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RCLL obstacles

Roxana DUMITRESCU* Céline LABART'
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Abstract

We introduce a discrete time reflected scheme to solve doubly reflected Backward Stochastic Differ-
ential Equations with jumps (in short DRBSDEs), driven by a Brownian motion and an independent
compensated Poisson process. As in [5], we approximate the Brownian motion and the Poisson process
by two random walks, but contrary to this paper, we discretize directly the DRBSDE, without using a
penalization step. This gives us a fully implementable scheme, which only depends on one parameter of
approximation: the number of time steps n (contrary to the scheme proposed in [5], which also depends
on the penalization parameter). We prove the convergence of the scheme, and give some numerical
examples.

Key words : Double barrier reflected BSDEs, Backward stochastic differential equations with jumps,
numerical scheme.

MSC 2010 classifications : 60H10, 60H35, 60J75, 34K28.

1 Introduction

Non-linear backward stochastic differential equations (BSDEs in short) have been introduced by Par-
doux and Peng in the Brownian framework in their seminal paper [18] and then extended to the case of
jumps by Tang and Li [21]. BSDEs appear as a useful mathematical tool in finance (hedging problems)
and in stochastic control. Moreover, these stochastic equations provide a probabilistic representation for the
solution of semilinear partial differential equations. BSDEs have been extended to the reflected case by El
Karoui et al in [7]. In their setting, one of the components of the solution is forced to stay above a given
barrier which is a continuous adapted stochastic process. The main motivation is the pricing of American
options especially in constrained markets. The generalization to the case of two reflecting barriers has been
carried out by Cvitanic and Karatzas in [4]. It is well known that doubly reflected BSDEs (DRBSDEs in
the following) are related to Dynkin games and to the pricing of Israeli options (or Game options). The
extension to the case of reflected BSDEs with jumps and one reflecting barrier with only inaccessible jumps
has been established by Hamadéne and Ouknine [11]. Later on, Essaky in [8] and Hamadeéne and Ouknine
in [12] have extended these results to a right-continuous left limited (RCLL) obstacle with predictable and
inaccessible jumps. Results concerning existence and uniqueness of the solution for doubly reflected BSDEs
with jumps can be found in [3],[6], [10], [13] and [9)].

*CEREMADE, Université Paris 9 Dauphine, CREST and INRIA Paris-Rocquencourt, email:
roxana@ceremade.dauphine.fr. The research leading to these results has received funding from the Région Ile-de-France.

TLAMA, Université de Savoie, 73376 Le Bourget du Lac, France and INRIA Paris-Rocquencourt, email:
celine.labart@univ-savoie.fr, corresponding author



Numerical schemes for DRBSDEs driven by the Brownian motion have been proposed by Xu in [22] (see
also [17] and [19]) and, in the Markovian framework, by Chassagneux in [2]. In this paper, we are interested
in numerically solving DRBSDEs driven by a Brownian motion and an independent Poisson process in the
case of RCLL obstacles with only totally inacessible jumps. More precisely, we consider equations of the
following form:

() Vi =&+ [ g(s,Ys, Zs, Uy)ds + (Ap — Ay) — (Kp — Ky) — [ Z,dW, — [ UdN,,
(11) vVt € [O,T], gt S 5/;5 S Ct a.s., (11)
(iii) [ (Y — &)dA; = 0 as. and [ (¢ — Yi)dK, = 0 as.

{W; : 0 <t < T} is a one dimensional standard Brownian motion and {Nt =N —AM,0<t<T}isa
compensated Poisson process. Both processes are independent and they are defined on the probability space
(Q, Fr,F = {F}o<i<r,P). The processes A and K have the role to keep the solution between the two
obstacles £ and (. Since we consider that the jumps of the obstacles are totally inaccessible, A and K are
continuous processes.

In the non-reflected case, some numerical methods have been provided: in [1], the authors propose a
scheme for Forward-Backward SDEs based on the dynamic programming equation and in [15], the authors
propose a fully implementable scheme based on a random binomial tree. In the reflected case, a fully imple-
mentable numerical scheme has been recently provided by Dumitrescu and Labart in [5]. Their method is
based on the approximation of the Brownian motion and the Poisson process by two random walks and on
the approximation of the reflected BSDE by a sequence of penalized BSDEs.

The aim of this paper is to propose an alternative scheme to [5] to solve (1.1). The scheme proposed here
takes the following form:
7} = B}l FP)+ 9(t, BITS | Fp 20, @8 + @) — &,

al >0,k >0, a'k; =0, (1.2)

- . - . -—n
Py <, (T - &ay = (7 - ¢k =0

It generalizes the scheme proposed by [22] to the case of jumps. Compared to the scheme proposed in [5],
the scheme proposed here —called reflected scheme in the following —is based on the direct discretization
of (1.1). In particular, there is no penalization step. Then, this method only depends on one parameter of
approximation (the number of time steps n), contrary to the scheme proposed in [5] (which also depends on
the penalization parameter). We provide here an explicit reflected scheme and an implicit reflected scheme
and we show the convergence of both schemes. We illustrate numerically the theoretical results and show
they coincide with the ones obtained by using the penalized scheme presented in [5], for large values of the
penalization parameter.

The paper is organized as follows: in Section 2 we introduce notations and assumptions. In Section
3, we precise the discrete time framework and present the numerical schemes. In Section 4 we provide the
convergence of the schemes. Numerical examples are given in Section 5 .

2 Notations and assumptions

In this Section we introduce notations and assumptions. We recall the result on existence and uniqueness
of solution to (1.1). We also introduce some assumptions on the obstacles £ and ¢ specific to this paper
(Assumption 2.5).

Let (Q,F,P) be a probability space, and P be the predictable o-algebra on [0,7] x Q. Let W be a one-
dimensional Brownian motion and N be a Poisson process with intensity A > 0. Let F = {F;,0 <t < T} be
the natural filtration associated with W and N.

For each T' > 0, we use the following notations:



e L2(Fr) is the set of Fr-measurable and square integrable random variables.
e H? is the set of real-valued predictable processes ¢ such that ||¢||%. := E [ fOT gbfdt} < 0.

e B(R?) is the Borelian o-algebra on R2.

e S%is the set of real-valued RCLL adapted processes ¢ such that [|¢[|%. := E(supg<;<p |[¢¢]?) < 0.

e A? is the set of real-valued non decreasing RCLL predictable processes A with Ay = 0 and E(4%) < oo.
Definition 2.1 (Driver, Lipschitz driver). A function g is said to be a driver if

¢ g:Ox[0,T] xR* =R
(w,t,y, z,u) = g(w,t,y,2,u) is P @ B(R3)-measurable,

i ||g(70a050)‘|oo < 00.

A driver g is called a Lipschitz driver if moreover there exists a constant Cy > 0 and a bounded, non-
decreasing continuous function A with A(0) = 0 such that dP®dt-a.s. , for each (s1,y1, 21, u1), (S2, Y2, 22, ua),

l9(w, 81,91, 21, u1) — g(w, S2, Y2, 22, u2)| < A|s2 — s1]) + Cy(lyr — ya| + |21 — 22| + [ur — ual).

Definition 2.2 (Mokobodzki’s condition). Let &, ¢ be in S?. There exist two nonnegative RCLL super-
martingales H and H' in S? such that

Vit € [O,T], ft S Ht - Ht/ S Ct a.s.

The following Theorem states existence and uniqueness of solutions to (1.1) (see for e.g. [3, Proposition
5.1]).

Theorem 2.3. Suppose & and ¢ are RCLL adapted processes in S? such that for all t € [0,T], & < ¢,
Mokobodzki’s condition holds and g is a Lipschitz driver. Then, DRBSDE (1.1) admits a unique solution
(Y, Z,U,«) in 8? x H? x H? x 8%, where a := A — K, A and K in A2

Let us now introduce an additional assumption on g, which ensures the comparison theorem for BSDEs
with jumps (see [20, Theorem 4.2]). The comparison theorem plays a key role in the proof of the convergence
of the penalized scheme (see [5]), which is useful to prove the convergence of the reflected scheme (see Section
4).

Assumption 2.4. A Lipschitz driver g is said to satisfy Assumption 2.4 if the following holds : dP®dt a.s.
for each (y, z,ui,us) € R*, we have

g(t5y7zau1) - g(t5y7zau2) Z o(ul - u2)7 with — 1 S 0 S 00.
We also assume the following hypothesis on the barriers.

Assumption 2.5. £ and ¢ are It processes of the following form

t t t
5t=50+/ b§ds+/ agdWS+/ B dN, (2.1)
0 0 0

t t t
G :<0+/0 b§ds+/0 agdWS+/0 BS_dN, (2.2)

where bS, b¢, of, 0, B¢ and B are adapted RCLL processes such that there exists r > 2 and a constant
Ce¢ ¢ such that E(sups<p 65]") + E(supg<r bS]") + E(sups<r o8]") + E(supg<r lo$|™) + E(sups<r 185" +
E(sup,<q [88|7) < Cec. We also assume &p = (r a.s., & < ( for allt € [0,T).



3 Discrete time framework and numerical scheme

3.1 Discrete time framework

For the numerical part of the paper, we adopt the framework of [15] and [5], presented below.

3.1.1 Random walk approximation of (W, N)

For n € N, we introduce § := % and the regular grid (¢;);=0,..., With step size § (i.e. t; := jd) to discretize
[0,T]. In order to approximate W, we introduce the following random walk

W =0,
3.1
{Wﬁ=¢52£if] 3.1)

where e, e, ..., el are independent identically distributed random variables with the following symmetric
Bernoulli law:

1
Plel =1)=P(ef =-1) = 7
To approximate N, we introduce a second random walk
N =o,
T alt/3] (32)
Nt =200

where 07,0y, ...,n; are independent and identically distributed random variables with law
]P)(U? = Kkn — 1) =1- P(T/? = Kn) = Kn,

where K, = e~*°. We assume that both sequences €7, ...,e? and n},n%,...,n" are defined on the original
probability space (€2, F,P). The (discrete) filtration in the probability space is F" := {F7' : j = 0,...,n} with
Fo ={Q,0} and FI' = o{ef,...;el,nt, .., nj}} for j =1, o .

The following result states the convergence of (W™, N™) in the J;-Skorokhod topology. We refer to [15,
Section 3] for more results on the convergence in probability of F"-martingales .

Lemma 3.1. ([15, Lemma3, (III)] The couple (W™, N™) converges in probability to (W,N) for the J;-
Skorokhod topology.

We recall that the process £ converges in probability to £ in the J;-Skorokhod topology if there exists a
family (4" )nen of one-to-one random time changes from [0, 77 to [0, 7] such that sup,co 71 [¢" (¢) —t] —— 0
’ T—00

almost surely and supyc(o 7y [§5n (1) — &t — 0 in probability.

3.1.2 Martingale representation

Let y;11 denote a F7' -measurable random variable. As pointed out in [15], we need a set of three strongly
orthogonal martingales to represent the martingale difference m; 11 = y;41 — E(y;4+1]|F}"). We introduce a
third martingale increment sequence { py =e€ini,j=0,-- ,n}. In this context there exists a unique triplet
(2j,uj,v;) of Fj'-random variables such that

M1 = Y1 — B F7) = Vozel  +umley + vy,
and

zj = ?(gﬂ%jfﬁgﬁf%
_ E(yj+am] ) 1 4
uj = E((]”;‘l+1j)-;1|]:;z) - ”vz(l_ﬁn)E(y]+1n?+1|F}l)7 (33)
E(yj+1p74q1|F])

_ _ 1
vy = E((ny)?1F) Ryl(l—nn)E(yj+1u?+l|f}l>'

The computation of conditional expectations is done in the following way:



Remark 3.2. (Computing the conditional expectations) Let ® denote a function from R% %2 to R. We use
the following formula

n n n n n Kn n n
E(q)(el:"' y €415y aﬁj-{—l)‘fj):?@(elf" ) ]717771a"' 7773‘7’%71_1)
K n n n n
+7n(1)(61a"' ’€j7_17771a"' 777ja"€n_1)
1—ky
+ 9 q)(e?""v]a17771;"'a77;l7"1n)
1—kn n n n n
+ 2 (I)(el?"'aejv_]-vnlv"'anj»’in)'
3.2 Reflected schemes
The barriers € and ¢ given in Assumption 2.5 are approximated in the following way: for all k € {1,--- ,n}
k—1 k-1 k—1
& =&+ Z bfié + Z Utg,; \/ge?+1 + Z ﬂfﬂ?+1a (3.4)

CO + Z bc o + Z Oy \/gez+1 + Z Bt anrl (35)

Lemma 3.3. Under Assumption 2.5, there exists a constant C¢ ¢ 1 depending on Ce ¢, T and A\ such that
(i)sup max B(|EF|") + sup max E(|¢}*[") + sup E(|&[") +sup E(|G;[") < Ce.cma
n J n J t<T t<T
(it) €™ (resp. (™) converges in probability to & (resp. ) in Ji-Skorokhod topology.

Proof. (i) ensues from Burkholder-Davis-Gundy and Rosenthal inequalities, and (i) ensues from [14, The-
orem 6.22 and Corollary 6.29]. O

In the following Section we introduce the implicit reflected scheme, which is an intermediate scheme
useful to prove the convergence of the reflected scheme (1.2).

3.2.1 Implicit reflected scheme

After the discretization of the time interval, our discrete reflected BSDEs with two RCLL barriers on small
interval [t;,tj41[, for 0 <j<mn—1is
U = 0, 2 )0+ — K = 2PN — iy — Oy, 56
@ 00K 20 a2k =0, € <y < G (0 — € = (37— GO = O |

with terminal condition y;, = &;. By taking the conditional expectation in (3.6) w.r.t. F7', we get

Yn =&ns
vy = Elyjal 7]+ 9ty v 25 w))d + af — k7,

n n nilrn
ai >0, k} >0, alk? =0,

§ <yp <G (yy —&)af = (yf — Gk} =

Lemma 3.4. For § small enough, (S1) is equivalent to

(S1)

Yn =&ns

yi = OBy}, | F}] +af
ab = (Elyjq | F7] + 9(t5, &5
kY = Elyia | F7 + gty ¢

where ¥(y) 1=y — g(t;, v, Z}lvu?)é

- )7
uy)d — &),

(82) pe
.7
Jn ?) _C;l)-'r’



Proof. For § small enough, ¥ is invertible because the Lipschitz property of g leads to (¥(y)—¥(y'))(y—y') >
(1=6Cy)(y—y')? >0 forany y #y'.

We first prove that (S1) implies (Sz2). Let us firstly assume that Vj <n —1, £ < (7. On the set {y} = &'}
we have K = 0, then a? = W(EY) — Byl |F7] = (Elyly, 7] — W(Er)~ (since Blyl,, | FT] — B(Er) =
W(yr) — W(Er) — a7 < 0) and on {y? > €7} we have a? = 0, (E[y", ,|F7] = W(EP) = W(y?) — W(EP) + kb > 0
(thanks to the monotonicity of ¥)). Then, a7 = (E[y},,[F}'] — ¥(£}))”. The same type of proof leads to the
fourth line of (Sz). If there exists j < n—1 such that & = ¢, weget £ = (i = y7'. Then, we have a} = 0 or
k} = 0. If both are null, we get W(y7') = E[y},,|F}'] = V(&}') = ¥((}'). This coincides with the definitions of
aj and k7 given in (Sz). If a > 0, k7 = 0 and we get a7 = V(y}') — E[y} 1 [F}'] = ¥ (£}) — E[y} 1| F}'], then
aj = (Elyjy 1 |F;]—¥(€}))~. Conversely, assume (Sz), let us prove ajk} = 0, (yj —&})a} = (y; — )k} =0
and &7 < y? < (7. If af > 0, we get W(CT) > V() > E[y}|F}], then k7 = 0. Let us prove that
(Y —&P)aj = 0. If a? > 0, ¥(y}) = E[y}|F}] +a} = ¥(}). Since ¥ is a one to one map, we get
y; = &' The same argument holds to prove (y]" — (J’-L)k:? = 0. Let us prove that &' < y?. To do so,
assume that y;' < £7. In this case a =k} = 0, which gives V() < E[y},,|F}'], by definition of a}. Then

V(y}) = E[yf | F}] > ¥(£}). ¥ being a non decreasing function, this leads to absurdity. O
We also introduce the continuous time version (Y}, Z*, Uy, Af, Ki')o<i<r of (yf, 2], u},a}, k})j<n:
[t/9] [t/9]
Y o=y s 20 = 2t U = ull s, A Za” K} = Zk” (3.7)

In the following ©™ := (Y™, Z™, U™, A™ — K™).

3.2.2 Explicit reflected scheme
The explicit reflected scheme is introduced by replacing y7 by E[g},,|F}'] in g. We obtain

. —_n — — Tn — — —
vj = ya+1 + 9(t5, E/?+1|f}l]’z?’“?)5 +ay —kj — Z?\/&?H =W — U
al >0, k; >0, *ﬂk;’ =0, (3.8)
—_n —_ TN
E?Syj < ¢ @) —€&hay = ) — ¢k; =0.
with terminal condition 7 = &. By taking the conditional expectation in (3.8) with respect to F}', we
derive that:

TN — ¢n
yn_n7

(51) 177 = E[g} 1| F}] +g(tj,E[y§L+1\f"]f?, i )5 +aj —kj a} >0, k; >0, ajk; =0,

As for the implicit reflected scheme, we get that (S;) is equivalent to (Sz)

?Z: s
5y |7 =Bl ot Bl 77 2 w6 + @ .
@ = (7} 7] + 9t BT .25, 308 - )

n

Ej ( [yj+1|‘7n] + g(tjv]E[y]-i-l|]:Jn]?2?7ﬂ?)6 - C]n) .
We also introduce the continuous time version (Y, Z;,U; , A, ,F?)ogtgp of (y},z},u},a’ ’7.7' )j<n:

(/6] (/9]
Vi = Tlygsp Zi = 2o Ut o= Ty, A Z Z ki (3.9)

In the following © = (?n,fn,ﬁn,gn — Fn) anda" :=A - K



3.3 Implicit penalization scheme

In this Section we recall the implicit penalization scheme introduced in [5]. The penalization is represented
by the parameter p. As the implicit reflected scheme, this scheme will be useful to prove the convergence of

the explicit reflected scheme. For all j in {0,--- ,n — 1} we have
yf S gty 2 a6 + ap " k’fn —( p’n\feﬁl ;;')7”77;11 + U§7TLN§L+1),
a" =po(yi" — &), kYT = po(C; —yit) T, (3.10)
yn" =&

Following (3.3), the triplet (27", u}"",v™) can be computed as follows

f’n = %E(yﬁqe +1‘}- )

P _
u; = WE(%H%HU:;L%
P _ p.n
v = e B -

Taking the conditional expectation w.r.t. 7' in (3.10), we get

yy" = () THEF)),
ay" = po(y;" = &) kT = po(G = v
P = %E(yﬁ_le TlF] )

p,n _

;- = mE(yj+177j+1|]:]n)v

where WP (y) =y — g(jd,y, 2", uf™)6 — pd(y — €)™ +po(Cr —y)”
We also introduce the continuous time version (Yp’", zpt upt AP KPP ) o<i<r of the solution of the
discrete equation (3.10):

[t/6] [t/6]

VP = gl 2P = A UPT = b AP = ZaP"KP"- Zk”” (3.11)

and aP" := AP — KP" The following result ensues from [5, Theorem 4.1 and Proposition 4.2].

Theorem 3.5. Assume that Assumption 2.5 holds and g is a Lipschitz driver satisfying Assumption 2.J.
The sequence (YP™, ZP" UP™) defined by (3.11) converges to (Y, Z,U), the solution of the DRBSDE (1.1),

in the following sense: Vr € [1,2]
T T T
lim lim (]E / [YP" —Y,|%ds / |ZP"™ — Z,|"ds / |UP™ — U,|"ds
pP—00 N—00 0 0 0

Moreover, ZP™ (resp. UP™) weakly converges in H? to Z (resp. to U) and for 0 <t < T, ozﬁ’f(t) converges

+E +E

) =0. (3.12)

weakly to oy in L*(Fr) as n — oo and p — 0o, where (Y™ ),en is a one-to-one random map from [0,T] to
[0,T] such that sup,cio y [¢"(t) —t] —— 0 a.s..
’ n— 00

4 Convergence result

We prove in this Section that ©" converges to O := (Y3, Z;, Uy, Ay — Ki)o<t<T, the solution to the DRBSDE
(1.1). The main result is stated in the following Theorem.

Theorem 4.1. Suppose that Assumption 2.5 holds and g is a Lipschitz driver satisfying Assumption 2.4.
Then we have

lim E

n—oo

T >N T ——n T N
/ Y, —Yt\QdH—/ \Z, —Zt|2dt+/ U, — U dt
0 0 0




Moreover, o, ) converges weakly to oy in L3(Fr).

Proof. To prove this result, we split the error in three terms. The first one is the error o"— O", the second
one is O™ — OP" where OP" := (YP" ZP:n UP™ AP — KP™) represents the solution given by the implicit
penalization scheme (see (3.11)), and the third error term is ©P™ — ©, whose convergence has already been
proved in [5]. The result on the convergence of ©P" to © is recalled in Theorem 3.5.

We have the following inequality for the error on Y (the same inequality holds for the errors on Z and
U)

T T T T
B[ [V} - YiPay <38(| V) - PP+ 58] vr - vpnpag s ven - v,
0 0 0 0
For the increasing processes, we have:
B[l — al?] < 3 (Ell@n () — a1+ Ellagngy — af " + Ella?™ = aq?]) (4.1)

Then, combining Propositions 4.5, 4.6 and Theorem 3.5 yields the result. O

Definition 4.2 (Definition of ¢ and Ny). In this Section and in the Appendiz, ¢ denotes a generic constant
22T

depending on Cy, ||g(-,0,0,0)|lec and Cg¢ ca1. No is defined by No :=4T(1 4 Cy + C2 + C7 ).

The rest of the Section is organized as follows: Section 3.3 recalls the implicit penalization scheme
introduced in [5] and the convergence of ©P™ — O, we give some intermediate results in Section 4.1 and we
prove the convergence of 0" —on (see Proposition 4.5) and the convergence of @™ — OP" (see Proposition
4.6) in Section 4.2.

4.1 Intermediate results

In this Section we state two intermediate results useful for Section 4.2.

Lemma 4.3. Under Assumption 2.5 we have

n—1 n—1 n—1 n—1
sup B[y ]+ E ) [27* + kn(1 = 5n) > [uf* + 5 > laf P+ 5 SRR <
J j=0 7j=0 7=0 7=0

Proof. Since £} <y < (7', Assumption 2.5 gives sup; E(|y§L|2) < c. Let us deal with 27" and 7. To do this,

we apply Lemma B.1 with ig = 7 and i1 = i + 1 to the process y™ and we sum the equality from i = j to
i =n. We get:

n—1 n—1
Blly} P14+6 > Bz [Pl + rn(l = kn) Y Efjuf ]
=3 =7
n—1 n—1 n—1
<E[En1%) +26 > Elyfg(ts ui' 20 ui)] +2 ) Elyfal] =2 E[yl'k}],
2 = 2 2 2025 — 2
<E[|£r ; 1+2 2 —g Elly?
BT+ 3 00.0.07 6 (1420, +20] + s ) S Bl
d - n|2 Hn<1 — K;n) - n|2 20 - n|2 o - n|2 o - n|2
+ 5 SBI P + E ) S R P+ 2 SRR + S S E(arR) + 5 S B P).
i=j i=j i=j =3 i=j



Since &' <y < (', we get

(b5, + glti, &8 20 ul) ™, (4.2)
(thi + g(ti7 in7 Zznv u?))+

?S( (gzn—&-l|gn)+6 (27517 za z) gz)
k< (B(CAIGM) + 0g(ti, ¢ 2 ul) = ¢)

Then, using the Lipschitz property of g gives

0
o

n—1 n—1

- n n n n

3 > E(la} ) < 508 ZE[lbfl2 +19(t:,0,0,0)[ + CZ(EM + 271> + [uf )], (4.3)
i=j i=j

and the same result holds for § Z:;l E(|%7]?). By Using Assumption 2.5 and the inequality sup; E(Jy?|?) <
c, we get

n—1
5ZE |22 + k(1 — Kn) Z]E lul|?] < c+5( + 10a02> > E(21?)
=Jj i=j
1 2
+kn(1—k )<2+1OaC’ —H,,)ZEW
Since 7= :“),% = %(1_G—A>\(g)e—>\6 and e® < fle < e**, we get ﬁi)mn < +e**T. Then, by taking o =

4002 (Ae 2T A1), we get 52?:_]-1 E[|27%] + fin(1 — kn) Doic; "E[Ju"[?] < ¢. Plugging this result in (4.3) ends
the proof.

O
The same type of proof gives the following Lemma
Lemma 4.4. Under Assumption 2.5, we have
n—1 n—l 1 — n—1
sup E[[F Pl +E {6 ) [Z7* + kn(1 — k) +5 Z @+ 5 Z k1P| <e
! =0 j:o =0
4.2 Proof of the convergence of 8" — ©" and ©" — P
Proposition 4.5. Assume that Assumption 2.5 holds and g is a Lipschitz driver. We have
T =n T —n
lim sup E[Y} — Y| ]+IE[/ |Z, — Z"2ds] +]E[/ U, — U?ds] = 0. (4.4)
N0 0<t<T 0 0

Moreover, lim,,_,o. (@) — o) =0 in L*(F;), for t € [0,T].

Proof. Let us consider y7, the solution of the discrete implicit reflected sheme (3.6) and Y7, the solution of
the explicit reflected scheme (3.8). We compute [y} — y;?|2, we take the expectation and we get:

Elly} =77 1°] <Ellyf1 — 754" = 0Bl = Z51%] = s (1 — kn)E[lu} — 351
+26E[(y;1 —??)(Q(tg,y] ) %4 ,U]) (tJaE[y]-&-lLF ]a 2 E ]))]

12
—E [8(g(t, 57 2] ) — gty BG4 71,25 00)) + (0] — @) — () — )

+2E[(y} —77)(af —a@))] — 2B[(y] —77) (K] — k;)],

n 3

< Ellyfy - yj+1|2] = OE[|2] = Z}1%] = kn(1 — kn)ElJu] — 7} [’]
+ 25E[(y;l - y}l)(g(tj» y] 2 vu;) g(tjv E[ﬂ?+1|fn]7fj 7“] ))]



The last inequality comes from (y} — 77} )(a} —a}) < 0 and (y7 —7})(k} — Ey) > 0 (this ensues from the
third and fourth lines of (S;) and (S)). Taking the sum from j =i to n — 1 we get

n—1 n—1
Elly; — 772146 Y B[] — 2P + k(1 — k) Y Efju) — @[]

Jj=i Jj=i
<262E j _yg (j»y?,Z?vU?)—g( [yj+1|]: ]f;l, ;l))]
n—1 5 n—1
<200, S I - 71} ~ Bl + 202 (14—t ) Sl - 5
Jj=t n n J=i
5 n—1 P (1 _k ) n—1
+5 D Bl — 7P+ = ) Kl a2, (4.5)

% Jj=t

J

Since y? — E[J7|F7] =y — 77 + 57 — B[} |FP] =y =T + 6g(t;, E[g | FP], 20, a)) + @ — K, we get
26C4E [lyf — 77y} — Bl | FF] < (2C, + 1)SE[|ly} — 371%] + C20E [(6g(tj, W F7PLL 25 uy)| + [a) | + |k \) } :

Plugging the previous inequality in (4.5) and using Lemma 4.4 gives

n—1

_zn (1 — H‘") n__ —n
E[lyz Y Z E | % Z EHUJ - uj |2]
j=i
g<1+zcg+2oj >5ZE|yj—y] ]+ c8°.
2
Let n be bigger than Ny, then & (1 +2C,; + 2092 + %) 1 (for all n > 1 we have ﬁ < %e”T),

The assumption on § enables to apply Gronwall’s Lemma to get supg<;<,, E[|y? —37?] < cd?. Plugging
this result in the previous inequality leads to (4.4). The convergence of (A" — K™) — (A" —K") ensues from

t t t
gy wr =y -y = [y e zzopds+ [ zvawr+ [orane,
0 0 0

t t t
PV oS L / o5, V" 7" T ds + / Zhawn + / TN,
0 0 0

from the Lipschitz property of g and from (4.4). O

Proposition 4.6. Assume that Assumption 2.5 holds and g is a Lipschitz driver. For n > Ny, we get

T T
sup E[[¥ — YP" ] + E[ / 20— Zv2ds] + B / U — U 2ds) <
0<t<T 0 0

7 (4.6)

Moreover, ¥Vt € [0,T], E[Ja — " |?] <

%\

Proof. Let us first prove (4.6). From (3.6),

—~

3.10) and Lemma B.1 applied to the process (y" —y?") following

10



the beginning of the proof of Lemma 4.3, we get

n—1
e Zzp’n|2 + (1= Kn)kn Z Efjui’ —u™"

i—j

—2211*3 =yl (gt yls 2 ul) — gty 2T ul )]

Ely! — v}

n—1
2] + (1= Kn)kn Z]EH'U:I - Uf7n|2]
i=j

+22ﬁ1 g™ (al 22ﬁz P — K]

Let us deal with the last two terms

(i — ") af —al™) = (yi' — &) — ()" — &M)ai — (yit — &1)al™ + ()" — &)al™ < ()" — &) " af

By using same computations, we derive
(07 =y = R = =" = G
By using the Lipschitz property of g, we get

nlfn n
ii—flEmyf@Wﬂ

§<2cg+203 i >5ZE ”ZE M=) Al + (" =GR

n n 1 n n
B} — ") + S0B[2] — 2

Using Cauchy-Schwarz inequality gives

" n 1 " " Kn(l — Ky " i
Ellyy ") + Lol - 222 4+ g g
202§ i
< 24 7797 n _ ,pmny2
n—1 % n—1 % n—1 % n—1
n ny—\2 1 n n n 2 1 n
w2 (a3 B[ -en)] ) (5 El@ ] w2 (6 B[ -] ] (5 Bl
=] i=j i=j i=j
2025 !
< 2, "79" n _ ,pmy2
< (209 T2+ m) 6;E[(yl i)l
n—1 2 n—1 2 n—1 2 n—1 %
2 (1 1 2 (1 1
— | =) E[(aP™)? =) E[(aM? ] +—=1|=) E[(E"™)? - ) E[(EM)?
\/ﬁm; [(a7"")7] 5; [(ai')7] \/ﬁp(;; (k)] 5;[()]

Since n > Ny, Lemma 4.3, Lemma A.1 and Gronwall inequality give (4.6). Concerning o —a?"" we have
t
a? - af’n :(Ytn - Ytp’n) - (YOn - Y()p’n) - / g(svysnv Z;lv Usn) - 9(87 Ysp’na Zg)’n» Ufyn)ds
0

t t
+/ (Z1 — ZP™) W +/ (U™ —UP™)dNT.
0 0

It remains to take the square of both sides, then the expectation, and to use the Lipschitz property of g
combining with (4.6) to get the result.
O
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5 Numerical simulations

We con51der the simulation of the solution of2 a DRBSDE with obstacles and driver of the following form:
& = (W) +2(1= F)Ne+3(T—1), G i= (Wo)*+ (1= F) (N2 + 1)+ 5(T —1), g(t,w, 9, 2,u) := —5|y+2|+6u.

Table 1 gives the values of Yy with respect to n. We notice that the algorithm converges quite fast in n.
Moreover, the computational time is low.

Table 1: The solution y™ at time t = 0
’ n H 10 20 50 100 200 300 400
Yo 1.2191 1.3238 1.3953 | 1.4167 | 1.4293 | 1.4332 | 1.4352
CPU time || 214 x 107% [ 1.5 x 1073 | 0.0211 | 0.1622 | 1.4230 | 5.2770 | 12.5635

When we use the explicit penalized scheme introduced in [5], we get yf™ = 1.4353 for n = 400 and
p = 20000. The CPU time is 12.85s.

Figures 1, 2 and 3 represent one path the Brownian motion, one path of the compensated Poisson process
(with A = 5) and the corresponding path of (v}, &, (")1<i<n. We notice that for all ¢, y* stays between the
two obstacles. The values of y} and y'" are almost the same when n = 400 and p = 20000. The CPU times
are also of the same order. The main advantage of the reflected scheme is that there is only one parameter
to tune (n).

one Brownian path

T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 1: One path of the Brownian motion for n = 400.

A Technical result for the implicit penalized scheme

In this Section, we use Ny and ¢ introduced in Definition 4.2.

Lemma A.1. Suppose Assumption 2.5 holds and g is a Lipschitz driver. For each p € N and n > Ny we

have
n—1 n—1 1 - 1 _
SUpE(y" %)+ 8 3 Bl 7]+ a1 = ) 3 Elly" 7;2 "I TsZ E[|k}"
j=0 j=0 7=0 j=0

Proof. By applying Lemma B.1 to the process yP™ between 7 and i + 1 and by suming the equality from

12



one compensated Poisson path

\\\.?\\\LP\\\

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

o
o

Figure 2: One path of the compensated Poisson process for A = 5 and n = 400.

trajectories of the solutions and the barriers

xi

zeta

—1.0+

—1.5+

—2.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 3: Trajectories of the solution y™ and the barriers " and ¢™ for A =5 and n = 400.

13



1 =1 to1=mn, we get

n—1 n—1
Elly?" ) + 6 Y B[22 P 4 kn(1 = kn) Y E[[ul ™ ] + kn(1 = 5 ZE P2
i=J i=j

n—1 n—1
E[Er ]+ 2 ) E[y? " [lg(ts, y?", 20" ul™)8[] + 2B > (yP"al" — yP " RP™)].
1=j =7
Note that y"al" = fp%(af’")Q +&Mal™ and yP"EP" = p%(kf"")Q + (kD™ We have that:
2 J - P12 Kn (L — Kn) - p,m|2 1 = pn |2 1 = D512
Efly; ™[] + §ZEH22— I+ == > E[jul" ]+17521E[|% 1] + s > E[IEP]
i=j i=j i=j i=j
n—1 2026 n—1
E[|£7]?] + 6F ti 4201142 202 4 — 9 E[|y?"|?
(€5 1] + [; l9(t:,0,0,0)] + ( 20, +205 + 7 ; [y 7]

+2 B -2 Y EICR

n—1 n n n n—1 s n—1 n n n
We get 221:3' E[(&])a)™] < aE(sup; [€1]*) + éE (Z =j a; ) and 221':3' E[(¢)k]"] < BE(sup; [¢]'?) +
2
%E (Z?z_]l kfm) . Following the same type of proof as [16, Lemma 2], we get

2 2

n—1 n—1 n—1
Soam | +E( SR < Ol B Syl + 12 P) + Rl — ra) ([ 4 [P )].
2.

Finally, by taking a = § = 4C and by applying the Gronwall inequality (we recall n > Ny), we get that:

Sup By} * + Zw* S Z\P’ |2+—Z|P’ H—ZW’

B Some results on discrete stochastic calculus

In this section we present two lemmas which are used throughout the paper.
Lemma B.1. Consider two integers ig and iy in 0,...,N and (y,). a discrete process. We have
Vi = Yio T 290 (Wi — Yio) + (Yir — ¥io)*.
The proof comes from the computation of ((b — a) + a)?, we omit it.

Lemma B.2. (A discrete Gronwall lemma) Let a, b and « be positive constants, §b < 1 and a sequence
(vj)j=1,...n. of positive numbers such that for every j

J
vj—l—ozga—i—béZvi.
i=1
Then
supv; +a < ae’” .
j<n

A proof of this lemma can be found in [17, Lemma 2.2], so we omit it.
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