for all t € [0,T], ga(t) := far(t)? with

2G M j+5°)(T—t
(GM + j)e = i+i*)( )gb GM+j-
J=1

Let (qb%%H, (b%%H’ cees ¢%%+m) be a nontrivial solution of the following homoge-
neous linear system of m — 1 equations with m unknowns

m

V() = (GM +5)(2GMj + ) 6gat,; =0, for all 1€ {0,...,m —2}. (93)
j=1

Using Leibniz formula

g$=i< )NW”

we deduce that
gE\Q(T) =0, for all 1€ {0,...,2m —4}. (94)
Using (94), after 2m — 3 integrations by part in (92), we obtain
Ay = _gM(0)67262M2T Jr/T 672G2M2(T t)g(l)( )dt
2G2 M2 o (—=2G2Mm2) "M
2m—4 o) (()e—2G°MT T _—2G*M?*(T—t)
= ZgM()2 211+/ -
=0 (=2G2M2)H (

(2m—3)
—oG2M2)2m—3IM (t) dt.

By linearity, in (93) we can choose (;523%“7 - gbg%er such that
sup \¢GM+Z| =1L (95)
i€{l,....m

Thus, for all I € N and all ¢ € [0, 7], the following estimate holds

ol = |z (4 ) Aos oo

k=0
l m
S kzo( Ii: ) Zl(GM+‘7)(2GMj+‘7 Jhem GOMITINT g
= J=
X | Y (GM + 5)(2GMj + j )ik e~ (GM+7%)(T—1) ¢GM+3
=1
l
< (GM +m)*m? Y ( ]i ) (2GMm + m?)!
k=0

N
Q
<

5
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where C' does not depend on M. Then, since  sup |¢GM+1| = 1, there exist
i€{1,....m}
C, 7 > 0 such that

2t gy Tllgy ™"

A < —2G*M*T © ©

M ¢ g:o (2G2M2)IH1 + (2G2)M2)2m=3

> C C
< —TM? 7
¢ l;} ML T s
1 C

1_ M-2 + M2m—5"
Thus there exists 3 > 0 such that we have the estimate

S CM_Q(’,_TMZ

gi!
Av < Tpms

where 7, does not depend on M. Using (104), for all M > 2, there exists ki (M) €
{1,...,7}, such that |gb15 Mk M)| = 1. Thus there exists an increasing sequence
(M;)jen+ such that |¢(1)5]]V\14 4k, | =1forak; € {1,...,m} independent of j. O
Theorem 5.4. Let T > 0 and « be the function of L°°(0, ) defined by

1

az) = Z 7 cos(155z) for all z € (0, 7). (96)
j=1

Then there exists k1 € {1,..,7} such that for (yo,20) := (0,wk,) and all control
v € L%(0,T), the solution to System (88) verifies y(T) 2 0 in (0, 7).

Proof. To understand why the number «15> appears in the definition (96) of the
function «, we will consider for all x € (0, )

1

a(z) = Z 7 cos(Gjz) for all z € (0,7), (97)

j=1
where G € N*. We recall that for an initial condition (yo,20) € L?(0,7)? and a
control v € L?(0,T), the solution to System (96) satisfies y(T) = 0 in (0, ) if and
only if for all ¢y € L?(0,7), we have the equality

T
—%@@mﬂ%—%w@mﬂ%zévw%mww (98)

where (¢, 1) is the solution to the adjoint System (77). Let us consider the sequences
(Mj)jen+ and (¢o,n;)jen, k1 defined in Lemma 5.3 and (¢az,,¥ns;) the solution to

_8t¢M]~ = A¢Mj in (O’W) X (OvT),
—0hn; = A, + g in (0,7) x (0,7),
dnr,(0) = dur; (1) = ¥ar, (0) = thay, () =0 on (0,T),
b, (T) = do,ny Yo, (T) =0 in (0,7).

The goal is to prove that for the initial data (yo,z0) := (0,wg,) and ¢o ns,; for j
large enough, the equality (98) does not holds. Using Lemma 5.3, we have

Yllvllz2(gr)

Ammmm@wm<Mﬁmwf (99)

Since yy = 0, we obtain
(Yo, &, (0)) -1 g = 0. (100)
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Let us now estimate the term (20,4, (0)) -1 gy in the equality (98). We recall
that the expression of « is given in (97). Then, the function « is of the form

a(z) = Y apcos(pz) for all z € (0,7), with
p=0
1 . . . %
= if p=Gi with i € N,
= 101
o { 0  otherwise. (101)
From the definition of ay; in (2), there holds for all k,[ € N*

ar = (o) — k).
Let k€ {1,....m} and l € {GM, +1,...,GM,; + m}. We have
k+1e{GM;+2,..,GM,; + 2m}.

Thus if we choose

G>2m+1, (102)
using (101), we obtain

ag4 =0

and

% if |k —1] = GM;,
Ag—1| = M;

0 otherwise.
So that we have the following submatrix of (aki)1<k,i<GM+m:
1

M,
According to Lemma 5.3, there exists k1 € {1,...,m} such that

0,M;
[ Son k| = 1. (104)

Furthermore, since k; € {1,...,m},

(k1) 1<k<m,GM; +1<ISG M, +m = Igm. (103)

|e—k§T _ e—(GMj+k1)2T| > |e—m2T _ e—GzMjQT‘ (105)
and
(GM; + k1)? — k7 < (GM; +m)? — 1. (106)
Since zgp = wy,, the equality (103) leads to
T o—RIT _ o—(GM;+5)2T
52:31 —k? + (GM; + s)?
e—RIT _ o—(GM;+k1)°T 4
—k3+ (GM; + k1)? 7nM;?|

j
Then using (105) and (106) for all j € N*
2

= (0)dz| > 2
[ @ ] > 2

where v2 does not depend on j. Combining (99) and (107), we obtain a contradiction
with equality (98). Thus, for this initial condition yo and zp, we can not find a
control v € L?(0,T) such that the solution (y, z) to system (96) satisfies y(T') = 0
in (0,m).

0,M;
O‘klvGM.ﬁSd)GM_ﬁs

/ 20vn, (0) da
0

<Zo, Q/JMJ» (0)>H*1,Hg

> (107)

O
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Proof of the third point in Theorem 1.3. Using Theorem 5.4, for the initial data
(Po,qo) := (0,wy,) € L?(0,7)? and all control v € L?(0,T), the solution (p,q) €
W(0,T)? (defined by transposition) to the system

O:p = Ap + aq in (0,7) x (0,7),

0yq = Agq in (0,7) x (0,7,

pr,) = v, p(0,9) = 4(0,) = alm,) =0 on (0,T), (108)
p(-,0) = po, q(-,0) = qo in (0, )

satisfies p(T) # 0 in (0, 7). Consider now py, g, € L*(0,2n) defined by

2
Do(x) =0 and gy(z) = [sin(klx) for all z € (0, 2m).
7r
Remark that (Pg|(,x) doj(0,x)) = (P0:q0). Let w C (0,m). Suppose now that the
system
For given (yo,20) : (0,27) — R?, w: (0,27) x (0,7) — R,
Find (y, 2) : (0,27) x (0,7) — R? such that

Oy = Ay +az+ L,u in (0,27) x (0,7T), (109)
Oz = Az in (0,27) x (0,T),

y(0,-) =y(2m,:) = 2(0,-) = 2(27,-) =0 on (0,7),

y(-,0) = yo, 2(,0) = 20 in (0, 27)

is II;-null controllable, more particularly for the initial conditions y(0) = p, and
2(0) = g, in (0,27), there exists a control u in L2((0,27) x (0,7)) such that the
solution (y,z) to System (109) satisfies y(7') = 0 in (0,27). We remark now that
(2, q) == Wl(o,x)s 2l(0,x)) is a solution of (108) with (p(0),¢(0)) = (po, qo) in (0,7),
v(t) = y(m,t) in (0,T) and satisfying p(7T) = 0 in (0, 7). This contradicts that for
any control v € L?(0,T) the solution (p,q) to System (108) can not be identically
equal to zero at time T. O

5.3. Numerical illustration. In this section, we illustrate numerically the results
obtained previously in Sections 5.1 and 5.2. We adapt the HUM method to our
control problem. For all penalty parameter ¢ > 0, we compute the control that
minimizes the penalized HUM functional F. given by

1 1
FE(U) = 7||u||2L2(w><(O,T)) + 7||y(T7 yOﬂu)”%Z(Q)’
2 2¢e

where y is the solution to (76). We can find in [8] the argument relating the
null/approximate controllability and this kind of functional. Using the Fenchel-
Rockafellar theory (see [12] p. 59) we know that the minimum of F; is equal to
the opposite of the minimum of .J., the so-called dual functional, defined for all
po € L*(2) by

1 €
Je(po) = 5”@”%2(%) + §||800||%2(QT) + (T340, 0), o) L2().

where ¢ is the solution to the backward System (110). Moreover the minimizers u.
and ¢ ¢ of the functionals F, and .J. respectively, are related through the equality
ue = 1,p., where ¢, is the solution to the backward System (110) with the initial
data ¢(T') = ¢o,.. A simple computation leads to

V(o) = Apo + o + y(T;40,0),
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with the Gramiam operator A defined as follows

A L2Q) = L2(Q),
¥o - w(T)7

where w is the solution to the following backward and forward systems

—O0p=Ap inQr,
p=0 on X, (110)
o(T) = o in Q

and

87511) :Aw‘f']lw@ in QT7
w =0, on Ly, (111)
w(0) =0 in .

Then the minimizer u. of F, will be computed with the help of the minimizer ¢¢ .
of J. which is the solution to the linear problem

(A+€)po,e = —y(T;y0,0).

Remark 8. The proof of Theorem 1.7 in [8] can be adapted to prove that

(i) System (76) is II3-null controllable if and only if sup < inf FE) < 00,
e>0 \L?(wx(0,7))
(ii) System (76) is II;-approximately controllable if and only if y.(T') = 0,
E—

where y. is the solution to System (76) for the control u..

System (76) with 7' = 0.005, Q := (0,27), w := (0,7) and yo := 100sin(x) has
been considered. We take the two expressions below for the coupling coefficient «
that correspond respectively to Cases (1)-(2) and (3) in Theorem 1.3:

(a) afz) =1,
(b) afx) = ;0 #003(151%).

Systems (76) and (110)-(111) are discretized with backward Euler time-marching
scheme (time step ¢ = 1/400) and standard piecewise linear Lagrange finite el-
ements on a uniform mesh of size h successively equal to 27/50, 27/100, 27/200
and 27/300. We follow the methodology of F. Boyer (see [8]) that introduces a
penalty parameter ¢ = ¢(h) := h*. We denote by Ej, Uy, and L%,(0, T; Uy,) the fully-
discretized spaces associated to L?(), L?(w) and L?(qr). F™°! is the discretization
of F. and (yM9t, 219t u/9t) the solution to the corresponding fully-discrete prob-
lem of minimisation. For more details on the fully-discretization of System (76) and
Gramiam A (used to the minimisation of F,), we refer to Section 3 in [8] and in [18,

p. 37] respectively. The results are depicted Figure 1 and 2.
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—o—infynscrz 0,10, PO (™) (slope =-0.103)
Bl ||“?’5t|\L§‘(0,T;Uh) (slope =-6.34¢-2)
—— [|y2(T)|| g, (slope =2.74)

o——o —— o
[ T
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FIGURE 1. Minimal value of the functional F°! in L2,(0,T;U,),
norm of the control HU?’M||L§t(0,T;Uh)a and distance to the target

Iy (T)l|,, in Case (a).

€

—o—inf nsicrz (0,m0,) F1ot (4/9%) (slope =-3.80)
—— [[ul%| 12 (0,150, (slope =-1.70)
—a— ||y (T)|| g, (slope =8.34e-2)
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FIGURE 2. Minimal value of the functional F/»¢ in L2,(0,T;Uy),
norm of the control Hu?"”HLgt(O,T;Uh), and distance to the target

lye-*(T)l| 5, in Case (b).
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As mentioned in the introduction of the present article (see Theorem 1.3), in
both situations (a) and (b), System (76) is IT;-approximately controllable and we
observe indeed in Figure 1 and 2 that the norm of the numerical solution to System
(76) at time T (—A—) is decreasing when reducing the penality parameter ¢ = h*.

In Figure 1, the minimal value of the functional F/"%* (— e —) as well as the

L%-norm of the control u/** (—M—) remain roughly constant whatever is the value

of h (and & = h*). This appears in agreement with the results (1)-(2) of Theorem
1.3, that state the IIy-null controllability of System (76) in Case (a) of a constant
coupling coefficient o (see Remark 8 (i)). Furthermore the convergence to the null
target is approximately of order 2 (slope of 2.27). This is in agreement with the
convergence rate established in [8, Proposition 2.2], which should be h? for e = h*
(this result should be in fact slightly adapted to consider II;-null controllability).

At the opposite, in Figure 2, the minimal value of the functional F/%¢ as well as
the L?-norm of the control u/%* are strongly increasing whenever h (and ) become
smaller. This coincides with point (3) of Theorem 1.3: for the chosen value of
the coupling coefficient « in Case (b), no IIy-null controllability of System (76) is
expected. Moreover, convergence to the null target is quite slow, with a slope of
approximately 8.34e — 2.
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