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STABILITY OF FINITE DIFFERENCE SCHEMES
FOR HYPERBOLIC INITIAL BOUNDARY VALUE PROBLEMS:
NUMERICAL BOUNDARY LAYERS.

BENJAMIN BOUTIN & JEAN-FRANCOIS COULOMBEL

ABSTRACT. In this article, we give a unified theory for constructing boundary layer expansions for dis-
cretized transport equations with homogeneous Dirichlet boundary conditions. We exhibit a natural as-
sumption on the discretization under which the numerical solution can be written approximately as a
two-scale boundary layer expansion. In particular, this expansion yields discrete semigroup estimates that
are compatible with the continuous semigroup estimates in the limit where the space and time steps tend
to zero. The novelty of our approach is to cover numerical schemes with arbitrarily many time levels.

AMS classification: 65M12, 656M06, 65M20.
Keywords: transport equations, numerical schemes, Dirichlet boundary condition, boundary layers, stability.

1. INTRODUCTION AND MAIN RESULT

1.1. Introduction. In this article, we are interested in discretizations of transport equations by means
of finite difference schemes. When implemented, such numerical schemes require numerical boundary
conditions which sometimes can not be deduced from the PDE problem under consideration. This diffi-
culty gives rise to several strategies for which it is crucial to understand whether the resulting numerical
schemes is stable and/or consistent. We shall mainly be concerned here with stability issues and refer to
[Gus75] for convergence results.

The analysis of numerical boundary conditions for hyperbolic equations is a delicate subject for which
several definitions of stability can be adopted. Any such definition relies on the choice of a given topology
that is a discrete analogue of the norm of some functional space in which the underlying continuous
problem is known to be well-posed. The stability theory for numerical boundary conditions developed in
[GKST72], though rather natural in view of the results of [Kre70] for partial differential equations, may
have suffered from its ”technicality”. As TREFETHEN and EMBREE [TE05, chapter 34] say: “[...] the term
GKS-stable is quite complicated. This is a special definition of stability, [...], that involves exponential decay
factors with respect to time and other algebraic terms that remove it significantly from the more familiar
notion of bounded norms of powers”. More precisely, the definition of stability in [GKS72] corresponds
to norms of @w type for the numerical solution (¢ denotes time and x denotes the space variable), while

in many problems of evolutionary type one is more used to the £°(¢2) topology arising from symmetry
and integration by parts arguments. In terms of operator theory, the definition of stability in [GKS72]
corresponds to resolvent estimates where one eventually proves estimates for the resolvent (21 — 1)1 of
some fixed bounded operator 7', while the more familiar notion of bounded norms of powers corresponds
to semigroup estimates where one wishes to prove that T' is power bounded. The links between such
resolvent and semigroup estimates have been a rich subject both in the numerical analysis and operator
theory communities. We refer for instance to [LN91, SW97] for various results in this direction.

A natural -though delicate- question in the theory of hyperbolic boundary value problems is to pass
from GKS type (that is, resolvent) estimates to semigroup estimates. In the context of partial differential
equations, this problem has received a somehow final answer in [Mét14], see references therein for historical
comments on this problem. In the context of numerical schemes, the derivation of semigroup estimates
is not as well understood as for partial differential equations. Semigroup estimates have been derived in
[Wu95] for discrete scalar equations, and in [CG11] for systems of equations. However, the analysis in
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[Wu95] and [CG11] only deals with schemes with two time levels, and does not extend as such to schemes
with three or more time levels (e.g., the leap-frog scheme). A first attempt to deal with numerical
schemes with three or more time levels has been made by one of the authors in [Coul5], but some
technical assumptions still exclude applying the theory to, for instance, numerical schemes based on the
Adams-Bashforth integration methods.

In this article, we focus on Dirichlet boundary conditions and derive semigroup estimates for a class
of numerical schemes with arbitrarily many time levels. The reasons why we choose Dirichlet boundary
conditions are twofold. First, these are the only boundary conditions for which, independently of the
(stable) numerical scheme that is used for discretizing a scalar transport equation, stability in the sense
of GKS is known to hold. The latter result dates back to [GT81] and is recalled later on. Second,
homogeneous Dirichlet boundary conditions typically give rise to numerical boundary layers and therefore
to an accurate description of the numerical solution by means of a two-scale expansion. We combine these
two favorable aspects of the Dirichlet boundary conditions in our derivation of a semigroup estimate.

The study of numerical boundary layers has received much attention in the past decades, including for
nonlinear systems of conservation laws, see for instance [DL88, GS97, CHGO1]. As far as we know, all
previous studies have considered numerical schemes with a three point stencil and two time levels. In
this article, we focus on linear transport equations and exhibit a class of numerical schemes for which the
homogeneous Dirichlet boundary conditions give rise to numerical boundary layers. The stencil can be
arbitrarily wide. As follows from our criterion, the occurrence of boundary layers is not linked with the
order of accuracy of the numerical scheme, which is a low frequency property, but rather with its high
frequency behavior. For instance, the Lax-Wendroff discretization displays numerical boundary layers
when combined with Dirichlet boundary conditions (and such layers have the same width as for the Lax-
Friedrichs scheme) but the leap-frog scheme does not!, though both Lax-Wendroff and leap-frog schemes
are formally of order 2.

1.2. Notations. We consider a one-dimensional scalar transport equation:
(1.1) du+ad,u=0, t>0,z>0,

where the velocity is a # 0. The transport equation (1.1) is supplemented with an initial condition ug that
belongs to a functional space that is made precise later on. In the case a > 0, that is, if we consider an
incoming transport equation, we also supplement (1.1) with homogeneous Dirichlet boundary condition:

(1.2) u(0,t) =0, t>0.

The finite difference scheme under consideration is assumed to be obtained by the so-called method of
lines, see, e.g., [GKO95]. In other words, we start with (1.1) and first perform a space discretization. The
latter is supposed to be linear with r points "to the left” and p points "to the right”. In other words,
we consider some coefficients a_, ..., a,, where p,r are fixed nonnegative integers, together with a space
step Az > 0, and approximate (1.1) by the system of ordinary differential equations:

P
(1.3) ﬂj+Aix > apuj=0,
l=—r

where u;(t) represents an approximation of the solution u to (1.1) in the neighborhood of the point
xj := jAx. The integers r,p are fixed by assuming a_, # 0 and a, # 0. The latter system of ordi-
nary differential equations is then approximated by means of a (possibly multistep) explicit numerical
integration method. We refer to [HNW93, HW96] for an extensive study of numerical methods for or-
dinary differential equations. Applying a linear explicit multistep method to (1.3) yields the numerical
approximation

k k—1 P
(1.4) Zagu?”—i—)\ Zﬂo Z aguy ] =0
o=0 o=0 {=—r

1The leap-frog scheme rather generates incoming highly oscillating wave packets, as explained at the end of this article.
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with k£ > 1 and fixed constants ag, ..., ax, 80, .., 8k—1. The multistep integration method is normalized
by assuming |ag| + |Bo| > 0 and o = 1. In (1.4), we have made use of the notation A := At/Axz for
the so-called Courant-Friedrichs-Lewy parameter. In what follows, the parameter A is kept fixed?, and
we consider the space and time grid z; := j Az, t" := n At for j,n € N. For notational convenience, we
introduce the (dimensionless) constant 7 > 0 that satisfies

(1.5) Az = 7 |a| At.

We keep At € (0,1] as the only small parameter and Az € (0,1/)] varies accordingly.

Since we are approximating the transport equation (1.1) on the half-line z € R, the space grid is
indexed by N. This means that the numerical approximation (1.4) takes place for j > r. We then
supplement (1.4) with homogeneous Dirichlet boundary conditions on the "numerical” boundary:

(1.6) uy =0, 0<j<r—1, n>k,

independently of the sign of a. The scheme (1.4), (1.6) is ignited by k initial data, which correspond to
the approximation of the solution to (1.1) at times %, ..., #*~1. For simplicity, we assume that the initial
data for (1.4), (1.6) are given by the standard piecewise constant approximation of the exact solution to
(1.1). In other words, we set:

1.7 » ! o ™ d 0 0 k—1
. Uy 1= —— ug(z —at”)dr, 7> n=20,...,k—1,
(1.7 e as [ wle—atde, j20.
where the initial condition ug for (1.1) has been extended by zero to R~ in the case a > 0.
The following two assumptions are the minimal consistency requirements for the numerical scheme

(1.4).

Assumption 1.1 (Consistency of the space discretization). The coefficients a_y, ..., a, in (1.4) satisfy
P
(1.8) > a=0,
b=—1r
P
(1.9) Z lag=a.
l=—r
Assumption 1.2 (Consistency of the linear multistep integration method). The coefficients ay, .. ., ag,

Bos - -, Br—1 of the time integration method in (1.4) satisfy

k k k—1
E a; =0, E 0 Qg = § Bo -
o=0 o=0 o=0

In the case k = 1, that is for numerical schemes with two time levels, the normalization gives oy =
a1 = By =1, and (1.4) reduces to the standard form

P
ntl _n E( noo—=
u; uj + A aguje=0.

l=—r

If p = r = 1, we obtain the class of three point schemes that encompasses both the Lax-Friedrichs and
Lax-Wendroff scheme. Considering multistep methods might be useful since some of them have been
widely used, for instance when dealing with stiff ODE problems. From a more theoretical point of view,
it is interesting to discriminate whether some behavior exhibited by a numerical scheme arises because of
the spatial discretization or because of the chosen time integration method.

As a direct consequence of the first consistency condition (1.8), it appears that the scheme (1.4) admits
a conservative form in the following sense. There exists a linear numerical flux function F with real

2This assumption could be weakened by assuming that the ratio |a| At/Az is bounded from below and from above, but
we shall restrict to the more common case where the ratio is fixed for simplicity.
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coeflicients:
F(Ujv <o Ujtptr— 1 Z f€ Vjtltr s
l=—r
such that
(110) Z QpUjyp = F(Ujfr+1, o ,Uj+p) - F(u]',r, PN ,u]‘+p,1) .
l=—r

In particular, (1.4) also takes the conservative form

k k—1
(1.11) SN Y By (P, o wfy) = Pty e ) = 0.

= o=
From the second consistency condition (1.9), it follows that F'(u,...,u) = au for any u € R. This is the

usual consistency property of F' with the exact flux (u — au) of the transport equation (1.1) written as
a conservation law.

Our final assumption is the standard ¢2-stability assumption for (1.4) when the scheme is considered
on the whole real line j € Z:

Assumption 1.3 (Stability for the Cauchy problem). There exists a constant C' > 0 such that, for all
At € (0,1], the solution to

Zag ”+U+)\2502a4u;¢g: , JEZ, meN,

b=—1
satisties
Sup ZAIL‘ |u”|2 <C Z ZAJ} \u“!2
o=0 j€Z

As is well-known, assumption 1.3 can be rephrased thanks to Fourier analysis. More precisely, if we
introduce the function A defined by:

(1.12) Vz e C\ {0}, A(z):= Zp: ag 2,
b=—r

then applying the Fourier transform?® to (1.4) yields for all £ € R:

k
Zaa un+o‘ + A Zﬁa zAw§ u”*"(f) -0,

where u" is the piecewise constant function that takes the value u7 on the cell [j Az, (j + 1) Az). The
stability assumption 1.3 is equivalent to requiring that there exists a constant C' > 0 such that for all

n € R, and for all given zy,...,zp_1 € C, the solution (z,)scn to the recurrence relation
k—1
VneN, Za‘7$"+‘7+>‘zﬁ" N xpie =0,
o=0 o=0
satisfies
Slelp lzn? < C (]m0|2 cee |xk_1|2) )
n

3Here we consider temporarily that (1.4) is applied on the whole real line j € Z, which makes the use of Fourier transform
legitimate.
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In particular, the closed curve {—AA(e"), n € R} should be contained in the so-called stability region
of the numerical integration method, see [HW96, Definition V.1.1]. Observe now that the consistency
assumption 1.1 introduced above can be rewritten under the form:

(1.13) A(1)=0 and A'(1)=a#0.

Since A vanishes at 1, 0 should belong to the stability region of the numerical integration method, which
implies (see [HNWO93, Chapter II1.3]):

k
(1.14) > oas#0.
o=0

Remark 1.4. In the case k = 1, the stability assumption 1.3 is equivalent to:
(1.15) VzeSt, 1-XA(z)|<1.

In particular, assumption 1.3 constraints the CFL number X to be "small enough”, and A(z) can not be
a negative real number.

Our final key assumption is the following. Its relevance is discussed later on.
Assumption 1.5. The value z = 1 is the unique root of A on S':
Vo e [—m,m\ {0}, A #£0.
1.3. Main result. The main result of this paper is the following theorem.

Theorem 1.6 (Semigroup estimate). Consider a linear scheme of the form (1.4) satisfying the consistency
assumptions 1.1 and 1.2, the stability assumption 1.3 and assumption 1.5. Consider an initial condition
ug € H*(R,) for (1.1) such that

up(0) =0, ifa<0,
up(0) = up(0) =0, ifa>0.

Let T > 0 and, for At € (0,1], let us define Ny as the largest integer such that At Np < T'. Let also
w € [0,1/3]. Then there exists a constant C > 0, that is independent of T, At, pi, ug such that the solution
(u})j>0m>0 to (1.4)-(1.6)-(1.7) satisfies

(1.16) sup - Azfuf|* < C (HUOH%?(RH + AT 2T AT ||“0H12LI2(R+)> :
AT G20

Let us observe that (1.16) is compatible with the ”continuous” estimate

sup lu(®) 2@y < ClluollZas -

as At tends to zero. The role of assumption 1.5 is to derive a boundary layer expansion for (u});>0,n>0,
that is to decompose (u7) as in [DL88, GS97, CHGO1] under the form*

ugL ~ Uint(l‘j,tn) + ubl(j,tn) ’

where the boundary layer profile u®' depends on the ”fast” variable j = xj/ Az and has exponential decay
at infinity, while the interior profile '™ depends on the ”"slow” variable xj. As follows from the analysis
below, the derivation of such two-scale expansions is not linked to any viscous behavior of (1.4) (as the
scaling x;/ Az might suggest at first glance). If assumption 1.5 is not satisfied, it means that the numerical
schemes (1.4) supports highly oscillating wave packets of the form exp(i j #) for some 6 € (0,27). Among
such wave packets, some may have an incoming group velocity, as occurs for the leap-frog scheme, and in
such a configuration the above two-scale expansion becomes irrelevant.

4We refer to [GVO05] for a systematic derivation of boundary layers in the PDE context. Here the situation is much
favorable since we deal with scalar equations. Identifying the possible numerical boundary layer scales and amplitudes leads
to the simple ansatz we use.
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The parameter p can diminish the T-dependence of the constants in (1.16). In particular, given any
€ >0 and T > 0, there holds

sup ZAJU ]u"!Q <C (HUOHLz ®+) T 2AtF HUOHH2 R+)>
7’L<NT >0

for At sufficiently small (depending on 7).

The article is organized as follows. Section 2 is devoted to the construction of boundary layer expansions
for solutions to (1.4), (1.6). Theorem 1.6 is proved in Section 3 by means of a careful error analysis. We
discuss some examples in Section 4 together with the relevance of assumption 1.5.

2. NUMERICAL BOUNDARY LAYERS

2.1. Formal derivation of the boundary layer expansion. Our first goal is to understand when the
numerical solution (u;‘) j>0n>0 of the scheme (1.4), (1.6) can be approximated by an asymptotic boundary
layer expansion:
uihy = w2, 1) +uP (5,6, §>0,n>0.

In the latter decomposition, we expect uP! to have fast decay at infinity. The functions u™ and u"' are
to be defined in such a way that (u Uiy L) represents an accurate approximation of (u}) as At tends to 0.
Roughly speaking, the term u™ takes care of the interior behavior of the solution far from the boundary,
and uP! involves the boundary layer correction that is localized in a neighborhood of = 0 and matches
the boundary conditions (1.6).

We shall force the approximate solution to satisfy the initial conditions:

(2.1) u?};p ui, j>0,n=0,....,k—1.

In this way, the error (u?f;p — uj) will satisfy a recurrence relation of the form (1.4), (1.6) with ”small”
source terms but will have zero initial data. We also expect the approximate solution to satisfy (1.6), or

rather
(2.2) uPP~0, 0<j<r—1, n>k,

jn
where, by =~ 0, we mean for instance that u})” should be O(At) on the boundary.

For technical reasons that will be made precise in Section 3, we shall define the boundary layer term
through a two term expansion of the form:

ubl(j, tn) — ubl,O(j7tn) 4 Ax Ubl’l(j,tn),

PLO plus a first order corrector uPb! that will be used to remove part of the

involving a zero order term u
consistency error.

We follow the discussions in [DL88, GS97, CHGO1] and briefly present hereafter a schematic derivation
of the equations that will govern the three sequences u™, «P0 and «P"'. To that aim, let us introduce
the following consistency error:

k k—1 p
1 app app
Egnth i= At <Z Qo Ujnto A Zﬂ" Z AU g nyo | o
o=0 o=0 b=—1r
with 5 > r, and n > 0.
e At a fixed positive distance from the boundary, the limit At — 0 corresponds to j — +o0o and

the boundary layer term uP! becomes negligible with respect to u™. The above consistency error
reads (up to smaller terms)

1 k k—1 p
~ int int
Ein+k = Kt Z Qo Ujnyo + A Z 60 Z QUi pto | -
o=0

o=0 l=—r

This quantity will be of order O(At) provided that «™ is a smooth solution to the continuous
equation (1.1) (recall the consistency assumptions of the numerical scheme (1.4)).
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e Close to the boundary, that is for a fixed index j > r, the limit At — 0 makes z; tend to
zero. If the interior solution u!™ is smooth enough, we get (recall that j is fixed) u!™(z;,t") =
u'™(0, ") + O(At) and u**(0,¢"+7) = u"*(0, t") + O(At). Then the consistency error reads® (up
to O(1) terms):

k—1
Ejntk = (Z% bLO(; ¢m+e) 4 \ Zﬁa Z apuP0(j + o, tn-l—cr)) ‘

o=0 b=—r

Due to the consistency of the numerical integration method, and assuming that u”"? depends
smoothly enough on the time variable, we get

k—1 P
1 .
o=0

b=—r

The first boundary layer profile uP'? needs therefore to satisfy the recurrence relation®:

p
(2.3) > a4ty =0, j=r,n>k.
b=—r

In terms of flux quantities, the relation (2.3) corresponds to requiring

p—1
> feulOG 44t = O
b=—r

with an integration constant that only depends on n, but not on j. The constant is easily seen
to be zero due to the required behavior of the boundary layer profiles at infinity. In addition,
the boundary condition (2.2) imposes (up to an O(At) term) the trace of "% on the numerical
boundary:

(2.4) uP0(5, 1) = —u™(0,t"), 0<j<r—1,n>0.

e We still keep the index j fixed and expand the consistency error at the following order with respect
to At. Assuming that u™ is smooth enough so that its associated consistency error is O(At) up
to the boundary, the overall consistency error reads (up to O(At) terms):

p
€]n+k—At Zag blo G, ") + <Zﬁa> Zagubl’l(j+€,t”).

b=—r

We then require the first boundary layer corrector uPb! to satisfy:

k
(2.5) Z aguP (G + 0t + (Z Bg> Zag w5,y =0, j>r.
o=0

b=—r

Since our analysis considers numerical schemes of order 1 or higher, the precise value of ©P-! on the

numerical boundary does little matter since any other choice than the one below will introduce a
new O(At) error that will just have the same order as the interior consistency error. For simplicity,
we therefore require u! to satisfy;

(2.6) uPP (") =0, 0<j<r—1,n>0.

The above formal derivation of the profile equations (2.3) and (2.5) motivates the analysis of the
recurrence relation (2.3). More precisely, we are going to determine the solutions to (2.3) that tend to
zero at infinity. The precise definition of the approximate solution u?PP is given in subsection 2.5.

SHere we use the consistency conditions for the coefficients in (1.4).
6Recall that by our consistency and stability assumptions, the sum of the . is nonzero.
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2.2. A preliminary result. Let us recall that the function A, which is linked to the amplification matrix
for the scheme (1.4), is defined in (1.12). The consistency assumption 1.1 implies that 1 is a simple root
of A and assumption 1.5 shows that 1 is the only root of A on the unit circle.

Remark 2.1. In the case k = 1, assumption 1.5 is obviously satisfied for every dissipative scheme (for
which we recall that there exist ¢ > 0 and g € N* such that for all |0] < 7, |1 — NA(e!?)] < 1 —c6%9).
However, we underline at this level that some non-dissipative schemes satisfy assumption 1.5 too, e.g. the
Laz-Friedrichs scheme (that is considered in [CHCO1]) for which A(e'?) = cos® — 1 —iXa sinf).

The main result of this subsection is the following Lemma.

Lemma 2.2. Under Assumptions 1.1, 1.2, 1.3 and 1.5, the equation A(z) = 0 admits exactly R roots
(with multiplicity) in D\ {0} = {z € C, 0 < |z| < 1} where

n_ r, zifa<0,
r—1, ifa>0.

Let us observe that in the case a > 0, r can not be zero and therefore one gets a nonnegative integer for
R. Indeed, the value r = 0 is prohibited by the fact that the numerical dependence domain would not
include the ”continuous” dependence domain, see [CFL28].

The proof of Lemma 2.2 makes use of the following simple observation which we have not found in
[HW96] and therefore state here. We keep the notations of [HNWO93, Chapter III.2].

Lemma 2.3. Consider an ordinary differential equation of the form y = f(y), and the explicit linear
multistep integration method:

k k—1
(2.7) ZaoynJra = At Zﬁa fn+cr7
o=0 o=0

with the normalization ag, = 1, |ap|+|Bo| > 0. Assume that the method is stable (in the sense of [HNW93,
Definition II1.3.2]) and that it is of order 1 or higher. Then the stability region for this method contains
no positive real number.

Proof. Following [HNW93, HW96], we introduce the polynomials

k k—1
oX) =Y a; X, o(X):=) B X7
=0 j=0

The assumptions of Lemma 2.3 can be rephrased as:

o(1) =0, (1)=0(1)#0,
and p has no root of z satisfying |z| > 1. In particular, ¢’(1) must be positive for otherwise (recall ay, = 1)
o would have a real root in the open interval (1, 4+o00). We therefore have o(1) > 0.
For any given pu > 0, the real polynomial:

Pu(X) == o(X) — po(X),

has degree k£ and is unitary. It tends to +oo at 400 and P,(1) = —po(1) < 0. Hence P, vanishes in the
open interval (1,+00) and p does not belong to the stability region of the numerical method. O

Lemma 2.3 is consistent with the plots in [HW96] of the stability regions for the explicit Adams and
Nystrom methods. Observe however that some stability regions may contain complex numbers of positive
real part, e.g., the explicit Adams method of order 3.

Proof of Lemma 2.2. Under assumption 1.5, A has no other zero on S! than z = 1 (with multiplicity 1).
On the other hand, A admits a unique pole over C, at z = 0 and of order r (because we have a_, # 0).
The cornerstone of the forthcoming proof is the residue theorem for meromorphic functions. Being given
I' a direct closed complex contour encircling the origin once and on which A does not vanish, then

1 A'(2)

(2.8) viv | AG)

dz = #{zeros inside I'} — #{poles inside I'},
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where zeros and poles are counted with multiplicity. The second integer on the right hand side equals r,
and we intend now to compute Rr := #{zeros inside I'} thanks to an appropriate choice for the contour I'
(for which Rr = R).

The contour T'.. Let us consider some parameter ¢ € (0,7/4] sufficiently small (to be determined later
on), and let us define the contour I'; as S! but for a small chord avoiding 1, see Figure 2.1. More precisely,
we consider the path I'c as the union I' 1 U T 2, with:

.= {ew, 0¢€le2r —5]}, o= {cose+iw, w € [—sins,sine]}.

Ficure 2.1. The integration contour I'..

Choice of the parameter €. Let us first observe that 1 is a simple zero of A so we can choose ¢ > 0 small
enough such that, for any ¢ € (0, gg], the number of zeros of A inside I'c equals the number of zeros of A
in D\ {0}.

Our goal now is to show that, for any sufficiently small € > 0, there holds

FSA(FE) >0, if a<0,
+SA(et®) >0, if a>0,

and for all z € I'c9, aA(z) € RT. These properties follow from studying the variation of the function
S A(cose +iw). Namely, we compute

d
@gﬂ(coss—i—iw) =RA(cose +iw) =a+ R (A (cose +iw) —A'(1)).

Consequently, if we assume a > 0, then (w — S A(cose + iw)) is increasing on [—sine,sine|, while if
we assume a < 0, then (w +— S A(cose +iw)) is decreasing on [—sine,sine]. In any of these two cases,
A(cose + iw) is real for at most one value of w.

We now observe that A(cose) is real. In particular, for any 0 < |w| < sine, A(cose + iw) belongs
to C \ R and the sign property for 3 A(et?¢) is proved. Furthermore, using A’(1) = a, we find that
A(cose) is positive if a is negative while A(cose) is negative if a is positive. We thus have, provided that
e is sufficiently small, a A(z) € RT for any z € I'. 5. From now on, ¢ is fixed and the latter properties hold.

Application of the residue theorem. We denote hereafter log_ the principal complex logarithm with the
usual branch cut along R_, and log, the complex logarithm with a branch cut along R .

For any z € I'c 1, one has A(z) # 0 (thanks to assumption 1.5) and A(z) ¢ R™* (for otherwise the
stability region of (2.7) would contain —\A(z) € RT™*, which can not hold by Lemma 2.3). We can thus
use log_ for computing the integral along I'; 1, and we get

1 A'(z) 1 — -
— =—(log_A(e™*%) —log_A(e') ).
2im Jr., A(?) T o ( og_ A(e™") —log_A(e )>

The integral along I'c » depends on the sign of a.
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e Suppose a < 0. Then we know that for all z € I'c 5, A(z) does not belong to R™. We can again
use the log_ logarithm and derive
1 A'(z) 1
- = —
2im Jr., A(?) 24T

(log_ A(e'®) —log_ A(e*i€)> .

Summing the two contributions over I'; ; and I'; » we finally obtain
1 A'(2)

29T I, .A(Z)

dz =0,

and R=r.
e Suppose now a > 0. Then we know that for all z € I'. 5, A(z) does not belong to RT. We use the
log, logarithm and derive
1 A'(z) 1

dz = — (log, A(e'®) —log, A(e %)) .
2im Jr, AR) 2m(°g+ (e7) —log. Afe )>

Summing the two contributions over I'; ; and I'c 2, we obtain

ii 1E\ 3 _L —ie) __ —i€
R T—Qiﬂ(longA(e) log_ A(e )) 2Z_7T(10g+fl(e} ) —log_ A(e ))

The difference log, —log_ equals 0 on {1 := {z ceC, 8z > 0} and equals 2¢7 on Q_ := {z €
C,Sz < 0}. To complete the proof, we recall that A(e®?¢) belong to Q., and we thus get
R—r=-1.

O

2.3. The leading boundary layer profile. Using the flux function F, we can rewrite the boundary
layer profile equations (2.3), (2.4), and introduce the following definition.

Definition 2.4. Being given a real number u, we call (v;)jen a boundary layer profile associated with u
a sequence that satisfies the following requirements:
(i) vo ="+ =vr_1 = —u,
(it) F(u+vj,...,u+ Vjipyr—1) = F(u,...,u), for all j >0,
(iii) lim;_,o0 v; = 0.
Let us comment some facts. The first point (i) above is related to the Dirichlet condition (2.4) with u in

place of u*(0,¢") (here the time variable is frozen). As a consequence of the linearity of the numerical
flux F, the above condition (%) reads

p—1
Vj=0, Z Jevjropr =0,

b=—r
which is equivalent to
P
(2.9) Vi=0, 3 avjier =0,
b=—r

if condition (i) is satisfied. Boundary layer profiles are therefore the zero-limit solutions to the linear
recurrence relation (2.9) for which the r first terms of the sequence coincide.

Definition 2.5. The set of all the values u such that a stable boundary layer associated to u exists is
denoted

Chum = {u e R, Jv e RY boundary layer profile associated with u} .

This definition is the same as in [DL88, GS97, CHGO1]. The set Cpym encodes the so-called residual
boundary conditions for (1.1) coming from the continuous limit At — 0 in (1.4), (1.6). We are now ready
to prove the following result that characterizes the boundary layer profiles for the scheme (1.4).

Proposition 2.6. Under Assumptions 1.1, 1.2, 1.8 and 1.5, there holds:
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e if a > 0, then Chum = {0} and the unique boundary layer profile associated with 0 is the zero
sequence (v; =0 for all j >0);

o if a < 0, then Chum = R and for any u € R there is a unique boundary layer profile (v;);en
associated with u, that decreases exponentially fast at infinity. We may write

(2.10) vy =uw;, j=>0,
where (wj)jen denotes the boundary layer profile associated with v = 1.

Proof. As explained above, our goal is to determine the zero-limit solutions to the recurrence (2.9) that
satisfy condition (i) in Definition 2.4. We thus look for the (stable) roots to the polynomial equation

P
E ag 2T =0.

b=—r

Since this polynomial does not vanish at zero, its roots in I coincide (with equal multiplicity) with the
zeros of A in D\ {0}. Lemma 2.2 precisely gives the number of such zeros.

The zero-limit solutions to the linear recurrence (2.9) are spanned by the sequences Z (m) (m=1,...,r
ifa<Oandm=1,...,r—1ifa>0):

(2.11) (" 2)jen, 0<w<p, 1<i<q,
where z1,...,2, denote the pairwise distinct zeros of A in D\ {0} and p,. ..,y their corresponding
multiplicity.

e We first assume a > 0. The subspace of zero-limit solutions to the linear recurrence (2.9) has
dimension r — 1. Let u € R. We are looking for a sequence v = 221;11 wm Z™) such that
v9g = -+ = v,_1 = —u, which is equivalent to

) (r-1) w1

Z, . Z 1
: L = 0.
(1) (r=1) Wr—1

Z 0 .. Zoy 1 u

The involved matrix in M,.,(C) is invertible and therefore u =0, v = 0.
e We now assume a < 0. The subspace of zero-limit solutions to the linear recurrence (2.9) has
dimension r. Let u € R. We are looking for a sequence v =Y _ wpy Z (m) such that vy = -+ =

vr_1 = —u, which is equivalent to
Z$" oz 1
: s D=
z0 o Z9) \er 1

The involved matrix of M,.,(C) is invertible and thus, for each given u € R there is a unique
solution (wi,...,w,) € C" which determines the boundary layer profile associated with u. By
linearity, this profile takes the form (2.10) and it is exponentially decreasing.

g

2.4. The first boundary layer corrector. Our goal in this subsection is to construct a solution to the
first boundary layer corrector equations (2.5), (2.6). In what follows, the function uP%? will be a boundary
layer profile associated with some discretized trace of the exact solution to (1.1). In the case a > 0, there
is no boundary layer profile but zero and the solution to (2.5), (2.6) is also zero. In the case a < 0,
the space of boundary layer profiles is spanned by the sequence (wj);en, and it is therefore sufficient to
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construct a sequence that satisfies

p
(2.12) Vizr, > arWie+w; =0,
b=—r
Wo=-=W_1 =0, lima@;=0.

Jj—00
Lemma 2.7. Under the assumptions of Proposition 2.6, in the case a < 0, there exists a unique solution
(Wj)jen to (2.12) and this solution decays exponentially fast at infinity.

Proof. Uniqueness easily follows from the linearity of (2.12) and Proposition 2.6. As far as existence is
concerned, we keep the notation of Proposition 2.6 and decompose the sequence (w;) en as

w = ZT: Wi Z0M)
m=1

where the Z("™)’s are given by (2.11). Due to the linearity of (2.12), we first construct a zero-limit solution
to the recurrence

P
Vj>r, ZGZW](TE)+ZJ(M):O’ Z(m):juzzg7
l=—r
which is done by choosing W™ of the form

pi—1
(m) _ it d
Wj = g Sughi™ g,
u=0

and by identifying the coefficients ¢, . . .,<,,—1 (this procedure gives an invertible upper triangular system).
Summing finitely many such sequences W™ we get a sequence W that decays exponentially at infinity
and that is a solution to the recurrence relation

p
Vi>r, EWW]’_;_g—I-wj:O.

b=—r

The sequence (w;) is obtained by correcting the initial conditions for (W), that is by choosing
T
w:=W + Zme(m),
m=1

with
ZW 2N (m Wo

Zr(lf)l e Z7('7;)1 Wr erl

g

2.5. The approximate solution. Let us recall that the solution to (1.1), supplemented with the homo-
geneous Dirichlet condition (1.2) in the case a > 0, is given by

(2.13) u™(x,t) =uo(xr —at), x=>0, t>0,

where the initial condition ug has been extended by 0 to R™ in the case a > 0. This suggests defining the
interior numerical solution as

int .__ 1

“n = Aa

Tjt1
/ wo(x —at™)dz, >0, n>0.
o
In particular, (1.7) gives

VYn=0,....k—1, Vj>0, u;r’lfl:u?
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In the case a > 0, there is no boundary layer and we define the approximate solution u®PP to (1.4),
(1.6) as

app .__  int ;
Win = Ujy j=20, n=>0.

In the case a < 0, there exists a one-dimensional space of boundary layer profiles and we can also
construct boundary layer correctors. In view of (2.4), we first need to approximate the trace of the exact
solution u®* and therefore set

tn+1

1
Vn>0, wulf ::At/tn up(—at)dt.
We now define the leading order boundary layer profile ©P'? and first order boundary layer corrector u!

as follows:

bl,0 0, j>0, n=0,....,k—1,
ujn = tr .
7 Uy Wy, J=0, n>k,

0, 7>0, n=0,....k—1,
-1
(4t 5580)  (Choparuli,) @5, 520, nxk.

The approximate solution u*PP to (1.4), (1.6) is then defined by:

bL1
j7n :

(2.14) WP =l P Azt j >0, n>0.

j7n J?n ]7” ’
Thanks to our choice for the initial data, we again have:

uPP =l j20, n=0,... k1.

3. PROOF OF THE MAIN RESULT

The error analysis uses the expression of the approximate solution (u})");>0n>0 introduced in subsec-
tion 2.5. We thus focus on the interior consistency error that is defined by:

1 k k—1 P
. — app app
Cimtk =AY Doty A Be D ari
o=0

o=0 l=—r
with 7 > r and n > 0, and on the boundary errors:

njm::uapp 0<j<r—1, n>k.

j?n ’
We recall that the approximate solution ©®PP has the same initial data as the exact numerical solution
(whatever the sign of a):

Uja}?np:u?’ 3207 n:O,,k—l

Consequently, the error:

._ PP n .
Cjn = UG, — U, 7j=>0, n>0,

is a solution to the following numerical scheme with presumably small forcing terms and zero initial data:

k k—1 .
ZO':O O[o— ej,’l’L-f-O’ + )\ ZO’:O o Z?:—r a[ ej+€,n+o = At 8‘],1’L+k 9 .7 Z r7 n Z 07
(3'1) €in = Mjn OSjST'—l, nZk,
ej,oz"':€j7k'—1:07 ]ZO

The aim of the following two subsections is to quantify the smallness of the source terms in (3.1) in order
to apply the stability estimate of [GT81]. The smallness of the source terms will yield, up to losing some
powers of At, a semigroup estimate for (e;,);>0n>0 Which will eventually give the semigroup estimate
for the numerical solution (u});>0,n>0-
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3.1. The case of an incoming velocity. We assume here a > 0 so that no boundary layer arises in
the solution to (1.4), (1.6) (Cpum = {0}). The approximate solution merely reads:

app __ 1

Tj+1
uj’”_m:/x, up(y —at™)dy, j>0, n>0,

where we recall that ug has been extended by zero to R™. From the flatness conditions uy(0) = u((0) = 0,
we have ug € H?(R). The errors in (3.1) satisfy the following bounds.

Proposition 3.1. Let us assume a > 0. Under the assumptions of Theorem 1.6 and in the CFL
regime (1.5), there exists a constant C' > 0 that is independent of uy and At € (0,1] such that

(3.2) 51;1’; ZAZL‘ \ejn]2 < CA? [|lug ||2L2(1R+) ,
Nl >
r—1

(3.3) ST Atfninl? < C AL fup|2agee -
n>k j=0

Proof. Let us first consider the boundary error terms (7). Since uy vanishes on R, there holds 7;,, = 0
if n > r/(aX). The sum in (3.3) therefore reduces to finitely many terms (and the number of such terms is
independent of At). We consider some space index j € {0,...,r—1} and some time index k <n < r/(a ),

and write
1 Tji1 Tjy1 rr—at”
Mim = Az /x uo(x —at")d = As / / y)dydz.

J

We then apply the Cauchy-Schwarz inequality and get
9 Tj+1

mal<C [

j

Summing the finitely many nonzero error terms, we get (3.3).
We now deal with the consistency error in the interior domain. Using the consistency assumptions 1.1
and 1.2, we have:

z—at”
[ wwran] ar < o8t ey

1 Tj+1
Atsj,n-i—k = TZL‘ ZO&U / 1’— at”+") —UO(ZE —at”) dz
)\ _ Tjt+e+1 Tj41
—1—5 ZBU Z ay </ ’ uo(x—at”ﬂf)dx—/ ’ uo(x—at”+0)d:c>
= b=—7r Tj+e T
Tj+1
= Zaa/ / up(z +y—at™)dyde
—aUAt
$3+1 ZALD N
+A£B ;)50 é_z_: ae/ / oz +y—at")dydx
xjp1 pAx
= Zaag / / oz —aocdy—at")dydz
o=0
k-1 Tjr1 AT
+*250 Zﬁae/ / N+ Ly —at" ) dydx.
o=0 b=—r

Using the consistency assumptions 1.1 and 1.2 again, we can add the zero quantity

P Tj41 Az
N (ZU%WZ@:Z“W)/]/ i — ")y,
T T 0
o=0 —r J
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and get

zj41 pAx
Atejnik = Zaaa / / / o(x+ 2 —at™)d' dydx
faa)\y
A - rjy1 rAr ply—aoc At
(3.4) —I—Tx Zﬁg Zfag/ / / uo .’L‘—i—x’_at”)dx’dydl‘.
o=0

We now apply successive Cauchy-Schwarz inequalities. In the CFL regime (1.5), we get for instance

2 Tj41 Azx
< C A / / / ug(z 4+ 2’ — at™)? da’ dy dx
—aoc Ay

Tj+1
<C’At4/ / 0+ 2" —at)?da’ da
x; 70,O'At

zjt1 pAT

o(x+2' —at")ds' dydz

—acr)\y

<C’At5/ ug(z —at™)?dz.
zj—akAt

The other error term in (3.4) is estimated similarly, and in the end, we can show that there exists a fixed
integer jp > 0 (that only depends on the CFL number A, a and k) such that

9 Titptl 9
Vi>r, VneN, gk SC’At/ ug(z —at™)*dz.
Tj—jo

The estimate (3.2) follows immediately. O

3.2. The case of an outgoing velocity. From now on, we consider the case of an outgoing velocity
a < 0 for which non-trivial boundary layers appear in the solution to the numerical scheme (1.4), (1.6)

(Chum = R). The following Proposition provides error bounds for the source terms in the numerical
scheme (3.1).

Proposition 3.2. Under the assumptions of Theorem 1.6 and in the CFL regime (1.5), there exists a
constant C' > 0 that is independent of uy and At € (0,1] such that

(3.5) sup > Azlejal® < C AL ugllFagsy »
n j>r
(3.6) sup Y Awlejal* < C AL |uplF g »
k<n<2k-1 137
r—1
(3.7) ST Atfninl? < C AP [up| 2o -
n>k j=0

Proof. We first prove (3.7) and then deal with (3.5) and (3.6).
Errors at the boundary. We start with the proof of the estimate (3.7). From the definition (2.14), we
obtain (recallm > k and j =0,...,r —1):

M = = [ (w4 Ja] ) de — i
> T Ax At

With the notation (1.5), the error 7;, can be written as

tn+1

uo(la| t)dt

T

At/T 1 At
Njnm = A7 / uo(zj + |alt" + |a| s) — uo(|al t") ds — A / uo(la| t"™ + |a| s) — uo(la| t™)ds

At/T  pxitlals At plals
= / / ug(la| t™ +y) dyds—/ / o(Jalt™ +y)dyds.
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Each term in 7, is estimated by applying the Cauchy-Schwarz inequality. For instance, we have

At plals 2
At/ / o(la] t™ +y) dyds

and similarly, we have

r At/T pxitlals , . 2
At/o /0 ug(lalt™ +y) dy ds

Summing over the n’s and the finitely many j’s, we derive the bound (3.7).
Errors in the interior. We decompose the consistency error €;,, in (3.1) as

la| At
<car [ uylalt + )y,
0

r Az
< CAt / up(lal t" + y)* dy
0

_ mt
Ej,n + 5] no

with self-explanatory notation. The estimate of the interior consistency error z-:;“t follows from the exact
same arguments as we used in the case of an incoming velocity. The only difference is that, because of
the sign of a, we do not need to extend ug by zero to R~ and no assumption on the behav1or of ug at 0
is needed to derive the estimate

(3.8) sup Y Az|elit]> < C AL |[ug| 72+ -

n>k j>r

We now focus on the new consistency error that comes from the boundary layer terms in u?PP:

k k
1 1
bl bl,0 bl 0 bl,1 bl 1
EPCL DICEEIEEDS STID SPTICNES IR 5 SUVHIES LR STt
o=0 b=—1 o=0 b=—r
1 k - p
_720[ bl,0 Za bl,1 +ZB Zaubl,l
- At o 7, n+a ol j,n+o o ¢ j+Ln+o
o=0 =0 l=—r

blL,0
b}

In the case n > k, we use the definition of the boundary layer profile and corrector u uPb! to simplify

the latter expression and get”

blLl1 bll + B bll _,blL1 )
],n-‘,—k E :aU jn+a E : o 2 : j—i—é,n-{—a uj—i—@,n :

0'—0 o=0 l=—r

The first boundary layer corrector is given in subsection 2.5. In particular, the error E?ln

decomposed as a linear combination of sequences of the form

w
J+Z tr
§ : aU n+a+a - un+o’) )

4} can be

with 0 =0,...,k and £ = —r, ..., p. Since the sequence (w;) is exponentially decreasing, we have
& 2
2 tr
sup ZA:L'\EJnJrk\ <C’Aac su Z Zag UL ot — Ut 1)
n>k i>r
2
tr tr
Sllp Z Z Oég/ n+a+o —Uptor — n+0' + Uy, )
n>k
We compute
At po At
ut t t
Up'y oy ot = Upyor — U ”+"+ur_At/ / / ug(la|t"™ + |al s1 + |a| s2 + |a| s3) ds3 dsa dsy

"Here we use the consistency assumption 1.2.
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and the Cauchy-Schwarz inequality yields
2k+1) A
tr I _ o, tr tr2<0At3 @k+D) " " 2d
‘un—i-a—&—a’ Upto! — Unto + Uy, | = 0 u0(|a| + ‘(l| S) $

We have thus derived the estimate
sup ZAQ«“ Pkl < C A H%’H%%Rﬂ :

n>k j>r

Together with (3.8), this already proves (3.5).

We turn to the proof of (3.6). It only remains to estimate the EJQ. norm of (ag’lk), e (5}?12 x_1) because
the interior errors (53“,2), e (53“5 x_1) already satisfy (3.8), which is not larger than the right hand side in
bl

(3.6). Let us explain how we derive the estimate for (¢7}). The remaining terms are similar. The error

blk reads

-k
1 1 w;
bl bl,0 uP = Wi tr
Eik = E ]k+)\ Bk TOAL k+<AtZBU> UZOO[UUIH-U?
so we have
bl
ZAx|Ej,k‘ Z| k+a
j>r

We now use the assumption uo(0) = 0 of Theorem 1.6 and get

At pla) ( tk+°+s
Uk+U:At/ / (y)dyds.

The Cauchy-Schwarz inequality then gives

‘a| tk+cr+1

|ujyo|” < C At /0 up(y)? dy < C AL [|ug Foe ey < C A uglF sy -
We thus get (3.6) for the sequence (g 1) and the remaining terms (E?}k 1) (55’}2 x_1) are dealt with in
the same (rather crude) way. O

Propositions 3.1 and 3.2 imply the following result which uses GKS type norms.

Proposition 3.3. Under the assumptions of Theorem 1.6 and in the CFL regime (1.5), there exists a
constant C > 0 that is independent of uy and At € (0,1], such that for all v > 0 there holds

1
(3.9) N AtAze MR g P < C <1 + ) AL [luo |32+ »
n>k j>r v
r—1
(3.10) DD Ate A g < O AL [l G gy -
n>k j=0

Proof of Proposition 3.3. The proof of (3.10) is immediate and follows from either (3.3) or (3.7) by using
~v > 0 (so that the exponential factors in (3.10) are not larger than 1).

The proof of (3.9) follows from either (3.2) or (3.5)-(3.6). In the incoming case (a > 0), we use (3.2)
and get

Z ZAt Age 278 g, 2 < O A HUOH%{Q(Rﬂ Z e 2nyAt

n>k j>r n>k

¢ 30, 12 C 22
< mﬁt [uoll g2y < ;At [uollzz2 ety
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which is even better than (3.9). In the outgoing case, we use (3.5)-(3.6) and get

SN AtAwe A g2 < C AR fluo Ry + C A fuolFagesy Y e 2T
nzk jzr n>2k

1
<C (1 + 7) At [|uo |72 e+ -

O

Remark 3.4. If we had not included the boundary layer corrector uP>' in the approzimate solution, the right
hand side in the error estimate (3.9) would have been of the form At HuoH%Q(Rﬂ instead of At? HUOH%IQ(RJF),

which would have not been sufficient to derive (1.16) because there is a loss of a factor At in the derivation
of the estimate (3.12) below.

3.3. The semigroup estimate. We now prove Theorem 1.6. We apply the main result® of [GT81] which
states that the numerical scheme (3.1) is strongly stable in the sense of [GKS72]. In other words, there
exists a constant C' > 0, that is independent of the parameter v > 0, such that there holds:

r+p—1

(311) #’w Z ZAtA[L‘e72TL’YAt |e.7]7,|2 + Z Z Ate*QTL’YAt |€§L|2

n>0 520 n>0 ;=0

r—1

1+~ At - -
<C | ——— Z ZAtAace 2"7&\&‘?!2—1—2 ZAte Z"VAt\n?IQ

v n>k j>r n>k j=0
At+1 1

where we have used Proposition 3.3 to derive the second inequality in (3.11). We choose v = At#, with
w € [0,1/3]. We thus derive from (3.11) the bound

_ 1+ _
D Ate AN Ag|ef? < O AP luo ) Fp gy -
n>0 §>0

In particular, a very crude lower bound for the left hand side gives

(3.12) sup e 2" AN T A [ < C AT g3 -
=0 >0

The semigroup estimate (3.12) yields the bound
VneN, Y AvfulP <2 Ax[ulP 4 Cem AT AL ug| 3y
>0 >0
with a constant C' that is uniform with respect to all the parameters. We now derive a semigroup estimate
for the approximate solution u*PP. In the case of an incoming transport equation (a > 0), we have
1 Tj+1

Az

app _ int _

Uj'y = uo(x — at")dx,

zj
for all j,n € N (recall that up vanishes on R™). In particular, the Cauchy-Schwarz inequality yields
DAz PP < luollF2 g
Jj=0
and we get

— 1+
VneN, Y Azfuf? < 2|uollFagry + C AT AT fuglFa gy
i>0

8As a matter of fact, the main result of [GT81] requires more restrictive conditions than Assumption 1.3, but the extension
of the result of [GT81] to numerical schemes that satisfy Assumption 1.3 was performed in [Coul3].
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which gives (1.16). We now consider the case of an outgoing transport equation (a < 0) and derive a
semigroup estimate for the approximate solution ©*P?. We still have

D Azl < luol 72+ »
7=0

and we thus focus on the semigroup estimate for the boundary layer profile and corrector. Let us first
consider the boundary layer profile ©P10, for which we have

sup ZAw |ub10 = sup ZA:U |ublO = Sup Az [uf|? Zw

n20 >0 k>0 >0

tn+1 2

/ wo(Jal t) dt

We now deal with the first boundary layer corrector Az uP!, for which we have

<sup —

SC uQ 2 .
SUP A7 [uollz2 @+

k

E Qo U n—i—a

o=0

sup ZA:B |Ax ub1 12 = sup ZAwg ]ubl L2 — sup C Az
n>0 >0 ]>0

Z

j=0

< C At sup Z \un+g|2 <C ||UO”%2(R+) ‘

n>k

As in the incoming case, we have thus derived the bound
2
ZA$ |Uapp <C ||u0||L2(R+) )
>0

and we get (1.16) accordingly.

4. EXAMPLE AND COUNTEREXAMPLE

4.1. A 4 time-step 5 point centered scheme. As a first numerical illustration of the above results in
the case of an outgoing velocity a = —1, we consider the following numerical scheme. The time-stepping is
solved using the 3rd order explicit Adams-Bashforth method, so that assumption 1.2 is satisfied. The space
discretization of the advection term a d,u is based on a centered five-point approximation supplemented
with a fourth order stabilizing dissipative term:

23 16 5
n+l _ . n “en Y oen—1 Y -2
KA A (12fi el Tl ) ’
ma —uj o+ 8uiy —8ui_y +uj, B —uj o +Auly —6ul +4Aul_ —uj, .
J 12 24

As we will show with numerical experiments, this scheme displays numerical boundary layers when com-
bined with Dirichlet boundary conditions. Let us compute A:

(4.1)

1
1a2( 22482 — 82 427 — 24( P44z —644271 — 272,

from which we get A(1) = 0 and A’(1) = a and the space discretization satisfies assumption 1.1. Moreover,
for any 6 € R, one gets

A(z) =

: j 1 : 2 6
A(e?) = —aé(sin(%) — 8sin(f)) — 12( cos(26) + 4 cos() — 3), and R(A(e?)) = 3 sin’ <2> ,
Therefore the only root of A(e?) in [—m, 7] is ¢ = 0. This ensures that assumption 1.5 is satisfied.
Figure 4.1 below pictures the closed curve {—AA(e),n € R} for the choice A = 0.4 (blue curve), together
with the exterior boundary of the stability domain of the time integrator (red dashed curve) ; see [HW96,
HNWO3] for details. Let us observe that the stability assumption 1.3 for the Cauchy problem is satisfied.
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----- AB3 stability domain
Space discretization 0.8

0.2

FIGURE 4.1. Verification of the stability assumption 1.3 for the 3rd order scheme (4.1).

The numerical test case concerns the following initial condition:
up(x) = e 10C e [o,1],

together with homogeneous Dirichlet conditions at both left and right boundaries (with no significant
effect arising from the right boundary due to the incoming situation with ¢ = —1 and the absence of
boundary layer at x = 1). We compute the solution on N = 256 uniformly spaced grid cells, until
time T = 0.5. At this time, the initial bump crosses the left boundary with the highest strength. As
expected, the numerical solution (u;‘) develops some boundary layer in the neighborhood of x = 0 due
to the incompatibility of the homogeneous Dirichlet condition u} =0, 0 < j < r — 1, with the effective

trace of the solution ©™* (0%, T) = 1. We then observe on Figure 4.2 an oscillating pattern that does not
disappear as Az tends to 0.

u_jAn
uAint(x_j,tAn)

0.84

0.6+

0.4+

-0.2-

FIGURE 4.2. Numerical solution and exact solution at time T=0.5 (256 grid points).

The main term of the proposed boundary layer expansion is a linear combination of two geometric
sequences generated by the roots of the equation A(z) = 0 in D \ {0} (see Lemma 2.2). In the present
case, we obtain numerically z; ~ —0.6595 and 2z ~ 0.0809. The precise boundary layer expansion
uPO(4,T) + Az uPb1(§,T) is depicted with crosses on the left picture of Figure 4.3 for the first 20 grid
cells. Notice that it depends only on the trace of the solution at the considered time u* and on the discrete
in time derivative of this trace, through the corrective term u. Tt fits quite well the difference between
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the numerical solution and the exact one uj — u"(z,T) (blue curve). On the right picture of Figure 4.3
is represented the error in this boundary layer expansion uj — [u™ (25, T) + uP0(5,T) + Az uPH (5, T)]
in the first 50 grid cells.

0.6 § 7e-03
u_jAn-uAint(x_j,tAn)

u_jAn-uAint- ubl0 - dx*ubll

+ + +ubl0 + dx*ubll

6e-03 o
5e-03 4
4e-03 -
3e-03 4

2e-03

10: /\M[\/\‘/\M
A

ai

-2e-03 -

-0.4 4

0.6 4

0.8 4

FIGURE 4.3. Boundary layer expansion at time T=0.5 (256 grid points)

The scheme (4.1) is third order in time and space accurate. We now consider the effective accuracy of
this scheme for the IBVP problem by computing the ¢2([0,1]) error at a final given time for successive
values of 2M grid points, 5 < M < 12. More precisely, given a time 7' > 0, we compute the following two
quantities, where n = Ny is the first integer such that Ny At > T

o 1/2 S 1/2
Z Az ‘u;l — u™(zy, 25")‘2 , and Z Az ’u;‘ — uP(x, t")’2
=0 =0

At a first time 7' = 0.125 at which no significant boundary layer has appeared at x = 0, the convergence
of both quantities occur with order 3, see Figure 4.4 on the left. For very thin grids, one observes however
a slight loss of accuracy when computing the usual numerical error. It corresponds to the presence of a
very small boundary layer that deteriorates the effective order of accuracy.

At a later time T' = 0.4 at which the boundary layer is sufficiently high to affect the convergence, the
usual numerical error is strongly increased and the apparent order of accuracy is severely damaged: in
Figure 4.4 on the right, we observe a numerical accuracy of order 0.5 for the usual numerical error, and
of 1.5 for the error in the boundary layer expansion. These orders are clearly interpretable thanks to the
boundary layer expansion.

4.2. The leap-frog scheme. We now consider the usual three-time step leap-frog scheme, with a three

point stencil in space:

n+1 n—1

(4.2) Ui Y ta Uy — Uiy _0
' 2At 2Ax ’

The scheme corresponds to the so-called Nystrom method of order 2 (also called the mid-point formula)
combined with the center differentiation formula for the space discretization. The corresponding function
A equals %(z — z71), and therefore vanishes at —1. Assumption 1.5 is no longer satisfied and Figure 4.5
below illustrates that the failure of Assumption 1.5 gives rise to a completely different behavior. Namely,
we compute the numerical solution for (4.2) with @ = —1 and homogeneous Dirichlet boundary conditions
at different time levels, for the same kind of bump initial data. As the bump crosses the left boundary, a
highly oscillatory wave packet emerges from the boundary and propagates with velocity +1 towards the
right. The envelope of this wave packet is exactly the one of the initial condition, see Figure 4.5. The
latter phenomenon has long been identified of course, see, e. g., [Tre82].
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FIGURE 4.4. Convergence in log/log scale. Solution at time 7" = 0.125 with no significant
boundary layer (left) / at time T' = 0.4 with an important boundary layer (right).
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FIGURE 4.5. Leap-frog scheme, solution at time T'=0, 7T =0.2, T =0.5and T =1
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