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Abstract. A Finite Elements formulation previously developed for Cosserat elastic plates, has been 

extended herein to the elastoplastic framework. Material non-linearities are taken into account 

through the implementation of a backward-Euler closest-point-projection algorithm, for which the 

definition of non-smooth yield loci and non-associated plastic potentials and evolution laws is made 

possible. An existing homogenized elastic constitutive model and a set of yield criteria for the out-

of-plane behaviour of block-masonry are implemented in the code and their validity is discussed 

based on the comparison with Discrete Elements simulations. The comparison is carried out in both 

the static and the dynamic regime. 

1 Introduction 

Seismic loadings are a major risk that causes the collapse of masonry buildings. For this reason, 

nowadays building Codes require the assessment of the seismic vulnerability of masonry structures, 

together with the estimation of their residual loadbearing capacity after earthquake occurrence, see 

Eurocode 8. Under this scope, the development of reliable and sophisticated physical models is an 

essential task and the use of continuum models based on homogenization methods often results in a 

good compromise between solution accuracy and computational cost.  

The use of Cosserat continuum models is particularly well suited for the description of masonry 

structures, since it allows high deformation gradients, relative block rotations and scale effects to be 

efficiently taken into account, which is not permitted by equivalent models based on Cauchy 

continuum [1]–[3]. Moreover, Cosserat continuum permits the investigation of the phenomenon of 

wave dispersion, governing the dynamic response of periodic masonry [4], [5]. 

Within this context, a Cosserat Finite Elements (FE) formulation has been developed, with the 

aim of carrying out elastoplastic dynamic analyses on masonry structures. This formulation is the 

extension of a previously one, see [6], developed for elasticity and dynamics, which deals with a 

small-strain plate element, possessing 6 degrees-of-freedom (DOF) per node and allowing quadratic 

polynomial interpolation on both the displacement and the rotational fields. This particular element 

has been formulated in Abaqus as User ELement (UEL), allowing one to control the analysis at each 

step of a prescribed procedure and to compute the stress and deformation state at every Gauss point. 

At present, this makes possible the implementation of incremental elastoplastic constitutive models, 

through the definition of multiple plastic surfaces, non-associated potentials and specific evolution 

laws. 

The purpose of this paper is to show the efficiency of Cosserat homogenization models in 

representing the dynamic and the elastoplastic behaviour of masonry, compared to more refined 

approaches which, even though they allow for a more detailed mechanical description, are 

computationally expensive and make more difficult the investigation of the overall response of the 

structure. The first part will be dedicated to present the extension of the Cosserat FE [6] to the 

elastoplastic framework, by implementation of the multi-surface theory into a robust solution 

algorithm. In the second part, a comparison will be performed on the illustrative example of a 

masonry wall, between the results produced by the homogenization models implemented in the code 

and those obtained from the use of a Discrete Elements (DE) model.  

It is stressed that, in all parts, our attention will be restrained to the out-of-plane behaviour of 

masonry. The need of evaluating the structural response to bending and torsion as well as the lateral 



strength of masonry elements, represents a typical issue in building Codes, since it is important for 

the overall structural stability of masonry structures under seismic actions.  

Common matrix notation is adopted. Symbol d[ ∙ ] denotes an increment between two successive 

iterations whereas partial differentiation is indicated by 𝜕x[ ∙ ]. Time derivative is [ ∙ ]̇ = 𝜕t[ ∙ ]. 

2 Formulation of an elastoplastic Cosserat continuum FE code 

The 3D Cosserat field’s problem is governed by 6 partial differential equations (PDE) of 2nd 

order, expressed in terms of the three unknown displacements 𝒖 and rotations 𝝎, both collected in 

the vector 𝒔: 

𝒔 = [𝒖t 𝝎t].   (1) 

In the case of a plate all the derivatives along the out-of-plane direction, namely 𝑥3, are supposed to 

vanish and the problem dimension is reduced (Fig. 1). The remaining components of relative strain 

𝜸 and curvature 𝜿 can be assembled into a total generalized strain vector 𝜺, whereas the conjugate-

in-energy generalized stress vector, including stresses and couple-stresses, is 𝝈: 

𝜺 = [𝜸t 𝜿t]                𝝈 = [𝝉t 𝝁t].   (2) 

Following this notation, the Cosserat PDE of motion read, in Cartesian coordinates: 

[
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where 𝒇 and 𝒎 contain respectively the body forces and the body couples, 𝟏 incorporates the mass 

density and 𝐈 the rotary inertia, and 𝐋𝟏𝟏, 𝐋𝟏𝟐, 𝐋𝟐𝟏, 𝐋𝟐𝟐 are the matrix operators giving the definition 

of the deformation measures: 
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that is 
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Multi-surface plasticity for Cosserat materials. In the present FE formulation, the account for 

plastic strains is made with reference to the theory of multi-surface plasticity. Such theory, which 

was formulated for classical materials in its original version and then extended for the computation 

of multiple plastic surfaces [7], has been herein implemented in the frame of the Cosserat 

continuum, see also [8] and [9] respectively.  

Under small strains assumption, the total strain vector can be classically split into its elastic and 

plastic component, via the additive decomposition: 

d𝜺 = d𝜺el + d𝜺pl.  (6)  

Elastic strains and curvatures are related to the stress and couple stress vectors through the general 

constitutive law: 



d𝝈 = 𝐃[d𝜺 − d𝜺pl],  (7) 

where 𝐃 is the matrix of the elastic moduli. In view of the FE formulation, it is also convenient to 

express the stresses in function of the total strains, as: 

d𝝈 = 𝐃𝐞𝐩d𝜺,  (8) 

where 𝐃𝐞𝐩 is the matrix of the elastoplastic tangent moduli. The elastic domain 𝔼σ can be defined as 

the convex region of the stress space bounded by multiple, N, prescribed surfaces 𝑓β(𝝈, 𝒒), 

representing the activated yield loci, intersecting in a non-smooth manner, i.e. leading to the 

presence of corners [7]: 

𝔼σ = {(𝝈, 𝒒)|𝑓β(𝝈, 𝒒) ≤ 0, ∀β ∈ [1, … , N]}  (9) 

Non-associative plasticity then requires the definition of plastic potentials 𝑔β(𝝈, 𝒒) and hardening 

functions ℎβ(𝝈, 𝒒), through which define the equations of evolution:  

d𝜶 = ∑ d𝜆β𝜕𝐪ℎβ(𝝈, 𝒒)
N

β=1

d𝜺𝑝𝑙= ∑ d𝜆β𝜕𝛔𝑔β(𝝈, 𝒒)
N

β=1

,          (10) 

where the hardening law gives the increment of the hardening variable 𝒒 and of its dual 𝜶, and the 

flow rule governs the plastic strain increment. 

In presence of multiple surfaces, plastic strains will occur not only from the satisfaction of the 

yield criteria, but also from the condition on the consistency parameters, i.e.: 

d𝜆β ≥ 0.  (11) 

The consistency parameters play a crucial role in the formulation of this theory, since they give the 

measure of the plastic strains and allow one to determine the conditions for which the loading 

response will be elastic or not. Besides, the unloading response is governed by the same constitutive 

law which controls the elastic loading. In this sense, damage process is not taken into account in the 

formulation. 

Solution algorithm and FE implementation. The theory of multi-surface plasticity has been 

incorporated into the present Cosserat FE formulation [6], through the adoption of an implicit 

(backward-Euler) closest-point-projection (CPP) algorithm.  

In particular, for the determination of the active surfaces we employ the Procedure 1 discussed 

by [7]. The layout of this iterative solution scheme is as follows. Displacements and rotations are 

first predicted by Abaqus for the generic increment n + 1 and given to the UEL in terms of nodal 

DOF d𝒔n+1. An elastic guess d𝝈n+1
el  is then evaluated as trial solution, computed from the total 

strain increment given for the step d𝜺n+1, after Eq. (7). If the elastic guess falls inside the elastic 

domain, then the new stress state is given directly in addition to the previous one. Otherwise, if at 

least one of the yield criteria is violated, then Procedure 1 consists in solving the CPP algorithm by 

holding fixed the set of the activated surfaces and checking solution by testing Eq. (11). Criteria for 

which such condition is not satisfied are dropped from the set of the active surfaces and a new 

iteration is required.  

Once the elastoplastic solution is calculated at every Gauss Point, the local stiffness tangent 

matrix and the local mass matrix can be assembled and the residual vector computed. Both are 

returned to Abaqus, which updates the global solution with that for the given increment and, in turn, 

recalls the UEL for the next step. 



3 Comparison between continuum FE and DE solution: application to a masonry wall 

DE and FE methods are two of the most widespread employed numerical procedures in 

computational structural mechanics. Applied to masonry structures and with reference to 

homogenization models [10], these methods are used mainly to provide a fine and coarse 

description of the structural behaviour, through the formulation of, respectively, discrete and 

continuum models. Discrete models are idealizations in which material regions are separate and 

their interaction is represented explicitly. In continuum models particles or material bodies are 

smeared into an equivalent medium and their interaction is only invoked by means of a 

homogenized constitutive law.  

The elastoplastic FE formulation presented in this paper allows the implementation of Cosserat 

continuum models of the type of a plate. It is in our purpose to evaluate the applicability (and 

demonstrate the advantages) of such homogenization models against the use of more refined 

representations, herein the use of DE. Regarding masonry structures, such a comparison is of great 

importance, since some of the requisites demanded by practitioners can be tested in this way. In 

particular, it is our intent to investigate: the representation of the out-of-plane behaviour of masonry 

in the static elastoplastic and dynamic regime; the response sensibility to the boundary conditions; 

the evaluation of the scale ratio for which the applicability of the homogenized continuum reaches 

its limits with respect to the discrete solution; the solution accuracy and the calculation cost.  

For other investigations on the in-plane response of masonry through linear and non-linear 

Cosserat homogenized models we refer to [11]–[13], among others. Combined DE/FE formulations 

for the in-plane and out-of-plane behaviour of masonry can be found in [14] and [15], respectively. 

 

Fig. 1 Statics and kinematics of a Cosserat continuum plate model. Reference to the homogenized 

running-bond masonry wall studied by [5] and [16]. 

Continuum FE model. In view of the analysis, we implement the continuum model proposed by 

[5]. This homogenization model has been derived by identification of a rigid-block running-bond 

lattice with an equivalent 3D Cosserat elastic continuum, resulting in an orthotropic plate model 

which is comprehensive of in- and out-of-plane elastic constitutive laws and inertial terms. The 

parameters entering our formulation are the dimensions of the masonry units 𝑎,𝑏,𝑑, the normal and 

shear joint elasticity 𝐶N, 𝐶Q and the mass density of the blocks 𝜌 (Fig. 1). 

The elastoplastic behaviour is given thought a set of yield criteria on bending, torsion and 

transverse shear (Fig. 2). These criteria have been calculated by [16] for a running-bond masonry 

pattern with Coulomb interfaces, in the framework of limit analysis and homogenization theory. 

Originally referred to a Reissner-Mindlin plate model, they are implemented in the present code in 

terms of Cosserat statics. It can be shown from Fig. 1 that the Reissner-Mindlin plate is a special 

case of the Cosserat plate. Since they are based on the same out-of-plane kinematics, the Cosserat 

homogenized yield loci can be found, as a first approach, by equating the plastic dissipation energy 

x1

τ11

x3

μ31 τ21

x2

τ12

τ22

μ23

μ13

u1

u2
ω3

In-plane behavior

B

A

a

b d

μ12
μ11

μ21

x3

x2

μ22
τ13

τ23u3 ω2

ω1

x1 τ32

τ31

Out-of-plane behavior

ρ
CN, CQ, c, φ, ψ

x3

x2

x1



from the two theories. The use of two distinct sets of criteria, the one referred to the pure bending 

and the other involving only the transverse shear, is justified by [16]. In addition, we formulate a 

basic criterion for torsion. Plastic surfaces are all expressed in terms of joint cohesion 𝑐 and friction 

angle 𝜑 and are proportional to the vertical stress 𝜏22 (see [16], Eqs.(20)-(21)). Moreover, we define 

non-associated plastic potentials of the same form of the criteria but with null dilatancy angle 𝜓.  

DE model. For the construction of the DE model, we employ the code 3DEC [17]. This program 

falls within the class of the discontinuous analysis procedures, for which each block, that in our 

specific case is considered to be rigid, possesses 6 DOF and interact with the adjacent blocks 

through a number of contact-points detected at interfaces by means of an automatic detection 

method [18]. The code makes use of an explicit (forward-Euler) time-integration scheme and herein 

is run in small-strain mode. Plastic deformations are computed by an algorithm similar to that 

discussed in Section 2.  

The actual blocks arrangement and shape are represented in the discrete model as in the lattice 

studied by [5] and [16]. No calibration of the stiffness parameters is thus necessary and interfaces 

are governed by the same elastic coefficients 𝐶N and 𝐶Q. Moreover, the elastoplastic behaviour is 

accounted for by considering a perfectly-plastic non-dilatant Coulomb slip criterion at joints. It 

results that all geometric and material parameters of the discrete model are in agreement with those 

of the continuum model, which leads to a straightforward comparison between the two proposed 

modelling approaches.  

 

Fig. 2 Homogenized yield loci (light) and plastic potentials (dark) for running-bond masonry, 

expressed in Cosserat statics. Criteria on transverse shear (left), bending (centre) and torsion (rigth).  

Comparison. Two different DE models are examined in order to assess the validity of the 

continuum FE model (Fig. 3). The first model, which is denoted as Wall (C), consists in a flat 

unreinforced running-bond masonry wall of uniform thickness and with two adjacent clamped 

edges, where both block translations and block rotations are prevented. The second model, the Wall 

(S), has the same geometry as the aforementioned one, but the boundary conditions are somehow 

different: the wall is maintained on a rigid masonry support on both adjacent sides.  

The discrete models are compared to the continuum model, which consists in a Cosserat FE plate 

with clamped edges. The comparison is carried out on structures with the number of blocks 𝑁b 

varying simultaneously in both the vertical and horizontal direction (Fig. 3). The thickness 𝑑 of the 

wall is kept constant and the wall aspect ratio is fixed as half the block shape factor 𝑚, i.e. 𝐵/𝐴 =
𝑏 𝑎⁄ = 𝑚/2. The scale ratio is consequently the inverse of the block number: 𝑏/𝐵 = 𝑎/𝐴 = 1/𝑁b. 

Based on this strategy, modal analyses are made in order to calculate and compare the first natural 

frequencies and the flexural modal shapes of the discrete and continuum solutions. Moreover, 

elastic and elastoplastic analyses are carried out with the intent of comparing the response of 

masonry in the static regime. In this case, a volume load 𝑓3 is applied by keeping constant the mass 

density 𝜌 and by increasing the horizontal intensity 𝐺3. Since the analyses are load-controlled and 

models have elastoplastic properties, the post-pic (softening) behaviour is not regarded.   

The numerical convergence of the continuum FE and DE models against, respectively, mesh and 

contact-point discretization has been assessed by the study of the first three natural frequencies the 

walls. According to [19] it is found that a large number of contact-points, 17, are required across the 

thickness of the joints of the DE model in order to obtain an accurate representation of the bending 



behaviour. This increases remarkably the calculation cost, to FE model’s advantage, for which a 

8x8-element subdivision is sufficient.  

 

Fig. 3 Sketch of the dicrete models considered for numerical simulations. Left: wall with clamped 

blocks, Wall (C). Right: wall with rigid block support, Wall (S). Reference to bricks UNI. 

In Fig. 4-left we present the comparison in elasticity, by showing the relative error committed by 

the continuum model in representing the out-of-plane displacement 𝑢3 at point 𝑃 of the walls (Fig. 

3). Results are plotted versus the block number 𝑁b, and the relative error is defined as follows:  

𝜖 = 100 ∙ [𝑢3
DE − 𝑢3

FE] 𝑢3
DE−1

.  (12) 

We observe that the FE solution is bounded by the two DE models. In particular, as the block 

number becomes greater than 25, the relative error is less than 5% when compared to the Wall (S), 

and slightly larger when compared to the Wall (C).  

 

Fig. 4 Relative error between homogenized Cosserat FE and DE models. Left: out-of-plane 

displacement of point 𝑃 from static analysis in elasticity. Right: first three flexural frequencies. 

In Fig. 4-right we compare the first three natural frequencies of the discrete walls with those 

given by the continuum model. For the first frequency (mode I) the relative error is less than 10% 

for walls composed with more than 10 blocks. For higher frequencies (mode II and mode III) the 

error becomes larger, but yet comparable to the precision level assessed in the static analyses. 

Generally, the increase of the relative error for higher frequency modes is justified by the fact that 

the homogenized model is a low-frequency approximation of the discrete system [3-4]. 

Nevertheless, in the present case, the discrepancy in the representation of the higher modes should 

be rather attributed to the simplified way in which the frequencies are extracted in the DE code [17]. 

In this code the inertia tensor is considered to be isotropic for each rigid block, and consequently, 

when torsion is important and blocks are elongated, the computation of the modal frequencies is 

inexact. However, despite this oversimplification, we observe from the flexural modal shapes of 

Fig. 5, that the discrete and homogenized solutions are in accordance. 

In Fig. 6 the behaviour of the continuum and the discrete models is compared in the elastoplastic 

regime. The results are given in terms of static normalized load-displacement curves, for walls 

composed by 8x8, 16x16 and 32x32 blocks. 
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Fig. 5 Out-of-plane-displacement contours of the first three flexural modal shapes. Left and center:  

DE solution. Right: homogenized Cosserat FE solution. Block number 8. 

As expected, the FE solution overestimates the discrete systems, since the simplified expressions 

for the yield loci used in this example are upper-bound estimates of the actual strength capacity of 

block-masonry [16]. Nevertheless, the elastoplastic behaviour of the discrete system is quite well 

captured by the continuum FE representation. It is worth mentioning that a different failure 

mechanism is observed in both the discrete and the continuum models as the number of the blocks 

increases. In particular, walls with 8x8 blocks activate the criterion on transverse shear, which is not 

the case of more slender 16x16- and 32x32-block walls, where the activation of bending and 

torsional criteria tends to govern the whole elastoplastic structural response. 

 

Fig. 6 Comparison between homogenized Cosserat FE and DE solutions in elastoplasticity. Load 

histories from out-of-plane static analyses for non-associated perfect plasticity. 

All the analyses have shown that the regions of the wall in which the stress state of FE model attains 

one of the yield loci approximately correspond to the zones where inter-block slips are initiated into 

the DE model (Fig. 7). This makes evident that the failure mechanisms described by the two 

modelling approaches are, at least qualitatively, in accordance.  

4 Concluding remarks 

The results obtained from the above examples demonstrate the efficiency of homogenized 

models based on Cosserat continuum to represent the elastic, modal and elastoplastic out-of-plane 

behavior of block-masonry. It has been shown how such models can be implemented into a suitable 

FE code, in which the account for irreversible strains can be made by means of a robust quadratic-

convergent algorithm. The presented elastoplastic Cosserat Finite Elements formulation constitutes 

an example, which gives the basis for the creation of a more sophisticated numerical tool to perform 

the seismic design of masonry structures. In this perspective, the implementation of a complete set 

of yield loci for the coupled in-plane and out-of-plane behavior of masonry and the introduction of 

specific evolutions laws for the account of softening and damage processes must be envisaged. 
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Fig. 7 Left: 

developpement of 

the inter-block slip in 

the DE model (red 

dots) by increasing 

loading. Right: 

progression of the plastic strains in the homogeneized Cosserat FE model (red zone); activation of 

criteria on torsion (up) and bending (down). Block Number 16.  
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