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Abstract

This paper is an improvment of [BG 05], concerning the Laplace equation
with an oblique boundary condition. When the boundary condition involves
a regular coefficient, we present a weak formulation of the problem and we
prove some existence and uniqueness results of the weak solution. We develop
a finite volume scheme and we prove the convergence of the finite volume
solution to the weak solution, when the mesh size goes to zero. We also present
some partial results for the interesting case of a discontinuous coefficient in
the boundary condition. In particular, we give a finite volume scheme, taking
in consideration the discontinuities of this coefficient. Finally, we obtain some
error estimates (in a convenient norm) of order v/h (where h is the mesh size),
when the solution u is regular enough.

Key words : oblique derivative, smooth coefficient, piecewise constant
coefficient, unstructured mesh, finite volume, error estimate.

1 Introduction

In this paper, we are interested with the finite volume approximation of the Laplace equa-
tion on an open bounded polygonal connected subset 2 of R2, with an oblique boundary

condition:
{ _AU(X) = f(X), X = (xvy) € Q7 (1)
Un (x) + (au)i(x) = g(x), x € 09,

with the notations v, = Vv -n and v; = Vv - t, where n = (n,, ny)t is the normal vector
to the boundary 92, outward to 2, t = (—n,, n,)" (so that t is a tangent vector to 992).
The vectors n and t are defined everywhere on 92 except in a finite number of points. The
functions f, g and « are given (in € for f and on 9N for g and «).

In order to obtain an existence result for (1), a compatiblity condition on f and g is
needed. Indeed, assuming for simplicity that « is a regular function and that u is a regular
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solution to (1), this compatibility condition is easily obtained, taking a constant function as
test function in (1), it reads:

[ x| g =0, )
Q o0
where « stands for the one dimensional Lebesgue measure on 0f2.

Similarly, in order to expect a uniqueness result for (1), we have to add an additional
condition on u. For this additional condition, we will take:

/Q u(x)dx = 0. (3)

A huge literature is devoted to the Laplace equation with various boundary conditions,
namely Fourier, Neumann and Dirichlet boudary conditions, and to the discretization of such
problems. A few papers are concerned by this quite unusual boundary condition, namely
the oblique boundary condition given in (1). For instance, the Problem (1) , in the case of
« is constant on each line of the boundary of €, is considered in [G 85] and [M 74] (more
precise, the operator considered in [M 74] is —Au + u instead of —Awu). They studied the
regularity of the exact solutions by means of suitable a priori estimates.

The numerical study of oblique derivative boundary value problems is considered, for in-
stance, in [M 02], where the author suggested the standard finite difference scheme of five
points to approximate the solution of a nonlinear oblique derivative boundary value problem
posed on a rectangular domain.

Problem (1) appears, for instance, in a method developped in [B 05] for improving the con-
vergence order of numerical schemes for the classical Dirichlet problem (it can probably also
appear in the modelization of some mechanical problems, but perhaps not directly under
the form (1)). Instead of considering the boundary condition given in (1)), it is also possible
to consider u, + au; = g, which leads to the dual problem of (1). With this boundary
condition the compatibilty condition on f and g (in order to obtain an existence result) is
not necessarily (2) and may depends on a. On the contrary, the condition (3) is then quite
natural since, for this problem, any constant function is solution with f =g = 0.

To discretize the problem (1), we introduce an unstructured mesh 7 defined as in
[EGH 00]. We consider three different cases for the problem (1) (with (3) and assuming

(2))-

In the first case, we assume that « is constant. We obtain a weak formulation and we
present a finite volume scheme. We prove that the finite volume solution converges to the
unique solution of the weak problem, when the mesh size goes to zero. If we assume that
u € C%(Q), we prove that the error estimate is of order v/h, where h is the size of 7.

In the second case, we assume that a € C!(Q2). Then, we also obtain an existence and
uniqueness result of a weak solution when « satisfies:

min oy > —9,
o0

where § is a positive real number only depending on 2. We present a finite volume solution
and we prove its convergence to the weak solution of the problem. If we assume that the
solution u belongs to C2(R2), we give an error estimate of order v/A.

Finally, we consider the case where « is constant on each line of the boundary 0€2. Then
the oblique boundary condition of the problem (1) makes sense on each line of the boundary
00 (and can be written equivalently u,, + au; = g or u, + (au); = g on each line of the
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boundary). Such a problem arises when u = v, and v is a smooth function, satisfying the
Laplace equation with a homogeneous boundary condition:

—Av(x) = f(x),x € Q,
{ v(x) = 0, x € O, (4)

where f = 0f/0x and g (in (1)) is defined in terms of f and of the components of the
tangential vector t on the boundary 9f). Considering the equation satisfied by v, is useful
for improving the convergence order of numerical schemes for (4), see [A 06] and [B 05]. For
this last case, we present a finite volume scheme, taking in consideration the discontinuities
of a on the corners of 2, and we prove an error estimate of order v/h, assuming that u
satisfies the Assumption 6.1 (note that if the solution v of the equation (4) belongs to
C3(Q), then u = v, satisfies an equation of the form (1), in which « is constant on each line
of the boundary 052, and u satisfies Assumption 6.1).

2 Preliminaries and functional spaces

Recall that the domain € is an open bounded polygonal connected subset of R2. The
boundary of € is denoted by 9. The norm in the usual Sobolev space H'() is defined by

lwli o = lwllg o + Vw13 o,

where | - | denotes the Euclidean norm in R? and || - [jo,o denotes the norm in the space
L?(Q) (a similar notation will be used for the norm in the space L?(92)). The space D(£2)
is the space of infinitely differentiable functions on Q ( that is to say the restrictions to
of the infinitely differentiable functions defined on R?) and D(2) as the space of infinitely
differentiable functions, with compact support on Q. We recall that D(Q) is a dense subspace
of HY() and that the space Hg (£2) is the closure of D(2) in Hg (). Thanks to the Lipchitz
continuity of the boundary of €2, we also have HJ(Q) = {v € HY(Q) : 7(v) = 0}, where 7 is
the linear trace operator from H1(Q) to L?(9).

Let T' = 9. We denote by Hz(T') the space of the “traces” on I' of the elements of
H'(Q), that is the Range of 5. The norm in H2(T') is defined by:

ol =_inf oo

If u e H'(Q) and —Au = f € L*(Q) (in the sense of [, Vu-Vvdx = [, fvdx, for
any v € D(2) and then, by density of D(Q) in H{ (), for any v € H}(Q2)), we define the
operator of normal derivative acting on w as the element u,, of H —3 (T") by:

(Un, U>H_%(F)7H%(F) = /QVU - Vidx — /Q fodx,Yv e H2(T). (5)

If u € H*(Q), we define the operator of tangential derivative acting on u as the element
up of H=2(T) by:

- - 1
(ut,v>H,%(F))H%(F) = /vauydx - /Quwvydx,VU € H2(I). (6)

In (5) and (6), © is an element of H'(Q) such that §(9) = v. It is quite easy to see that
these operators are well defined (indeed, thanks to a density argument and an integration
by parts, the right-hand-sides of (5) and (6) vanish for any @ € H{ (), and then they do
not depend on the choice of ¢ provided that 4(?) = v). Using integration by parts, it is also
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easy to see that u, and u; correspond to the classical derivatives of v, Vu - n and Vu - t,
when is u is a regular function.

The definitions of the normal and tangential derivative operators given by (5) and (6)
enable us to give a sense to the boundary condition in (1) when f € L%(Q), g € L?(99) (or
ge H ’%(8Q)) and when « is a constant function or, more generally, when « is a smooth
function (say o € C1(99), that is to say the restriction to 9 of a C! function defined on R?).
Indeed, these definitions give a weak formulation for the problem (1) when « is constant
(see Theorem 4.2) and when « is a smooth function (see Theorem 5.2).

3 Finite volume meshes
We first describe the assumptions which are needed on the mesh.

DEFINITION 3.1 (Admissible meshes, cf. Eymard et al. [EGH 00]) An admissible finite vol-
ume mesh of 2, denoted by 7, is a finite family of open polygonal convex disjoint subsets
of Q (the “control volumes”), with positive measures. To this family is associated a family
of disjoint subsets of {2 contained in hyperplanes of R?, denoted by & (these are the edges of
the control volumes) and a family of points of 2, P = {xx, K € T}, satisfying the following
properties (as in Definition 9.1 of [EGH 00]:

e O =UgerK. Forany K € T, let 0K = K \ K be the boundary of K. For all K € T,
m(K) is the two-dimensional Lebesgue measure of K (it is the area of K).

e For all 0 € &, there exists a hyperplane E of R? and K € 7 with @ = 9K N E and
o is a non empty open subset of E. We then denote by m(o) the one dimensional
measure of o and one assumes m(c) > 0. We assume that, for all K € 7, there
exists a subset Ex of £ such that 0K = Uyeg, d. It then results from the previous
hypotheses that, for all o € £, either o C 9Q or there exists (K, L) € 72 with K # L
such that K N L = &; we denote in the latter case 0 = K|L.

e Forall K € 7, xx € K. Furthermore, for all o € £ such that there exists (K, L) € 72
with ¢ = K|L, it is assumed that the straight line (xx,xy) going through xx and
xr, is orthogonal to K|L. For K € T and o € &k, let Dk, be the straight line
going through xx and orthogonal to . We assume that Dk, No #  and we set

{yo—} = DK,U No.
If 7 is an admissible mesh, we will also use the following notations:
- The mesh size is defined by size(7) = sup{diam(K), K € 7},

- the set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), Eint = {0 €
E:0 ¢ 00} (resp. Eext ={0 € E:0 CON}),

- the set of neighbours of K is denoted by N(K), N(K) = {L € T : 30 € k,7 =
KnL},
- if o = K|L, we denote by d, or dg |z the Euclidean distance between xx and xj,

(which is positive) and dg » the distance from xx to o,

- if 0 € Ex N Eext, let dy denote the Euclidean distance between xx and y, (then,
da = dK70')7

m(o)
do

- for any o € &£, the "transmissibility” through o is defined by 7, =
d, > 0).

(note that
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To discretize the oblique boundary condition (the second equation of the problem (1)),
we need the following definition:

DEFINITION 3.2 Let 0 € Eoxt and n be the normal vector to o, outward to £2. Recall that
t = (—ny,n,)" where n = (n,,n,)". Then o = (a,b) = {sa+ (1 — s)b,s € (0,1)} where a,b
are chosen such that |b — a|t = b — a. We denote by o~ (resp. o) the element of ey such
that a is in the closure of ¢~ (resp. b is in the closure of o) and 0~ # o (resp. ot # o).
We also set o, = b and o, = a (so that | — op|t = 0 — 0p).

For the discrete solution, we use the following space:

DEFINITION 3.3 (The Finite volume space) For an admissible mesh 7, the space X(7) is
defined by X(7) = V(T) x Z(T) C L*(Q) x L?(09Q) where Y(7) is the set of functions
from Q to R which are constant over each control volume K € 7 and Z(7) be the set of
functions which are constant on each 0 € Eext. Thus an element of X(7) is of the form
(ur,vr) C L?(Q) x L?(09Q) where ur (resp. vr) is constant over each control volume K € T
(resp. constant over each boundary edge o € Eext).

To analyze the convergence of the finite volume schemes, we use the following semi-norm
on X(7):

DEFINITION 3.4 (Discrete semi-norm on X(7)) Let (ur,vr) € X(7) (X(7T) given by Defi-
nition 3.3), one defines a discrete semi-norm by:

|(UT7UT)|%,X(T) = |uT|iT + Z Z

KeT oce€xNEext

() e — 2, )

where

m(o)
wr= Y 2 D,up, (®)
0€Eint 7
Dyu = |up, —ugl|, if 0 € Ent, 0 = K|L, and ug (resp. u,) denotes the value taken by uz
(resp. v7) on the control volume K (resp. on the boundary edge o).

Remark 1 With the notations of Definition 3.4, let (uz,vs) € X(7) such that:

|(ur,v7)|1,2(7) = 0.

Then, for all o € &y, one has ug = uy, where o = K|L (since m(c)/d, > 0). Since Q is
connected, we then deduce that us is a a constant function. For all 0 € Eyt, one also has
ug = u, where o € Ek (since m(o)/d, > 0). Then, there exists C' € R such that ux = C
for all K € T and u, = C for all o € Eys.

To define a finite volume scheme for (1), we consider an admissible mesh 7 in the sense
of Definition 3.1 and we use the following quantities:

1 1
frk = (k) /Kf(x)dx and g, = m/yg(x)dV(X)' )

In Problem (1), there are an equation on the domain € and an equation on the boundary
0. To get a finite volume scheme, we integrate the first equation on the control volumes
and the second one on the boundary edges. The first integration can be done using the usual
techniques of [EGH 00]. For the second integration, we use the following useful property.
Let a and b be two points in R? and (a,b) = {sa + (1 — s)b,s € (0,1)}. Let f € C}(R?) and

t= \g:ZI' Let f; = Vf -t (it is the tangential derivative of f on (a,b)). Then:

fi(x)dy(x) = f(b) = f(a). (10)

(a;b)

International Journal on Finite Volumes 5
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4 The case “a constant”

In this Section, we are interested by Problem (1) when the function « is constant. Then,
Problem (1) can be rewritten, with o € IR, as:

—Au(x) = f(x), x €,
{ un(x) + aug(x) = g(x), x € 09, (11)

Remark 2 The problem (11) can be rewritten as a Neumann Problem (with, if a # 0, a non
symmetric operator):

{ —div(A grad u(x)) = f(x),x € &, (12)

(A grad u(x)) - n(x) = g(x), x €T,

where the positive definite matrix A is given by:

a-(1)

But the finite volume scheme we shall present will be derived directly from the equation
(11) and not from (12) (see Section 4.1 below and Sections 10 and 11 in [EGH 00]).

To get the existence of a solution for problem (11), we assume a compatibilty condition
on f and g (see (2)):

ASSUMPTION 4.1 (g, f) € L*(09) x L*(Q) and [, f(x) dx + [5,, g(x)dy(x) = 0, where v is
one dimensional Lebesgue measure on 0.

Under this assumption, the following theorem yields existence and uniqueness of a weak
solution to Problem (11) (or (1)) with Condition (3). The proof of this theorem is an easy
consequence of the Lax-Milgram lemma. This proof is given in the more general case of a
smooth function « in Section 5 (see Theorem 5.2)

THEOREM 4.2 Let v € R. Under the Assumption 4.1, there exists a unique solution of
(13)-(14):

we HY(Q), /Q w(x)dx = 0, (13)

/QVu.Vvdx—i—a/Q(%uy—uwvy)dx:/vadx—&—/m)gﬁ(v)d'y(x),vqjEHl(Q). (14)

Let a € R, f € L*(Q) and g € L*(99). Thanks to the definitions of Section 2, let u be
a function satisfying (13), then, u is a solution of (14) if and only if u satisfies:

e —Au= fin D'(Q) (the usual dual space of D(Q)),

e u, +au; =g in H2(dQ), with, for w € Hz(dQ)(c L2(89)),

(9290, o oy =, T ().

International Journal on Finite Volumes 6
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4.1 The finite volume scheme for (11)

Remark 3 For the sake of simplicity, we assume that o« > 0 in (11). For o« = 0, we get the
classical Neumann problem which is treated in [EGH 00]. The case a < 0 can be treated in
a similar way to the case a > 0.

In order to obtain the numerical scheme we will discretize (11) (or (1)) instead of, for
instance, (12). This choice allows the use of an “admissible mesh” for the Laplace equation
(instead of an “admissible mesh” for the matrix A) and allows the resolution of the discrete
problem using the matrix corresponding to the discretization of the Laplace equation with
a homogeneous Dirichlet boundary condition (see, for instance, [B 05]).

Let (ug)xer and (us)see,,, denote the discrete unknowns. The numerical scheme is
defined by the following set of equations:

> Fro=m(K)fx VK €T, (15)
oclk
where
FK,UZ—TK|L(UL—uK),VO'€5mt, ifO'=K'|L7 (16)
Fr o= —To(Us — uK), Vo € Eext such that o € Ex, (17)
and
To (e —uk) = —a(tg — tuo-) + m(0)gs, Vo € Ex N Eoext, (18)

where o~ is defined in Definition 3.2.
The condition (13) can be discretized by

> m(K)ug =0. (19)

KeT

Remark 4 The unknowns {ug, K € T} and {u,, 0 € Exxt} of the finite volume scheme
are expected to approximate u on the control volumes { K} xe7 through {ux } ke, and are
expected to approximate u on {o}see.,, (see Definition 3.1) through {us}ees

ext ext ®

With the discrete unknowns, namely {ugx, K € 7} and {u,, 0 € Eoxt}, it is possible to
define an element of X(7). If the discrete unknowns satisfy (15)-(19), we will say that this
element of X'(7) is a solution of (15)-(19):

DEFINITION 4.3 An element (u7,vr) € X(7) (see Definition 3.3) is a solution of (15)-(19)
if ur(x) = ug for x € K, for all K € 7, and vy (x) = u, for x € o, for all 0 € Eexi, where
(ur)ker and (ug)oce,,, satisfy (15)-(19).

4.2 Existence and uniqueness of the discrete solution

We use the techniques of the Proof of Lemma 10.1 in [EGH 00] and the following equality
to prove the existence and uniqueness of the solution of (15)-(19):

> (o —ug-)Jug = % > (o —ug-)*. (20)

0EEext 0EEext

THEOREM 4.4 Let o € R. Assume that o > 0 (for the other cases, see Remark 3). Let
7 be an admissible mesh in the sense of Definition 3.1 and {(fk,gs), (K,0) € T X Eext}
defined by (9). Then, under the Assumption 4.1, the system (15)-(19) has a unique solution.

International Journal on Finite Volumes 7
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Let (ur,vr) € X(T) be the solution of (15)-(19) in the sense of Definition 4.3. Then, there
exists C1 € R, only depending on 2 , such that

1
« 2
(1 00 iy + Sl e < Cullflos + llglo.on) (21)

where the semi-norm |(ur, vr)|1,x(7) is defined in Definition 3.4 and |vr|z(7) is the semi-
norm defined by:
|UT|32(7) = Z (ug — ug-)>. (22)

0EEext

Proof

Step 1. Existence and uniqueness of the solution of (15)-(19).

Let {ux, K € T} and {uy, 0 € Eext} be a solution of (15)-(18). Multiplying both sides
of Equation (15) by ug, summing over K, K € 7, using (16)-(18) and (20), we get:

«
((ur,v1) [} 2y + §|UT|32(7) =T] +1T3, (23)
where
T = Z m(0)gote and T2 = Z m(K)fruk. (24)
0EEext KeT

Let M7 be the number of elements of 7, My the number of elements of et and M =
M; + My. The system (15)-(18) can be viewed as a system of M unknowns (which are
{ug, K € T} and {uy, 0 € Eext}) with M equations. After the choice of an order for the
unknowns and the equations, it can be written as Aw = b, where A is M x M matrix,
w € RM is the unknown vector and b € RM is given by the data (namely f and g).
Equality (23) proves that if b = 0 (that is fx = 0 for all K € 7 and g, = 0 for all
0 € Eext) then [(ur,vr)|1,x(7) = 0. Following Remark 1, one deduces that there exists
C € R such that uxg = C for all K € T and u, = C for all ¢ € E.. This proves that
the dimension of the null space of A is 1. Therefore, the dimension of the range of A is
M —1. Since Y e m(K)fx + Y 5ce.  m(0)gs = 0 is a necessary condition for (15)-(18)
to have a solution, it is also a sufficient condition. Furthermore, under this condition on f
and g (which is given by Assumption 4.1), since the null space of A is reduced to the set of
constant vectors, the system (15)-(19) has a unique solution.

Step 2. Proof of Estimate (21).

Under Assumption 4.1, let (ur,vr) € X(7) be the solution of (15)-(19) in the sense
of Definition 4.3. Using (24), the Cauchy Schwarz inequality and inequalities (10.10) (the
discrete mean Poincaré inequality) and (10.25) (the discrete trace inequality) of [EGH 00]
(combined with equation (19)), we get (using also d, < diam(Q)):

1
2
m(o
ITf 1 <G, ( 2 d( )w—ug)z) +luzliz | lgllo.oe, (25)
CEEKNEeset
and
TS| < Csll fllo.alur .o, (26)

where Cy and C3 are only depending on (2.
Combining (23), (25) and (26) yields (21). [ ]

International Journal on Finite Volumes 8
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4.3 The convergence of (ur,vr)

In this section, we prove the convergence of the solution (u7,v7) of (15)-(19) when the size
of the mesh goes to 0, assuming Assumption 4.1 and the additionnal assumption (34), for
some (1 > 0. The proof is mainly based on the ideas developed in [EGH 00] for the Neumann
problem. In all this section, we ssume that « > 0 (for the other cases, see Remark 3), 7
is an admissible mesh in the sense of Definition 3.1 and that {(fk,gs), (K,0) € T X Eext }
is defined by (9). Assuming Assumption 4.1, the system (15)-(19) has a unique solution
(thanks to Theorem 4.4). We first prove the following Lemma:

LEMMA 4.5 Let (ur,v7) € X(7) be the solution of (15)-(19) in the sense of Definition 4.3.
Then, there exists Cy, only depending on (€2, f, g), such that

vz llo,00 < Ca. (27)

Proof Thanks to inequalities (10.25) and (10.10) of [EGH 00], (19) and (21), there exists
a constant Cs, only depending on €2, such that

> m(o)ul <2 < > omeuk+ > m(o)(us — uK)2>

0€Eext 0 €EK NEext c€EKNEext
< G (lurlt 1 +(ur, 7)) < Ci

where Oy = 205 CF (| fllo.e + llgllo.00)*. u

Since the set Y of the approximations u7 is bounded in L?(2) (thanks to discrete mean
Poincaré inequality and inequality (21)), we are able now to justify that uz converges to
some u as size(7) goes to 0.

Uniform boundedness (21) and compactness result of [EGH 00] in case of Neumann
problem yield that the set Y is relatively compact in L?(Q). In addition, if a sequence ur,
converges to a function u in L?-norm as size(7,,) goes to 0, then v € H'(Q). Furthermore,
Lemma 4.5 implies that vr, converges weakly to some v € L2(9f2), up to a subsequence.
We start by proving that:

- / () Ap(x)dx + /8 a0 () = / F()p(x) dx

+j 9(®)p(x)dy(x) + o | ex)v(x)dy(x), Ve € C*(Q).
o9 o9

(28)

To simplify the notations, we set ur, = ur and vz, = vy . Let ¢ € C?(Q) and consider the
function pr = (gp(Tl), npg?)) € X(7T) (see Definition 3.3) defined by np(Tl)(x) = pr = p(xK),
for x € K and for any control volume K, and gog?) (x) = vo = @(y,) for x € o, for any
0 € Eext (see Definition 3.1). Multiplying both sides of equation (15) by ¢k, summing over

K € T and reordering the terms yields

—ZuK Z TL|K(<,0L—<,0K):/Qf(x)go(Tl)(x)dx—&- Z m(a)%gp;(. (29)

KeT LeN(K) 0€EK NEext

Using the consistency of the flux and the fact that ¢ is smooth one has (cf. [EGH 00], page
813):

> e —ex) = [ Apdx— [ ot + 3 Rrule) (30)

LeN(K) LeN(K)

International Journal on Finite Volumes 9
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with Rx, = —Rp i, for all L € N(K) and K € T, and |Rk 1| < Com(K|L) size(T),
where Cg only depends on . This with (29) and (18) implies:

_ /Q ur(©)Ap(x)dx + /6 ulxur () +7 = /Q ) () dx
x)o? (x X)— Uy — Ug—)Po
+ /mg( )o@ @)y (x) —a 3 ( o

0EEext

- a Y (ue—up )oK — ¢o)

0€EK NEext

+ > m(o) (K —¥o)go, (31)

0€EK NEext

where 7 =r(p,T) + s(p,T), with r(, T) = = 3 g e7 UK D penx) Bi, and s is given by

o= 3 (k- uo) [ o) (32)

0€EKNEext

In order to pass to the limit in (31) as size(7") goes to 0, we need some estimates. Reordering
the sum in (¢, 7) and using (21), we obtain

|r(o, T)| < C7 size(T), (33)

where C7 is a real positive number only depending on €, f, g and ¢.
On the other hand, if the mesh 7 satisfies, for some {; > 0:

do S <1 m(o),VU S gexta (34)

then, by using Cauchy Schwarz inequality, the uniform boundedness (21) and the regularity
of ¢, there exist Cg only depending on (2, a, (1, f,g), Co only depending on (€, f,g), Cio
only depending on © and Cy; only depending on (€, o, f, g) such that

Y (e —ue- )k — 9o)| < Cs/size(T)l¢l; o s (35)
0€EK NEext
Is(p, T)| < Co/size(T)||¢|2,0, (36)
Y m(0) (k= Po)dgel < Cuo size(T)gllo.oall 2l oo (37)
0€EK NEext
| Y (@(y,) = (o) (o — ug-)| < Criv/size(T) ¢l o qs (38)
0E€Eext

where o = (0, 0.) (see Definition 3.2). Using inequalities (33), (35)-(38) and formula (10),
the equation (31) can be rewritten as

- / ur (%) Ap(x)dx + / on(Xr(X)dy(x) = Ts(p, T), Vo € CX@),  (39)
Q o0
where
Ty(p, T) = / o dx + /8 _oei(x) +a /a prord (0 + T ). (40)
and

ITa(p,T)| < Chra /size(T), (41)
where C15 depends on (Q, a, (1, f, g,¢). Writing (39) with 7 = 7,,, using (41) and passing
to the limit as n tends to infinity yield (28).

To prove now that u satifies (14), we need the following Lemma which is proven in
[EGH 00]:
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LEMMA 4.6 ([EGH 00]) Let d > 1 and © be a bounded polygonal open set of R%. Let
u€ HYQ), f € L*(Q) and v € L*(952). We assume that

- /Q (%) Ap(x) dx + /6 (V)00 d ) = /Q F(x)p(x) dx, (42)

for every ¢ € C2(2) such that ¢ = 0 on Q. Then F(u) = v a.e. on 99, where (u) is
the classical trace operator from H!(Q) to L?(9€2). (One also has necessarily —Au = f in
D'(2).)

Choosing ¢ = 0 on J1 in the equation (28) and using Lemma 4.6, we get y(u) = v a.e.
on 0. Then, an integration by parts in (28) implies that, for any ¢ € D(2), we have

[ ue0-Voax = [ reetxs [ gema)
¥ a/ 1 (X)) (X)) (43)
o0
Using again an integration by parts and ¢; = —¢p,n, + pyn,, we obtain

[ 9ut) - Vetaiix -+ a [ (ouou, 60— gy (s (e))ix = [ ol dx
+ [ apx)n(x). Vo € D), (14)
Thanks to the density D(Q) in H'(2), the formulation (44) is equivalent to (14).
We have proven that the sequence uz, converges to a solution u € H(Q) of (14) in
L?(Q), up to a subsequence. On the other hand, when the mesh size vanishes in (19), we
get (13). Finally, Since the solution u of (13)-(14) is unique, the whole family w7 converges

to the solution u € H(Q) of (13)-(14) in L?(Q2) and the whole family vr converges to ¥(u)
for the weak topology of L?(9f2) as size(7) goes to 0. Now, we prove:

wron)lE = [ [VuPGox, (15)
where ||(+, )|« is the semi-norm defined by
a
1z, or)I; = 1(ur, vr) ) + 507301y, (46)

(1) (resp. |- |z(7)) is defined in (7) (resp. (22)). Taking v =u

and the semi-norm |(-, )|y,
n (14) leads to

/ |Vul?(x)dx = / flx dx+/a§z g(x)¥(u)dvy(x). (47)
As size(T) goes to 0 in (23), we get
| (uz, vr)|I? — / flx dx+/mg(xﬁ(u)(x)d7(x)- (48)

Combining (47) and (48) yields (45).

We have proven the following Theorem:
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THEOREM 4.7 (CONVERGENCE RESULT WHEN « IS CONSTANT) Let a € R, a > 0 (for the
other cases, see Remark 3), and ¢; > 0. Assume Assumption 4.1. Let 7 be an admissible
mesh in the sense of Definition 3.1, satisfying the condition (34), and {(fk,9,), (K,0) €
T X Eext} be defined by (9). Let (ur,vr) € X(7) be the unique solution of (15)-(19) in
the sense of Definition 4.3 (see Theorem 4.4) and let u € H' () be the unique solution of
(13)-(14). Then:

ur — u in L*() as size(7) — 0, (49)
l|(ur,vr)||? — / |Vu|*(x)dx, as size(T) — 0, (50)
Q
vr — F(u) in L*(09) for the weak topology as the size(7) — 0, (51)

where ||(+, -)||? is defined by (46) and 7 is the classical trace operator from H!(£2) to L?(99).

4.4 Error estimate

In Section 4.3, we proved the convergence of (ur,v7) to the solution u of (13)-(14) (which
belongs to H(2)). Our aim in this section is to give a convergence order. To do so, we
assume that a solution u of (13)-(14) belongs to C2(Q2). The idea we want to present is
mainly based on the idea of the Proof of Theorem 10.1 of [EGH 00] for Neumann Problem.
Under the hypotheses of Section 4.3, let (ur,vr) € X(7) be the solution of (15)-(19) and
consider C'7 € R such that

> m(K)u(xx) =0, (52)

KeT

where @ = u + C7. For each (K,0) € T X Eext, let ex = t(xx) —ug and e, = u(y,) — to,
where ug (resp. u,) is the value of ugy (resp. vr) on K (resp. o) (recall that y  is
defined in Definition 3.1). We consider (er,ér) € X(7) defined by (er,er) = (ex,es), on
(K,0) € T X Eoxt- One defines:

u(xr) — u(xk)

Ry, =
K dg|L

)

1 - _
" () /c;VU(X) ‘ng o (x)dy(x), Vo € En and 0 = K|L, (53)

and

Ric, = W) ;f“xK) - m(la) /U Via(x) ng.o(x)dy(x), Yo € Ex N Eexe. (54)

Thus, for u € C?(2)
|Ri,o| < Cis size(T), Yo € Ex and for any K € T, (55)

where Ci3 only depends on u. Since —Au = f, integrating this equation over any control
volume K € 7 yields:
- Via(x) - ng dy(x) = / f(x)dx. (56)
oK K

(Recall that ng is the normal to the boundary 0K, outward to K.) Combining now (53),
(54) and (56) we obtain

- Y mxplalxe) —u(xk)) - > roluly,) - ulxk))
o€l c€EK NEext
oc=K|L

= m(K)fx — Y m(0)Rx VK €T. (57)

oc€EEK
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On the other hand (since Va(x) - n(x) + aViu(x) - t(x) = g(x), x € 00):

/ Va(x x) dry(x) + a/ Va(x) - t(x)dy(x) = m(0)gs, Vo € Eext, (58)
(Recall that fx and g, are defined in (9).) Using (54), formula (10) and (58), we get
To(u(y,) — u(xKk)) + a(u(oe) — u(op)) = m(0)ge + m(0)RK o, Vo € Eext NEK,  (59)
where 0 = (0p, 0¢), with m(o)t = 0o — op, (see Definition 3.2). This yields
7o (U(y,) — ulxk)) + aluly,) = a(y,-)) + 7o = 7o~ =m(0)go + m(0)Rr o, (60)

where
Te = a{u(oe) —u(y,)} (61)
We have the estimate
|re| < Chg size(T), (62)

where C4 only depends on (u, ).
Substracting (15) from (57) and (18) from (60), we get

= Y mler—ex)— Y. Toles—ex)=— > m(o)Rx, VKT  (63)

cEEK c€ExNEext c€efx
o=K|L
and
To(lee —€x) = —aee —€y—) —To +7o— + m(0)RK 0, Vo € Ex N Eext- (64)

Furthermore, substracting (19) from (52) to get

/ er(x)dx = 0. (65)
Q

Multiplying both sides of equation (63) by ex, K € 7, summing over K, K € T and using
equalities (64) and (20), we get

_ o
ez, )% x(r) + §|€T|fz(7) = T3 +1T¢, (66)
where
Z Z )Rk s€K, (67)
KeT o€k
and
TGT = Z (=76 +75-)es + Z m(o)Rk s€o. (63)
0EEext cE€EKNEext

We begin with the term ']I‘g, reordering the sum, using the fact that Rx , = —Rp ., for all
o € &nt and 0 = K|L, and Inequality (55), we get

TZ| = | > m(o)Riq(er—ex)+ > m(o)Rkqex]
oE€Eny o€EK NEext
o=K|L
< 015size(T)<|eT|1,T+ Z m(0)|€K|>
0€EK NEext
< Chs size(7) <|(6T737)|1,X(’1’)+ Z m(U)|€K|>a (69)
c€EK NEext
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where Cy5 only depends on (u,€2). In order to estimate the second term on the r.h.s. (right
hand side) of (69), we consider the discrete trace F(er) of er (see [EGH 00], page 807)
which is defined by F(er) = ex a.e. (for the one-dimensional Lebesgue measure) on o, if
0 € Eext N Ek. Using Cauchy-Schwarz inequality and inequalities (10.10) and (10.25) of
[EGH 00] with the fact that es satisfies (65), we get:

S mo)lex]

o0€EKNEext

IN

Cie |7(eT) |l L2(00)

< Cir (lerh,r +llerllrz@)

< Cuislerl|iTs (70)
where Ci6, C17 and Cis are only depending on 2. With (69), this yields:

1

. _ (62 2
ITZ| < Chg size(T) (I(er,e0) xr) + 5l (71)

where Chg = 015(1 + Clg).

To estimate TZ , we have to assume that the mesh 7 satisfies, for some ¢y > 0:
m(o) > (o size(7), Vo € Eexs. (72)
Remark 5 The condition (72) implies the condition (34) with (i = Z.

Using inequalities (55) and (62) and using the the assumption (72), we get

Tl < 1Y (=ro+7e-)eal +1 D m(0) R el

o€Eext 0€Eext
< | Z To(egt — €5)| + Cop size(T) ( Z In(cr)eg)
0E€Eext o€Eext
< Oy size(T) ( > 1) e | z(1) + Cao size(T) ( > m(o)ef,)
0E€Eext o€Eext
< Cy \/SiZG(T)léT|Z(T) + Cqo size(T) < Z m(o)ei) , (73)

0EEext

where Coy depends on (u, §2) and Ca; depends on (u, 2, {2, @). To estimate the second term
on the r.h.s. of (73), we use the triangular inequality and inequalities (10.10) and (10.25) of
[EGH 00] with the fact that er satisfies (65) (and that d, < diam(Q2)). We get:

(z m(o)ez) < (z m(a)(eg—emz) +(z m(o)e%()
o€Eext oE€Eext 0E€Eext
< Cosl(er,er)lx (), (74)

where Cay only depends on 2. Combining inequalities (73) and (74) gives:

1

. _ a 2
ITE| < Cos /5ize(T) (J(ex, )R xiry + Gler3en) (75)

where Ca3 only depends on (u, €2, (2, ). Equality (66) with inequalities (71), (75) implies:

1
_ «a 2 -
(It en)B xer) + Slerlein) " < Cou oize(D), (76)
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where Co4 only depends on (u, 2, (2, ). Inequality (76) together with (65) and the discrete
mean Poincaré inequality (10.10) of [EGH 00] yields:

lex 32 < Cas size(T), (77)

where Cas only depends on (u, 2, (2, @).

In order to obtain an error estimate between u and uz (instead of @ and uy), we first
give an estimate on C'7. Using the fact that [, u(x) dx =0 (Equation (13)) and Equation
(52), we get

C’T—/{u —a(x }dx-Z/

KeT

/{u (xx) + Vu((x)) - (x —xk)}dx = / Vu(yp S(x —xg)dx,
KeT KET
and then:
m(Q)|Cr| < Cog size(T) Y m(K) < Cor size(T), (78)
KeT
where Cog = || [Vul| || L (q), C2r = C26 m(Q2) and 1(x) is a some point between the points x

and x. Furthermore, we have

> / {u(xk) —u(x)}?dx < (Cy)? (size(7))* Y m(K)

KeT KeT
= (Co)?m(Q) (size(T))>. (79)

Using triangular Inequality and Error Estimate (77) combined with inqualities (78) and
(79), we get the following error estimate in L?(Q2)-norm:

ur =l = 3 [ fux - o) dx

KeT

IN

3llex|2aq +3m(ACE +3 Z/{u (k) — u(x)}2 dx

KeT
< 028 SiZG(T), (80)

where Cag depends only on (u, Q, (2, @).

We now turn to get an error estimate in a discrete H () norm. For each (K, o) €
T X Eoxt, let (e ere) = (u(xg) — ux,u(y,) — u,) and consider (ef?! exal) € X(T)
defined by (e’f real g‘?a]) = (e ereal) on (K,0) € T X Eexi- We remark that (because
a=u+Cr)

(e, e™)3 X1 T 5 |€r7al|z(f[) = |(er,er)[} X1 T 5 |€T|z(T) (81)
With (76), this implies
3
(I 8B i) + 15 o))" < Con v/size(T). (82)

We have proven the following Error Estimate:

THEOREM 4.8 (C2.-ERROR ESTIMATE WHEN « IS CONSTANT) Let o € R, a > 0 (for the
other cases, see Remark 3), and (2 > 0. Assume Assumption 4.1. Let 7 be an admissible

International Journal on Finite Volumes 15



Finite volume schemes for oblique derivative problems

mesh in the sense of Definition 3.1, satisfying the condition (72), and {(fk,¢-), (K,0) €
T X Eext} be defined by (9). Let (ur,vr) € X(T) be the unique solution of (15)-(19) in
the sense of Definition 4.3 (see Theorem 4.4) and let u be the unique solution of (13)-(14).
Assume that u € C2(Q). Then, there exist (Cag, C24) only depending on (u, 2, (2, «) such
that:

lur — ul2 0 < Cas size(T), (s3)

and )
rea. =rea. rea. 2 3
(I B i) + 1 )" < Co v/siae(T), (84)
where (e, e5e2l) € X' (T) (see Definitions 3.3 and 3.4) is defined by (e, e5?l) = (u(xk) —
uK)u(yU) ) On( ,O') 6’]dxgext

Under the hypotheses of Theorem 4.8, one deduces from (84) the following estimate for
the L? norm of the flux:

2
5 ocey m(o)dy (M7 — oty [, Vulx) nxc dv(X))

oc=K|L

(85)
2
+ Y veerne.,, M(0)ds (“";"“K m(g) I, Vu(x) -ng o, dv(x)) < (Ca4)? size(T).

5 The case “a smooth”

This section is a generalization of Section 4. We now consider Problem (1) when « is a
smooth function, namely a € C*(Q). Problem (1) reads:

—Au(x) = f(x), x € Q,
{ Uun (x) + (au)i(x) = g(x), x € 0. (86)

In order to get (for some functions «, see Theorem 5.2), the existence of a solution for
Problem (86), we assume that:

ASSUMPTION 5.1
(i) (f,9) € L*(Q) x L*(99) and [, f(x) dx + [5, g(x)d~(x) = 0.
(i) o € CY(Q).

THEOREM 5.2 Under the Assumption 5.1, let C,, = minggq a;. Then there exists 6 < 0, only
depending on €2, such that if « satisfies the condition C, > 4, then there exists a unique
solution to (87)-(88):

u € HY(Q), /Q u(x)dx =0, (87)
b(u,v) = F(v),Yv € H'(Q), (88)
where
bu, v) = /Q Vu(x) - Vo(x)dx + /Q {(aw)y (x)ve (%) — (o) (xX)vy () }dx,  (89)
and

/ F(x)o(x) dx + /8 gxu(ed (). (90)
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Remark 6 Problem (87)-(88) appears to be a weak formulation of Problem (86) (with the
additionnal assumption [, u(x)dx = 0, in order to obtain also a uniqueness result) since for
au and v regualr enough (say, for instance, au € H%(Q) and v € H'(Q)) one has:

/ (o) (x)u(x) d(x) = / ({0 ()0 (%) — (er0) (%) () } .
o0 Q

Proof To prove the existence and uniqueness of the solution of (87)-(88), we apply the
classical Lax-Milgram lemma. Thanks to Assumption 5.1, It is clear that b(-,-) and F(-) are
continuous on H(Q) x H1(2) and H'(Q) respectively.

In order to prove the coercivity of b (under an additionnal assumption on ay), let u €
H(Q). Using u? € WH(Q) and « € C1(Q), one obtains:

bu,u) = / IVl (x) dx + / {(0) (30 1t () — (te) ()1 (3) i
2 1 2 2
- / V() dx + 5 / {0y () (12) (%) — 02 () (u2) ()} d x

= U2X X 1 OétXU,2X X
= [ vuPeodx+ 5 [ oeoda . (o1)

Then, with C, = mingg a; (note that C, < 0 since the mean value of o on 992 is 0):

Ca
blusw) 2 uff o + 5 [ G0 d(x)
2 Jog
This gives, using the continuity of the trace operator from H!(Q2) to L?(99),

Ooz C129
2

Ca C129
2

b(u, u) > |uff o + ulf o + [ullf ¢ (92)

where Cag is a positive number only depending on 2. Let
H=A{ve Hl(Q)7/ v(x) dx = 0}.
Q
Inequality (92) with the mean Poincaré inequality implies:

Co Cog
2

Co C30 Cag
2

b(u, u) > |u|%7Q + |u|%,ﬂ + |ul%797 Vu € H,
where Csg is a positive number only depending on 2. The previous inequality can be written
as:

b(u,u) > (14 C’glC’a)|u|iQ, Yu € H,

where (1 + Cy)C.
_|_
Cy = ¥. (93)
Thus for
1
Co>—— =6,
> C3

the bilinear form b(-,-) becomes coercive on H. Then, by the Lax-Milgram lemma , there
exists a unique v € H such that

b(u,v) = F(v),Yv € H. (94)
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Consider now v € H*(Q) and C € R such that

/ (x)dx = 0,
Q
where v = v + C.

Since b(u, C') = 0; using the item (i) of Assumption 5.1 and (94), we get
b(u,v) = F(v), Vv € H'(Q), (95)

which completes the Proof. |

5.1 The finite volume scheme for (86)

To present the finite volume scheme for (86) and to analyze its convergence, we need some
more notations and an aditionnal semi-norm (we also use the semi-norm of Definition 3.4).

DEFINITION 5.3 Let a € C}(Q). For o € Euy, the notations o, oy, u,+ and u,- are given
in Definition 3.2 (in particular, o = (0, 0¢), with m(e)t = 0. — 73,). We set:

U+ = Uy and Uy, = uy+ if a(oe) >0,
U+ = Uyt and Up - = Uy if a(oe) < 0.

Let Z(7T) be the space of functions which are constant on each o € Eext (see Definition 3.3).
We define the following semi-norm on Z(7):

|U7|i,z(7’) = Z |a(05)|(ug,+—ug,_)2.

0EEext

Remark 7 Since {uq y,Uo,—} = {Ug, U+ }, for all o € Ecxt, the semi-norm |- |, z(7) can be

written as:
|UT|24,Z(T) = Z |O‘(0'8)|(uo'Jr - UU)Q'

0EEext

Remark 8 Let 0 = (0p,0e) € Eext. The value u, 4 is the upstream (w.r.t. the sign of
a(oe)) value of u at point .. In order to get the stability of the scheme, it will be used to
discretize the tangential term (au); (see equation (97)). Such an upstream choice is classical
to discretize the convection term of elliptic problems in two or three Dimensions (see, for
instance, [EGH 00] pages 766 and 767).

Let (uk)ker and (uy)ses.,, denote the discrete unknowns. The numerical scheme for
the discretization of (86) is given by the following set of equations:

Y Fro=m(K)fx,VK €T, (96)
Ex

where F , is defined in (16)-(17)),
To(Ug — UK ) = —(0e)Uo 4 + (0p)Up— 4 +M(0) g5, Yo € Ex N Eexts (97)

where the notation u, 1 is defined in Definition 5.3 and ¢ = (0, o) with m(o)t = 0. — o3
(note also that o, = (07).), and, for the discretization of the equation (87),

> m(K)ug =0. (98)

KeT
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5.2 Existence and uniqueness of the finite volume solution

In this Section, we prove the existence and the uniqueness of the solution to (96)-(98), under
a condition on « as in Theorem 5.2. A first method to prove this existence and uniqueness
result is to use the Lax-Milgram lemma (as in Theorem 5.2). We present here another
method, similar to that given for proving Theorem 4.4, but slightly more complicated since
the constant vectors are not solutions of the homogeneous system associated to (96)-(97)
(with Fg , given by (16)-(17)).

Assume Assumption 5.1 and let 7 be an admissible mesh in the sense of Definition
3.1. Let M; be the number of elements of 7, My the number of elements of . and
M = M; + M,. The system (96)-(98) (with Fg , given by (16)-(17)) can be viewed as a
system of M unknowns (which are {ugx, K € T} and {uy, 0 € Eext}) with M + 1 equations.
After the choice of an order for the unknowns and the equations, it can be written as Aw = b,
where A is (M + 1) x M matrix, w € R is the unknown vector and b € RM+1 is given by
the data (namely f and g). We first prove that the null space of this matrix A is reduced
to the null vector.

Indeed, let {ux}x and {u,}» be a solution of (96)-(98) (with (16)-(17)) with (fk,gs) =
(0,0) for all (K,0) € T X Eext- Multiplying both sides of equation (96) by ux, K € 7T,
summing over K € 7 and using equation (97) yields

(ur o) B iy + 3 {00t — aloy)tg— 4 Yitg =0, (99)
0E€Eext

where (ur,vr) € X(7) (see Definition 3.3) and ur(x) = ug, for x € K, and vr(x) = ue,
for x € o, for all (K,0) € K X Eoxt- The second term on the Lh.s. of (99) can be written as
follows

S {a( s — alo)up 1 Yue = 3 la(0) {tos — s Yugs.  (100)

0EEext 0€Eext

(recall that us, — is defined in Definition 5.3.) This gives that (similar techniques are used
in [EGH 00], page 769)

;Uegcxt {Oé(O'e)Uo-7+ - a(ab)u0_7+}u0 = (101)
5 (Zoesm |Oé(0€)|{(ug)+ - uoﬁ)2 + ug,-&- - ug,_}) .

The second term on the r.h.s. of equality (101) can be written as

S Jafoo)l{ud,, —u2_} = / 1y ()03 () dy (). (102)
oE€Eext o9
Combining now (99)-(102), we get
2 ]' 2 1 2
(wr o) iy + 21T s + = [ aux)E(x)dy(x) = 0. (103)
X(T) Ty Z(T) T 9 20

We prove now that, using (98) and under some condition on C, = min{a;(x), x € 90}
(this condition is similar to that of Theorem 5.2), the Lh.s. of (103) vanishes if and only if
ug = uy = 0, for all (K,0) € T x Eoxt. Indeed, using Inequality (a + b)? < 2a? + 2b2, we
have:

/{m o (x)v>(x)dy(x) > 20, < Z m(o)(uy — ug)? + Z m(a)ui) . (104)

cE€EKNEext o €EK NEext
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Combining inequalities (10.10) and (10.25) of [EGH 00] with Equation (98) implies that

Z m(o)uf < Csolurl? 7, (105)

0EEext

where Csz is a constant only depending on Q. Equality (103) with inequalities (104) and
(105) implies

m(o 1
(4 CaCollurfrt Y 0t dyCo)use ) + Lor2 o <0 (106

0€EKNEext

Let 6 = min{—1/C32,—1/diam(Q)} and assume C, > ¢ (note that necessarily C, < 0).
Then, all the terms on the left hand side of (106) are positive (since, in particular, d, <
diam(Q) for all o € Eext). This gives that there exists C' € R such that ux = C for all
K €T and u, = C for all 0 € Esx (as in Remark 1). Finally, thanks to (98), one deduces
C = 0. This proves that the null space of the matrix A is reduced to the null vector.

Remark 9 Indeed, assuming only C,, > —1/Csa, if size(7) is small enough (more precisely,
if size(T) < —1/C,), all the terms on the left hand side of (106) are positive. Then, we can
also conclude that the null space of the matrix A is reduced to the null vector. Therefore,
as in Theorem 5.4 below, assuming Assumption 5.1, we have existence and uniqueness of
the solution of (96)-(98) (with (16)-(17)), when 7 be an admissible mesh in the sense of
Definition 3.1.

Since the dimension of the null space of A is 0, the dimension of the range of A is M.
But the range of A is included in RM*! and the following condition is necessary for (96)-(98)
(with (16)-(17)) to have a solution:

> m(E)fx+ Y m(o)ge =0. (107)

KeT 0E€Eext

Then, Condition (107) is also a sufficient condition for (96)-(98) (with (16)-(17)) to have
a solution. Finally, under Condition (107) (which is a consequence of Assumption 5.1) the
system (96)-(98) (with (16)-(17)) has a unique solution. (By the way, the same result of
existence and uniqueness remains true if the right hand side of Equation (98) is replaced by
any real value.)

This proves the following Theorem:

THEOREM 5.4 Assume Assumption 5.1 and let C, = mingg ;. Let 7 be an admissible
mesh in the sense of Definition 3.1. Then, There exists § < 0, only depending on €2, such
that if Cy, > ¢ the system (96)-(98) (with (16)-(17)), where {(fx,go) : (K,0) € T X Eext} 18
given by (9), has a unique solution.

Theorem 5.4 allows us to introduce the following Definition.

DEFINITION 5.5 An element (ug,vr) € X(7) (see Definition 3.3) is the solution of (96)-(98)
if ur(x) =ug for x € K, for all K € 7, and vy (X) = u, for x € o, for all o € Eqyxt, where
(ur) ke, (Us)oes.,, 1s the solution of (96)-(98) (with (16)-(17)).
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5.3 Estimate on the solution (ur,vr)

Under the same hypotheses than in Theorem 5.4, let (ur,vr) € X(7) be the unique solution
of (96)-(98) (see Definition 5.5). We give in this Subsection, a bound for (w7, v7). This will
allow us to prove that uz converges to u € H() in L?(£2)-norm.

By multiplying both sides of (96) by ux and using the techniques of Section 5.2, we get:

m(c)
dy

1
(14Ca Ca)lurf 74+ > (1+doCa)(u —uo)* +5 [07[ z(7) < TT +T3, (108)

0€EK NEext

where T? and T7 are defined as in (24). Inequalities (25) and (26) (of the case « is constant)
remain valid here. Thus, the following Theorem holds

THEOREM 5.6 Assume Assumption 5.1 and let C, = mingg ;. Let 7 be an admissible
mesh in the sense of Definition 3.1. Then, There exists § < 0, only depending on €2, such
that if Cy, > ¢ the system (96)-(98) (with (16)-(17)), where {(fx,go) : (K,0) € T X Eext} 18
given by (9), has a unique solution. Furthermore, one has:

|(uz,v7) 1,0 (7) + [vTla,z(1) < Cs3{l| fllo.o + llgllo.00}, (109)

where C33 is only depending on © and « (the semi-norms |(-,-)|1,x(7) and | - |4 z(7)) are
defined in Definition 3.4 and Definition 5.3).

5.4 The convergence of (ur,vr)

In this section, we assume Assumption 5.1 and C, = mingq oz > 6, where § is given by
Theorem 5.6. For an an admissible mesh 7 in the sense of Definition 3.1, let (uz,vs) be
the unique solution (uz,v7) of (96)-(98) (with (16)-(17)). The objective is to prove the
convergence of (ur,vr) to the solution of (87)-(88) as the mesh size goes to zero. The proof
follows that of the case “a constant”. We begin with the following Lemma which proof is
similar to that of Lemma 4.5.

LEMMA 5.7 Under the hypotheses of Theorem 5.6, let (uz,vr) € X(7) be the solution of
(96)-(98) in the sense of Definition 5.5. Then the following estimate holds

vz [lo,00 < Caa, (110)

where C34 depends only on (2, «, f,g).

Since the set Y of the approximations u7 is bounded in the L?(£2) (thanks to the discrete
mean Poincaré inequality and Inequality (109)), we are able now to justify that uz converges
to some u as size(7) goes to zero. Uniform boundedness (109) and compactness result of
[EGH 00] in case of Neumann problem yields that the set Y is relatively compact in L?(Q).
In addition to this, if a sequence ur, (n € N) converges to a function u in L?norm as
size(7,,) goes to 0, then u € H'(Q2). Furthermore, Lemma 5.7 implies that vz, converges
weakly to some v € L2(9Q), up to a subsequence. We start by proving:

- / W) Ap(x)dx  + /8 a0 () = / F(©)p(x) dx (111)
4 /8 o)) 4700 + /8 ealx)olx)d (). Vi € ().

To simplify the notations, we set ur, = ur and vy, = vr .
Let ¢ € C%(Q) and consider the function 7 = (gog}),@g?)) € X(7T) (see Definition 3.3)
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defined by go(Tl)(x) = px = p(xk), for x € K and for any control volume K, and gog? (x) =

vo = o(y,) for x € o, for any 0 € Eext. Multiplying both sides of equation (96) by ¢x and
using (97) combined with the techniques used for a constant, we get

- / ur(©)Ap(x)dx + /a a0 ()1 (x) + 7 = / ) (x) dx
+ [ e - 3 (aouns - alorua e

0EEext

- Y (alo)uss —alon)us- 1 )(0x — ¢s)

o0€EKNEext

+ Y m)(ex ~ 9ol (112)

o0€EKNEext

where 7, 7(p,7) and s are defined as for a constant, i.e. asin (29)-(32). We remark that
the r.h.s. of (112) differs from the r.h.s. of (31) only by the third and fourth term.

We first prove that the fourth term on the r.h.s. of (112) goes to zero, as size(7) — 0.
Let ox,o = ¢x — Yo and write

S (@0 )uos — alonuy exe =TE +T7 +T7 + T4, (113)

oc€EKNEext

where
T = Z () (g 4 — Uy ) K. o and Tg = Z a(0e)Uo,— YKo,

0€EK NEext 0€ER NEext

and
= 3 alon)e s —ur Jpxe ad Th=— 3 alop)u, ¢
0 €EK NEoxt 0 €EK NEoxt

To estimate TZ and T3, we assume that the mesh 7 satisfies, for some ((3,¢4) € (IR})?,
the following condition:

G m(o) <m(e") < ¢ m(o), Vo € Eext, (114)

where o is defined in Definition 3.2. Thanks to Estimate (109), the fact that |px ,| <
size(T)|||V¢l| Lo (a) and under the Assumption that the mesh 7 satisfies, for some (C1, (3, 1)
€ (R])3, the conditions (34) and (114), we have the following estimates:

ITZ| < Cs5 /size(T) and |TZ| < Csg \/size(T), (115)

where Cs5 depends on (2, (1, f, g, ¢, @) and Csg depends on (€2, (1, (4, f, g, @, ). It remains
to estimate TZ + T%,. Indeed

741 = Y (alo)—al@)us kot S alon)s —up- )oxo. (116)

0 €EK NEext c€EK NEext

Thanks to Lemma 5.7 and using |¢r,o| < size(7)| [Vl ||L~(q) and |a(oe) — a(op)] <
m((0)|| |Val| | L=aq), the first term on the r.h.s. of (116) can be bounded as:

> (o) — a(on))ue,—¢x.0| < Car size(T), (117)

0€EK NEext
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where C37 depends on (€2, (s, f, g, ¢, ). To estimate the second term on r.h.s. of (116), we
consider the following sets:

Zy = {0 € Eext : o) > 0 and a(op) > 0}, (118)
Zo = {0 € Eext : (o) > 0 and a(op) < 0}, (119)
Zg = {0 € Eext : (o) <0 and a(op) < 0}. (120)

We have:
Z O‘(Ub)(ud,— - uo*,—)‘PK,o = Z (O‘(Ub) - O‘("E))(u«ﬁ - uo)‘PK,o

oc€EKNEext ExNZy

+ Z a(oe)(Ug+ — Us)PK &

Ex N7y

+ Z a(Ub)(uo+ - UU)SDK,U

ExNZsy

Y o) s~ up-)eke

ExNZsy

+ Z a(ov)(te = Uo- )PK.0 (121)

ExNZs

The first term on the r.h.s. of (121) can be bounded using triangular Inequality, the as-
sumption (114) and Lemma 5.7:

|Z(a(ab) —a(0e))(Ugt+ — Ue)PK,o| < Csg size(T), (122)
Zy

where Csg depends on (o, ¢, Q, f, g,¢3). Noting that {us 4, %s—} = {Us+, us} and

| Z O‘(Ue)(uo+ - UU)‘PK,U| < Z |O‘(Ue)(uo+ - uo)‘PK,o|a

Z1NEK 0€EK NEoxt

the first estimate of (115) can be applied here to get:

| Y a0 (ugr — ue)pK o] < Cas \/size(T). (123)

Z1NEK

The techniques used to bound the first and the second term on r.h.s. of (121) can be used
to obtain the same bound for the third, fourth and fifth term on the r.h.s. of (121). Thus:

> a0b) (e, — - )i .o| < Cag \/size(T), (124)

0€EK NEext
where Csg depends on (€2, (s, (1,4, f, 9, @, ). This, with (117), (116), implies
ITZ + T%)| < Cuo /size(T), (125)

where Cyo depends on (€2, (3, (1,4, f, g, @, ). Combining now (113), (115) and (125), we
get the following estimate for the fourth term on the r.h.s. of (112):

| Y (o)uss — alov)ug- 1 )pr.e] < Cur \/size(T), (126)

0€EK NEext

where CV41 depends on (Qa C37 Cla 4-47 fa 9,¥, O[).
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We now turn to estimate the third term on the r.h.s. of (112). Reordering the sum and
using formula (10), we get (recall that ¢, = ©(y,)):

Z (O‘(Ue)uo,+ - a(ab)uo*&)‘?o = Z a(0e)Uo,+ (Yo — Pot)

E s 0EEext

= Z a(ae)ud,—‘r((p(yo‘) - (p(gb))
0EEext

_ Z a(0e) g+ (p(Y o+ ) — (oe))
0E€Eext

_ Z a(0e) g +(p(oe) — p(op))
0E€Eext

= > Hely,) = elon) Halo e+ — alon)ug- 1)
0E€Eext

- / pr(x)ar (x)vF (x) dy(x), (127)

a0

where (a7,vF) € (Z2(7))? is defined by (ar(x),vF(x)) = (a(oe), us+) for x € o, for all
0 € Eext. As it is done to obtain the estimate (126), we can obtain the same estimate for
the first term on the r.h.s. of (127):

| D {e(yos) — (o)} ((oe)uot — alon)us-,4)| < Caz /size(T), (128)

0EEext

where Cy2 depends on (€, (s, f, g, (4, 9, ). We now turn to the second term on the r.h.s. of
(127):

/ pr(x)ar(x)ur(x) dy(x) = / pi(x)ar (x) (v — vr)(x) dy(x)
o9 o9
+ [ etarbxor(x) drx). (129)
o9
Since ||ar — al[p~(@) — 0 and [[vr — v| L2(90) — 0, as size(7) — 0, then:
/ ot (X)ar (x)vr (x) dy(x) — / vr(x)a(x)v(x) dy(x), as size(T) — 0. (130)
o9 o9

We now prove that the first term on the r.h.s. of (129) goes to zero. Indeed, using (109)
and the fact that {|us 4+ — ue|} = {0, [ug+ — us|} = {0, |to,+ — us,—|}, We get

I/BQ pe(x)ar(x)(vr —vr)(x) dy(x)| < Cus v/size(T), (131)

where Cy3 depends on (€2, f, g, p, ). Let size(7) tends to zero in (129). Using (130) and
(131), we get:

/ or(x)ar (x)v%"—(x) dvy(x) — pr(x)a(x)v(x) dy(x), as size(7) — 0. (132)
o0 o0

This, with (127) and (128), implies

Z (a(oe)to,+ — alop) g 4 )ps — — o er(x)a(x)v(x) dy(x), as size(T) — 0. (133)
0E€Eext
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Writing (112) with 7 = 7,,, passing to the limit as n tends to infinity (we assume that
size(7,) — 0, as n — o0) and using (37), (126) and (133), we get equation (111). Using
Lemma 4.6, we get 4(u) = v a.e. on 9. This with an integration by part in (111) implies
that, for any ¢ € D(Q), we have:

/ Vu(x) - Vip(x)dx = / FO)p(x) dx + /8 glx)plx) d9(x)

(x)ar(x)7(u) (x)dy(x), Vo € C*(9).
BQ

This, with formula (5), gives:

/ Vu(x) - Vio(x)dx + / (0 (1) (0r10) () — 0y () () () )
Q

- (134)
/ F)p(x) dx + /8 alx)p(x)ds(x0). ¥ € DT

Thanks to the density D(Q) in H'(f2), the formulation (134) is equivalent to (88). Letting
size(T) tends to zero in (98) and using the fact that uz tends to u in the L?*(Q)-norm, we
get (87). Since the solution u of (87)-(88) is unique, the whole family us converges to the
solution v € H*(2) of (87)-(88) in L2(£2) and the whole family vz converges to 7(u) for the
weak topology of L?(09), as size(7) goes to 0.

We now obtain a similar result to that of (45). Multiplying both sides of equation (96)
by ug, K € 7, summing over K € 7, using equation (97) and techniques of (100)-(102)
yields

lur,vr)lZ = > m(E)frux + Y,  m(0)goux, (135)

KeT 0€EKNEext

where ||(+, *)||« is the semi-norm defined by

1 1
I(ur o)1 = [(ur, vr)lf ) + 5lorlaz) + 5 | ()T (x)dy(x), (136)
X(T) T 9 Z(T) T 9 00
where |(-,-)[2 x (1) (Tesp. |- |iyz(7)) is defined in Definition 3.4 (resp. 5.3)

Remark 10 We saw in Section 5.2 that the r.h.s. of (136) is nonnegative, thanks to the
condition Cy > 6 given in Theorem 5.6 (this condition is assumed in all the present section).

On the other hand, if we replace v with u in (88), we get:
1 -
g [ a0t = [ feudct [ giweax. s
o9 o9
Letting size(7) tends to zero in the r.h.s. of (135), we get:
. on)l = [ reoutds+ | 030 dr(x), (139)
this, with (137), implies:
1
ltur, o)l — Julig+ 5/ a(x)u® (x)dy(x) as size(T) — 0. (139)
o9

Up to now, we obtained the convergence of the approximate solution (uz,vs) when the
solution u of (87)-(88) only satisfies u € H'(€2). Assume now that the weak solution u of
(87)-(88) satisfies u € C?(Q). Using the same techniques as in the Sections 4.4, 5.2 and 5.3
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(with the same notations), there exists 6 < 0 only depending on €2 (¢ is as in Theorem 5.6)
and there exists Cyq, only depending on (a, 2), such that for C,, > § we have:

(er,en)} vy +lerlizy < Caadl D Y m(o)Rioex|+| D m(o)Rkoel
KeT oe€ék cEEK NEoxt
+ 1) (re —ro-)eal), (140)
0EEext
where
Te = a(ge)u(ae) - a(ge)u(YU,+)7 (141)

and R, is defined by (53)-(54) and (er,ér) € X(7) is defined by (er,ér) = (u(xk) —
ur, u(y, ) — Uo ) (recall that y, . =y, (resp. y,+) if a(o.) > 0 (vesp. a(o.) < 0)).
Since u € C%(12), then:

|re| < Cus size(T), (142)

where Cy5 depends on («,u). If, we assume that the condition (72) is fulfilled for some
positive number (o (this implies that the conditions (34) and (114) are fulfilled). Then,
Inequality (140), with (55) and (142), implies:

[C éT)ﬁ,X(T) + |éT|i,Z(T) < Ciyg size(T), (143)

where Cy6 depends on («,Q, {2, u). Now, we use the techniques of Section 4.4 and Error
Estimate (143) to obtain the following error estimate in L?(2)-norm:

lez[|72(q) < Car size(T), (144)

where Cy7 depends on («, 2, {s,u). The following Theorem summarizes the results of the
oblique derivative problem with a sufficiently smooth function a.

THEOREM 5.8 (CONVERGENCE AND ERROR ESTIMATE FOR SMOOTH «) Assume Assump-
tion 5.1 and let C, = mingn a;. Let 7 be an admissible mesh in the sense of Definition
3.1 and let {(fx,go) : (K,0) € T X Eext} be given by (9). Then, There exists § < 0, only
depending on {2, such that if C,, > ¢ one has:

1. Problem (87)-(88) has a unique solution u € H*(£2),
2. System (96)-(98) has a unique solution (uz,vy) € X(7) in the sense of Definition 5.5.
If in addition, the conditions (114) and (34) are fulfilled for some ((1,(3,¢) € (R%)3. Then:

ur — u in L*(Q), as size(T) — 0, (145)
1
Iz o) = o+ 5 [ @)t (x)dr(x) as size(T) -0, (146)
To)
and
vz — F(u) in L?(09) for the weak topology, as size(7) — 0, (147)

where the semi-norm ||(+,-)||x is defined in (136) and ¥ is the classical trace operator from
H(Q) to L*(9£2). Assume furthermore that:

3. The weak solution of (87)-(88) satisfies u € C2(€).

4. The condition (72) is fulfilled for some positive number ( (this implies that the con-
ditions (34) and (114) are fulfilled).
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Then the following error estimates hold:
lez[|72(q) < Car size(T), (148)

|(eT, éT)ﬁ,X(T) + |éT|i,Z(T) < Ciyg size(T), (149)
where (Cys,Cy7) depend on (a,§2, (s, u); and (er,er) € X(7T) is defined by (er,ér) =
(u(xx) —ur, u(y, 1) — Ug,+), o0 (K,0) € T X Eex.-

Under the hypotheses of Theorem 5.8, Error Estimate (149) yields the following error
estimate:

3 m(o)d, (“ ks m(la) / Vu(x) g dv(X)>2

o€Eint
oc=K|L

2
+ Y mo)d, (”” UK m(la) /U Vu(x) - ng.o dv(x)) < Cyg size(T).  (150)

d
c€EKNEext 4

6 Error estimate when « is piecewise constant

In this Section, we consider the case where « is constant on each line of the boundary 0.
The boundary oblique derivative problem we want to present arises, in some cases, from
the Laplace equation with Dirichlet boundary conditions (see Remark 12 and [B 05]). We
will assume the existence of “sufficiently smooth” solution, that is a function which satisfies
(151) and the hypotheses of Assumption 6.1 (equation (151) and Assumption 6.1 will be
given below). Then, the uniqueness of such a solution will be deduced from the fact that it
is the unique limit of approximate solutions given by a finite volume scheme (see Theorem
6.6). This uniqueness can also be proved, as performed in the second item of Remark 13,
by computing the integral fQ Auu dx, where u is a ”smooth” solution. The existence of a
weak solution u € H'(f2) along with a weak formulation for (151), is given in [G 85, Lemma
4.4.4.2]. In some particular cases on « and under the assumption that u € Wz} (Q) with

p > 1, uniqueness results for u are also presented in [G 85|, see for instance [G 85, Lemma
4.4.4.3].

6.1 The problem to be solved

We consider the following case of Problem (1):

—Au(x) = f(x),on
{ Un (%) + (au)¢(x) = g(x) on I' = 99, (151)

where « is constant on each “line” of the boundary 9€2. To be more precise, we call
{T,,7=1,..,N} (recall that I'; denotes the closure of I';) the lines constituting 9. For
each j € {1,...,N}, one has Fj = (Sj_l,Sj), where |SJ — Sj_1|tj = Sj — Sj_l, t, =
(—(nj)y, (nj)z)" and n; = ((n;)s, (n;),)" is the normal vector to I';, outward Q (this is
similar to the definition of o, and o} in Definition 3.2). One also has Sy = Sp. The function
a is constant on each I';. Let «; be the value of o on I';.

In order to get an error estimate, we need the following Assumption:
ASSUMPTION 6.1 We assume that there exists a function u € C2(Q) satisfying the first

equation of (151) for all x € ©, the second equation of (151) forallx € I'; and j € {1,..., N}
and such that:
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2. u takes the same value on the corners of Q, i.e. u(S;j_1) = u(S;) for all j € {1,..., N},
where So = Sn.

Remark 11 A consequence of Assumption 6.1 is f € C(Q), g € C*(I';), for all j € {1,..., N},
and

[ 109+ [ gda0=o. (152)
Q o

Remark 12 Such problems which satisfy Assumption 6.1 arise, for example, when v = v,
and v is the solution of the following Dirichlet problem:

—Av(x) = f(x),on
{ v(x) =0, x€ as;), (153)

We can see that the derivative v, w.r.t. = of the solution v of (153), provided that v € C3(Q),
satisfies an equation like (151) in which the data (f, g, @) are defined by:

(fagaa):(fwa_nwfv%) (154)

where (—n,,n,)" are the components of the tangential vector t (recall that the compo-
nents of the normal vector n, outward (2, are (n,,n,)"). We can see that u = v, satisfies
Assumption 6.1.

Remark 13 (Assumption 6.1 and uniqueness)

1. In the case of problem (151) with only the first item of Assumption 6.1 (without
second item of Assumption 6.1), we have no uniqueness, in general, as it is shown by
the following particular case of problem (151):

Let Q= (0,1)2, (f,9) = (0,0) and « be given by:

)
(0,1),

“1, on (0,1) (155)
(

We can see that the functions {x — y,0} are two solutions for the problem (151) and
they also satisfy the first item of Assumption 6.1 (note that the function = — y does
not satisfy the second item of Assumption 6.1) .

2. The uniqueness of a solution which satisfies problem (151) and Assumption 6.1 can
also be proved by computing the integral fQ Auu dx, see for instance, proof of [G 85,
Lemma 4.4.4.3]. Let u be a solution for the problem (151) with (f,g) = (0,0). Mul-
tiplying both sides of the first equation of (151) by u, using an integration by parts,
and using second equation of (151) and (10), we get:

N
[ 1vuPax = 53" 0 (u(Sy00) ~ u(s)* = 0 (156)

this with Assumption 6.1 implies that u = 0.
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6.2 The finite volume scheme for (151)

Remark 14 When there exists jo € {1,...N} such that o, = 0, the finite volume scheme on
the line T'j, can be handled as in Neumann problem in [EGH 00].

We assume, for the sake of simplicity, that

a; 0,5 € {1,..,N}. (157)

Therefore, the following sets are considered
ST = {Fj oy > 0} and S~ = {PJ oy < 0} (158)
We need the following Definition:

DEFINITION 6.2 (Definition of the beginning and the end mesh points on each line I';) Let
T be an admissible mesh in the sense of Definition 3.1. For each j € {1,..., N}, we define
the beginning mesh point (resp. end mesh point) of the line I';, and we denote it by y{)eg
(resp. yind), the point y, such that y, € I'; and y,- ¢ T'; (resp. y, € I'; and y .+ ¢ T;)
(note that I'; is oriented in the positive direction, see Definition 3.2). We denote then by

J
end

aﬁeg (resp. 07 4) the edge o € Eexy which satisfies y{)eg € o (resp. y’ 4 € o).

To analyze the convergence of the finite volume approximation, we need to use the semi-
norm of Definition 3.4 and the following semi-norm:

DEFINITION 6.3 (A semi-norm on Z(7)) Let vy € Z(7) (see Definition 3.3) and let u, be
the value of vz on o, for all o € Eext. We define the following semi-norm on Z(7):

1 , _
rltapzry = 5 D o | (e —uwld®+ D (uo—up-)?
rjest (Yo ¥,—)ET;)?
1 , ,
— 5 2 (- uyP D (e —ug)? | (159)
I es- (Yo Yot JE(T))?

where u{)eg (resp. ! ,) denotes the value taken by vy on U%eg (resp. O’an) (see Definition

6.2) (recall that the notations u,- and u,+ are defined in Definition 3.2).

Let 7 be an admissible mesh in the sense of Definition 3.1 and let (ux)xe7, (Uo)oct...
denote the discrete unknowns. The numerical scheme is defined by the following set of
equations (recall that {(fx, gs), (K,0) € T X Eext} is given by (9)):

> Fro=m(K)fx,VK €T, (160)
EK

where Fk , is defined by (16)-(17), and, on each I'; € ST,

To(Uoe —UK) = —j(Ug —Uy— ) +M(0) g0, Vo € Ex NEext such that (y,,y,-) € (I‘j)Q, (161)

To (u{)eg - U’K) =Ty (u{)eg - ugnd) + m(o—l{eg)ga{wg7 (162)

and, for each I'; € S,

To (g —uK) = —j(Ugt — Uy ) +M(0) gy, Vo € Exc NEext such that (y,,y,+) € (T';)?, (163)
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To (ugnd - U’K) =T (u{)eg - ugnd) + m(o—gnd)goznd ' (164)
The equation / u(x) dx = 0 can be discretized in the following way:

Q
> m(K)ug =0. (165)
KeT

Remark 15 (Discrete compatibilty condition) Summing equation (160) over K € T, we get:

SN Feo= S m(K)/x, (166)

KeT o€l KeT

this, with equations (161)-(164), implies:

- Y m@)g = Y mK)f (167)

0€Eext KeT

Thus, if there exists a finite volume solution for (160)-(164), then {fx,K € T} and
{9s,0 € Eext } should be related by the following discrete compatibility condition:

> mE)fx+ Yy m(o)gs =0 (168)

KeT 0E€Eext

Note that this condition is ensured thanks to the compatiblity condition (152) (see Re-
mark 11) .

6.3 Existence and uniqueness of the finite volume solution

To prove the existence and uniqueness of the solution of (160)-(165), we need the following
Lemma:

LEMMA 6.4 The following equalities hold, for any j € {1,..., N}

(u{)eg - uénd)u{)eg + Z (UU — Us- )U’U = g(u{)eg - ujend)Q
(Yo, ¥,—)E(T;)?

- % S (ue — up-)?(169)

(Y5 o—)ET;)?
and

. , . 1 . ,
(u{)eg - uénd)uind + Z (u0'+ - UU)UU = _§(u{>eg - uind)2

(Yo :¥ o+ )E(T;)2

S Z (Ugt — uy)2.(170)

(Vo ¥ o+ )E(T;)?

Let us justify the existence and uniqueness of the solution of (160)-(165). The Proof is
mainly the same one of Theorem 4.4.
Let M; be the number of elements of 7, My the number of elements of oy and M =
M; + Ms. The system (160)-(165) can be viewed as a system of M unknowns (which are
{ug, K € T} and {uy, 0 € Eext}) with M equations. After the choice of an order for the
unknowns and the equations, it can be written as Aw = b, where A is M x M matrix,
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w € RM is the unknown vector and b € RM is given by the data (namely f and g).
Assume that b = 0 (that is fx = 0 for all K € 7 and g, = 0 for all 0 € Eext). Multyplying
both sides of equation (160) by ug, using the fact that {S*,S~} is a partition of 9 and
using (161)-(164) and Lemma 6.4, we get:

\(ur,v1) [} x (1) + 1070y, 201y = 0, (171)

where | - |(4,),z(7) is defined in Definition 6.3.

Following Remark 1, one deduces that there exists C' € R such that ug = C for all K € T
and u, = C for all 0 € Eeyt. This proves that the dimension of the null space of A is 1.
Therefore, the dimension of the range of A is M — 1. Since the equality (168) (see Remark
15) is a necessary condition for (160)-(165) to have a solution, it is also a sufficient condition.
Furthermore, under this condition on f and g (which is given by (152), see Remarks 11 and
15), since the null space of A is reduced to the set of constant vectors, the system (160)-(165)
has a unique solution.

This well posedness of the algebraic system (160)-(165) allows us to introduce the fol-
lowing Definition which is similar to that when « is constant or a smooth function.

DEFINITION 6.5 An element (ur,vr) € X(7T) (see Definition 3.3) is a solution of (160)-(165)
if ur(x) =ug for x € K, for all K € 7, and vy (X) = u, for x € o, for all o € Eqyxt, where
(ur)KeT, (Uo)oce.,, is the solution of (160)-(165).

6.4 FError estimate

In this Section, we show, under the Assumption 6.1, that us converges to the solution u
of (151) given by Assumption 6.1. Futhermore, the order of convergence is +/size(7). To
prove this result, we follow the same steps as in Section 4.4. Let C'r € R be such that

> m(K)u(xx) =0, (172)
KeT
where . = u + C7r.
For each (K,0) € T X Eext, let ex = u(xx) —uk and e, = u(y,) — u,, where ug (resp. u,)
is the value of us (resp. vy) on K (resp. o) (recall that y, is defined in Definition 3.1).
We consider (er,er) € X(7T) defined by (er,ér) = (e, e5), on (K,0) € T X Eext.
One defines Rk, as in (53)-(54) and then (thanks to Assumption 6.1, first item) the estimate
(55) holds.
Since —Au = f, then (56)-(59) remain valid here.
Using (58) to get, on I'; € ST and for o € ey such that (y,,y,-) € (I';)?, we have (note
that, we will denote o = (0}, 0.) in the positive orientation, see Definition 3.2)

7o (u(y,) — U(xx)) +aj(aly,) — aly,-) + 14+ =" =m(0)go + m(0)Ro,  (173)

where .
ryt = ay (a(oe) —uly,)), (174)
and (the case y, € I'; and y,- ¢ T;)

7o (8¥heg) — 0xx)) + 0y (ﬂ(y{?eg) - ﬂ(yf;ndl)) +ay (alo) - (Y1) a75)
—a; ((0n) = U(yina) ) = m(heg) 055 +m(0he) Ry s

(note that, for the sake of simplicity of the notations in (175), we denoted J{;eg = (0p,0¢))
and on I'; € 8~ and for o € ey such that (y,,y,+) € (I';)?, we have
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7o (u(y,) — (xx)) +aj(aly,+) = aly,)) +rl: —ry~ =m(0)go + m(o)Rq,  (176)

where ‘
i = o (o) — a(y,)). (77)
and (the case y, € I'j and y .+ ¢ T;)

o (520a) = 0x)) + 0 (U¥heg) = 1Y) + 0y (o) —a(3,))

_ . j j (178)
—Qj U(Jb) - u(yend) = m(o—end)gggnd + m(o—end)RK,o‘znd

(note that, for the sake of simplicity of the notations in (178), we denoted J{;eg = (0p,0¢)).
The expansions 2~ and 7% can be bounded as

|79~ < Cyg size(T) and |rdF| < Cyg size(T), (179)

where Cyg = jnax || [Vl || oo @)s and in (175) and (178), we have similar esti-

mates, namely (using the second item of Assumption 6.1):

Jtj (@(on) = w(yLua))| = lag (@(S;) = w(ylua)| < Cis size(T), where (0b,0¢) = o}, (180)

| (@(0e) = w(yeg))| = lay(@(Sj-1) = @lyleg))l < Cas size(T), where (0p,0,) = Ug?d' |
181
(note that Sy = Sy and {S; : j =1, ..., N} is the set of the corners of Q).
The equation (63) (in the case of o constant) remain valid here; this means that

- E To(er —ex) — E To(ee —er) = — g m(o)Rk,o, VK € T. (182)
cEE K o €EK NEext cEEK
o=K|L

Substracting now equation (161) from (173) and (162) from (175), we get, for (y,,y,-) €
(I'j)?, where I'; € ST

To(eo —ex) + aj(es —ep—) + rit — rif =m(o)RK 0, (183)
and, for the case y, € I'; and y,- €T;
o (e — ) + 5 (g = elhaa) + a5 (al00) — al3ley)) — a5 (o) — aly2a)
= m(o{)eg)RK,U{wg. (184)
We also have similar equalities for I'; € S7; indeed substracting equation (163) from
(176) and (164) from (178), we get, for (y,,y,+) € (I';)?
To(eo —ex) + aj(es+ —ex) + T‘?: — 72" =m(0)RE.0, (185)

and, for the case y, € I'; and y,+ € I;

7o (eha—ex) + 05 (elog —clua) + 0y (al00) —alyl,)) — s (alon) — alxi.,))
= m(o) )Ry, - (186)

end
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Furthermore

/ ex (x)dx = 0. (187)
Q

Multiplying both sides of the equation (182) by ek, K € 7, summing over K, K € T,
using equalities (183)-(186) and Lemma 6.4, we get (recall that |(-,-)[1,x(7) and | |(a,),z(1)
are defined in Definitions 3.4 and 6.3, respectively)

(e, éT)liX(T) + |éT|%aj)7z(7) =T3 +T7, (188)
where T? is defined by (67) and

Th = D {-05(a(0e) = 0(ylep)) + 5 ((00) — u(yla)) el

Fj€S+

+ Z Z (—rdt + ri’f)eg
Te8% (v y,-)E;)?

+ D i) = wlyhey)) + a5(a(0) = UyZna)edng
res—

LD DD D G voan S
DES™ (¥4 ¥+ )€E(L;)2

+ > m(o)Rk.oeo. (189)

o€EKNEext

Reordering the sum, using the fact that @ takes the same value on the corners S; (con-
sequence of the second item of Assumption 6.1), assuming that the mesh 7 satisfies the
condition (72) and using (179), (180) and (181), we get

1
2

TR < Cay /sie(T) ((ex, )R ary + ex .z (190)

where Cy9 depends on (v, (2, u, Q).
This with (188), (69)-(70) and techniques of Section 4.4 yields the following Error Estimate
result:

THEOREM 6.6 (ERROR ESTIMATE WHEN « IS PIECEWISE CONSTANT) Assume Assumption
6.1 (which gives the discrete compatibility condition (168)). Let 7 be an admissible mesh
in the sense of Definition 3.1 and {(fk, 9o ), (K,0) € T X Eext} be defined by (9). Then, the
system (160)-(165) has a unique solution, (uz,vr) € X(7), in the sense of Definition 6.5.
Let u be the solution given by Assumption 6.1 (we can see that u = v,,, where v is the solu-
tion of the Dirichlet equation (153), satisfies an equation of the form (151) and Assumption
6.1, see Remark 12). Then, there exist (Cs0, C51), only depending on (cv, (2, u, €2), such that:

1
_ _ 2 :
(It en)B xer) + ezl 2r)) | < Coo siae(T), (191)

and
lerllr2() < Cs1 /size(T), (192)

where (er,é7) € X(7) is defined by (er,é7) = (ek,es), on (K, o), for all (K,0) € T X Eext-
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The Error Estimate (191) gives the following approximation for the fluxes / Vu(x) -
Nge, 0 €&k, forall K € T: 7

> iy (M - [ Vu) e dv(X))Q

+ > mo)d, <“" ;U”K - m(la) /U Vu(x) N o dw(x)) < (Cs0)? size(T). (193)

0€EK NEext

Remark 16 (Estimate (192) and Assumption 6.1)

1. The Error Estimate (192) implies the uniqueness of the solution which satisfies (151)
and Assumption 6.1.

2. As a consequence of the first items of the Remarks 16 and 13, that, in general, the
finite volume solution of the system (160)-(165) does not converge to u (in the sense
of the Error Estimate (192)), when u € C?(Q) satisfies (151) and only the first item
of Assumption 6.1 (without the second item of this Assumption). This includes, for
instance, the particular case of the first item of the Remark 13. For this particular
case, the finite volume solution (uz,vsr) = (0,0) converges to 0 (which satisfies the
Assumption 6.1), in the sense of (192), and not to « — y (recall that © — y does not
satisfy the second item of the Assumption 6.1).

The authors would like to thank the referees for many useful comments and interesting
suggestions. Some corrections on the paper were made at the time of a postdoctoral position
of the first author in Weierstrass Institute for Applied Analysis and Stochastics in Berlin.
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