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Abstract

Virtually mounting nonrigid parts onto their fixture is proposed by re-

searchers to remove the need for the use of complex physical inspection

fixtures during the measurement process. Current approaches necessitate

the pre-processing of the free-state nonrigid part’s point cloud into a suit-

able finite element (FE) mesh and are limited by the use of the boundary

conditions setting methods available in FE software. In addition to these

limits, these approaches do not take into account the forces used to restrain

the part during the inspection, as commonly mandated for aerospace panels.

To address these shortcomings, this paper presents a virtual fixture method

that predicts the fixed shape of the part without the aforementioned draw-

backs of current approaches. This is achieved by embedding information

retrieved from a FE analysis of the nominal CAD model into a boundary

displacement constrained optimization. To evaluate the proposed method,
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two case studies on physical parts are performed using the proposed virtual

fixture method to evaluate the profile and assembly force specifications of

each part.

Keywords: Inspection, CAD, Nonrigid parts, Fixtureless, Registration,

Finite element, Computational metrology

1. Introduction

The dimensional inspection of nonrigid parts presents many challenges,

as their shape are influenced by how they are held during the measure-

ment process. Given their shape-sensitive behavior, nonrigid parts can no

longer be measured in a free-state and are therefore commonly measured on

hard (i.e., physical) inspection fixtures. For example, an aerospace panel

can be lightly warped making its measurements in a free-state hardly rep-

resentative of the part’s shape when assembled on the airframe. Specifying,

tolerancing and inspecting the geometric and dimensional requirements of

such parts must therefore be dealt with differently than with rigid parts.

Specifying the geometric and dimensional tolerances of a part is an es-

sential step in communicating the quality requirements of the final man-

ufactured parts. Standards such as the American Society of Mechanical

Engineers (ASME) Y14.5 [1] and the International Organization for Stan-

dardization (ISO) 1101 [2] state that the manufactured part’s specifications

are to be evaluated in a free-state unless otherwise specified. Exemp-

tions to this rule are given for nonrigid parts. The revised versions of the

ASME Y14.5 (2009) [1] and ISO 10579 [3] standards describe more clearly

these exemptions. A categorization of the specification methods used for
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the geometric dimensioning and tolerancing (GD&T) of nonrigid parts un-

der the ASME and ISO standards [1–3] is presented by Abenhaim et al. [4].

The specifications of such part often mandate that the dimensional require-

ments must be respected in a restrained condition. For aerospace panels, it

is common to include a note authorizing the use of limited forces to mount

the part on its fixture (see Fig. 1).

Figure 1: Example of an aerospace panel restrained by known forces (i.e., using weights)
on its inspection fixture. (source: Bombardier Aerospace)

Thereafter, the geometric and dimensional specifications must be as-

signed tolerances to take into account the part’s manufacturing process.

Tolerance allocation and analysis methods present a rational basis for as-

signing tolerances to dimensions. Traditional methods assume parts are

rigid and thus fail to take into consideration permissible displacements dur-

ing the assembly of nonrigid parts. These permissible displacements re-

sult from the compliant behavior of the nonrigid parts. Nonrigid parts

are commonly referred to as compliant components in the field of toler-

ance analysis. The foundation for an effective tolerance allocation strat-

egy for nonrigid parts was established by the Laboratory for Manufactur-

ing System Realization and Synthesis (MA/RS) of the University of Wis-

consin in collaboration with the Collaborative Research Laboratory in Ad-
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vanced Vehicle Manufacturing (GM CRL-AV), with Hu, Ceglarek, and their

students (Liu, Camelio, etc.) [5–7]. For example, Liu and Hu [6] proposed

the method of influence coefficients to predict the variations of sheet metal

assemblies using the finite element (FE) method. The essential element in

their method is the establishment of a linear relation (i.e., a sensitivity ma-

trix), between the induced variations of parts and the variations of their

final assembly. This reduces the computational costs of a FE analysis and

allows for a Monte Carlo simulation of the assembly’s variations. Likewise,

a notable contributor in this research field is the Association for the De-

velopment of Computer-Aided Tolerancing Systems (ADCATS) founded by

Kenneth W. Chase of Brigham Young University (BYU) [8, 9]. Thence forth,

a vast amount of research has been conducted in the tolerance allocation and

analysis of compliant assemblies. A review of these research is presented by

Mounaud et al. [10], as well as by Chen et al. [11].

Once parts are manufactured, they must be inspected to ensure that their

GD&T specifications are met. Inspection methods allow one to evaluate the

deviations of parts with respect to their assigned tolerances. Given the grow-

ing shape complexity of parts and the democratization of 3D non-contact

measurement technologies, recent trends in dimensional inspection meth-

ods have focused on minimizing the inspection cost by removing the need

for the use of hard inspection fixtures. Well-documented efforts to develop

fixtureless inspection methods for rigid parts have been documented [12–14].

Traditional rigid registration methods remove the need for expensive fixtures

and reduce the inspection setup time by aligning the scanned manufactured

part’s dataset to its nominal CAD model. This is true only when dealing
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with rigid parts, since the purpose of inspection fixtures when dealing with

nonrigid parts is twofold: aligning the parts with their reference frame and

maintaining them in a desired shape during the measurement process.

Fixtureless inspection methods for nonrigid parts need to fulfill the two

aforementioned purposes of inspection fixtures. The challenge to over-

come by these methods is to compensate for the shape changes of non-

rigid parts when they are not mounted on their fixture (i.e., when in a

free-state). Abenhaim et al. [4] provide a review of the recent advancements

into fixtureless inspection methods. An actively investigated approach by

researchers in the field is referred to as the simulated displacements meth-

ods [4]. This approach relies on numerical methods to virtually compare

the shape of the measured part in a free-state condition with its nominal

CAD model. Methods using this approach impose displacements on either

the point cloud of the free-state part, or its nominal CAD to map one to the

shape of the other. This enables comparison.

Transforming the point cloud of the free-state manufactured part to reflect

the part’s shape mounted on its inspection fixture is a complex process. It

must be accomplished without masking the manufactured part’s deviations.

The transformation must represent only the shape changes induced to the

part by the mounting method and the gravity load.

Based on a FE analysis of the part’s nominal model, simulated

displacements methods in refs. [15–21] map the meshed nominal CAD model

to the manufactured part’s point cloud. This mapping process is based on

the minimization of a spring-mass system by Jaramillo et al. [22], and on

a transformation model that maintains the coherence of the CAD model’s
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topology by refs. [23, 24].

Preserving with the industrial practice of comparing the restrained man-

ufactured part with its nominal CAD model, simulated displacements meth-

ods in refs. [25–27] map the manufactured part’s point cloud to the nominal

model. These methods essentially consist in building a finite element (FE)

model of the free-state manufactured part’s point cloud, followed by a FE

analysis imposing displacements on nodes identified as fixation points. The

displacements bring the nodes to their known positions on the nominal CAD

model. The resulting FEA simulates the scanned part fixed on its inspec-

tion fixture. By doing so, those methods necessitate the pre-processing of

the point cloud of the part so as to convert it into a tessellated surface and

then into a suitable mesh for a FE analysis. The following step consists in

comparing this virtually fixed part with its nominal CAD model. This allows

for the evaluation of the profile deviations.

Notwithstanding the endeavor of building an appropriate FE mesh from

a point cloud, imposing the relevant boundary conditions on the FE model is

a major factor contributing to the reliability of the FE analysis results [28].

The limits of the underlying principles of methods imposing predeter-

mined displacements values on boundary nodes for the inspection of an

aerospace panel are highlighted by Abenhaim et al. [29]. The paper demon-

strates that uncertainties in the position of features (e.g., hole center, da-

tum target points) on the FE model of the scanned free-state manufactured

part, used to set the boundary conditions in the FE model to simulate the

scanned part mounted on its inspection fixture, are sufficient to give way to

an unacceptably high shape errors in the FE predicted shape of the studied
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(a) (b)

Figure 2: Example of an aerospace panel: (a) in a free-state, (b) mounted on its inspection
fixture before the measurement process. (source: Bombardier Aerospace)

aerospace panel. The source of these uncertainties are numerous and are

highly unlikely to be nonexistent. The uncertainties in finding the node in

the FE model of the scanned free-state part in Fig. 2(a) corresponding to

the datum targets given on the nominal model in Fig. 2(b) and Fig. 7(a) are

examples. Finding the datum positions of an aerospace panel is a difficult

task as they do not have easily identified positions. In the event where the

datum features are holes, a circle or center of mass must be estimated from

nodes of the FE model of the scanned free-state manufactured part in the

regions identified as such by the user. This best-fitting procedure is an other

example of a source of uncertainties. Even in the hypothetical situation stud-

ied by Abenhaim et al. [29], the fact that there was not necessarily a node

on the hypothetical highly accurate FE mesh of the free-state part’s point

cloud, at the exact position of the nominal datum targets positions resulted

in unacceptable shape errors in the predicted shapes.

In addition to these drawbacks, current approaches do not take into ac-

count the forces used to restrain the part during inspection, as commonly

mandated for aerospace panels.

To address these shortcomings, this paper presents a virtual fixture
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method that does not demand the pre-processing of the point cloud of the

manufactured part into a FE model and ensures that the estimated forces

necessary to mount the part do not exceed the assembly’s force specification.

Removing the pre-processing step is achieved by inferring the part’s struc-

tural behavior from information retrieved from the FE model of the nominal

CAD model. The information represents a linear relation (i.e., sensitivity

matrix), between the induced displacements to the boundary nodes repre-

senting the assembly’s fixing points and the displacements of the nodes used

to evaluate the part’s profile. This allows for the formulation of the proposed

boundary displacement constrained (BDC) optimization which ensures the

respect of the force’s specification. The BDC optimization seeks to minimize

the distance between corresponding points, in the scanned manufactured part

and the nominal model, that are in unconstrained regions while ensuring that

a distance between corresponding points in constrained regions (i.e., fixing

points) remains within a specified contact distance (i.e, distance to their nom-

inal position), and at the same time, limiting the magnitude and direction

of the forces on in constrained regions. Corresponding points are estimated

by finding the closest points in the point cloud corresponding to pre-selected

outer-surface points in the nominal model. By doing so, the method displaces

the manufactured part’s point cloud into a shape reflecting the part mounted

on its fixture. This enables the evaluation of the manufactured part’s shape

deviations.

Before any substantive discussion can transpire from the proposed

method, it is necessary to take a moment to explain the way in which this

paper will unfold. The first section introduces the challenges involved in
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inspecting flexible parts. Having established these challenges, Sec. 2 details

the proposed virtual fixture method by first describing each of its modules

and then combining them in a step procedure. Section 3 presents two ex-

perimental studies on physical parts to evaluate the method’s performance.

Finally, Sec. 4 discusses the finding of this paper and the directions for future

research.

2. The proposed virtual fixture method

Instead of mounting the manufactured part on a traditional hard fix-

ture during inspection, the proposed method simulates the mounting step by

virtually restraining the free-state manufactured part’s point cloud. The

method simulates the hard-fixture inspection by essentially mapping the

point cloud to the nominal model using information retrieved from the FE

model of the nominal CAD model.

The following subsections begin by presenting the method’s pre-

processing step. Then, the four major modules of the method are presented:

pre-registration, nonrigid registration, transformation, and evaluation. The

pre-registration module aligns the CAD model and the point cloud using

landmarks followed by a refined registration. Next, the nonrigid registration

module estimates a set of restraining forces within a user-specified limit as

well as a translation matrix, for each pre-selected data-point of the scanned

part, that transform the point cloud into a shape shape reflecting the part

mounted on its fixture. The resulting translations are then applied to each

pre-selected data-point of the scanned part to generate a new point cloud

of the manufactured part. The new point cloud of the manufactured part is
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Figure 3: Schematic flow chart of the proposed method’s overall concept.
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then compared to the CAD model to evaluate the deviations between them.

Finally, this section combines these four modules to present the virtual

fixture method as a step-based process, as shown in the flowchart Fig. 3 and 6.

2.1. Pre-processing step

Given the digital product definition, which includes the part’s nominal

CAD model and the GD&T specifications, the pre-processing step seeks to

retrieve the equation system representing the structural behavior of the part.

First, let S = {s1, . . . sNS | si ∈ R3} be a set of NS nodes of the FE mesh

of the simplified CAD model. The simplified CAD model refers to the CAD

model geometry that has been cleaned up by suppressing features (e.g., holes,

chamfers, fillets, etc.) that are unlikely to influence the analysis results and

by creating a suitable neutral shell surface in the case of shell-type parts.

Drawn from the part’s GD&T specifications, let

B = {b1, . . . bNB | bi ∈ R3, bi ∈ S} be a set of NB nodes in regions that must

be constrained during the inspection (e.g., region around screw holes), and,

D = {d1, . . . dND | di ∈ R3, di ∈ S} be a set of ND sample nodes in regions

unconstrained during the inspection, that are to be used to evaluate the

design requirements (e.g., profile) such that NB +ND ≤ NS . Additionally,

let L =
[
{L(1)} · · · {L(NL)}

]
be the list of nodes B in each landmark region

corresponding to regions that must be constrained during the inspection,

NL the number of landmark regions, and NBL(i) the number of nodes per

region L(i).

Furthermore, let Bo = {bo1, . . . bNBo | boi ∈ R3} be a set of NBo points,

and, Do = {do
1, . . . dNDo | do

i ∈ R3} be a NDo sample point-set obtained by

projecting respectively the nodes B and D onto the outer-surface of the CAD
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model.

Based on the FE mesh of the simplified CAD model and the part’s mate-

rial characteristics, a FE model can be created. Information retrieved from

the FE analysis is used to carry out the boundary displacement constrained

optimization (BDCO) detailed in Sec. 2.3.2.

Assuming a linear problem in static analysis, the application of a

displacement-based FE method results in a sparse symmetric and positive

definite equation system:

{f} = [K] {u} (1)

where f is the nodal forces, K the global stiffness matrix and u the nodal

displacements.

Hereinafter, the nodal forces refers to the forces’ X , Y and Z components,

and the nodal displacements refers to the displacement’s translation vector.

Rotational components of the nodal forces and displacements are not taken

into further account given that they are non-significant compared to the

translations components; in addition, this simplification will help reduce the

computational time of the proposed method.

The linear matrix equation (Eq. 1) can be condensed into a smaller matrix

system corresponding to a number of selected degrees of freedom (DOF). This

procedure is commonly referred to as Substructuring or Static Condensation

[30]. The resulting matrices are super-elements that describe the equivalent

stiffness and nodal forces for an entire part in terms of the selected DOF.

Solving and substructuring the FE model of the mesh (S) using the nodal

displacements vector uB of nodes B and the nodal displacements vector uD

of nodes D as the selected DOF, results in a condensed linear equation that

12
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captures the behavior of the part with respect to uB and uD. To help formu-

late the BDC optimization, the condensed linear equation is partitioned as

follows: 



fB

fD



 =


 KBB KBD

KDB KDD







uB

uD



 (2)

where fB and fD are the nodal forces at nodes B and D respectively.

Assuming that the gravity force has a negligible effect when the part

is restrained (i.e., sufficient restrains have been specified), that is to say

that no forces are applied on points D, the displacements of nodes D with

respect to the displacements uB can be deduced from the re-written stiffness

equation (Eq. 2) as:

{uD} = −
[
K−1
DDKDB

]
{uB} (3)

Furthermore, the nodal forces at nodes B can be written as:

{fB} = [KBB] {uB}+ [KBD] {uD} (4)

Finally, by combining the two previous equations (Eq. 3 and Eq. 4), the

displacements uB with respect to the nodal forces fB can be expressed as:

{uB} =
[
KBB −KBDK−1

DDKDB
]−1 {fB} (5)

To summarize, the pre-processing step, systematized in Fig. 4, results in

relations linking the nodal forces on restraining nodes with the displacements

of nodes in constrained (B) and unconstrained (D) regions, expressed in

Eq. 3 and 5, as well as in the associative relations between the nodes (B and

13



D) and points (Bo and Do) on the outer-surface of the CAD model. This

step is performed off-line only once for a part (i.e., model).

Figure 4: Flow chart of the pre-processing step.

2.2. Pre-registration

Given that the discretized CAD model outer-surface So and the scanned

point cloud (P) are in distinct coordinate systems, the pre-alignment of the

two coordinate systems is achieved using a coarse and a fine rigid registra-

tion approach. Mathematically, rigid registration refers to finding the three

dimensional translation vector qT ∈ R3×1 and the three dimensional rotation

matrix R ∈ R3×3 that minimize the Euclidean distance between the two sets.

The registration problem is represented by the objective function g:

g(R, qT ) =

Nj∑

so
j∈So

∥∥[R · cj + qT ]− so
j

∥∥2
(6)

14
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where cj ∈ C and C are the set of Nj points in P closest to the set of points

so
j ∈ So, with P = {p1, p2 . . . pNP | pj ∈ R3} a set of NP points representing

the free-state manufactured part’s point cloud.

The coarse rigid registration estimates the transformation matrices by

minimizing the registration objective function (Eq. 6) with the Nelder-Mead

Simplex method using identifiable landmark corresponding points, which

may be manually selected in each set. This allows for the fine registra-

tion to be performed using an ICP-like method [31] to align the point set

P on the discretized CAD model outer-surfaces (So). The outcome of the

pre-alignment method is a point set P(1) closer to So as well as a set of corre-

sponding closest points (boi , b
•
i ) for all points bo ∈ Bo and (do

i , d
•
i ) and do ∈ Do

such that all points b•i and d•i are points of P(1).

2.3. Nonrigid registration

The shape of the scanned part and the nominal CAD model being dif-

ferent, the registration problem is not limited to finding a rigid transforma-

tion but also entails the introduction of non-rigid registration. Transforming

the scanned point cloud into a shape that more closely resembles the CAD

model, according to the intended restraining conditions during inspection

(i.e., datums and restraining force limits) is a complex process. It must be

accomplished without concealing the manufactured part’s deviations. This

is achieved herein through the proposed nonrigid registration method by em-

bedding a FE-based transformation model in a constrained optimization.

15
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2.3.1. The FE-based transformation model

Herein, the transformation model estimating the displacement of points

B• and D• must lead to a physically plausible solution as well as an estima-

tion of the applied forces on points B• in constrained regions. Therefore, one

must use the part’s information and the most accurate structural predictive

models available; that is the information detailed in the part definition and

the well established predictive ability of the FE method. To this end, the pro-

posed FE-based transformation model estimates the displacement of points

B• and D• with respect to the applied forces on points B• by borrowing the

information from the FE model of the CAD mesh (S) and the associative

relation between the nodes (B and D) and the points on the outer-surface of

the CAD model (Bo and Do) obtained in the pre-processing step.

By presuming that the scanned part (P) has the same mechanical prop-

erties as the FE mesh (S) with no initial stresses or strains and that its

behavior can be formulated as a linear static problem with small displace-

ments, the equations governing the displacement of points B and D with

respect to the applied force fB (Eq. 3, Eq. 5) are re-written as follows:

{u•B} =
[
KBB −KBDK−1

DDKDB
]−1 {f •B}

= [KB] {f •B}
(7)

{u•D} = −
[
K−1
DDKDB

] [
KBB −KBDK−1

DDKDB
]−1 {f •B}

= [KD] {f •B}
(8)

where f •B and f •D are the estimated forces at points B• and D• respectively;

u•B and u•D are their displacement vectors.
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2.3.2. The boundary displacement constrained optimization

Having established the FE-based transformation model, the boundary

displacement constrained optimization (BDCO) seeks to minimize a distance-

based similarity criterion (ED) between points in unconstrained regions while

maintaining a distance-based similarity criterion (EB) between points in con-

strained regions within specified contact distances (T ), and at the same time,

limiting the magnitude and direction of the forces (f •B). This module has been

briefly presented in ref. [32] and tested on simulated case studies. The ap-

proach solves the following constrained optimization problem illustrated in

Fig. 5, and is further detailed in the ensuing paragraphs:

arg min
f•L

{ED}T · {ED}

subject to
∣∣EB(i)

∣∣ ≤ T(i) , i = 1, . . . , NB

−fMax
L(i) ≤ f •L(i) ≤ fMax

L(i) , i = 1, . . . , NL

(9)

Figure 5: Schematic representation of the BDC optimization.

17
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The argument.

The objective function’s argument f •L represents the magnitude of the forces

on constrained regions that will drive the displacements of the part’s point

cloud B• and D• closer to the CAD model outer-surface So. The argument

is organized as a NL × 1 vector:

f •L =
[
f •L(1) f

•
L(2) . . . f

•
L(NL)

]T
(10)

The magnitude f •L(i) for each constrained region L(i) is limited to the magni-

tude of the maximum permitted restraining force fMax
L(i) in the GD&T speci-

fications.

The direction of the forces f •B are set to be normal to the outer-surface

at the associated points to foresee physically unrealistic forces f •B as well as

to limit the objective function search domain. The push-pull direction of f •B

is represented by the sign attributed to the values of f •L. The magnitude of

f •L(i) for each constrained region L(i) is distributed evenly on each point B•

in L(i).

Considering the aforementioned characteristics of the forces f •B, the re-

lation between the argument f •L and the restraining forces f •B is formulated

as:

{f •B} =
[
[M · {f •L}]T ·N o

B

]T
(11)

18

?��A



where

N o
B :=




n̂o
b(1)

n̂o
b(2)

. . .

n̂o
b(NB)




(12)

with the normal vector n̂o
b(i) of the outer-surface So at point boi , arranged in a

NB×3NB matrix N o
B; M being a NB×NL matrix in which, for each region Lj,

the rows and columns associated with all points b•i ∈ Lj are equal to 1/NBLj
.

The inequality constraints.

The inequality constraints impose that the induced displacements on each

point in the constrained regions (b•i ), resulting from applying the force f •B(i),

brings b•i within a distance T(i) of the outer-surface point boi . That is to

say, figuratively, that it forces the restraining regions of the scanned part

to be within a contact distance of their nominal positions. For instance,

one can set small T values to force the restraining regions to be close to

their nominal positions (i.e., to simulate a hard fixture mounting) or set the

values T according to the tolerance of the elements associated with the part

on which the scanned part must be assembled.

Accordingly, the distance-based similarity criterion EB in the optimiza-

tion problem formulation (Eq. 9) assesses how closely scanned points B• are

mapped to their corresponding points Bo. The criterion EB is defined as the

set of Euclidean distance, between corresponding points (b•i , b
o
i ) projected

onto the normal vector n̂o
b(i) of the outer-surface So at point boi .

Given the precedent relation between u•B and f •B (Eq. 7), the criterion EB

19



is formulated as:

{EB} = N o
B [{B•}+ {u•B} − {Bo}]

= [N o
B ·KB] {f •B}+ [N o

B] {B• − Bo}

=





EB(1)

...

EB(NB)





(13)

The objective function.

Finally, the optimization problem seeks to minimize the objective function

defined as the sum of the squared distance-based similarity criterion ED. The

distance-based similarity criterion ED assesses how closely scanned points in

constrained regions (D•) are mapped to their corresponding points Do; it

is defined as the weighted Euclidean distance between corresponding points

(d•i , d
o
i ) projected onto the normal vector n̂o

d(i) of the outer-surfaces So at

point do
i . Given the precedent relation between u•D and f •B (Eq. 8), the

criterion ED is formulated as:

{ED} = [W ⊗ IND ] ·N o
D [{D•}+ {u•D} − {Do}]

= [W ⊗ IND ] · {[N o
D ·KD] {f •B}+ [N o

D] {D• −Do}}
(14)

where the weights W := diag(wi, . . . , wND), the ND ×ND identity matrix

is denoted as IND and the Kronecker product by ⊗. The weights wi control

the influence of the data in different regions of the part. For instance, they

could be set to zero for points that have no correct correspondence points

D• (i.e., unscanned regions). Points in Do with no correct correspondence
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points in D• are those for which the distance between them is higher than

a threshold. Furthermore, if an additional estimate of the reliability of the

points is available, the weights can be set accordingly. The ND × 3ND ma-

trix N o
D represents the normal vectors of the outer-surface So at points Do

arranged like those of N o
B.

2.4. Transformation step

The transformation step maps points B• to B•(1), as well as D• to D•(1)

using the estimated force f •B obtained after solving the BDC optimization

step. From the relations between u•B, as well as u•D, and f •B (Eq. 7, Eq. 8),

points B•(1) and D•(1) are estimated using:

{B•(1)} = {B•}+ [KB] {f •B} (15)

{D•(1)} = {D•}+ [KD] {f •B} (16)

2.5. Evaluation step

Finally, the evaluation step consists in assessing the deviations between

the transformed point-set D•(1) and the CAD outer-surfaces (So). Deviations

can be estimated using multiple methods such as those commonly referred

to as point-point, point-projection or point-surface. Herein, deviations δD

are estimated as the Euclidean distance between points in D•(1) to their

recomputed closest points Do(1), projected onto the normal vector N o(1)

D of So

at the points Do(1), as expressed by:

{δD} =
[
N o(1)

D
]
{D•(1) −Do(1)} (17)
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Deviations δB are computed in a similar way as δD.

2.6. The algorithm

Having explained the method’s pre-processing step and its four major

modules, it is now possible to fully present the proposed virtual fixture

method described in the following steps, and schematically shown in Fig. 6.

Starting with the outputs of the pre-processing step and the point cloud

representing the free-state manufactured part (P), the method proceeds as

follows:

1. Retrieve the super-elements matrices from the FE analysis of the CAD

model (Sec. 2.1),

2. Make a pre-registration between P and So, and retrieve B• and D•

(Sec. 2.2),

3. Build the FE-based transformation model by linking B• and D• to the

super-elements matrices from step 1 (Sec. 2.3.1),

4. Set the values of the matrices T and W ,

5. Run the BDC optimization (Sec. 2.3.2),

6. Adjust the matrix T within acceptable values and repeat step 5 if no

solution is found after step 5,

7. Terminate the algorithm if no solution is found after step 5&6,

and identify the scanned part as non-compliant to its specifications

(i.e., part can not be constrained within T so as to respect the

force’s specification),

8. Compute B•(1) and D•(1) if a solution is found after step 4 (Sec. 2.4),

9. Evaluate the deviations δB and δD (Sec. 2.5),
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10. Compare the deviations δB and δD to the part’s specifications to identify

it as compliant or non-compliant. Note that deviations δD of points in

Do(1) with no correct correspondence points in D•(1) are disregarded.

Figure 6: Flow chart of the proposed virtual fixture method.
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3. Case studies

This section presents two case studies using the proposed virtual fixture

method to evaluate the parts’ profile. The first case study is an aerospace alu-

minum panel of approximately 1425 mm [56 in] width by 1730 mm [68 in] of

length with an area of 0.59 m2 [914.5 in2], and is shown in Fig. 7. The Panel

has a thickness of 2.54 mm [0.1 in]. The part’s reference frame is illustrated

in Fig. 7(a). The free-state part’s point cloud was captured when the part

was positioned on (i.e., not forced upon) a set of supports. Specifically, the

supports were those of the fixture except that the height of fourteen (14) out

of the thirty eight (38) supports, represented by the red symbols in Fig. 7(b),

were randomly moved in the downward direction. By doing so, this setting

allowed to: (i) measure the part in a free-state, (ii) represent a case where

the supports are not at their nominal position, and (iii) ensure the shape

of the part was not excessively different from its nominal shape in order to

limit the foreseeable error due to the method assumptions. The amount and

location in the XY plane of the supports were not modified to not overly

burden the metrology department. Given another situation, only a small

amount of randomly positioned supports ensuring that the part’s shape and

its nominal shape do not differ excessively would suffice.

The second case study, the Support, is an aerospace aluminum support of

approximately 40.7 mm [1.6 in] width by 1143 mm [45 in] of length with an

area of 0.068 m2 [105.4 in2], and is shown in Fig. 8. The part has a thickness

of 1.016 mm [0.04 in]. The part’s reference frame is illustrated in Fig. 9. The

the free-state part’s point cloud, shown in Fig. 9(b), was captured when the

part was positioned on (i.e., not forced upon) its fixture. Figure 10 illustrates
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(a) (b)

Figure 7: The Panel: (a) Nominal model mounted on its inspection fixture. Dark colored
supports represent the primary datum targets while light colored supports represent the
secondary and tertiary datum targets. (b) Physical part mounted on its inspection fixture;
The free-state part’s point cloud was obtained while the supports identified by the red
symbols were not at their nominal position (i.e., 14 out of the 38 supports).

the initial shape difference between the point cloud and the nominal model

for both case studies.

Figure 8: The Support nominal model mounted on its inspection fixture.

(a) (b)

Figure 9: The Support: (a) Physical part mounted on its inspection fixture. (b) Scan of
the free-state physical part.

The pre-processing step for each case study starts by simplifying the CAD

model to represent the neutral shell surface of the CAD model geometry
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(a) (b)

Figure 10: Initial shape difference, in millimeters, between the point cloud and the nominal
model for: (a) the Panel, (b) the Support.

without holes. The simplified CAD models are then meshed with 4 mm

quad shell elements (37 752 nodes) for the Panel, and 0.8 mm quad shell

elements (103 747 nodes) for the Support. Traditional practical knowledge

using the FE method [30] was used to generate the most accurate FEA

possible without respect to the computational cost (i.e., the pre-processing

step is performed only once).

Then, nodes encompassed within a 24.5 mm diameter circle around the

datum targets depicted in dark color in Fig. 7(a) and Fig. 8 are identified.

From the identified nodes, the three nodes creating the largest triangle around

each datum target are set as B. Large colored dots on Fig. 11 depict nodes

B while the black dots represent nodes in unconstrained region (D) used to

evaluate the part’s profile.

To assess the proposed method’s performance in a real world applica-

tion, the profile deviations evaluated by measuring the parts maintained

on their original fixture arrangement (shown in Fig. 12(a) and Fig. 13) are

compared to those obtained by using the proposed method (as presented in

Fig. 12(b) and Fig. 13). Figure 12(c) and Fig. 13(c) show a mean and stan-
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(a) (b)

Figure 11: Light gray dots represent the nodes of the meshed simplified CAD model while
black dots, (a) 2 334 nodes, (b) 1 885 nodes, represent nodes in unconstrained regions.
Larger color dots, 114 nodes in (a) and 63 nodes in (b), are the three nodes selected around
each datum target. The color map represents the restraining forces in Newton estimated
by the proposed method.

dard deviation of the error of: (i) −0.038 mm and 0.153 mm for the Panel,

(ii) −0.048 mm and 0.151 mm for the Support. The contact distances (T )

values were set to 0.124 mm for both case studies. These were determined

by trials in which the smallest values allowing a solution to the BDC opti-

mization were chosen. Tests were performed with the maximal force f •B set

to fifty Newton (50N) and were carried out on a computer equipped with

an AMD Phenom(tm) II X4 B93 processor of 2.80 GHz, 12.0 GB in RAM,

running Microsoft Windows 7 64-bit. The BDC optimization problems were

solved using the constrained nonlinear optimization function fmincon with

the active-set algorithm implemented on MATLAB R© [33]. Typical solving

time for a given set of T values are less than a minute.

To further investigate the method’s performance, the parts are divided

into eight regions, as shown in Fig. 14. The overall and per region values

of three quality indicators are evaluated. The three quality indicators in

millimeters are: (i) the mean absolute error (MAE), (ii) the root mean square
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(a) Measured (b) Predicted

(c) Error: Predicted-Measured

Figure 12: Deviations in millimeters: (a) measured while the part was mounted on its
inspection fixture, (b) predicted using the proposed method. (c) Difference in millimeters
between the predicted and measured deviations.

Figure 13: Deviations in millimeters: (a) measured while the part was mounted on its
inspection fixture, (b) predicted using the proposed method, (c) Difference between the
predicted and measured deviations.
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(a) (b)

Figure 14: Points in unconstrained regions used to evaluate the method’s performance.
Blue and red regions identify the eight regions (R1 to R8) used to assess the overall and
per region values of the three quality indicators.

error (RMSE), and (iii) the third quartile (Q3) of the error absolute values.

Figure 15 summarizes the quality indicators results for each predicted part.

Figure 15, as well as Fig. 12 and Fig. 13 indicate that the Panel’s R2 re-

gion and the Support’s R1 region exhibit significantly higher errors than

other regions. A thorough look at Fig. 12(a) next to the position of the da-

tum target J2 in the middle of region R2 (see Fig. 16(a)), and at Fig. 13(a)

next to the position of the datum target J1 in region R1 (see Fig. 16(b))

highlights unexpected deviations on the measured deviations. Indeed, one

would expect negligible deviations in regions next to the position of datum

targets since the parts are supposed to be forced into full contact with their

fixture. Investigations of the experimental data revealed that (i) the Panel

was not in full contact with J2, and (ii) that J1 was not precisely positioned

at its nominal value (i.e., moved during the experiment setup). These dis-

crepancies illustrate aspects of the difficulties in inspecting nonrigid parts,

and the types of errors that can result from traditional inspection on fixtures.

Once the aforementioned regions are disregarded, the proposed method’s
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(a) Panel (b) Support

Figure 15: Over-all and per region evaluation of the method’s errors. Bars represent the
MAE while the dots (◦) and triangle (5) symbols represent respectively the RMSE, and
Q3 error. The three quality indicators are in millimeters.

shows a mean and standard deviation of the error of: (i) −0.015 mm and

0.106 mm for the Panel, (ii) −0.032 mm and 0.113 mm for the Support.

Considering a 1.5 mm profile tolerance commonly used in the aerospace in-

dustry, the margin of error of the proposed method’s results is equivalent to

29 % of the tolerance for the Panel (0.015+4 ·0.106 /1.5 = 29%), and of 32 %

of the tolerance for the Support (0.032 + 4 · 0.113 /1.5 = 32%). These results

are close to the recommended limit of 30% of the tolerance [34]. It should

be noted that the uncertainties of the measurements obtained with the parts

maintained on their original fixture arrangement were not accounted for.

Regardless of the measured data’s discrepancies, a significant contributor

to the proposed method’s error is the initial shape difference between the

free-state and the nominal shapes. The reason is that the method infers

the structural behavior from the CAD model’s FE analysis (i.e., undeformed

shape) and assumes a linear static problem with small displacements.

Finally, although the maximum permitted force’s specification is implic-

itly respected by the proposed method, the method’s output estimated forces

necessary to conform the free-state physical parts are shown in Fig. 11. The

forces used to physically mount the parts on their fixture are not available,

though, it is known that they did not exceed the maximum force of 50 N .
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(a) Panel – datum target J2 in region R2 (b) Support – datum target J1 in region R1

Figure 16: Identification of regions having unexpected measured deviations.

4. Conclusion

This paper has presented a new computational metrology method allow-

ing the inspection of nonrigid parts in a free-state. The method simulates the

hard-fixture inspection by essentially mapping the point cloud to the nom-

inal model using information retrieved from the FE model of the nominal

CAD model. This is done by embedding a FE-based transformation model

into a boundary displacement constrained optimization. The boundary dis-

placement constrained optimization seeks to minimize a distance-based sim-

ilarity criterion between points in unconstrained regions while maintaining

a distance-based similarity criterion between points in constrained regions

within a specified contact distance, and at the same time, limiting the re-

straining forces. This allows for the inspection of nonrigid parts for which

their functional requirements mandate to limit the restraining forces im-

posed during assembly. In addition, the proposed method does not demand

the pre-processing of the point cloud of the manufactured part into a FE

model nor demands the manual identification of fixation points in the point

cloud. Furthermore, the method accepts a partial view of the part as long
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as the restraining regions are represented (i.e., scanned). That is to say, for

example, that the point cloud of a large and complex part, for which only

the profile of a specific area of the part needs to be evaluated, would have to

represent the area under scrutiny as well as small regions used for the part’s

assembly.

To investigate the proposed method performance in a real world appli-

cation, tests are performed on two physical aerospace parts. The profile

deviations evaluated by measuring the parts maintained on their original

fixture arrangement are compared to those obtained by using the proposed

method. The experimental results show that the proposed method can es-

timate the final shape with an average error of −0.038 mm for the Panel,

and of −0.048 mm for the Support, between the predicted and physically

measured shapes.

Further work will focus on evaluating the method’s uncertainties which

would also help guide the choice of the maximum shape difference, between

the free-state and nominal shapes, that would be acceptable for a given sit-

uation (i.e., tolerance requirements). Additionally, tests on a variety of ge-

ometries with changing thicknesses and/or wall type reinforcements shapes

would allow a better analysis of the method’s performance and robustness.

Finally, carrying out the method in real world cases where the force’s speci-

fication was not met would increase the strength of the method’s validation

process.
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Nomenclature

P Points representing the manufactured part scanned at free-state.

S Nodes of the FE mesh of the simplified CAD model.

B Set of nodes in regions that must be constrained during the inspection.

D Set of sample nodes in regions unconstrained during the inspection.

L List of nodes B in each region that must be constrained during the inspection.

Bo,Do Point-sets obtained by projecting the nodes B and D onto the outer-surfaces

of the CAD model.

NP Number of points in P.

NS Number of nodes of the FE mesh of the simplified CAD model.

NB Number of nodes of S in regions that must be constrained during the inspec-

tion.

ND Number of sample nodes of S in regions unconstrained during the inspection.

NL Number of regions that must be constrained during the inspection.

NBL(i) Number of nodes in the region L(i).

b•i Closest points of node boi .

d•i Closest points of node do
i .

(boi , b
•
i ) Set of corresponding closest points in regions that must be constrained during

the inspection.
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(do
i , d
•
i ) Set of corresponding closest points in regions unconstrained during the in-

spection.

B• Set of closest points b•i .

D• Set of closest points d•i .

uB, uD Nodal displacement vectors of nodes B and D.

fB, fD Nodal forces at nodes B and D.

f•B Estimated forces at points B•.
f•L Magnitude of the forces on constrained regions.

f•L(i) Magnitude of the force for the constrained region L(i).

ED Distance-based similarity criterion between points in unconstrained regions.

EB Distance-based similarity criterion between points in constrained regions.

T Set of contact distance values.

δD Estimated deviations of points D•(1).

34



References

1. ASME-Y14.5, . Dimensioning and Tolerancing. New York, NY: Amer-

ican Society of Mechanical Engineers; 2009.

2. ISO-1101, . Geometrical Product Specifications (GPS) – Geometrical

tolerancing – Tolerances of form, orientation, location and run-out. In-

ternational Organization for Standardization (ISO); 2012.

3. ISO-10579, . Geometrical Product Specifications (GPS) – Dimension-

ing and tolerancing – Non-rigid parts. International Organization for

Standardization (ISO); 2010.

4. Abenhaim, G.N., Desrochers, A., Tahan, A.S.. Nonrigid parts’ specifi-

cation and inspection methods: notions, challenges, and recent advance-

ments. The International Journal of Advanced Manufacturing Technol-

ogy 2012;63(5-8):741–752.

5. Liu, S.C., Hu, S.J., Woo, T.C.. Tolerance analysis for sheet metal

assemblies. Journal of Mechanical Design, Transactions of the ASME

1996;118:62–67.

6. Liu S. C. Hu, S.J.. Variation simulation for deformable sheet metal

assemblies using finite element methods. Journal of Manufacturing Sci-

ence and Engineering, Transactions of the ASME 1997;119:368–373.

7. Camelio, J.A., Hu, S.J., Ceglarek, D.. Impact of fixture design on

sheet metal assembly variation. Journal of Manufacturing Systems 2004;

23:182–193.

35



8. Merkley, K.G.. Tolerance analysis of compliant assemblies. Ph.D. the-

sis; Department of Mechanical Engineering, Brigham Young University;

Utah, United States; 1998.

9. Bihlmaier, B.F.. Tolerance Analysis of Flexible Assemblies Using Finite

Element and Spectral Analysis. Ms thesis; Department of Mechanical

Engineering, Brigham Young University; Utah, United States; 1999.

10. Mounaud, M., F., T., P., B., H., F., N., C.. Assembly sequence

influence on geometric deviations propagation of compliant parts. In-

ternational Journal of Production Research 2010;49:1021–1043.

11. Chen, H., Jin, S., Li, Z., Lai, X.. A comprehensive study of

three dimensional tolerance analysis methods. Computer-Aided Design,

http://dx.doi.org/10.1016/j.cad.2014.02.014; 2014.

12. Bi, Z.M., Wang, L.. Advances in 3d data acquisition and processing

for industrial applications. Robotics and Computer-Integrated Manufac-

turing 2010;26(5):403–413.

13. Li, Y., Gu, P.. Free-form surface inspection techniques state of the art

review. Computer Aided Design 2004;36(13):1395–1417.

14. Savio, E., De Chiffre, L., Schmitt, R.. Metrology of freeform shaped

parts. CIRP Annals - Manufacturing Technology 2007;56(2):810–835.

15. Jaramillo, A., Boulanger, P., Prieto, F.. On-line 3-D system for the

inspection of deformable parts. The International Journal of Advanced

Manufacturing Technology 2011;57(9-12):1053–1063.

36



16. Jaramillo, A., Boulanger, P., Prieto, F.. Fixtureless inspection of de-

formable parts using partial captures. International Journal of Precision

Engineering and Manufacturing 2013;14(1):77–83.

17. Jaramillo, A., Prieto, F., Boulanger, P.. Fast dimensional inspection

of deformable parts from partial views. Computers in Industry 2013;

64:1076–1081.

18. Radvar-Esfahlan, H., Tahan, S.A.. Nonrigid geometric metrology using

generalized numerical inspection fixtures. Precision Engineering 2012;

36(1):1–9.

19. Radvar-Esfahlan, H., Tahan, S.A.. Robust generalized numerical in-

spection fixture for the metrology of compliant mechanical parts. The

International Journal of Advanced Manufacturing Technology 2013;:1–

12.

20. Weckenmann, A., Weickmann, J., Petrovic, N.. Shortening of inspec-

tion processes by Virtual Reverse Deformation. In: 4th International

Conference and Exhibition on Design and Production of Machines and

Dies/Molds. 2007, .

21. Weickmann, J.. Assistenzsystem für die prüfung von blechbauteilen
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Highlights

• The virtual fixture method allows for the inspection of nonrigid parts
• It does not necessitate the pre-processing of the point cloud into a FE mesh
• It takes into account the part’s specification limiting the restraining forces
• It infers the part's structural behavior from the FE model of the nominal CAD
• Two case studies on physical parts are performed


