N

N

On planar random walks in environments invariant by
horizontal translations

Julien Brémont

» To cite this version:

Julien Brémont. On planar random walks in environments invariant by horizontal translations.

Markov Processes And Related Fields, 2016, 22 (2), pp.267-310. hal-01113764

HAL Id: hal-01113764
https://hal.science/hal-01113764
Submitted on 6 Feb 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01113764
https://hal.archives-ouvertes.fr

ON PLANAR RANDOM WALKS IN ENVIRONMENTS
INVARIANT BY HORIZONTAL TRANSLATIONS

Julien Brémont

Université Paris-Est Créteil, novembre 2014

Abstract

We give a recurrence criterion for a model of planar random walk in environment invariant
under horizontal translations. Some examples are next developed, for instance when the
environment is produced by a dynamical system.

1 Introduction

1.1 Presentation

We study the qualitative asymptotic behavior of a discrete time Markov chain (X,,,Y;)n>0 on
the lattice Z2. Vertical jumps are nearest neighbors, with equal probability, and the environment
is invariant under horizontal translations. To precise the model, introduce parameters (p,)necz and
probability measures (fi,)nez with support on Z, such that for some § >0 and alln € Z :

§<pn<1=0, pn(0) <1—dand Y [kPua(k) <1/0.
kEZ

The last condition is introduced for having second order expansion of the characteristic functions
uniform in n € Z. Letting Xy = Yy = 0, the Markovian evolution is given by :

P((n,m) = (n+k,m)) = ppmpm (k) and P((n,m) = (n,m £ 1)) = (1 — pm)/2.

(1—pm)/2 Pbtm(k)

e ——

(1= puw)/2 ﬁ "+ kom)

m

When p,, = 1/2 and p,, = (61 + d_1)/2, we recover simple random walk in Z?. An important
submodel, a model with oriented horizontal lines, was introduced by Campanino and Petritis [1].
It corresponds to taking p, = p € (0,1) and u, = J,, where (€,)nez is a sequence of £1.

Let us detail known results, principally regarding this last model. For simplicity we say “i.i.d”
for “a typical realization of an i.i.d. sequence”. Campanino and Petritis [1] prove recurrence when
en = (—1)"™ and transience for €, = 1,50 — 1,<o and when the (g,,) are i.i.d.. Guillotin-Plantard
and Le Ny [5] show transience results when the (e,) form an independent family with marginals
described by some dynamical system. Pene [8] also prove transience when the (&,) are stationary,
under a decorrelation condition. Castell, Guillotin-Plantard, Pene and Schapira [3] consider a
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similar model where the (g,,) are i.i.d. and the vertical steps follow some measure p in the domain
of attraction of a centered stable distribution. A very precise analysis of the annealed return times
to 0 is performed, implying transience in this case. Devulder and Pene [4] consider an extension of
the model with oriented lines and establish transience when the (p,) form an i.i.d. non-constant
sequence and p, = J., , with arbitrary (e,,). Recently Campanino and Petritis [2], still considering
the oriented lines model, study a random perturbation of the periodic case, where the perturbation
decreases via some power law as the vertical coordinate increases. They show the existence of a
critical parameter for the question recurrence/transience.

One may observe that most results on the model with oriented lines concern transience. As we shall
detail later, the asymptotics of the random walk is related to the growth of the sums (1 +---4¢,)
and the frontier between recurrence and transience lies at logarithmic scales. Recurrence is therefore
rare when the (g,,) are stationary and a little of stochasticity is assumed.

1.2 Results

Let us present our results. Let n; = m;p;/(1 — p;), where m; is the expectation of p;. This
quantity can be interpreted when grouping in packets the successive horizontal steps of the random
walk. Precisely, when arriving at the horizontal line i, the number I'; of steps on this line follows
a geometrical law of parameter p;, whereas the displacement is J; = >, - r<r, ks Where the (&)
are i.i.d. with law u; and are independent of I';. Then 7; = E(J;). For instance, in the context of
the oriented lines model we have n; = (p/(1 — p))e;. Set next :

Rl - Z M,

k<i<l

for k <1 and RL = 0 when [ < k. The main quantities of interest for the sequel are the following.

Definition 1.1 Introduce the strictly increasing functions :

1

wln) = \/”2+ > (RL)? and g () = \/rﬂ + Y (B2,

—n<k<I<n —n<k<I<n,kl>0

For large x> 0, let o~ () be the unique integer n so that p(n) < x < @(n+1). Idem for ¢ (z).

Remark. — 1In general, n < ¢i(n) < ¢p(n) < On?, so cy/n’ < ¢ 1(n) < pi'(n) < n. An
important property, detailed later, is that ¢! and <p;1 are examples of regularly varying functions
f in the sense that for all C' > 1 there exists K > 0 so that f(Cz) < K f(z).

Theorem 1.2 The random walk is recurrent if and only if :
1 —1 2
Z (¢~ (n) = to0.

n2 -1

Remark. — For simple random walk, R} = 0, giving ¢ '(n) = ¢~(n) = n. Recurrence hence
follows from the divergence of the harmonic series. Notice that the generic term in the sum is
always less than or equal to n=2¢;"(n) < n~! and that simple random walk realizes equality. In
this rough sense, all other random walks in the class considered are less recurrent.

Remark. — Tt is quite clear from the theorem that the asymptotics is not modified when changing
a finite number of lines. Indeed, one gets some new (R%) which check (RL)? < 2(RL)% 4 C. This
gives ¢(n) < C'¢(n), with also a similar symmetric inequality, and the same is true for ¢;. The
regular variation properties of the inverse functions allow to conclude.

The difference of order between ¢ and ¢ is related to symmetry reasons concerning the two
half sequences (7,)n>1 and (9p)n<—1. Symmetry gives more transience, whereas antisymmetry
implies more recurrence. This appears in the following statement.



Corollary 1.3
i) In the general case, a sufficient condition for transience is :

1
. < +400.
n>1 \/”2 + Z_ngkgzgn(Rk)Q
it) Antisymmetric model : n—_, = —nn, n > 1. The random walk is recurrent if and only if :
1
. = +00.

n>1 \/“2 + Z1§k§l§n(R§c)2

i11) Symmetric model : n_, = nn, n > 1. The random walk is transient if :
1

n>1 \/n2 + 1Y chen(BY)?

Remark. — Notice that the symmetric model can be seen as a model on Z x N with reflection on
the horizontal axis Z x {0}. Let us point out that the conditions appearing in i) and i) are not
equivalent due to the following examples.

. < +00.

Proposition 1.4
i) In the general case, if |RY| + |RZL| = O(log'/? n), then the random walk is recurrent.

it) In the antisymmetric case, if |RY| = O(logn), then the random walk is recurrent.

a—1

i) Let 1 < a < 2 and suppose that (0, )n>0 satisfies |RY —log® n| = O(log™ " n).

o Let (n,)nez be such that n;, = ny,|. Then the random walk is transient.

o Let (N))nez be such that n) = sign(n)n,, n # 0, nj = no. Then the random walk is recurrent.

Remark. — The second case in item ¢i7) is particularly interesting, because the random walk is
recurrent but, roughly speaking, cannot come back when staying only North or only South. This
implies an oscillating behavior (perhaps of sinusoidal or spiral type) for the random walk which
would be interesting to quantify.

We next investigate the case when the (7,,) are produced by some dynamical system, first of
all of quasi-periodic type and next with more randomness.

Proposition 1.5 Take p, = p € (0,1) and p, = 6., with e, = 1jg,1/2)(na) —1[1/2,1)(n). Suppose

that o & Q has a continued fraction expansion [a1,az, - -] verifying :
log(1 n
yo losdtan) _
n21a1+...+an
Then the random walk is recurrent.
Remark. — The proof relies on the antisymmetry of x —— 1j91/2)(z) — 1j1/2,1)(z) and works

without change for €, = 17(na) — 1q\;(na), where I is a finite union of intervals on the torus T
with T\I = —I. The case of &, = 1j9,1/2)(na 4+ x) — 1[1/21)(na + ) for a general € R\Z, for
example x = 1/4, is more difficult, because we are in the critical zone. A specific study is a priori
required, with finer estimates, especially lower bounds, on the ergodic sums associated to (g,).
Notice that the condition on « is verified when the (a,) are bounded. Also, defining the type of a
as n(a) = sup{s > 1| liminf n®dist(n«, Z) = 0}, it is possible to have n(a) = a for any a € [1, +00]
together with the condition of the proposition verified (one may simply choose a,, arbitrary large
on a very sparse subsequence).

For the other application, we suppose that the (n,) are a realization of strictly stationary
process (meaning that for any b > 0 the law of (7,)a<n<a+b is independent on a € Z). For n > 1,
let us introduce the strong mixing coefficient :



a(n) — sup |P(A n B) — P(A)P(B)|
E>1,A€o (1, k)
Beo(n,l>k+n)

The following proposition extends results in [1] and [4] relying on independence.

Proposition 1.6 Let 0, = n,(w), where the (Ny)nez form a strictly stationary process. Suppose
that E(ng) = 0 and that for some 8 >1 and vy >1 :

1
= - iminf — E nl > og? .
a(n) = O(log™”" n) and liminf 1<n<NIP’(\R1\ >log"n) >0

Then the random walk is transient for almost-every w.

Remark. — Mention that if replacing logﬁ n by n® in the statement of the proposition, then v > 0
is sufficient in the proof. The second condition is satisfied if a central limit theorem is verified.

1.3 Notations
e The law of a random variable T" is G(p), 0 < p < 1, if P(T'=m) = (1 — p)p™, m > 0.
o Let xn(t) =D hez e pin (k) my = >okez kbn(k), man =32 k2 i (), var, = ma, —ms.

e For n € Z, let p,(t) be the characteristic function of ), , - &, where the ((&x)r>1, I') are
independent with &, ~ p, and T' ~ G(p,). We have :

1 — Pn
pn(t) =

=" —p (t)eer®)
1- ann(t) ( )

with argument (odd) and modulus (even), with O uniform in n € Z :

_ MO ®) 4 ps
an(t) = arctan <1fane)Exn(t))) = tyE2-m, + o(t?),
(1)
— 1— n — t2 n 3
) = G Retnmy e — LT 2 g (M2n — Pavare) + O(F).

Acknowledgments. We would like to thank Arnaud Le Ny, Jean-Baptiste Gouéré, Michel Lifshits
for useful discussions on topics related to this paper.

2 Reductions

2.1 A one-dimensional problem

As the second coordinate (Y3,)n>0 is simple random walk on Z (with waiting times at each site),
the random walk is vertically recurrent. Introduce 0 = 0¢ < 79 < 01 < 11 < ---, where:

T = min{n > oy | Y, #0}, op41 ={n > | Y, =0}.

Set D,, = X,, — X,,_,. The (Dy),>1 are independent and identically distributed, because the
environment is invariant under horizontal translations.

Lemma 2.1 The random walk (X, Yn)n>0 is recurrent if and only (3 ,_, Dy)n>1 is recurrent.



Proof of the lemma :

We follow lemma 2.9 in [1]. If (3"} _; Di)n>1 is recurrent, then so is (X,,,Y,), because (X,, ,Ys,) =
(> h_1 D, 0). In case of transience, using the invariance of the environment by horizontal trans-
lations, there is a constant C' so that :

Y P(X,, =2)<C, €L

n>1

Let ((&x)k>1,T) be independent (and also from the (X, )) such that & ~ po and I' ~ G(po). Set
H =73 <& We have :

Y PO€E (X, Xr, 1)) =D POE (Xo,, Xo, + H)) < D> Y P(X,, =2)P(H > [a])

n>1 n>1 rz€Zn>1

7 O3 P(H > a])) <+,

TEZL

IA

because H is integrable. As (X,,Y,) can be 0 only for n in some [0y, 7, — 1], we conclude that
(X,,Y,) is transient and this completes the proof of the lemma.
O

We thus concentrate on the recurrence properties of (22:1 Di)n>1. Set D = Dy and :

xp(t) =E("P),t € R.

In case of aperiodicity, i.e. when the support of the law of D generates Z, an analytical recurrence
theorem of Kesten and Spitzer, cf Spitzer [9], says that (3 ;_; Dy)n>1 is transient if and only if :

n 1
Re| — ) dt < +oo, for some n > 0. 2
/o (1 - XD(U) ! ®

Our hypotheses imply that the subgroup of (Z,+) generated by the support of the law of D is not
reduced to {0}. Up to considering some sublattice mZ x Z, m > 0, we assume aperiodicity.

We therefore focus on the estimation of xp near the origin, which is now the only singularity
of 1/(1 — xp). We fix 0 < ¢t < n and omit the dependence in ¢ to lighten the notations.

2.2 Local time and contour of a Galton-Watson tree

For simplicity, we first change notations. Denote now by (Y},),>¢ simple symmetric random
walk on Z, starting at 0. Let 0 = min{k > 1 | Y}, = 0} be the return time to 0. As in [1], we later
make use of the standard properties P(o > z) = O(1/+/z) and :

E(s7)=1—+v1-82,0<s<1. (3)

Grouping the successive horizontal steps of the random walk, observe that D can be written as :
o—1 'y
-5 (xe)
k=0 \u=1

where, conditionally on the (Y;), the ((fﬁk))uzl,kzo, (T'k)k>0) are independent with e ~ ty, and
I'x ~ (G(py,)). This furnishes :

k=0

xo(t) = EE(E"” | (%) =E (f[ E (e D el | m>)) ~E (ﬁ - <t>> (4)
k=0

= 38 [ wo® TLen®™ | + 38 | o0 TL0-n)™ )

n>1 n>1



where we have distinguished between positive and negative excursions and set :

N, = #{0 < k < o, |Vi| = n}.

To detail N, recall first that positive excursions of simple random walk can be described via
the contour process of a critical Galton-Watson tree (Z,)n>1, with root Z; = 1 and offspring
distribution G(1/2). See for instance Le Gall [6]. This is illustrated by the following picture :

— N W
y
5]
S

<
b
[
[
[
[
;
S| | |W |
N
<
L~

As shown in the left-hand side, start from the root of the tree and turn clockwise. We recover a
positive excursion of simple random walk on the right-hand side in the time interval [1,0 — 1], by
associating to each ascending/descending movement a +1 step. One easily counts that the total
number of visits at level n > 1is N, = Z,, + Z,,+1. This gives :

o(t) [T (en)™ = wo(t) [T (0n )+t = TTlen(t)pu-1 ().

n>1 n>1 n>1

We therefore obtain xp(t) = (x+(t) + x—(t))/2, with :

X+ () =E | [Tlen®)enir ()% | and xf(t)ZélE [Tle-n@®p—na(@®)Z] . (5)
n>0 n>0

3 Continued fraction expansions

The Markovian structure of a Galton-Watson tree allows to develop x4+ and x_ in continued
fractions. We first recall some classical facts about general continued fractions.

3.1 SP-continued fractions and their convergents

For sequences (an)n>1 and (by)n>0, we employ the following notation for a generalized finite
continued fraction :

ay

[bo; (a1,b1); (a2, b2); - -+ 5 (an, by)] = bo + .
by + ————

ba - —— -

ey =

bn
In the present article, we use this notation for Sleszynski-Pringsheim (SP) continued fractions.
Finite SP-continued fractions are obtained by successively applying to an initial zy € C in the unit
disc maps of the form z — a/(b + z), with complex numbers such that |a| +1 < |b|, therefore
preserving the unit disc. We write [bg; (a1, b1); (ag, b2); - - -] for infinite SP-continued fractions. The
latter are converging, by the Sleszynski-Pringsheim theorem (see [7]). We won’t use the result

directly, but largely reproduce the ideas from the proof.

For n > 0, the finite SP-continued fraction [bo; (a1, b1); (ag, b2);- - ; (an,by)] can be written as
A,/ By, where the (4,,) and (B,,) satisfy the following recursive relations :



An = bnAnfl + anAnf% A*l = 17 AO = b07

B, =b,Bn_1+ aan727 B 1= 0, By =1.

In order to study convergence, we also require the classical determinant, for n > 1 :

Aan—l - An—an = (7@71)(14”_13”_2 — An—ZBn—l) — ...
(_1)na’l e an(AOB_l — A—lBO) = (—1)”—"_10/1 ce Q.

3.2 Development of xy, and y_

Focusing on ., cf (5), set :

N
() =E (H [Sﬁn(t)SOnH(t)}Z"“) :

n=0

By dominated convergence (by 1, using that Z, = 0 for large n, a.s.) we have XSFN) (t) — x+(b).

Recall now a classical way of describing the Galton-Watson tree (Z,),>1 with root Z; = 1 and
offspring distribution G(1/2). Fixing a bi-indexed collection (Rf,;)g>1,>1 of independent random
variables with distribution G(1/2), one can recursively write :

ZN

ZN41 = ZRI@,NJrla N> 1.
k=1

The generating function of G(1/2) being s — (2 — s)~!, omitting the ¢, we obtain :

=FE
o 2—pNpN+1 o 2—pNpN+1

N-1 ZN
XS—N) (t) =E [H [@n‘ﬂn+1]zn+l <1)

N-2 ZN
H [‘pn@n+1}zn+1 < PN_LPN > ] .

Iterating the procedure, this leads to :

Z>

N P1¥2
X = E|gopr T —

272
TPNPN+1

= [0 (po1,2); (—p192,2); - 5 (—pn—198, 2 — onen1)] = o) £V (1),

with £V (8) = [0 (1,2/01(1)); (=1,2/02(t)); -+ 5 (—1,2/on (t) — pn4a(t)].

In the framework of the previous section, take a; = 1, a,, = —1 for n > 2 and by = 0, b,, = 2/,
for n > 1. Call h,, the continued fraction of length n. As A,B,_1 — A,_1B, =1, n > 1, and
Ag = 0, we obtain the equality :

LAy A A =
hN(t)_&)+Z<Bch1 _;Bkqu'

k=1

Idem, with the modified term BN = ENBN_l — Bn_2, where l~)N =2/oN — N1, We get :

) = 1

N

£) = + — . 6
0= 55+ Foae ©)

We now show that both Ay (t) and f_g_N) (t) converge, as N — 400, to the same f, (), where :



1
f+(t)=’;m~ (7)

This way, from the relation B,, = (2/¢,)Bn—1 — Bp—2,n > 2, and By = (2/¢1)Bg+ B_1 we have :

|Bn| > 2|Bn1| = |Bn_al, n> 1.

This gives |B,|—|Bn—1| > |Bn-1|—|Bn—2| > --- > |Bo| —|B_1| = 1. Hence |B,,| > n+1. Similarly
|Bn| > (2 —=1)|By—1| — |Bn—2| > 1. This implies the desired convergence.

Defining symmetrically some f_ associated to x_, we obtain :

o = 2 (Fe + £2). (®)

4 First estimates

4.1 General lower bound on Re(1 — xp)
Proposition 4.1 We have Re(1 — xp(t)) > §°t.

Proof of the proposition :
We suppose § > 0 small. We have xp = (v0/2)(f+ + f-). Hence :

Re(1—xp(t) =2 1= [xp(@)| = 1= ([f+@O]+ [f-(#)])/2.
We prove that |f1(t)] <1 —6%t. By (1), using ma, > d, for small ¢ uniformly in n :

245

me%(l —(1=06)<1-8%2/(4(1 = 0)%) <1 - 6%

ra(t) <1-—

Therefore for n > 1 :

2
1Bl 2~ IBn 1| = |Bnoa| 2 =5 1 Bual = [Bual.

Introduce the real sequence (un) such that u_1 =0, ugp = 1 and u,, = (2/(1 — 6*?))up_1 — Up_a.
Define next v, = |By| — un, which verifies v_; = vg =0 and :

Up 2 T gagVn—1 " Un—2
As v, —v,_1 > (2/(1=6%2)—2)v,_1+v,_1 —Vn_2, the condition “v,_1 > v, _o > 07 is transmitted

recursively. Hence v,, is non-decreasing and checks v,, > 0, i.e. |B,| > u,. Also :

n+1 n+1

_P+ TP —2k
Uy = ——— = P,
TP Z

with pr = (1 —6%2)7 (1 £ /1 — (1 - 0%42)2)) = 1 £ 6%V2't + O(t?), satisfying p,p_ = 1. Then,
remarking that u, = p’} Zogkgn p;%, we obtain :

1 1 1
15T B 5 5 z( IR )
|BkB’“ 1l 7 5 ke k1P > =0 P ijop+2j P+

k>1

We conclude that |f| < pi(1—1/3,50 pfk) =p4(1 = (1—p7?) = p_ < 1— 42, for ¢ small
enough. Idem for f_. This concludes the proof of the proposition.
O

Remark. — This general result is independent from the distribution of the (p,) and (u,). It
gives the upper bound Re(1/(1 — xp(¢))) < 1/Re(1 — xp(t)) < 2/(dt), not sufficient to decide the



question of integrability. This proposition will allow to remove terms of order at most ¢ in the final
part of the proof. One may also notice that the expression of u,, furnishes :

n/2

n+1 1 n N
> —(1- )
1Bol 2 75y kz_o2k+l<2k>(l (1=07%)7%)

For small ¢, this gives a lower bound for |B,,| of the form (n + 1)(1 + an?t?), a > 0.

4.2 Isolating the main term

Let us start from the relation xp(t) = E(HZ;S v, (t)), extracted from (4). Our aim now is to
replace the (¢,) by the (¢,), where we set :

U (t) = eia"(t)wn(t), wn(t) = cos an(t) (1 —ipaIm(xa(t))/(1 — ane(Xn(t)>> )

1- Z‘tpn"nn/(]- - pn) <9)

First of all, recalling the exact value of a,(¢) given in (1) and that cos(arctanx) = 1/4/1 + 22, we
observe that :

Imie. 1) )2
1 (%) B
[n(8)] = = V " p et @) _ (1 + Mt) e
14 (M)T 1+ BAa 2 (1—pn)? -
1—pn Re(xn (1)) Pn

We now set g(t) = E( Z;é Py, (t)) and estimate the difference g(t) — xp(¢) :

o—1 o—1 o—1 o—1 o—1
l9(t) =xp®] = |E (H wy, - Hm) [[ e || < E( [Twv — [T >
k=0 k=0 k=0 k=0 k=0

o—1 o—1
S E(Hwyk—l>+E<H’ryk—1
k=0 k=0

From (1), for some constant ¢ > 0 we have 1 — ct? < r,,(¢). Using also r,,(t) < 1 and (3), we get :

) = (A) + (B).

(B)=E <1 - ﬁ ryk(t)> SE(1—(1—ct?)?) =1 (1—ct?)? =2t + O(t?).
k=0

For (A), denoting by “arg” the principal determination of the argument, write :
o—1 o—1
(4) < E <| (H lwy, | = 1) [T et
k=0 k=0

o—1
< El1- J] |wyl +IE<

H S (wy) _
0<k<o k=0

o—1
H eiarg(wyk) -1
k=0

) |

For the first term, for another constant ¢ > 0 we have for small ¢, uniformly in n :

)

2,2 —1/2
|w, ()] = <1 n ap”m")gﬁ) >(1+ct2) P >1- e,
—Pn

giving that is this term is bounded from above by E (1 — (1 — ¢t?)7) = /1 — (1 — ct?)? < V2ct +
O(t?). For the second term, observe first that, uniformly in n :



|arg(wn (t))] =

o—1

H eiarg(’wyk) -1

arctan (PID(X())t)> — arctan (‘71) m )‘ =O(t%). (10)
o—1 o—1
[T et —1 [T ereton) —1
k=0 k=0 k=0

1 - ane(Xn( — Pn

From the fact that P(o > 1/t) = O(V/t), as t — 0, we now get :
The second term is thus less than or equal than ¢t + 2P(o > 1/t?) < ¢’t. The conclusion is that :

“

xp(t) = g(t) +O(t), g(t) =E <1:[ Yy (ﬂ) : (11)
k=0

The purpose of the previous modification was to obtain, using (1) :

1 _ 1 e~ tan(t) 1 —itppmy /(1 — pn)
Un (t) Cos an(t> 1- ipnlm(Xn (t))/(l - ane(Xn ()
1 —itpamy /(1 — pn)
1 —ippIm(xn(t))/(1 — pnRe(xn(t))

— (= i (0)/(1 = puRelnl) e b
= 1- Z.tpnmn/(l 7pn)'

= (1—itana,(t))

Now, since |¢,| < 1, in the same way as for xp (cf (8)), we can write :

o) = P (g, () + 9 1)), (12)

where both g4 and ¢g_ can be developed as infinite SP-continued fractions. As a result, from (11)
and (12) and the fact that ¢o(t) = 1 + O(¢) we finally get :

Xp(t) = 59+ () + 9-(1)) + O(1) (13)

Focusing on ¢4 (this is symmetric for g_) and setting p, = 2p,m, /(1 — p,), we have :

1
9+(t) = Z Bol B ()’

n>1
where (using that 2/, (t) = 2 — itp,) the (B,) satisfy B_1 =0, By =1, By = (2 —itp1)Bo + B_1
and B,, = (2 —itpy)Bn—1 — Bn—2, n > 2. We now have the following estimates.

Proposition 4.2
1) |Bn| > 2|Bn-1|—|Bn-2|, n > 1. Alson — |By|—|Bn—1| > 1 is non-decreasing and |B,| > n+1.

2) We have the upper bound, formn >1 :

Proof of the proposition :
The first point is treated as before. For the second one, we first prove that (n + 1)|Bny1| >
(n+2)|B,|, n > 1. We will use it in the equivalent form |By|/(|Bn+1| — |Bn|) < n+ 1. Write :

V

(n 4+ 1)[Bni1| = (n+2)[ By (n+1)(2[Bn| = [Bp-1l) = (n + 2)| By

0l Ba| — (0 + DIB,al.

10



Recursively, (n + 1)|Bp41| — (n + 2)|By| > |B1| — 2|By| = 0. Now :

Z BkBk 1

k>n

1 1 1
Z < > -
|BkBk 1] = \IBr1l Bkl /) |Bk| = [Br-1]
s < 11 ) 1 |
k>n ‘Bk—l‘ |Bk| |Bn+1| - |Bn|

Finally | Yy, 1/(BeBi-1)| < 1/(1Bal (1Buia| - [Bal) < (n + 1)/ B, 2

O

5 Precise study of the convergents of a continued fraction

We now perform exact computations. Recall that g1 (¢) = lim,,— 4o A, (t)/ By (), where :
An = (2 - thn)An—l + anAn_g, A_l = 1, AO = 0,

Bn = (2 — thn)Bn—l + aan_Q, B_1 = 0, BQ = 1,

with a1 = 1 and a,, = —1 for n > 2. Introduce the matrices :

2 it —1 2 -1 10
=) a0 9) =6 0)

n+1 -n
n -n—+1

Bn 2 —itp; 1) (1 1
(Bn—1> Mtpn Mtpz ( 1 O) <O) = Mtpn - Mtpl (O) , N > ]_7
An 2—itpy 1) (0 1
<An 1) Mt/)n Mtpz ( 1 0) (1> = Mt/ln . Mtpg <0) ,n 2 1.

Using obvious notations and writing B,, = B,,(t, p1," - , pn), remark that :

Notice that A™ = (

An = anl(t7p27 T 7pn)
Hence, we only have to focus on (B,,). Developing according to the positions of the B’s :

Bn_(n+1) B n T r n—~k, kr—kp_1—1 ki—1 1
< By, 1—n ) = D (=it) > [ px, A" * BA ...BA .

1<k <--<kp<n j=1

oS e () (e )

1 1<k < <kr<n j=1

I
= =3
M: Il
L

=, y —k, +1
= > (—it) > H ( )(l-cr—k;r_l)~--(k:2—k1)k1.
r=1 1<k1 < <kr,<n j=1
Consequently :

By —Bpa=1+Y (=it)" Y kilka—ki) - (ky = kp1)pry -+ pr, -
r= 1<k < <kr<n

We now perform r successive Abel transforms on the right-hand side. This way, for k& < [,

) , n€Z, and B" = B, n > 0. Rewrite the recursions as :

(14)

k1
k1 —1

(15)

set

R;C = pg + -+ p1, with Rfc =0if ] < k. Fixing k,_1, n, and as pi, = RZ,. — RZTH, we write :

11
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Z pkr(kr - kr—l)

> Rp (ke — k) - > R} (ky —1—ke_1)

kp_1<k.<n kp_1<k.<n kp_14+1<k.<n+1
= SRR (ke —keer)— YRR (ke —1— k1)
ky_1<kp<n kr_1<kr<n
J— n
= > Ry
kr_1<kp<n

We make this transformation in the right-hand side of (15). Repeat next this manipulation with :

Z Pk, _1 (krfl - k'r‘72)7
kr_o<kr_ 1<k,
fixing this time all variables except k,_1 and taking RZ:__ll in place of R} . Doing this successively
for all variables k,,--- , k{1, we arrive at :

By~ B, 1=1+» (=it)" > RETRET-Rp. (16)
r=1 1<k < <kr-<n

As a result, summing in n, this furnishes :

n
Bn =n 4+ 1+Z(*Zt)r Z sz_llecg’_l ~..R£:+1*1. (17)
r=1 1<k <+ <kry1<n+1

Similarly, via (14) :

n—1
Ap=n+ Z(—it)’“ Z RpPIRET Rl
r=1

r
2<k1 < <kpp1<n+1

The previous two equalities next furnish :

n
By~ A, = 14+ (—it) 3 RP~' Ry T = 3T (i) Ar, (18)
r=1 2<ko < <kprp1<n+1 0<r<n
where we set :
k1 pk Ky
A" = > RY'R, - Ry ...

1<k1 < <kr-<n

We convene that Aj =1 and A =0 as soon as r > n or r < 0.
Proposition 5.1 i) [B, — A,|? = > I'_ t*"K,(n), with Ko(n) =1 and :

K,.(n) = Z (RlllRffz . R;’;.)Q(l +2(n — lT'))ZN((kiyli)lgigr)’

1=k <li <<k, <l <n
where N((khll)lgzgr) = #{2 § 7 S T | kl Z li—l + 2}
ii) |Bn|? = Y on_o t*" Ly (n), with Lo(n) = (n+1)% and :

L,(n) = > (RYR2 -+ Ry )2 (2ky — 1)(1 4 2(n — 1,))2V ((kedihzizr),
1<k1 <1<+ <k,<l.<n

iii) Re((B, — Ay)Br) = > o t*"M,(n), with My(n) =n+1 and :

12



M= Y (R RE)A1 20— )2 ),

1<k <l < <kp <1n<n

) Im((By, — An)By) = — S."Z0 12N, (n), with :

l l lr ili)i<i<r
Ny (n) = > Ry (R -+ B2 P2(1 4 2(n — Lpy))2 (Gelhrsisen),
1=k <1< <kpyp1<lpy1<n
Remark. — Point 4) induces a similar formula for |B,, — B,,_1|?, because of the identity (B,, —

Bn—l)(tvpla T 7/)71) = (Bn - An)(tvpna T apl)v resulting from (16) and (18)

Remark. — Tt results from 4:) that if (2, F,T, p) is an ergodic dynamical system and f € L (u),
then the main Lyapunov exponent of the matrix :

me) = (2@ ),

defined as Ymax(M) = limn~" [, [M(T"'w) - M(w)|| di(w) equals :

1.1
Ymax (M) = ihm— sup log Z (Rgcll)?...(R;;)Q,

n
ISrsn o <l <<k <lo<n

with R}, =", st (T9w). Tt may possible to deduce some variational formula for this exponent.

5.1 Proof of i)
Starting from By, — An = 3 o<, <,,(—it)"All, we compute :

n
|Bo = Au? =3 #7(A? + 2 Y0 ()AL AL
r=0 0<r<r’<n/2
+ 2 Z (71)r+r't2r+2r'+2An AL
2r4+1-=2r/+1-
0<r<r’'<(n—1)/2

Hence | By, — An|? = Y0 g2 (A2 + 230y cricn e even(—1) 72757 AR AT, Thaus :

n [
|B, — An*> = ZtQ’" (A™)? 42 Z (—1)(T+p)/2_(7"_p)/2Af+pAf_p

r=0 1<p<r

= Y| ST (vran,Ar | (19)
r=0

—r<p<r

Call K,.(n) the term between brackets. We check that it equals the formula given in ). The latter
is a consequence of the recursion :

Ki(n) = Z1gk§n(R’f)2(1 +2(n — k),
(20)
K, (n) = Zlgkgn(le)Q QkKT_l(n — k) + 22k<l§n elKT—l(n - l)} ;T2 2

In the second formula, 6 denotes the shift 0((pn)n>0) = (Prn+1)n>0 and for a function ¥((pn)n>0)
we write # for 1 o 6. For the first relation, simply compute :

13



Ki(n) = (A7)? = 208505 = RY| -2 ) RiRi,

1<k<n 1<k<il<n
_ k\2 k l l
= (RY)” +2 E RY (R — Ripq).
1<k<n 1<k<I<n

As R} — R}, = R} and the number of [ in (k,n] is n — k, we get the expression of K1(n).

We turn to the proof of the recursive relation. This needs some preparation. Taking general
p>1,q>1, we have :

k k k! k!
ApAT= > B RY B RY ).
1<k <--<kp<n
1<Kk)<---<ky<n
Discuss now according to the relative positions of k; and &} :
N2k An—k gk An—Fk
ANAT = > (BY)POFATFORAT
1<k<n
+ Z Rkl (sz . Rk?p )(Rkl + Rkll )(Rk/z o Rk; )
1A k41 kp—1+1/\74 ky+1/ U 1 kD +1

1<k < <kp<n
ky<ki<--<k)<n

k1 k1 ko kp Ky k;
+ Z (Ry +Rk'1+1)(Rkl+1"'Rkp_1+1>(R1 '.'Rk;71+1)'
1§k§<~~<k;§n
kj<ki<--<kp<n

Regrouping terms, this can rewritten more concisely as :

nAn  __ kN2 kAan—k I An—1 kAn—k I An—I
AZAT = 3 (RE?(0FARTE ST ATt ekATTE Y 0'ArT
1<k<n k<Ii<n k<i<n
+ > RE[OFARTRORAT R 4 0F AR TROR AT
1<k<n
Let r > 2. We now plug this expression in K,(n) =3, o o (=1)PAT AT
Kn) = S0 (CPAR,AT 4+2(=1)Af,
—r+1<p<r—1
= DB D0 (CP AT DD AL oA Y OAT
1<k<n —r4+1<p<r—1 k<I<n k<l<n

+

2(-1)"Ay, +2 > Rf D G § L7, VY Vs

1<k<n —r+1<p<r—1

The last line is 237, -, Rk [Z—r+1§p§r(_1)p9kAf;§—19kA?:ﬂ' The inner brackets are 0, so :

Kyn) = Y (B |0FK,a(n—k)+2 Y (—ureFarck, ST oelart)

1<k<n —r4+1<p<r—1 k<i<n

Set m=n—kand Z.(m) =3 o o (=1)PATY > 1, HZA;":pl. We shall show that :
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= > 0K (m—k), r>1 (21)

1<k<m

To complete the proof of (20), we apply this equality to Z,_;(m). First of all, with 0 <p <r—1:

m ILam—1l ki . pkrip lr—pt1
N N ) R R RE R
1<Ii<m 1<k1 < <kryp<m
1§l1<l2<---<l,,.,p+1<m
_ § k1 Frip lr—p+1
- R Rk1+1 Rk7'+p71+1Rk1+1 Rl1'7p+1
1<k1 <--<kpyp<m
k1<lo<-<lp_pr1<m
k1 pka . pkrip l2 L plr—pt1
+ > Ry B By i By
1<k < - <kpyp<m
ki<l < <lp_py1<m
+ > (RY + Rp DR Ry (Rp Ry
11+1/" k1 +1 krip_1+17"11+1 Ly —p+1"
1<hi < <lp_py1<m
I1<k1<--<kryp<m
In short :

SO ORFOFATLE L D AT oA Y 6AT

an, Y oar

1<i<m 1<k<m k<i<m k<i<m
k Am—kpgk A m— k
T SN NG
1<k<m

Consequently :

Zy(m) = (=17 [mAR+ > OADT 4 > D G DA NG NG

1<I<m 1<k<m —r+1<p<r—1
k P m—k m—l1 k Am—k I Am—1
+ E Ry E (-1) A?-‘rp 1 g 6’ AT +0ATT) E O AT,
1<k<m —r+1<p<r—1 k<i<m k<l<m

Recognizing some 0F K,.(m — k), we get :

Zy(m) = (=17 [mAR— Y 0'ARTH + > 0FK.(m—k)
1<I<m 1<k<m
+ > RE D (v lekaryt, oA
1<k<m —r+1<p<r—1 L E<I<m ]
+ > RE Y (yrrtjekarsh N oear) .
1<k<m —r4+2<p<r L k<l<m ]

Therefore :
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Zp(m) = (1) |mAp— > O'ART - N RE[OFALT(m—k+ 1)+ > 0'ADTY

1<i<m 1<k<m k<l<m
+ Y K. (m-k)+ > RE Y (—yr|etark, N ear)
1<k<m 1<k<m —r+1<p<r E<I<m
—k —1
+ > RE D (—yrrtjekar kN oear
1<k<m —r+1<p<r k<l<m

The last two terms are Y-, <, <, RE[Y_, 1 <pc, (Z1)POFATF 68 AT M) and the brackets are equal

to 0. It remains to show that the first bracket above is also 0. It equals :
= Y oart+ > (k-DREeFARTE - > Rpe'ARTY
1<I<m 1<k<m 1<k<I<m
In the last term, write Rf = RY — Rl _,. We conclude from the observation that :
Ll Am—1 kgk Am—k I gl am—l N
> ORWALT = Y (k—-1DRIFAL R and Y R, 0ARTE = Y 6ADT
1<k<i<m 1<k<m 1<k<i<m 1<I<m

This completes the proof of 7).

5.2 Proof of ii)

Set AT = 30t ety <ot <n Blb 1 B2 R4y, with Af = n+ 1 and A? = 0 whenever
r>norr<0. From (17), we get :

B, = Zn: (—it)" A", (22)

0<r<n

Exactly in the same way as for deriving relation (19), we have :

B =S | S Ciphn, A | =S e,
r=0 r=0

—r<p<r

To compute L, (n) we first observe that :

A AT kAn—k N kAn—k N
Ar Ar = > ORATE N oA 0RATTE ST AT

0<k<n k<I<n k<l<n

Replacing in L, (n), this allows to write, recognizing K,.(n) and Z.(n) given in (21) :

Le(n) = Y > (=1p|eFArk NG AN (N
0<k<n —r<p<r k<i<n k<l<n
= Y FK.(n—k)+2 > 0"Z.(n—k)
0<k<n 0<k<n
= Y OK.n-k+2 > O0K.(n-0)= > (1+2k)0"K.(n—k).
0<k<n 0<k<iI<n 0<k<n

This completes the proof of 7).
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5.3 Proof of iii)
From (18) and (22), we deduce :

(Bn - An)Bn - (_it)rAﬁ (Zt)TA?
0<r<n 0<r<n
Therefore :
Re((B;, — An)ﬁn) = Z (_tQ)r o Z (_tQ)T ~gr’
0<r<n/2 0<r'<n/2
oD CUeTTALL, Y (CYTeTTALL

0<r<(n—1)/2 0<r’'<(n—1)/2

Consequently :

Re((B,, — A,)B,) > ETATAY +

0<r<n

0<r<r’'<(n—1)/2

> ETATAY +

0<r<n

Z t2r

0<r<n

>

—r<p<r

(_1)T+T t27“+27’ (ASLTAQLT’ + AS’I‘AQLT/)

>

0<r<r’'<n/2

r—4r'  2r+2r' 42 n AN AN n
(=)t (A% 418541 + A% 1A )

ST (DR ARAL + ATAT)
0<r<r’'<n
r’—r even

PAT
ArJr:D

(-1) Al = > " M.(n).

0<r<n

As A" = A7 + D i<k<n OFAr=F using K,.(n) and the value of Z,.(n) in (21), we have :

M, (n)

This ends the proof of iii).

5.4 Proof of iv)
Starting from (23) and (18), we have :

Im((B,, — A,)B.,) > (-1ErAy,

0<r<n/2
_ Z (_1)rt2r+1
0<r<(n—1)/2
_ Z t2r+2r’+1(
0<r<n/2

0<r'<(n-1)/2

2.

0<r<n
0<r’' <n,r—r’ odd

_ Z t2'r+1

0<r<n-—1

K (n) + Zy(n) = Kr(n) +

(=D)"(=

>

—r—1<p<r

Y OK.(n—k)= > 0"K.(n—k).

1<k<n 0<k<n

(—1)7 AL

>

0<r'<(n—1)/2

A?217“+1 Z (_1)T t2r Agr/

0<r'<n/2

_1)T’+7’ (ASTAST/+1 - ASTAST/+1)'

1)(r+7"7 1)/2tr+r' A?A:,/

(_1>pA:}+p+1A:’lfp

0<r<n-—1

17
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Use now that A” = A” 4 D i<k<n 6 An—* and > r1<p<r (CDPATL AT, =0 to get

Non) = (-0 YD A+ Y (C1PAT, Y 0RATT

1<k<n —r<p<r 1<k<n
Y At Y R Y (Cpean Y ear)
1<k<n 1<i<n —r<p<r I<k<n
k An— k L pl Am—1
FOY Y Covart Y mean)
1<k<n —r<p<r k:glgn
As a result :
Ne(n) = > RE[*K.(n—k)+6*Z.(n— k)] + (—1)"" > 0FALTE
1<k<n 1<k<n
k An— k l n—I
+ > > (—ureRArTE > RlOATL (24)
1<k<n —r<p<r k<l<n

We next define and focus on :

On) = (Y daph Y Y (prtart Y (R R 0Ar

1<k<n 1<k<n —r<p<r k<l§n
_ k p k An— k r+1 k An—k
- Y RS NG SN S ) LS SRV
1<k<n —r<p<r k<l<n 1<k<n

+

Z Z pekAn kekA?+Il)c+1

1<k<n —r<p<r

> RYFZ(n—k)+ > I G § L7 N7 NG

1<k<n 1<k<n | —r<p<r-—1

The terms between brackets are 0. Together with (24), this gives :

> ORV|OFK.(n—k)+2 > 0K, (n—1)]. (25)

1<k<n k<l<n

This completes the proof of iv).

6 End the proof of the theorem

6.1 Preliminaries

Let us begin with a lemma on the regular variation of ¢ =% and <pjrl.
Lemma 6.1 i) For all C > 1, there exists a constant K > 0 so that for large x :
Ko™ (Cx) <7 (2) < 97! (C) and Ko} (Cx) < o7 (2) < ' (Cu).

it) There is a constant ¢ > 0 so that for alln : o(n+1) < cp(n) and o4 (n+1) < cpi(n).

Proof of the lemma :

i) Functions are increasing, giving the second inequalities. For the first ones, consider the case of ¢,
that of ¢4 being similar. We take C' = V2 It o Hx) > K@‘l(ﬁx) and now C' > 1 is arbitrary,
choose m so that (v/2)™ > C. Then ¢~ (z) > K™ 1 ((v/2)"z) > K™ ' (Cx). Now :
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(RL? > > (R*+ >, (R{+RL,)°

1<k<i<2n 1<k<I<n 1<k<n<lI<2n
l n\2 n
> § (RL)*+n § (Rp) +n E RL_)?+2 E R} E R ...
1<k<I<n 1<k<n n<l§2n 1<k<n n<l<2n
As a result :

R = Y RB)PHn Y B D] R

1<k<I<2n 1<k<I<n 1<k<n 1<k<n
2 2
l 2 n
+ n E (Ry41)” — E Rn+1 + E R; + E RnJr1
n<l<2n n+1<I<2n 1<k<n n<l<2n

2
Let us now compute ny_; <., (Rp)? — (Zlgkgn RZ) . It equals :

(n=1) > (BY)?*-2 > R;

(n—1) Z (Rp)* -2 Z Ry R

1<k<n 1<k<k’'<n 1<k<n 1<k<k’'<n
= (n=1) > (BY*+ Y, (BY)
1<k<n 1<k<k’'<n
- Y B’ —k+1)— Y (R
1<k<n 1<k<n

Remark that ZlSkSn(RZ)z(n —k+1)+ Zlgkgn(Rzﬂ)% = nzlgkgn(RZ)Z. Hence :
2
noy @I Y R = Y (B
1<k<n 1<k<n 1<k<I<n—1

Similarly :

noY (R) - Y R = (R)* > 0.

n<l<2n n+1<I<2n n+2<k<I<2n
Finally, this furnishes :
112 12 12
(Re)” > E (Re)” + (Re)”.
1<k<I<2n 1<k<I<n 1<k<l<n—1

As a result :

o(4n)? = 16n? + Z 2>2(n?+ Z = 2p(n)?.

1<k<I<4n 1<k<I<n
This concludes the proof of this item.

i1) Simply remark that :

> R’ < (RL?+2 Y (RP*+2 Y. pi

1<k<I<n+1 1<k<I<n 1<k<n 1<k<n+1

(R +2(n+ Dllplls < Cp? (n).

IN
w
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The case of Zl<k<l<n+1(R:g€>2 is treated similarly, furnishing the result for ¢ . The case of ¢ is
similar, remarking that (R )2 < en?.
O
Recall from (13) that xp(t) = (94 (t)+9g_(t))/2-+0(t). We have g, (t) = lim,, 1 o0 A (t)/ B} (t)
and g_(t) = lim,,—, 4o A, (t)/B,, (t), where we restore the dependency with respect to g4+ and g_.
We will apply the Kesten-Spitzer theorem, recalled in (2), using the equality :

Re( 1 )ZRG(l—XD)_

1—xp |1 —xpl?

It will also be important to remember proposition 4.1, furnishing Re(1 — xp)(t) > §>t.

Proposition 6.2 For some constant K > 1, which can be made explicit in terms of ||pllco :

1 K 1 K
—————— < Re(1 —xp(t)) < — and <N=xplt) < —F——.
Ko '(1/t) v (1/t) Kop=1(1/t) e (1/t)

The theorem now follows from the proposition. Indeed, using the Kesten-Spitzer theorem, the
random walk is recurrent if and only if :

e
/ o M

Cutting the above integral with respect to the intervals [1/(n + 1),1/n] of length 1/(n(n + 1)) €
(n=2/2,n72) and using that ¢~ (1/t) (vesp. ' (1/t)) has order exactly ¢~'(n) (resp. ¢ '(n)) on
such an interval, by lemma 6.1, we obtain the formulation given in the statement of the theorem.

6.2 Control of the numerator

Fix t > 0 and n. We have g, (t) = A} (t)/B;f(t) + Y., (1/(B{ Bi_;)) and similarly for g_.
This furnishes the equalities :

Af A- 1 1
2Re(1 — = R 1——"+1——”—§ + +O0(t
e(1=xp) e( B} B, ¢ (B;:B;;l B,;B,;1>> ®
>n

Re[(B; — A})BX] | Re[(B, — A;)Bx]
BIE |B.P
- ReZ( +1+ P >+O(t).
Bk Bk—l Bk Bk—l

k>n

1) Towards proving a lower-bound, we use proposition (4.2) and get :

Re[(Bjf — A)Bi{]— (n+1)  Re[(B; — A;)Ba]— (n+1)

2Re(1 — > +O(t
r M (n r M, (n)
1 r nt2 ]\{z’ o r nt2 n
Zlﬁ < +1 Zlﬁ < +1 +O(t)

r L,Jf n r Lr (n
n+1 1+ Zlgrgn t2 (n+(1))2 L+ Zlgrﬁn t? (n+(1))2

Remark that LF(n) < 2(n+ 1)M*(n) and next use that @ — x/(1 + 22) is increasing to obtain,
for some constant C > 0 :
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1 Zl<r<n t27" A/fr-i-(ln) Zl<'r<n tQT N{r:;-(?)
2Re(1=xp) = = e V.17 S| O
1+2) o o 1221 e
n+ n-+
— C't.
n+1 M (n) My (n)
14212 (nil—l)2 1+ 2¢2 (nl—i-l)2

Choose now n so that n/2 = ¢ '(1/t). For some constant cg > 0 :

C C
t2> 0 _ 0

T i(n/2)  n2/4+ Z1§k§l§n/2(R§c)2 + Z1§k§l§n/2(R:f)2 .

—k
We may assume that 35, ;<1< 0 (R})? > D1 cpcicn/o(R7))?. Next :

+n
eI DLV (R ED DA

n+1 1<k<i<n n+1 \<heTen)
As a result :
2 Mf”(n) ‘ Z1gk§zgn/2(32)2
= €0 .
n+l n2/4+221§k§l§n/2(R§c)2

—Case 1: Zlgkglgn/Z(RL)g > n2. Then t?M;"(n)/(n + 1) > ¢p/4 and this implies that :

co/4 __a

Ift <ec1/(2C(n+1)), then 2Re(1 — xp(t)) > ¢1/(2(n+1)). On the contrary, if ¢t > ¢;/(2C(n+1)),
then recall that Re(1 — xp(t)) > §%t. This gives Re(1 — xp(t)) > 6%¢1/(2(n + 1)).

— Case 2 : Z1§kgzgn/2(R§€)2 < n?. We obtain t? > ¢y/(4n?) and conclude that Re(1 — xp(t)) >
§%,/co’/(2n). This completes the proof of the lower bound.

2) We now prove the other direction. For some constant C' > 0, using proposition (4.2) and that
|BEX| > n+1 we have :

Re[(B} — AD)B/] . Re[(B,, — 4,,)Bn] . 1 n 1
B EAE Dl

+Ct

2Re(1 —xp(t)) <

M (n) M, (n)
2 T 2 T
14 E tTTH-l-l—i— E tTﬁ—i—Q + Ct.

n+1
+ 1<r<n 1<r<n

Using lemma 6.1, choose now n so that n = ¢} '(1/(xt)), for some constant x > 1 so that :

£ < () 2 1 ; ES
1) %+ 37 cicn (B + 2 chcicn(BT))

My (n)

T we obtain :

+ T
From A{:f(ln) <2 (2 E1§k§zgn(R§c)2) and the symmetric inequality for

1 6
9Re(1 — yp(t) < —— [ 1 277 41 22| vOt< —— 4t
R D D Y A

As t < 1/(kn), for some constant K > 0, we have Re(1 — xp(t)) < K/n. We conclude by lemma
lemma 6.1, saying that n has the same order as ¢ ' (¢).
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6.3 Denominator

In a first step, let us compute :

VAT ALl IBE AP By - AL Rel(BY — ADBIRe((By — Ay)Ba]
Bt Bn| B2 |B;, |2 |Byy By, |2
L pml(BE — ADBi (B, — A;) By

|Br B |?

Putting all terms with |B;"|?| B, |? as denominator, call W,, the numerator :

Wa =Bl = ALPIB, P+ 1B, — A PIBI® + 2Rel(Bf — A})BIIRe[(B, — 4,)B;]
+ 2m[(B} — AD)BI|m|(B; — A;)By ).
By proposition 5.1 we get :
Wa = S0 272 (K} (n)Ly(n) + L (0)K ;7 (n) + 20 (n) My (n)
0<r<n
0<r'<n
+ 2 Y ACTHUNE ()N (n).
0<r<n-—1
0<r'<n—1
Consequently :
Wo = > " Y (KYm)Lpo () + L (MK (n) + 2MF (n) M, _ . (n))
0<m<2n 0<r<m
+ 2 Y " Y NYmN, y_(n).
1<m<2n-1 0<r<m-—1

We now focus on 2N, (n)N,. _,_,.(n). Using (25) and setting (k,k) =0 and (k,l) =1 for k <1 :

2NF(n)N,,

m—1—r

(n) = > 2RFRT2EDFEIGK -0 K, (n—1).
k<l

Write 2R¥YR™,, = (R™,, + R¥)? — (R})? — (R”},)%. Then 2N (n)N,,

m—1—r

(n) equals :

S (RE+RIE)R2OHE O (10 K, (0 - 1)

1<k<I<n 1<k/'<U<n

2BDY R (n — 1) Yo (B2 K (n 1)
1<k<I<n 1<k/’<l'<n

- ( (RY)?25D0N K (n — 1) Yo 20K, (n-T)

The latter can be rewritten as :
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(RY + RZp )220+ 0 it (n — 1o~V K,

m—1—r

(n—1)

Kfgm) [ D @-107"K,_(n=0) | =K, _.(n)| > (2k—=10"K}(n—k)

1<i<n 1<k<n

As Lf(n) = ZOSkSn(Qk + DO*KF(n — k) = 2MF (n) — K (n) + Z1gkgn(2k —1)0* K (n — k),
using also a similar expression for L, _,_;, we get :

oNF ()N, ,(n) = > (RE+RI)2EDTEDG K -0 K, (n—T)

m—1—r
1<k<I<n

1<k'<l'<n
Kj—i—l(n) (L;@—r—l(n) —2M, . (n)+ K';z—r—l(n))
— Ky, (n) (Lf (n) — 2M (n) + K ().

m—-r

Denote by Qr.m—r—1(n) the first quantity on the right-hand side. Finally :

Wo = Y " Y (KL () + L (0K, (n) + 2M (n) M, _,.(n))

0<m<2n 0<r<m

+ Z ¢ Z Qr,m—r—l(n)
1<m<2n-—1 0<r<m-—1

- Z tQm Z Kj—i—l(n) ( 771—7‘—1(”) - 2M’I:L—T—l(n) + K';z—r—l(n))
1<m<2n-—1 0<r<m-—1

- Yoot Y Kl (n) (L (n) = 2MF (n) + K (n)).
1<m<2n-—1 0<r<m-—1

As a result, separating quantities corresponding to m = 0 and m = 2n in the first term in the
right-hand side :

Wa = A(n+1)? + (K (n) Ly (n) + K, (n) L (n) + 2M,] (n) M, ()
Yo P (Lam+Lim)+2 Y £ Y MM, (n)

1<m<2n-—1 1<m<2n-—1 0<r<m

+ Z t2m Z Qr,m77‘71<n)
1<m<2n-1 0<r<m-—1

+ Z 2 Z K:_H(”) (2Mn_’bfr71(n) - K;Lfrfl(”))
1<m<2n-—1 0<r<m-—1

+ Y By K (n) (M) (n) - K ().
1<m<2n-—1 0<r<m-—1

One notices that (n+1)2+ Y., 5. t*™L} (n) = |B;f|? and similarly for |B,, |2. Also :

oM, (n) — K (n) = Y 20R0FKF(n — k)

0<k<n

and similarly 2M,, ., (n) = K, 1(n) =>4, 2OM07F K (n—k). We deduce :
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Wo = 2m+17+4" ] (owp-r)® + B + 1B,

1<k<n
+ 20 > Y M (n)M,,_,(n)
1<m<2n-—1 0<r<m
+ > Y | Qunera () + Ky () Y 2OMORKT (n— k)
1<m<2n-—1 0<r<m-—1 0<k<n
+ Y YT K ) > 20N R, (n— k).
1<m<2n-1 1<r<m 0<k:<n

In order to regroup term of line two and the first term of line three, introduce :

Sm(n> — Z (R%ll .. Ri;’:n)22N((kivli)1§i§7n)an(k17 lm>7
<k <l <o <ho <l <m
ki#0,1;7#0

where > means that if for some i we have k;l; < 0, then we remove the term pg in Rk and
an(k1,lm) = (1+2(n—1,) A +2(n+ k1)) if k1 <0, Iy, >0, an(k1,0m) = (1 +2(n — i ))(n+1)
if k1 >0, l, >0, and oy (b1, L) = (14+2(n+k1))(n+1) if k& <0, I, <0

Observing that So,(n) = 2 ngkgn(Pli—k)2, we conclude this preliminary computation with :

2

Af AZ W,

= 26

’ By By | B || Br |2 (26)
where :
Wo = 2m+1°+|BIP+ (B P +2t ] (oep—r)®+ D t*"Sm(n)
1<k<n 1<m<2n
+ S Y > 20PN (Km0 TR, L (n— k) + K (n)0F K (n— k).
1<m<2n-1 1<r<m 0<k<n

6.4 Control of the denominator

1) For the moment, let ¢ > 0 and n be arbitrary. Towards proving a lower bound, for some constant
C > 0, we have, using proposition 4.2 :

Af A 1 1
2l -=xp| > ‘1——#1—‘— R - Ct
s m | 2 \irE i e
Af A V(|Br|/|B; B-|/|Bt
o ho ALy L] e DOBNB BB
Bf T Ba |B1|Bx |
Hence, by (26) :
VI = (n+1) (22 4 2]
2[l=xp| = - Bal  1Bal/ _ ¢y,
|Br || B |
Remark now that, still using proposition 4.2 :
|Bi| | |By |> 2By 2 2| Bt |2 2
n+12( nl n = (n+1 n4(p+1 4 9(n+1

IN

IBY2+|B, |2 +2(n+1)2<W,.
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This gives, via (26) :

VIV IBEE 4 [Ba |2+ 2(n 4 1)2

2[1=xp| = BIIBx] - Ct
> W, — (1B > + 1B, |* + 2(n+ 1)) Ot > Zl<m<2n 2™ S, (n) _
- 2vW, | B ||Br | = 2yW, |Bi||Bx|

We obtain, observing that W,, < 16(n + 1)? + 16 > 1<m<an t2m S, (n) :

an,
1 ) ZlSmSQn ¢ (n+(17;)2

1 m Sm(n)
n 8\/1 + X 1<meon (n+(1))2
1

21 -xp| > (

— Ct.
r L (n r Ly (n
\/1 + 2 i<r<n P (n+(1)2 \/1 T2 i<r<n B (n+(1))2
Remark next that :
(n) L-(n)
1+ Zt” Ly I
1<r<n 1<r<n (n + 1)
Lf(n)L,,_.(n) Sm(n)
s Y ey B0 (v
1<m<2n 1<r<m-—r (Tl + 1) 1<m<2n TL + 1
As a result we obtain :
1 t?m S (n)/(n+ 1)2
2|1 *XD‘ Z < > ZlngZn . ( )/( ) . *Ct.
16(n+1) ) 14321 <pcon 2™ Sm(n)/(n + 1)

As the map z — /(1 + z) is increasing, this gives :

1 t2S1(n)/(n +1)
211 —xp| > (16(n+1)> 1+t2151(n)/(n+1)2 - Ct.

Choose now n so that n/2 = p=1(1/t). As a result, for some constant ¢y > 0 :

t2 > Co _ Co
T *(n/2)  n?/4+ an/zgkgzgn/z(RZV

Remark also that :

—n/2<k<1<n/2,kl#0

— Case 1 : Z*—n/2§k’§l§n/2,k‘l7&0(R§€)2 > n2. Observing that (RL)? < 2(R})? + C, one easily gets
that Z—n/25k§l§n/2(R§v)2 <c Zin/QSkngn/M#O(Rif + cyn?. For generic constants ¢; > 0 :

2 Si(n) - Zin/2§k§l§n/2,kl7ﬁ0(R§c)2 Zin/zgkglgn/z(Rk)Q S 0
(TL+1)2 Z € 2/4+Z (Rl)Q_CO 2 Z* (Rl)2_85> .
n —n/2<k<i<n/2\I C3N™ T C4 2, _pjoa<k<i<n/2\ UV
Hence :
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1 Cs

2|1 — > - Ct> — Ct.
1=xol = (16(n+1))1+c5 = co/n

As a result, if t < ¢6/(2Cn) we get 2|1 — xp| > ¢6/(2n). If t > ¢6/(2Cn), then as before, using

proposition 4.1, |1 — xp| > 6%t > 6%¢6/(2Cn).

— Case 2 : Zin/2<k<l<n/2’kl¢0(RL)2 < n?. This furnishes an/2<k<l<n/2(R§€)2 < ¢7n? and next

from (27), t? > cg/n?. Hence |1 — xp| > §%t > §2,/cs/n. This ends the proof of the lower bound.

2) We consider the other direction. Let ¢t > 0 and n be arbitrary. For some constant C' > 0, using
proposition 4.2 :

AF A 1 1
211 — < 1T- 41— —— +Ct
L=xp| = gt e e T T
VW, 2 VW, 2
< et +Ct < w5+ +Ct.
|Bn||Br| n+1 (n+1) n+1
Remark also that :
W, < 16(n+1)° 1+ > £2"Su(n)/(n+1)?
1<m<2n

< BREm+1DF| 1+ > Pmm > (R

1<m<2n —n<k<I<n

Using lemma 6.1, choose now n so that n = p~1(1/(kt)), for some constant x > 1 so that :

, (1 1
N 2 1\2"
8) m®+ 3 <h<icn(B)
This gives W,, < 32(n + 1)? (1 + D 1<m<on 2””) and therefore :

8 2

— 4+ —— 4 Ct.
n—&-l+n—&-1+

21 —xp| <

As t < 1/(kn), using lemma 6.1, |1 — xp| < cg/¢~1(1/t). This ends the proof of proposition (6.2).

7 Proof of the applications

7.1 Proof of corollary 1.3

i) As o7 1(1/t) < 7' (1/t) we get (07 1(1/)% /3 (1/t) < ¢~1(1/t). A sufficient condition for
transience is therefore :

/77 e 1 (1/t) dt < +oo.
0

On the interval [1/¢(n+1),1/¢(n)], o~ 1(1/t) has exactly order n, because ¢(n) and ¢(n+1) have
the same order, by lemma (6.1), 7). The last condition is therefore equivalent to the finiteness of :

1/¢(n) 1 1 ) 1 N
2/1 ”dtz”<w<n>w<n+1>)1%“ 2w AN

n>171/¢(n+1) n>1 1<n<N

As N < (N + 1), finiteness is equivalent to Zn21(1/g@(n)) < 400.
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i), ii1) We now consider the symmetric case p_, = pn, n > 1, and the antisymmetric case
P—n = —pn, n > 1. In both situations :

() = n*+ > (RY)’+ (RZ, + Ry)?
1<k<I<n 1<k,I<n
= n’+ ) (R)*+n (R} + (R +2| Y. R} > Rp
1<k<I<n 1<k<n 1<k<n 1<k<n
Therefore :

V) = 4 Y (R +n Y (R + R+ | D (R +RY)

|
g

=
Ll

[
\d
El

= 0’ Y (B (-1 D (RIDPHRD+ | D (BRI + RY)

1<k<l<n 1<k<n 1<k<n
-1 p—1 kpl
~ 2 Y RrRI-2 Y RIRL
1<k<I<n 1<k<i<n

Observe that :

- ) 2R{R}

— Y 2RRI= ) (R (RTTDP - (R

1<k<i<n 2<k<i<n 2<k<i<n
= Y (B’-(n-1) ) (B
2<k<i<n 1<k<n

As a result :

W) = n*+ > 2PRYP+ (RN + | D] (RIL+RY)

1<k<i<n 1<k<n

— In the antisymmetric case, we have ¢(n) < Ci(n) < Cv2'p, (n). Hence the random walk is
transient if and only if :

n
/ e (1/t) dt < +oo0.
0
Proceeding as for 4), this last property is equivalent to >_, -, (1/¢+(n)) < +oc.

— In the symmetric case, starting from the beginning of the computation of )?(n) we have :

2

Pn)=n*+ > (R)*+2m > (RPP+2( > R

1<k<I<n 1<k<n 1<k<n
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2
As (0 + 1) Cycpen(BE? = Ticparan(BL? + (Sicpen BE)  we get 1(n) and thus p(n) has
exact order :

n®+n Z (RM)2.
1<k<n
From point 7), the random walk is therefore transient if :

1
n>1 \/n2 +n21§k§n(le)2

. < +400.

7.2 Proof of proposition 1.4

i) It follows from the hypothesis that both ¢(n) and ¢4 (n) are O(ny/logn’). Hence, for some
constant ¢ > 0 we have the lower bound :

IR R N,
n? oil(n) T n? n “ nlogn’

Using theorem 1.2, we deduce recurrence.

i1) We have ¢ (n) = O(nlogn). We next use corollary 1.3, i7).
i71) Using corollary 1.3, 4i) and i), it is enough to show that :
1 1

Z . < 400, but Z . = +00.
n>1 \/“2 +n21§k§n(le)2 n>1 \/“2 + Z1§k§zgn(R§c)2

First of all, making successive integration by parts :

t
/ log® s ds = tlog™t — atlog® ' t + a(ar — 1)t(log® 2 £)(1 + o(1))).
1

Write now, for some C' > 0 :

1 1
Z (R¥)? > 3 Z log?® k — Cnlog®* ?n > in(logm n)(1+o(1)).
1<k<n 1<k<n

The first sum thus converges. On the other hand :

1
5 Z (RL)Q S Z (10ga l — loga k)Q + O(n2 10g20¢72 n)

1<k<I<n 1<k<I<n

< n Z log?® k — 2 Z log® klog® I + O(n?log** 2 n)
1<k<n 1<k<I<n
2
< n Z log?* k — Z log®k | 4+ O(n?log®* 2 n).
1<k<n 1<k<n
As a result :
1 n+1 n 2
5 Z (RL)? < n/ log®* t dt — (/ log™ ¢ dt) + O(n*log®* 2 n).
1<k<I<n 2 1

This finally furnishes :
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2

3 (Rk)2 < n/ log2at dt — (/ log® ¢ dt) + O(n2 log%"z n).
1<k<I<n 1 !
200 20(2c0 — 1)
< n?log*®n(1- 1+01)
< n’log ( ogn T om0 o)
o ala—1)

2
— n?%log®®n (1 - 1+ 0(1))) + O(n?log®* % n)

logn ]0g2 n
< a®n?(log®* 2 n)(1 + o(1)) + O(n?log* 2 n).

Consequently the second series diverges. This completes the proof of the proposition.

7.3 Proof of proposition 1.5

We have e_,, = —e,,, n > 1. Let (gp) be the denominators of the convergence of . Every integer
n < gp41 can be decomposed as n = bg(n) + b1 (n)q1 + - - - bp(n)gp, with 0 < bi(n) < ary1 — 1. As
& +— 1p0,1/2)(z) — 111/2,1)(x) has bounded variation, the Denjoy-Koksma inequality implies that
for any w and any k that [R%+9%| < C. Asaresult, |[R}| < C(ay+---+apt1). Hence, for n < gpiq :

SR <m Y (R <24+ ap).

1<k<I<n 1<k<n

In the perspective of using corollary 1.3 i), we have for some C' > 0 :

1 1 10g(Qp+1/QP)
. > C >C .
SO NP I TR W

[
glgn(Rk) p>1gp<n<gp41 p>1

Write then :

T log(gpi1/qp) 1 { log(ap+1/ap)  108(dp/Gp-1) }
(a1 4 Fappr) — 2o (@ + - Fap) - (a4 +ap)

p=>1
If apy1 > 2, then log(gp+1/qp) > logapt1 > }ggg log(1+ apy1). If apr1 =1, then :
l0g(4p+1/4p) log(gp/ap-1) o log(gpt1/dp-1) log 2

(a1 +-+apr1) (a1+-+4ap) ~ (@14 +aps1) ~ (a1 +-+apr1)’

because gp+1 > (1 + apr1ap)gp—1 > 2gp—1. As log2 = log(1 + ap41), this concludes the proof of
the proposition. O

7.4 Proof of proposition 1.6

Step 1. One can always decrease v > 1 to get 5§ > v > 1. For k > 1, let Dy, = [u(k), v(k)], where
u(k) = klog” k and v(k) = klog” k + k, of length k. Introduce :

nlog_ﬁ n

1
Ap=—5— > 1

nlog™"n 1 —

R | >10g? k°

There exists o > 0 such that for n large enough, E(A,,) > a. Next :

cov (1 RLD | >10g? l) ‘ :

— The previous sum restricted to indices k <1 < k + klog™ "7 k is less than or equal to :

2
var(4,) < — Z 1

2 _
n log n 0<k<I<nlog=Fn

(k)
RZ(k)’ZIOgB K’

Z klog™ "k < en?log= 2"~ n.

0<k<nlog=®n
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— For indices such that [ > k + klog™ 7 k, the distance between Dy and D is at least :

1
Nog’l — klog? k — k> klog’ k + klog? "k — klog’ k — k > 5klogﬁﬂk.

It results that the corresponding sum is less than or equal to :

Z nlog™? na((k/2)log? k) =0 (n2 log =2~ n) .
0<k<nlog=®n
This thus gives var(A,) = O(log™ " n). Hence >, -, var(Asn) = O(>,»;n~7) < 4+00. Therefore,
almost surely, Agn — E(A2n) — 0 and Ayn > /2 > 0 for n large enough.

v(k)

Step 2. Denote by ky,--- , ky the k’s in [1,nlog_5 n] so that ’Ru(k)

‘ > logﬁ k. We have :

N > %nlog_ﬁ n,

for large n along the sequence (2). For each 1 < r < N, introduce two intervals I,. and J,. of
length log? k,./(10(1+||plloe)) centered in u(k,) and v(k,) respectively. The length of Dy, UIL.U.J, is
equivalent to k. < nlog™” n. Choose an interval K, C [1,n] of length > n/4 in the complementary
of the latter union.

Observe now that J, can intersect at most three I,» with ' > r. Indeed, as r’ increases from the
value r, the center of I, makes steps of size > logﬁ k.. At most k, log75 k. steps are necessary to
cross I, U Dy, U J,.. At the end of the crossing, the length of the I, are at most :

log” (k. + log” ky + kylog™? k) = log? k, + o(1).

In a similar way, I, intersects at most three J,» with 7/ < r. Taking into account these overlaps
and which k or [ is in some I,. or J,, we have :

> Yo ORI+ D (RDP) <6 Y (R

1<r<N \kel,leK, keJ, €K, 1<k<I<n

In this notation, K, is supposed for simplicity to be on the right side of I, U Dy, U J,. For each
l € K., either |RL(T)| > (1/2)log” k, or \Ri(r)\ > (1/2)log” k, and when one inequality is true, one
has |RL | > (1/4)log” k., w € I, in the first case and |RL| > (1/4)log” k., w € J,, in the second
case. As a result, the left-hand side of the previous inequality checks, for constants ¢; > 0 :

N
> anogﬁ k. logzﬁ k. > conN loggﬁ N > ¢3n? logw n.
r=1

We now conclude. Cutting in dyadic blocks, for M large enough :

1 1 2n
Z W S Z Z (p+(2n) SC Z an,B

ks Pt n>ng 20 <k<2n+1 n>no

< Ho00.

Applying corollary 1.3 i), we get the result.
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