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We show that a new type of coherent structure, a shock modon, exists in a rotating shallow water model

at large Rossby numbers. It is a combination of an asymmetric vortex dipole with a stationary hydraulic

jump. The structure is long living, despite the energy dissipation by the hydraulic jump, and moving along

a circular path. Collisions of shock modons can be elastic, or lead to formation of shock tripoles.

DOI: 10.1103/PhysRevLett.108.044502 PACS numbers: 47.27.De, 47.32.C�, 47.40.Hg, 95.30.Qd

Rotating shallow water (RSW) is a standard conceptual
model in geophysical fluid dynamics [1]. It is also relevant
for various astrophysical applications, such as dynamics of
the solar tachocline [2] and dynamics of the accretion disks
[3]. It should be also remembered that the well-known
quasigeostrophic (QG) model for large-scale oceanic and
atmospheric motions [1], which follows from the RSW
equations in the limit of small Rossby numbers (Ro¼ U

fL ,

where U and L are, respectively, typical velocity and
length scales and f is the Coriolis parameter), is equivalent
to the Hasegawa-Mima equation [4] for drift waves in
plasma.

The famous modon (dipolar steady-moving localized
vortex) solutions of the QG equation are long-known [5].
(Note that the so-called beta-plane version of the QG
equation—where the meridional gradient of the Coriolis
force is taken into account—was used in this paper,
although the so-called f-plane constant Coriolis parameter
version of the modon is also known [6].) The quasigeo-
strophic equation being an asymptotic limit of RSW equa-
tions, a natural question arises about the existence of
modons in the full model at finite Rossby numbers.
Recently, such an ageostrophic modon solution of the
RSW equations was obtained theoretically [7], and found
numerically [8] by relaxation of the QG modon which was
taken as the initial configuration in the full RSW model.
For initial configurations with sufficiently small Rossby
numbers the QG modon did not change, while for large
Rossby numbers (typically 0.2) it evolved towards a
cyclone-anticyclone asymmetric ageostrophic coherent
structure (let us recall that the QG modon is a perfectly
symmetric dipole).

In the present work we report a discovery of an essen-
tially ageostrophic modon (Ro ¼ 0:4) which is bound to a
hydraulic jump (shock) situated at its center. This structure
is essentially asymmetric, preserves coherence for a long
time (compared to the turnover period of each vortex
component), and moves along a circular path. Such ‘‘shock
modon’’ appears as a result of relaxation of the QG
modon with large Ro. As in our previous papers on

ageostrophic modons [8], [9] we work with a new-
generation finite-volume code for RSW equations, which
is well balanced (i.e., preserves equilibrium solutions) and
entropy satisfying (i.e. guarantees the energy decrease
across shocks) [10]. The spatial resolution is 0.025 in units
of the deformation radius Rd ¼

ffiffiffiffiffiffiffiffiffi

gH0

p
=f (g is gravity and

H0 is unperturbed thickness), which is sufficient to perform
a correct investigation of fine-scale structures, like shocks.
It should be kept in mind that RSW equations are

equivalent to the equations of dynamics of a barotropic
gas in the presence of the Coriolis force in two dimensions
with two components of velocity v ¼ ðu; vÞ and thickness
h as dynamical variables. The invariant characteristic of

the vortex is potential vorticity (PV) q ¼ ẑ�ðr^vÞþf
h , or its

anomaly with respect to the background value q� f=H0.
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FIG. 1. Evolution of thickness during relaxation of the QG
modon with Ro ¼ 0:4. From left to right and top to bottom: t ¼
0, 6, 12, and 24 (units of f�1). The thickness anomaly is given at
the interval 0.06 in units of H0. Black: cyclone (depression),
gray: anticyclone. Thin dotted line indicates zero thickness
anomaly.
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The initial stages of the adjustment of a QG modon with
large Ro are presented in Fig. 1 (pressure), and Fig. 2
(potential vorticity). Only a part of the computational
domain is shown, the full size being 20� 20 R2

d, and

Neumann (sponge) boundary conditions are used. Unlike
more ‘‘gentle’’ relaxation observed for smaller Rossby
numbers [8], where the initial dipole was adjusting to the
new equilibrium shape by emitting inertia-gravity waves
and ejecting weak cyclonic PV filaments, one sees here a
massive initial ejection of cyclonic PV advected by the
anticyclone (see Fig. 2 at t ¼ 6), and emission of large-
amplitude waves (visible in Fig. 1 at t ¼ 6), mostly ab-
sorbed by the sponges. This transient process leads to an
asymmetric dipole, together with an isolated cyclone,
which keep their coherence. At t ¼ 40, the monopolar

cyclone is removed from the computational domain and
boundary conditions are replaced with energetically
neutral periodic ones, in order to follow the proper evolu-
tion of the dipole.
The distributions of thickness/velocity, PV, and diver-

gence for the resulting dipolar vortex at t ¼ 46 are given in
Fig. 3. One clearly sees the hydraulic jump both in the
thickness distribution (left panel), and in the divergence
field (right panel). This is confirmed by Fig. 4, where we
plot the profiles of thickness, divergence, and modulus of
velocity along the dipole’s axis. A typical hydraulic jump,
with velocity decreasing and thickness increasing across
the jump, is recognizable in the figure (the mean flow is
from right to left). We recall that inertia-gravity waves are
equivalent to sound waves, following the above-mentioned
gas dynamics analogy. Their typical velocity is of order
ffiffiffiffiffiffiffiffiffi

gH0

p
, so that the hydraulic jump corresponds to the tran-

sition from transcritical (maximal Froude number 1.1–1.2)
to subcritical flow.
Evolution of the energy of the system is presented in

Fig. 5 together with the evolution of the energy dissipation,
both in nondimensional units. We recall that the numerical
scheme integrates the RSW equations in the conservative
form, cf. [10], and has no explicit dissipation. The numeri-
cal dissipation is calculated as the departure of the discrete
energy balance in each grid cell summed over all cells.
The built-in property of the code is that dissipation is
positive cellwise and that energy decreases across the
shocks.
The shock vanishes after � 70 inertial periods, which is

correlated with the stabilization of the dissipation rate (see
Fig. 5, lower panel). The well-formed modon persists for a
long time afterwards (not less than 460 inertial periods),
slowly losing intensity and moving along an almost perfect
circular path (cf. Figure 6). The characteristics of this
modon are similar to those observed for the modons at
smaller Rossby number in [8]. During this time, and de-
spite the absence of hydraulic jump, the maximal Froude
number remains very close to 1. It decreases from 1.2 at
t ¼ 40 to 0.95 at t ¼ 460. The slow energy decrease
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FIG. 2. Evolution of the PV anomaly corresponding to Fig. 1.
Values from �0:1 [respectively in black (þ ) and gray (� )] at
the interval 1 up to 10.1 and then at the interval 5 (suitable for
cyclone only), in units of f

H0
.
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FIG. 3. Isobars with superimposed velocity field (left), PV anomaly (middle), and divergence (right) of the modon at t ¼ 46. Same
legend as in Figs. 1 and 2 for the left and middle panels. Thin lines are added at values �0:5 for the PV anomaly. Thin black dotted
lines in the right panel indicate PV anomaly qA ¼ �0:1 contours roughly corresponding to the dipole’s edge. Absolute value of
divergence in units of f: levels of gray from 0.1 (white) to 4 (black); Limits of convergence (divergence) zones: black (gray) contours.
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(cf. Figure 5) is due to numerical dissipation. No wave
radiation was observed at this stage.

Let us recall for steady-moving structures in RSW, the
Bernoulli function: B¼ 1

2ðu� �UÞ2þ 1
2ðv� �VÞ2þghþ

�Ufy� �Vfx, where ( �U, �V) is the velocity of the structure,
and PV are functionally dependent [11], which should be
reflected in the corresponding scatter plot. Such plot for the
shock modon is presented in Fig. 7.

As compared to the scatter plots for ageostrophic mod-
ons at smaller Rossby numbers [8], this one is less sharp,
especially in the cyclonic (positive PV) part. This is ex-
plained by the presence of the hydraulic jump which is
situated mostly in the cyclonic part of the dipole, cf. Fig. 3,
left panel. B inherits the jump in h, while the jump in PV is
possible only if B varies along the shock (e.g., if the latter

is curved [12]). The signature of the shock in PV is negli-
gible, and for each value of PV a range of values of B
within the jump appears. Another source of the spread
is uncertainties in the computed Bernouilli function,
especially when the trajectory is curved, as above.
Nevertheless, the scatter plot is sharp enough to assert,
together with the long lifetime, the coherence of the shock
modon.
To test the robustness of the shock modons, we per-

formed a number of simulations of their collisions, similar
to our previous study [9]. They show that shock modons
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hþ 0:3 (dashed line), and divergence r � v (gray line) profiles
along the modon’s axis at t ¼ 46.
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FIG. 5. Upper panel: kinetic (gray) and potential (black) en-
ergy during the evolution of a shock modon. Lower panel: total
energy (continuous line) and energy dissipation (crosses).
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FIG. 6. Modon trajectory from t ¼ 40 to t ¼ 460. Color
switches from black to gray when the shock vanishes. Time
interval: 5.
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FIG. 7. Bernoulli function vs PV for the shock modon
at t ¼ 46.
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undergo frontal collisions forming either a new pair of
shock modons after partner exchange, or a ‘‘shock tripole’’
with a fusion of anticylonic vortices. The latter contains
two hydraulic jumps situated between the anticyclonic core
and cyclonic satellites (cf. Figure 8).

Thus, geostrophic modons with a large Rossby number
in rotating shallow water evolve towards a new quasisteady
coherent structure, shock modon which is a combination of
an asymmetric vortex dipole and a hydraulic jump. The
structure is dissipative, like the hydraulic jump (shock)
itself, yet long living and robust with respect to the inter-
actions with other vortices, as follows from the preliminary
study of their collisions. Collisions of shock modons can
also produce other coherent shock vortices, like a tripole,

indicating that shock-vortex structures are universal at
large Rossby numbers in rotating shallow water. We expect
that these kinds of solutions will be relevant for astrophys-
ical generalizations of the model mentioned above.
This work was supported by the French ANR grant

SVEMO.
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FIG. 8. Isobars with superimposed velocity field (left) and
potential vorticity anomaly (right) of the ‘‘shock tripole’’ formed
after the collision of two shock modons. Same legend as in
Figs. 1 and 2.
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